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PREFACE TO THE FIRST EDITION 


My reasons for expanding the Adams Prize Essay for 1923-1924 into the 
present book are set forth in the introductory Chapter. Now that the book 
is finished it will be found I hope to be developed on a plan not too dis- 
creditable for 1926, but hardly one which would be adopted to-day. This 
is a fault hard to avoid, and I still hope that a systematic exposition of 
Statistical Mechanics, such as this book attempts to give, even if its tone 
is antiquated, may be of some value to students. I have therefore been at 
some pains to provide a reliable index of subjects. I hope that any matter 
which is treated in the book can be traced via the index with no more 
searching than is reasonable. 

There remains only the pleasant task of thanking those who have helped 
me. The task is a heavy one, for without a number of collaborators the 
book could never have been finished. The greatest assistance has been 
given me by Prof. J. E. Lennard-Jones who has contributed Chapter x 
on a subject of which he is a master, and has also read many chapters in 
manuscript and proof. I could not have otherwise achieved a Chapter x 
of this completeness. Dr D. R. Hartree undertook for me the whole of 
the laborious calculations on which Chapter xvi is based, and provided 
similar material elsewhere in the book. Mr J. A. Gaunt wrote for me the 
greater part of the more elaborate discussion and development of Debye 
and Hiickel’s theory of strong electrolytes, and has read the whole book in 
proof. Mr W. H. McCrea has in the same way provided for me most of 
the material for the analysis of the specific heats of gases. To him also 
and to Dr L. H. Thomas I am grateful for reading proofs. I am deeply 
conscious that such merit as the book may have is largely due to the 
original work of these collaborators, started with the object of helping me. 
The contributions that I have gratefully taken from Mr H. D. Ursell and 
Dr P. M. Dennison stand in the same category. I have also benefited by 
Dr P. A. M. Dirac’s criticisms of the last chapter, and Prof. J. E. Little- 
wood’s mathematical assistance. Besides these primary helpers I have 
been generously given valuable information on various subjects by 
Dr S. Dushman, Prof. O. W. Richardson, Prof. A. Fowler, Prof. N. Bjerrum 
and Mr A. Egerton, to whom I offer my best thanks. 

Of my obligations to Prof. C. G. Darwin I can make no adequate 

acknowledgment. The whole book is the outcome of my collaboration 

with him in which the revised method of approaching statistical theory 
was worked out. 

Finally I must express my gratitude to the Cambridge University Press 

for their unfailing helpfulness and patience with a somewhat ruthless 
proof corrector. 

R. H. F. 

September 1928 




PREFACE TO THE SECOND EDITION 

I have been glad to take the opportunity provided by this edition to re- 
arrange part of the subject-matter and to make other changes, described 
in the introduction, with the object of bringing the book more up to date. 
Numerous mistakes in the first edition have been pointed out to me by 
correspondents and reviewers to whom I am deeply grateful. I am particu- 
larly grateful for this help to Mr E. A. Guggenheim, Dr T. E. Sterne and 
Dr J. D. van der Waals, jr. I believe that all the important mistakes in the 
first edition have here been eliminated, but naturally one can scarcely hope 
that the second edition has escaped its own new crop. In preparing this 
edition I have received essential assistance from Dr G. B. B. M. Sutherland 
(Chapter n), Mr R. A. Buckingham (Chapter x), Mr E. A. Guggenheim 
(Chapter xiu) and Dr S. Chandrasekhar (Chapters xv, xvi). Without their 
help this edition would still be far from completion. For some very recent 
matter incorporated at the end I have to thank Prof, J. H. Van Vleck 

and Prof. H. Eyring; also Dr H. Grayson-Smith for invaluable help in 
reading the proofs. 

When the first edition was written, Statistical Mechanics was still in 
process of being translated from classical to quantal language, and many of 
the features of this translation were still quite obscure. Since then this 
process has been completed, and no obscurities of principle remain. De- 
velopments in the near future seem likely to consist mainly of applications 
to more and more complicated models, which are designed to account for 
more and more subtle properties of matter in equilibrium. Some recent 

examples of such developments are considered in the new Chapter xxi of 
this edition. 

R. H. F. 

September 1936 


TABLE OF THE VALUES IN C.G.S., CENTIGRADE AND ELECTROSTATIC 
UNITS OF THE COMMONER PHYSICAL CONSTANTS USED 

IN THIS MONOGRAPH 


Charge on the electron, — e 

Planck’s Constant, h 

Boltzmann’s Constant, k ... 

Avogadro’s (Loschmidt’s) Number 
Molecules per mole, N ... 

Molecules per c.c. in a perfect gas at 0° C. 

and 1 atmosphere 

Mass of an atom of atomic weight 1 

Mass of H-atom 

[atomic weight 1-0081] 

Mass of electron 

Radius of 1st Bohr orbit in H 

Bohr’s magneton, fi B (erg/gauss) 

Mechanical Equivalent of Heat, J (erg/cal.) 
Gas Constant, R (cal. /mole) 

Velocity of light, c 

Electron-volt or volt 


e = 4-770 x 10- 10 
A = 6-547 x 10- 27 
k= 1-371 x 10- 16 

N = 6-064 x 10 23 

2-706 x 10 19 
1-649 x 10" 24 
1-662 x 10- 24 

9-035 x 10- 28 

0- 528 x 10- 8 
= 9-174 x 10- 21 

J = 4- 185 x 10 7 
R= 1-986 
c= 2-998 x 10 10 

1- 590 x 10- 12 


These values are taken from Birge, Reviews Mod . Phys. vol. 1 , p. 1 (1930) ; 
he has given supplementary discussions in Phys. Rev. vol. 40, pp. 230, 
319 (1933) ; vol. 43, p. 21 1 (1933) ; vol. 48, _p. 918 (1935), but no completely 
satisfactory set of numerical values can yet be given. [Atomic weight of 
H corrected according to Oliphant, Kempton and Rutherford, Proc. Roy. 
Soc. A, vol. 150, p. 241 (1935).] 



CHAPTER I 


INTRODUCTION 


§ 1 * 1 . From the Introduction of 1928. In attempting to study the physical 
state of matter at high temperatures on the lines suggested by the notice for 
the Adams Prize Essay for 1923-1924, it was at once apparent that the 
problem demanded all the available resources of present-day statistical 
mechanics. These have been somewhat increased in recent years, and the 
whole aspect of the kinetic theory of matter, at least in full statistical equili- 
brium, has been steadily altered by the development of the quantum theory. 
As a result there is no recent systematic exposition of the equilibrium theory 
of statistical mechanics,* envisaging throughout both classical and quan- 
tized systems, to which one may appeal in the further applications that it is 
proposed to make here. Prof. Darwin and I have been fortunate enough in 
recent years to have developed a method (new in this connection) which 
enables a systematic exposition to be undertaken with, we would submit, a 
sufficient degree of elegance. It has, at the same time, been possible to apply 
the results to a problem more immediately related to that proposed — that is 

to a theoretical study of the state of matter in stellar reversing layers and in 
the interior of gaseous stars. 

These were of course the main problems with a view to which the essay was 
first written, but, for the reasons just given, it was thought best not to con- 
centrate entirely on applications in the essay itself but to begin instead with 
the systematic survey of the equilibrium theory which was then needed and 
perhaps is still not superfluous. The essay, accordingly, from the first took 

the form of a monograph on the Equilibrium Theoryof StatisticalMechanics. 

Originally the applications of the theory were mainly astrophysical, but it 
has been a simple matter to expand their scope. My object was to include 
all types of application of the equilibrium theory, so that, however in- 
adequately, the monograph should cover the whole field. In the end, how- 
ever, I have made no attempt to apply the theory to surfaces, or to liquids 
beyond the theory of dilute solutions ; my knowledge of these branches of 
the theory is still too meagre to justify an exposition of them. 

The standard results of the equilibrium theory have long been classical. 
Ihey are here derived from the fundamental hypotheses in the systematic 
way mentioned above. The presentation here has been revised and to some 
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extent remodelled, and now forms, I hope, a connected account of the 
greater part of the equilibrium theory of statistical mechanics, so far as this 
has yet been developed. In general, the theory and its simpler practical 
applications have been developed concurrently to avoid too continuous a 
sequence of unapplied theorems. The more complicated applications form 
the subject-matter of the later chapters. 

At every stage the theory is developed for classical and quantized systems 
indiscriminately. It is therefore necessary from the start to be absolutely 
clear what is to be regarded, for the purposes of the theory, as the present 
logical position of the quantum theory. Though the quantum theory had its 
origin in Planck’s statistical discussion of the laws of temperature radiation 
and in the breakdown of the theorem of equipartition, it should be regarded 
as a purely “atomic” theory — that is, a theory applying directly to in- 
dividual atoms and other connected systems, but not pj'i?n(z?'ily connected 
with the statistical behaviour of large collections of such systems. It is 
founded on the theory of spectra, and its laws must primarily be sought for 
by the study of the properties of individual atoms and molecules, and the 
interactions of pairs of such, or rather in those phenomena which can most 
certainly be referred back to such individual systems and interactions. 
Among these phenomena spectra stand first. The laws so derived for in- 
dividual atoms, just as the laws for classical systems, are then at our disposal 
to use in discussing the statistical behaviour of large collections of such atoms 
and systems. If we can make use of them thus, the derived laws of tempera- 
ture radiation and specific heats are then available for comparison with 
experiments on radiation or material systems in bulk. We thus ascertain 
whether the laws of atomic systems and the general hypotheses of statistical 
mechanics are adequate to account for such molar properties as we are able 
to compute. This complete divorce of the quantum theory from its historical 
setting seems to me to be essential to a grasp of its present logical position 
and to a properly proportioned view of the theory of statistical mechanics. . . . 

In these developments [therefore] we have deliberately used a non- 
historical deductive method. So far as possible the theory has been presented 
as a finished structure, with some attempt at logical completeness, not visibly 
constructed to fit the facts. Results have been deduced at each stage from 
the general theory, and checked by comparison with experiment. 

Conforming to this method, the distribution laws for classical systems are 
derived by a limiting process from the similar laws for quantized systems. 
It is not difficult, I believe, to justify this somewhat unusual procedure, in 
which the laws for Planck’s oscillator are fundamental, and the rest of the 
theory, quantized and classical, a generalization from this starting point. 
In the first place it is undesirable in a systematic exposition to regard both 
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classical and quantized systems as fundamental. If we are so to regard one 
only it must be the latter, for we cannot derive the laws of quantized systems 
from those of classical systems. Secondly, it may at least be claimed that 
there is a gain in elegance and physical reality, for classical systems are the 
exception rather than the rule in atomic physics. This is not to say (of course) 
that we do not use classical mechanics, so far as we can, to derive the quan- 
tum mechanics of atomic systems by a process of generalization. But once 
the laws of quantum mechanics have thus been guessed, as they largely must 
be before we can discuss the theorems of statistical mechanics, quantized 
systems naturally come first. [In 1935 this attitude hardly needs apology, 

and from here on no further presentation of the point of view of 1928 will 
be given.] 


§1-2. The generality of statistical theorems. The equilibrium theory of 
statistical mechanics, as presented here or in any similar manner, is strictly a 
theory of the distribution of energy (and sometimes momenta) over systems, 
and of systems over phases, and derives these and other distribution laws 
by general arguments, making no reference whatever to the particular 
mechanisms of interaction which bring about the equilibrium between the 
individual systems and the different phases. If the fundamental hypotheses 
of the theory are accepted, there seems no escape from this conclusion. Thus, 
for example, Maxwell’s law for the distribution of velocity among the mole- 
cules of a gas in statistical equilibrium with classical statistics, or the corre- 
sponding modifications with Fermi-Dirac or Einstein-Bose statistics, must 
be true whatever be the laws of collisions between these and any other types of 
molecule m the gas. The theorems of statistical mechanics thus appear to 
have something of the same generality as the laws of thermodynamics. 
They have necessarily less than the full generality of the latter, for they 
contemplate and refer to a particular molecular structure; granted this 
limitation, however, it seems that they must be granted also the universal 
character of thermodynamical theorems, with its advantages and dis- 
a vantages. The fact that a particular mechanism leads to a state of com- 
plete equilibrium in agreement with experimental facts is no evidence for 
the particular mechanism discussed. It is merely evidence that the laws of 

his mechanism have been correctly and consistently written down ! Any 
other mechanism would give the same result.* 

Particular mechanisms of interaction first become relevant in the study 
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of non-equilibrium states, such as states of steady flow. Finally, of course, it 
is these mechanisms of interaction, for example between atoms and radiation 
or atoms and atoms in collision, that are of supreme interest; it must be 
regretfully admitted that the study of complete statistical equilibrium 
cannot by itself provide any information as to any particular process. It does, 
however, provide a rigid form to which all possible mechanisms whatever 
must conform; that is to say, any possible mechanism, left to act by itself, 
must set up and preserve the laws of statistical equilibrium. This idea, which 
is well known in the classical theory of radiation, has proved of great import- 
ance in general statistical mechanics, following a line of thought opened up 
by Klein and Rosseland.* It appears in general that a particular process can 
never be supposed to be able to act alone, unaccompanied by a corresponding 
reverse process; only the two together form a possible single mechanism. 
The next step forward from the purely equilibrium theory of statistical 
mechanics is obviously a systematic survey of possible mechanisms, working 
out the laws that they must observe in order to fit into the equilibrium 
theory and preserve, as they must, its distribution laws. We attempt to 
sketch such a survey in the concluding chapters of this monograph. 


§ 1*3. Scope of this monograph. The scope of this monograph may now be 
more exactly indicated. At the close of this chapter we specify the funda- 
mental assumptions on which the theorems of statistical mechanics are to 
be based. These are put on record in dogmatic form and all but the most 
superficial discussion of their foundations omitted. In Chapters ii-iv we 
develop the equilibrium theory for all the types of matter commonly treated 
in this way — such as perfect gases, crystals, and any general body obeying 
classical laws. We include also a similar treatment of radiation, but exclude 
all cases in which dissociation or evaporation occur. Chapter in contains 
applications to the specific heats of gases, and the latter part of Chapter iv 
applications to the properties of simple crystals. The theory is generalized 
in Chapter v to include all types of dissociation and evaporation, and in 
Chapter vi the connection between the equilibrium theory of statistical 
mechanics and the laws of thermodynamics is considered in detail. We point 
out the close analogies which allow certain functions of the state of the 
bodies we discuss to be properly interpreted as the temperature and entropy 
of thermodynamics. This chapter concludes with criticisms of the com- 
moner ways of introducing entropy into statistical mechanics, which, it is 
claimed, are either obscure or misleading, and certainly unnecessary. 

Chapter vn returns to applications, now in the region of very low tem- 
peratures. Its subject is Nemst’s heat theorem and the chemical constants 


* Klein and Bosseland, Ztil.J. Phyrilc, vol. 4, p. 46 (1921). 
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entropy at the absolute zero. It is possible to obtain a clearer under- 
standing of this theorem and of the chemical constants from the standpoint 
of statistical mechanics than in any other way. A comparison with experi- 
ment is also desirable at this stage of the theory, and can be most con- 
veniently obtained in this field . The field of validity of Nemst ’s heat theorem 
and the precautions necessary in applying it to experimental data can now 
be accurately specified. In Chapter vm we extend the general theory to 
include, so far as is possible, imperfect gases, allowing also for the possibility 
of electrostatic charges, and in Chapter ix apply the theory to a discussion 
of theoretical and semi-empirical equations of state. Chapter x, which was 
contributed to the first edition by Prof. Lennard -Jones, gives a general 
numerical survey of intermolecular forces so far as these can be derived by 
analysis of the equations of state of imperfect gases* and from the properties 
of allied crystals. It is interesting to find that one and the same law of force 
will account satisfactorily for so wide a range of properties. 

Chapter xi attempts to cover the whole field of thermionic phenomena, 
so far as these can be related to states of equilibrium. The most important 
part is the theoretical formula for the vapour density of free electrons in 
equilibrium with a hot metal, including the effect of the space charge. This 
is of primary importance for further applications, because it involves the 
chemical constant of the electron and experiment confirms the theoretical 
value. This chapter also includes a formal account of the simpler parts of 
the theory of electronic conduction in metals and semiconductors. Its close 
relationship to thermionic theory excuses the fact that conduction cannot 
strictly be classed as an equilibrium property of matter. Chapter xn deals 
with the magnetic and dielectric phenomena of matter in bulk, the most 
important part being a semi -descriptive theory of ferromagnetism. Chapter 
xiii attempts to carry the theory on to describe the properties of liquids, but 
nothing is achieved beyond a development of the theory of dilute solutions 
including the theory of strong electrolytes. Chapters ix-xiii inclusive and 
the greater part of Chapter vm are additions to the scope of the original essay. 

Chapters xiv-xvi deal with applications of the theory to the high tem- 
peratures found inside and outside stars, the applications proposed by the 
examiners for the Adams Prize. In Chapter xiv the equilibrium theory of a 
gas of highly ionized atoms is developed as far as the methods available 

r~ 1Uding thC effects of the sizes of the ions and their electrostatic 

elds. For many purposes approximate forms are necessary which may be 

expected to be qualitatively valid over wide ranges of conditions. Such forms 
are provided. These approximations are mainly required for Chapter xvi, 

hich makes a start on the study of the properties of stellar material in the ' 

• Evidence from viscosity is also used. 
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interior of a star. It would be out of place to carry these calculations to great 
detail or to trace their repercussions on Eddington’s work in this monograph. 
In general they confirm the values of the physical constants of stellar 
matter which he uses, particularly for the larger stars. Chapter xv, mean- 
while, has dealt with such problems of the atmosphere of a star as can be 
treated by means of the formulae of the equilibrium state — the more 
important are the elementary theory of the rise and decay of absorption 
lines with the rising temperature of the reversing layer and the theory of 
the rate of escape of molecules from an atmosphere. A summary is given of 
some of Milne’s beautiful work on the calcium chromosphere, but here our 
connection with the equilibrium theory is getting very weak. The outward 
flux of radiation, which is an entirely trivial perturbation of complete 
equilibrium in the stellar interior, is now becoming the controlling feature. 

The next group of three chapters, xvii-xix, contains detailed studies of 
the laws to which actual mechanisms of interaction must conform in order 
to preserve the equilibrium laws. The laws of material collision processes 
between free atoms and molecules and free atoms and solid surfaces are 
discussed in Chapter xvn and applied in Chapter xviii to the kinetics of 
homogeneous gas reactions. The laws of radiative processes are discussed in 
Chapter xix. Chapter xx contains for completeness an account of the formal 
calculus of fluctuations, and applications of some of these theorems to the 
study of opalescence, Brownian movement, the shot effect and kindred 
phenomena. Chapter xxi gives an account of some miscellaneous very recent 
work which could not conveniently be incorporated in the other chapters; 
the most important sections give an account of cooperative phenomena, 
particularly the theory of order and disorder in alloys which has received 
such a successful start at the hands of Bragg and Williams* and Bethe. t 
It will be seen that the content of this monograph is not strictly confined 
to equilibrium states of matter. We have ventured outside into regions 
dealing with steady rates of change (states of flow), but only where the 
application of the laws of the equilibrium state is immediate. When the 
changes are such, or the accuracy required is so great that the equilibrium 
laws can no longer be used without modification, as in the grand theory 
of transport phenomena in gases, the more advanced theory of electronic 
conduction in metals, or of the formation of stellar and nebular spectra, 
we must be silent. Nor can we do justice here to the phenomena of 
very high vacua. But where the direct application of the equilibrium laws 
themselves is relevant or sufficient, as in the study of unit mechanisms or in 
thermionics, we have endeavoured to press the theory forward. 

* Bragg and Williams, Pror. Roy. Soc. A, vol. 145, p. 699 (1934). 

f Bethe, Proc. Roy. & 'oc. A, vol. 150, p. 552 (1935). 
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§1*4. The fundamental assumptions of statistical mechanics . In my 
opinion any thorough discussion of the foundations of statistical mechanics 
is utterly unsuitable as an introduction to the study of this branch of theo- 
retical physics. One might properly attempt to close this monograph with a 
chapter or chapters expounding the foundations as they now appear in 
quantum mechanics, thanks largely to the work of von Neumann.* But 
such an exposition to be of any value must be somewhat lengthy and would 
form a portion necessarily quite out of tone with the rest of this monograph. 
Statistical mechanics may really be regarded as consisting of two almost 
distinct subjects: the theory of the equilibrium properties of matter based 
on the usual assumptions as to the calculation of average states, assumptions 
which can be introduced in a way which makes them a priori eminently 
reasonable, and the deeper theory of these assumptions themselves. This 
deeper theory will be entirely omitted here, and would form the subject- 
matter for a substantial monograph by itself. 

Though no thorough discussion of the foundations will be attempted 
here, it is none the less desirable to begin the exposition by considering 
shortly the usual bases, and specifying as clearly as possible the one selected, 
indicating the reasons for its choice. 

There are two distinct starting points from which we may build up with 
equal success a theoretical model to represent the material systems of our 
more or less direct experience — the Gibbsian ensemble and the general 
conservative dynamical system. Of these the Gibbsian ensemble has perhaps 
the advantage in logical precision, in that the whole of the necessary assump- 
tions can be explicitly introduced in the initial formulation of the “canon- 
ical ensemble. For this reason it should perhaps be preferred, and is 
preferred by some theoretical physicists. But to others something more than 
success and logical rigour appears to be necessary for the acceptance of a 
model which is to account to our aesthetic satisfaction for the properties of 
matter. A certain “sanity”, or physical reality, may be demanded in the 
initial postulates and in the details of the model, particularly in so far as 
they are to reproduce the well-known properties of matter. To these others 
the Gibbsian ensemble appears to be weak from this aspect, and they are led 
— m spite of logical and analytical incompleteness— to prefer the con- 
servative dynamical system of many degrees of freedom as the more satis- 
factory model from which to derive (or attempt to derive) the properties of 

matter. This is the model, generalized from classical to quantum mechanics, 
which will be used in this monograph. 

We have of course to deal in general with dynamical systems which are 
collections of large numbers of similar atoms, molecules, or electrons. It is 

* von Neumann, Mathernatische Grtindtagen dcr Quantenmechanik , Berlin ( 1932 ). 
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convenient to introduce a consistent nomenclature for the whole collection 
and its constituent parts. We call the collection which composes the com- 
plete dynamical system an assembly. We call its constituent atoms etc., or 
any part of it which for the greater part of time has practically an in- 
dependent existence, a system. The model we propose to use will then be 
called an assembly of systems. The motions and interactions of these systems 
are controlled by the laws of quantum dynamics, and the assembly as a 
whole is conservative. 

We now ask the questions, will such an assembly attain in any sense a 
state of equilibrium and there exhibit permanent characteristics which can 
be identified by analogy with similar properties of matter determined experi- 
mentally? And if so, how are such permanent properties to be computed? 
If and only if these questions are answered can we claim to possess in any 
degree “a theory of the properties of matter in equilibrium ”. What we 
ordinarily call the observed properties of matter, e.g. the pressure of a gas, 
may be regarded as “short-time averages” of its instantaneous properties. 
It would be natural therefore to ask for the computed short-time average 
properties of our assembly and to require these to correspond to the observed 
properties of matter in equilibrium. 

We have naturally no means of computing such time averages with full 
logical rigour short of a sufficiently detailed solution of the general dynamical 
equations of the assembly. Equally naturally we lack this information 
whether the assembly is classical or quantal.* It is necessary to assume the 
general form that the solution will take — the best known such assumption 
for classical assemblies was that of Maxwell, the assumption of quasi- 
continuity of path. It is extremely probable that this assumption is always 
untrue; it is, moreover, insufficient and at the same time unnecessarily 
restrictive for the purpose in hand. But some similar assumption must be 
made in its place. Its object was to entitle us to assert that the required 
time average properties may be correctly calculated as if they were averages 
over the whole phase spacef of the assembly subject to the condition that 
the assembly has the proper energy, and perhaps momenta, and provided 
that the different elements of the phase space are ‘ ‘ weighted * * in the proper 
way. Even then it was necessary by an extra assumption or investigation 

* It seems to be essential to possess an adjective which is the antithesis of “ classical ”. Common 
usage gives us “quantum mechanical’* for this purpose, a phrase which is really somewhat repug- 
nant to English grammar. It is of course perfectly correct to use “quantum” itself for this adjec- 
tive and it is habitually so used with the nouns theory, number, dynamics, mechanics. Preserving 
this usage, one should undoubtedly eliminate “quantum mechanical” either by substituting 
“quantum” everywhere or by use of some correct adjectival form. I have attempted in this 
monograph always to use “quantal” for this adjective, when I felt that “quantum” was in- 
appropriate. 

t See § 1-5. 
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(but no such was ever given) to identify the “long-time average” so cal- 
culated with the “short-time averages ” which are of physical significance. 

The modem quantum development is in many ways simpler than the 
classical which it has superseded. We shall assume that the reader is familiar 
with some standard exposition of quantum mechanics.* We may then 
enunciate the assumption replacing Maxwell s hypothesis of quasi-con- 
tinuity of path as follows: The observable equilibrium properties of any 
assembly are to be calculated by averaging over all the states of the assembly 
which are accessible under the given conditions. All assemblies whose equi- 
librium states can be discussed are necessarily enclosed assemblies. An 
unenclosed assembly to which all space is accessible does not in general 
possess an equilibrium state about which anything significant can be said. 
Enclosed assemblies obeying the laws of quantum mechanics possess only 
discrete states of definite discrete energies. To any one of these energies 
belong a certain number of linearly independent wave functions for the 
assembly. Each such distinct wave function represents a distinct state of the 
assembly. The averaging required is averaging over all these states, without 
fear or favour, provided only that the assembly can occupy the state. With 
this meaning of “state ” we are to average over all accessible states, assigning 
the same (unit) weight to each. 

It is convenient to have a distinctive name by which to describe these 
distinct accessible states of unit weight, and they will be called complexions. 

This usage of the term complexion is a natural refinement of its traditional 
usage in statistical mechanics. 

We can make no attempt in this monograph at any detailed justification 
of this procedure. Once this procedure has been adopted, the rest of the 
derivation of the equilibrium properties of an assembly is quite straight- 
forward and can be carried through with logical rigour — simply for a simple 
assembly and with increasing difficulty and complication as the assembly 
gets more elaborate. But the critical step is so fundamental that we cannot 
pass it by entirely without comment, and therefore proceed to some such 
comment now by way of introduction. 

The assignment of the weights for averaging is frequently spoken of as an 
assignment of a priori probabilities. If this is taken at its face value, the 
ehaviour of the systems in our assembly must be according to the laws of 
c ance, and cannot be controlled by dynamical (or any other determinate) 
laws m ordinary space and time. This is a possible hypothesis, but in the end 
ar y a satisfying one. It is equally repugnant to classical or to quantum 


FTe * ke] >f Vave Mechanics, i and n, Oxford (1932, 1934); Condon and Morse. 

M cchanics^ed^^^Qx^r^ ( 1935 )f. ^ ^ ° r f ° r a more fu "damental treatment, Dirac, Quantum 
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mechanics. To avoid an appearance of definitely accepting this hypothesis 
we use the neutral word “weight” instead of the commoner “a priori 
probability”, although in effect (though not in origin) they become synony- 
mous terms. For the purpose of the ensuing calculations we require to know 
or assume the relative times (out of a long interval) during which the 
assembly occupies two given states. It is these which determine the relative 
weights. It is assumed here that these times are equal. Since each quantum 
state of a system of s freedoms corresponds to an element of classical phase 
space (of 25 dimensions) of extension h s , this assumption reduces in the 
classical limit to assigning a weight to any element of phase space pro- 
portional to its extension. This procedure is consistent with, but by no means 
a deduction from, Liouville’s theorem (§1*5). 

It is usual to proceed from this basis by the calculation of values of 
maximum frequency of occurrence (most probable values) rather than 
average values. The results are, of course, identical — the mathematical 
machinery is not. Average values are as naturally as, if not more naturally 
than, most probable values identified with the observable properties of the 
assembly. They have besides an overwhelming advantage in ease and rigour 
of mathematical presentation; in particular the usual indiscriminate use of 
Stirling’s theorem for large factorials can be entirely avoided. 

No attempt has been made in these paragraphs to minimize the logical 
incompleteness of this development of statistical theory from the chosen 
starting point. It will be only too painfully apparent, and is of course the 
same for all variants of this development. I confess to a belief that it is 
unavoidable and may continue so for a long time. It can only be said that 
the assumptions made have a certain inherent plausibility and are justified 
by their success, and that, in spite of these lacunae, this starting point is, to 
some tastes, physically preferable to the Gibbsian ensemble. 

One further step can be made, which, while it does not fill the logical gaps 
indicated above, yet goes a long way towards giving us confidence in our 
conclusions and warranting the belief that the average properties we 
calculate are really “normal” properties of the assembly, which it will 
always to our senses possess. This step is the calculation of fluctuations. 
Just as we calculate the average value of any quantity P, say, and find it 

is P, so we can calculate the average value (P-P) 2 of (P-P) 2 . If we do 

this, we find that in all cases (P — P) 2 <P. It follows that the average 
deviation of P from its average, and therefore normal, value P is of the order 
yjP , and if P itself is large the deviation is insignificant. We can interpret this 
by saying that out of any time interval only an insignificant fraction in 
general can be spent in states in which P differs effectively from its normal 
value P. This very greatly consolidates the whole theory. 
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We have used here the word “normal” as a synonym for “short-time 
average” to recall the connection with the definition of “normal” adopted 
by Jeans.* In Jeans’ language a property is a normal property of an assembly 
if that property is possessed by the assembly with negligible error in the 
whole of accessible phase space except for a negligible fraction. It is obvious 
that any “normal” property will be an equilibrium property of our assembly 
whose equilibrium properties are calculated by averaging over accessible 
phase space by the rule here adopted. Conversely any one of our averages is 
a normal property if its fluctuation is small. For all practical purposes the 
two methods of defining equilibrium properties are equivalent. 

§ 1 * 41 . Concluding the Introduction of 1935. In revising this monograph 
in 1933-5 it has been possible to retain the main framework. The old con- 
cluding chapter on quantum statistics has naturally been incorporated into 
the exposition from the start, but otherwise there has been no change of 
structure. A few new subjects such as ferromagnetics and semi-conductors 
have been added, but the main changes consist of revision and moderniza- 
tion of both theory and experimental data. Thus theory and experiment now 
agree about the specific heats of the simpler gases. But in 1928 there was no 
agreement at all even for diatomic gases due to the very slow rate of inter- 
change of vibrational and translational energies, as a result of which the 
observed values did not refer to the equilibrium state. Again, there is now 
substantial agreement in the field of chemical constants and equilibrium 
constants for diatomic molecules due partly to improved data but here 
mainly to the improvements of theory which have enabled the states of such 
molecules in gaseous and solid phases to be correctly enumerated. Serious 
errors have been removed from the old account of the theory of metals and 
of dilute solutions which now, it is believed, survive in an acceptable form, 
and minor errors have been removed passim. It is too much to hope that 
these have all been detected and that no new ones have been introduced. 

The concluding section of this chapter is obviously a survival from a 
preceding epoch, but has intentionally been left in place. As we have already 
insisted, no systematic examination of the foundations of statistical 
mechanics has been or should be undertaken in this introductory chapter. 
But to say no more than we have said hitherto is somewhat ruthless and the 
best compromise appears to be to give here a short account of the classical 
use of Liouville’s theorem for classical assemblies in justifying (partially) 
our averaging rule for such assemblies. 

§ 1 * 5 . Conservative classical dynamical systems. We close this chapter by 
enumerating briefly the chief properties of conservative systems, which 
confirm the hypotheses of statistical mechanics. The state of the assembly, 

* Jeans, Dynamical Theory of Gases , ed. 3. pp. 74 sqq. 
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which is the conservative system here in question, is fully defined by 
specifying the necessary N Hamiltonian coordinates q and N conjugated 
momenta p. It can be conveniently represented geometrically by a point in 
space of 2 N dimensions, whose rectangular cartesian coordinates are the 
N p's and N qs. This space is called the phase space of the assembly (already 
referred to) and the point its representative point. The equations of motion 
of the assembly are 



where H is the Hamiltonian function. It is usually only necessary to con- 
sider assemblies in the formulation of which the time does not occur ex- 
plicitly, so that H is the total energy E expressed as a function of the p's and 
q's. Through every point of the phase space passes a definite trajectory of the 
assembly satisfying (1), and confined of course to the surface H = E , con- 
stant, and perhaps to other surfaces defined by constant momenta as well. 

We have mentioned above that no logical justification has ever been 
attempted for the assumption that the average values concerned in observa- 
tions are equivalent to the long-time average properties of the assembly. 
Attempts, however, to justify identifying these long-time averages with 


averages over the accessible phase space, though far from successful, have 
led to interesting investigations, which tend to confirm the proposed choice 
of the weight for each element of phase space in this process of averaging. 
As the first of these we may cite Liouville’s theorem. 

Let r be the density of a “fine dust” of representative points in any 
eiement of phase space. Then Liouville’s theorem states that Dr/Dt = 0, 
where DfDt is the mobile operator of hydrodynamics (generalized), giving 
the rate of variation of r for a given group of points as we follow them along 
their trajectories. Consider a fixed volume element in the phase space 
bounded byp 1 ,p 1 -\-dp 1 \ q Ni q N + dq N , of extension dQ. ( = dp ly ...,dq N ). 
The representative points crossing the fac ep 8 , of area dS , have a component 

velocity p 8 normal to that face, and so the rate of increase in rdCl due to 

motion across this face is , . , 

(rp 8 dS) p$ . 

There is a similar rate of loss , . , 

(rp 8 dS) p ^ dPs 


due to motion across the opposite face, and so a net rate of increase for this 
pair of faces ^ 

~ fcW d ?* dS = ( tp. ) dn. 

Summing for all the 2 N pairs of faces, it follows that 

,+ 4 wj }" 0 ' 



( 2 ) 
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Liouville' s Theorem 


Hence 



(Def.) 



This is Liouville s theorem. If we consider it in terms of an element of phase 
space moving with the dust of representative points, it states that the 
extension of any such element is constant throughout the motion. This is of 
course easily proved directly. The rate of increase of volume is 


f 2 (l s p s + \ s q $ ) dS, 

J s i 

where dS is any element of the bounding surface and (/ s1 AJ the direction 
cosines of its “normal”. But this is equal to 



by Green’s theorem, and so vanishes. 

The content of Liouville’s theorem relevant to the basis of statistical 
mechanics is that the density of a group of representative points remains 
constant along their trajectories. If at any time they are distributed with 
uniform density in the phase space, they will for ever have uniform density. 
There can therefore be no eventual crowding together of the points into 
favoured regions of the phase space. If “normal” properties are to be deter- 
mined by averaging over the phase space, they must be properties true of 
almost all the phase space, and not properties of special regions, unless 
various regions are selectively weighted in this averaging. Again, the 
theorem suggests that no such selective weighting can be legitimate, for 
there is no natural crowding into one region rather than another, and there- 
ore no excuse for selective weighting. In short, it suggests that the only 
reasonable choice of weight is the one actually made in statistical mechanics, 
namely a weight proportional to the extension of the region. 

We can perhaps make this choice of weight clearer by a rather different 

presentation (of essentially the same argument). To each element of phase 

space dQ we can certainly assign a time t dn during which the representative 

point will lie in dQ. out of a total interval T, and can thereby define a function 
° position in the phase space 

W( Pl , ( 4 ) 

t seems reasonable to assert that this limit exists. It represents the “pro- 
a 1 ity , defined as a limiting frequency ratio, that the representative 
Point lies in dQ at any specified epoch t , and is from its definition independent 
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of t. This fits in with our physical preconception that such “probabilities” 
cannot depend on the epoch of observation. 

The function W might be expected to depend on the particular trajectory 
chosen. No doubt it does so depend for any dynamical system, but it 
clearly cannot do so in any way which would make any difference to observ- 
able quantities, or consistency would vanish from physics. We therefore 
assume that there is some W , a definite one-valued function of position in 
the phase space, such that for any trajectory, or at least on the average for 

all trajectories, KWdQ (K constant) 

represents the frequency ratio with which the representative point lies in 
dQ. for an arbitrary choice of epoch t. On this basis the frequency ratio with 
which the assembly has the property P is 

f Wdtlji WdCl, (5) 

J fit / J ft 

where is that part of the whole phase space O in which P holds. Normal 
properties of the assembly are those for which (5) is effectively unity. 

That such a W really exists for any actual assembly is largely a pious hope, 
but granted its existence its form can be fixed, and we can show that for any 
Hamiltonian assembly W may be taken to be independent of the coordinates 
and therefore may be put equal to unity. For since K W dO. is the frequency 
ratio for the falling of the representative point in dO, the total number in d£l 
out ofa“ fine dust ” of representative points will be effectively K'WdCl. This 
is the r of Liouville’s theorem, and by repeating his argument we find that 


3W 

dt 




( Wp s ) + 




Therefore 




This is the general partial differential equation which any possible W must 
satisfy. Obviously a solution is W= 1. 

The form of (6) shows that IT is a last multiplier * of the system of differen- 
tial equations (1) which specify the trajectory, and it can be shown that the 
actual choice of last multiplier satisfying (6) can make no difference in 
statistical calculations. For if M and N are two last multipliers and a func- 


tion/ is defined by /= N/M, then /= a is a uniform integral of the equations 
of motion (e.g. the energy integral itself), and N/M will be constant through- 
out the whole of the accessible phase space to which our calculations extend. 
The function / can therefore be absorbed into K and ignored in all calcula- 


* See, for example, Forsyth, Differential Equations , ed. 3, § 174. 
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tions. Since W = 1 is one solution of (G) and the simplest, we may legitimately 

KdO. (K constant) 

to be the weight to be attached to the element dQ. in all statistical calcula- 
tions. Since in any contact transformation the extension of any element of 
phase space remains unaltered,* the constant K is genuinely invariant and 

independent of the system of coordinates, provided only that they are 
Hamiltonian. 

* See, for example, Boltzmann, La thdorie de 3 Gaz , vol. 2, p. 04. This invariance under a contact 
transformation is the most general assertion we have made about dCl. It includes its constancy 
during the motion, since the motion of any Hamiltonian system may be regarded as a succession 
of infinitesimal contact transformations. This alternative proof of Liouville's theorem is that used 
by Boltzmann, loc. cit. 



CHAPTER II 


THE GENERAL THEOREMS OF STATISTICAL MECHANICS 

FOR ASSEMBLIES OF PERMANENT SYSTEMS 

§ 2*1 . We shall establish in this chapter all the usual theorems of statistical 
mechanics for assemblies of permanent (non-combining and non-dissociat- 
ing) systems, quantized or classical, which are in the highest possible degree 
independent of one another. These are, of course, the assemblies most 
amenable to exact treatment, about which most is known. They naturally 
include perfect gases and crystals, but it is convenient to postpone the 
actual calculations for crystals (and temperature radiation) to Chapter iv, 
though they are fully covered by the methods here developed. 

The highest degree of independence is attained when it is sufficiently 
accurate to assume throughout the calculations that the energy of the 
assembly is the sum of the energies of the individual systems and contains 
no part depending on the coordinates of more than one such system. On 
this assumption, universally if sometimes tacitly made, some comment is 
needed. Such an assembly is, of course, an ideal limit to which an actual 
assembly may approximate but can never attain. For it is essential to the 
whole idea of an assembly that it should form a connected dynamical system 
with a single energy integral but not a number of separate ones. If, indeed, 
the energy were really entirely independent of such cross terms, which 
represent the interactions of the systems, the systems would never interact 
and the assembly would not be connected. We have therefore to assume that 
some such interactions do occur, but in this limiting case so rarely that their 
contribution to the total energy of the assembly may be neglected. They still 
suffice to preserve connection and ensure that only a single energy integral 
exists. This is an example, of course, of the general assertion underlying 
the whole theory that, while there must exist mechanisms of interaction, 
their mere existence is sufficient, their nature being irrelevant to the laws of 
equilibrium. 

§2*11. The analysis of weight . We have stated in the introduction that 
in averaging to determine the equilibrium state we shall attach a weight 
unity to every distinct accessible state, that is complexion, of the assembly, 
each complexion being defined by a wave-function linearly independent of 
all others so used. This means that the average value Q of any quantity Q is 
to be calculated by the equation 

Ql 9 i = cQ='l 0 q 9 . (7) 

The summation is taken over all complexions, and Q a is the value of the 
quantity Q for that complexion of the assembly. 



211 ] 


Weights of Accessible States or Complexions 


17 


This formula can often be further rearranged. In the first place a number 

Q„ of different complexions may for many purposes possess indistinguishable 

properties, e.g. the same value of Q. We can then regroup the summations 
of (7) so that it reads 


CQ = Qx a n a =x 0 n a Q 0 . 


(8) 


^ w 

It will often be legitimate for conciseness of expression to speak of this group 

of complexions, between whose properties we cannot or do not care to 

distinguish, as a statistical state of the assembly and of as the weight of 
the statistical state a. 

We next recall that our assemblies are always to be regarded as collections 
of practically independent systems, between which to an approximation 
usually sufficient there are no interactions. When therefbre we construct 
Schrodinger’s equation which determines the wave-functions and energies 
of the states of the assembly, it can immediately be separated into equations 
for the distinct systems. The wave-function T for the assembly can therefore 
be constructed out of products of the wave-functions */. for the systems (see 
§ 2-23). Now to any one value of the energy e T of an individual system there 
may belong a number m T of distinct wave-functions for the system, between 
whose properties we need not distinguish. We speak of w T as the weight of the 
system in the given state. It is convenient to use the term degenerate to 
describe states for which w T > 1 and non -degenerate for w T = 1. If the assembly 
consists of M such systems and in a particular state of the assembly there 

are a o. «i- •••, a T , ... systems in states of weight w 0 , w lt ..., m T and if no 

special limitations of accessibility arise, then it is clear that the weight Q 
ol this group of complexions is given by the equation 


n o =n (T) TD T a -. 


( 9 ) 


e can thus (sometimes at least) attach the correct weight Q a to the group 
o complexions by attaching suitable weights m T to the system states. But 
must be remembered that sucli system weights have a statistical meaning 
only when they are recombined by multiplication over all the systems in the 
assem y Strictly it is only the weights of the complexions that have a 

statistical application. 

The same distinction was relevant in the older classical form of the theory 

ne classical average is taken over the whole of accessible phase space for 
the assembly attaching a weight F 


K (d Pl ...dq s ) 1 (d Pl ...dq ,)„ 


( 10 ) 


to any dement S p ac e, K being constant. This can be achieved by 

attaching a weight J 

K'dp l ...dq s ( 11 ) 

C~ nt ° f u he Phase Space ° f each syste,n - but the ' vei g hts (1 1) onlv 
a meaning when posterior remultiplication is assumed. 
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The conventional weight we attach to the cell or state of a system cannot 
be interpreted as proportional to the time which the representative point of 
the system spends in this cell, as can the weight attached to a cell or state of 
the assembly. Interpreted so it is definitely wrong. For if the weight for the 
cell of a classical assembly is given by (10), and if for simplicity we suppose 
that the energy function contains only square terms, then the average time 
spent by a selected system in a selected cell can be shown by integration to be 


K"e- 2 > E i(dp 1 ...dq 8 ) 1 , 

where E x is the energy of the system in (dp 1 ...dq 8 ) lt and K" andj are con- 
stants. The conventional w r eight applied in this sense is wrong. We could if 
desired take this accurate value instead of the conventional weight, and on 
re-combining for the cell of the assembly we should obtain 

K'e- 2 ’ 1E i(dp l ...dq 8 ) 1 (dp^-.dq^^, 

or K(dp l ...dq 8 ) 1 (dp v ..dq 8 ) M 

as before, since 2 E X = E, a constant. The factors e~ 2iE i are thus irrelevant. 
This digression should make clearer the extremely conventional use to be 
made of the weights of the system states. As we have said, it is on ] y the 
weights of the complexions that have a direct statistical interpretation. 


§2*2. Weights of simple systems and the connection with classical phase 
space. Let us start by considering the simple case of an ideal linear harmonic 
oscillator. If its mass is m and its classical frequency v , its classical Hamil- 
tonian function is , 

I 77? 

H = 2^ pi + (27tv)2 2 q2 = E • {12) 


The constant E is the total energy which, by solving the corresponding 
equation of Schrodinger 


c 2 Jj 87T 2 m 
r + 


dq 2 ' h 2 
is known to have one of the values 


77? 

E-(2nv) 2 -q 2 


<A = 0, 


(13) 


E=(n + \)hv (n = 0,1,2,...). (14) 

To each such value corresponds just one wave-function. 

Now consider any possible orbit in the classical phase space whose equa- 
tion is given by (12). The area enclosed by this ellipse is easily seen to be 
Ejv. Any such orbit is a classical possibility but quantum mechanics restricts 
the possible values of Ejv to (n + £) h. Now an important feature of quantum 
mechanics is a correspondence in detail between classical and quantized 
systems by which the two become indistinguishable in the limit for large 
quantum numbers (or for /*-><)). Symbolically 

Lt (Quantized system) = Classical system. 

n ->co 



2 - 21 ] The Limiting Principle and Classical Weights 19 

It is convenient to refer to this as the limiting principle * By this principle 
it is easy to see that for large n, when the permitted orbits are close together 
but still separate off areas h, an element of phase space of extension h corre- 
sponds to each possible quantum state. The rule for averaging attaches 
the weight unity to each permitted value of E for this system. To conform 
to the limiting principle the rule should therefore attach the weight unitv 

to an element h of phase space if and when the system can be treated as 

classical — that is the weight T , 

° dpdq 

~~h~ 

to the element of phase space dpdq. 

This result is general. To conform to the limiting principle whenever we 
can treat a system of s freedoms as classical we must attach the weight 

dp x ... dq s 

~h* (!5) 

to the element of phase space d Pl ...dq s . We shall not attempt to give a 

formal proof of this result.f It will be sufficient to illustrate it with some 
selected special cases. 

§ 2-21 . Weights of the states of isotropic oscillators in mare than one dimen - 

sion. A two-dimensional isotropic harmonic oscillator is suitable for the 

next illustration of weight counting and of the limiting principle. Its 
classical Hamiltonian is 

H = 2m( p * 2+ Pv 2 ) + ( 27TV ) 2 i£(x 2 + y 2 ) = E (16) 


(B*oMwhiI tent ° f f thU prineiple is distinct from that of thc much wider Correspondence Princinle 

mectS C B a u r t 0S t e h^e m d “ r WhiCh T fina ' ly 8UPereedCd b - V ‘ h<? P — relationship of quan^n, 

t In he older n deve ‘° pment l have retained the 'Siting principle unimpaired. 

tBZpr7oZ ^ W T jU8t,fied (to some extent > b * the of 

0923), Van Vleck “Ouattum p' ”1' \ t™' PP 1924 orZe " S- ****«'*. vol. 13, p. 117 

Bom, VorUsuZZ’ ih Q T Principles and Line Spectra ", .Val. Res. Counci Hull. (1926) or 

form of the quantum llTtorZ^ ^ ^ The 8— a. 

wheretH*/’ = (r = l, ^ 

during the motTo^he" Wml 63 ^ eXterna ’ parametera - If the a s are slowly varied 

Suppl 4 U d e or Pr^ZZ TT ' nVanant " turgors, Com. Phy*. Lab. Leuien. Nos. 

Dirac, Proc. V Soc.’ A, vof mt' p i ^ ^ 9 ‘ 8 (,9 ' 6) - P " 1055 < 

“adiabatically ” any one system of , fre a ’ Z ° ne 9hould be ab,e t0 ‘reform 

invariant for a contU ‘ ° ^ 0tl ‘ er ' “ P ‘ eraCnt ° f pha - apa - U 

1 dp x ... dq 9 = j (JJ t . 

J J * 

are constant T^e^nvariaiu^ 168 * angmg f *j? m 0 to 1 a,on " an >* classical orbit along which the J'* 
of invariable ItnZn Z T out up the phase space into elements 

^consistent with this intertransf^mabirr 1 WC,ghts than those in the text would be 

8tttteS ° f thC Same V—. (Bohr. DanstZ 
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The corresponding wave equation is 


[2-21 


3 2 i/f d 2 i p 8n 2 m 

l ^ l 


dx 2 


^ o 

cy l 


h 2 


m 


E-(2ttv) 2 — (x 2 + y 2 ) 


0 = 0. 


(17) 


This equation of course separates in x and y. The possible values of the 
energy are ^ 

E = (n+l)hv (71 = 0,1,2,...), (18) 

and the corresponding independent wave-functions are 


= 4> nfx) <!> nfy) K + W 2 = 77), 


(19) 


where 0 ni (x), 0„ s (y) are the wave-functions for an oscillator in one degree of 

freedom. To any value of E specified in (18) there correspond therefore t* + 1 

distinct wave-functions, or ti + 1 distinct states. The weight of the Tith state 

is therefore n+ 1. Now the classical phase space [x,y,p x ,p ) enclosed by the 
condition E = (ti + 1 ) hv is 




dp 


extended over the region for which 


1 yri 

2^ (Px 2 + V) + ( 2 ™) 2 2 (* 2 + y 2 ) ^ E- 

This is a familiar Dirichlet’s integral, whose value is 

tt 2 E 2 4 m E 2 

T(3) m(27Tv) 2 = W- 

The extension enclosed between the surfaces E=(n+ \)hv and E = nhv is 

therefore . T 

ih 2 {(n + l) 2 - n 2 } = h 2 (n + £), 

in agreement with the limiting principle, and the weight (15) attached to 
the classical phase space. 

In the same way the number of distinct wave-functions which correspond 
to the energy value E = (n -f $ ) hv for a three-dimensional isotropic oscillator 
is equal to the number of ways in which positive integral or zero values can 
be assigned to n 1 , n 2 , n 3 so that n l + n 2 + n 3 = n. The weight of the nth state 
of such a system is therefore \(n- f- 1) (n + 2). It may again be verified that 


r-j 


over the region for which 

(n+\)hv^~ (PS + PS+P 2 ) + (2,7V) 2 j (x 2 + y 2 + z 2 ) < (n + § ) hv 

§ 

is JA 3 {(n+ §) 3 — (n + J) 3 }, in agreement with the limiting principle. 

The number of distinct wave-functions belonging to the energy value 
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E = (n+\s)hv for an s-diinensional isotropic oscillator is equal to the 
number of positive integral or zero solutions of the equation 


that is 


n x + n 2 + ••• +n 8 = n, 

(n + s— 1 )! 
n!(s — 1 )! 



§2*22. W eights of the states of a rigid solid of revolution ( diatomic molecule) 
with or without axial spin. Another example is the rigid rotator with an axis 
of symmetry but no spin about that axis, which has important applications 
to the specific heats of gases. The motion of the centre of gravity separates 
and can therefore be ignored here. 

Let A be the transverse moment of inertia of the molecule, and 9 , <f> the 
usual spherical polar coordinates of its axis. Then 

p g = Ad, p ( j > = A sin 2 6<j>, 



The corresponding wave equation is 


i a 


sin 9c9 


sin 9 


00 

d9 


+ 


1 


a 2 0 8 t t*ae , 


sin*98^> 

The possible values of the energy are 

h 2 

E = S^ 2 A n<<n + l ^ ( n = 0 > l > 2 > *•*)> 


= 0 


( 21 ) 

( 22 ) 

(23) 


and the corresponding wave-functions are the 2 n + 1 spherical harmonics 
of order n, namely 

P n m (cos9)e ±im( t > (m = 0 , 1 , ...,n). (24) 

The weight of the nth state is therefore 2 n + 1 . 

It is easy to show that the phase space integral 



subject to pq 2 + pjfj sin 2 9 ^ 2 A E , is equal to 87 t 2 A E. We can thus again verify 
the limiting principle and the assignment (15). 

When the molecule has axial spin let A, C be the transverse and axial 

moments of inertia, and 9, cf> and % the usual Eulerian coordinates. The 

angles 9 and 0 must be taken to fix the direction in space of one end of the 

axis, independently of any directions of rotation since the two ends of the 
axis may be different. Then 

p e = Ad, pj, = A sin 2 Of + C cos 8(x + <f>cos8), p x = C(x+<f> cos 9), 

u-Pe 2 (P4,-P x c°sd) 2 p 2 

2A + 2 A sin 2 0 + 2 C~ E ' 


( 25 ) 
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The corresponding wave equation is 


( sin « $ 


+ 


_1 _d 2 ip l A cos 2 6\c 2 ip 
sin 2 0 c<f> 2 + \ C + sin 2 6 


8t r 2 A 


\c 2 <A cos 0 av — 

/e* 2 sin 2 0ay3<i + A 2 ^ _0 - 


The possible values of the energy are 


(26) 


E = 


h 2 


8n 2 A 


frit 1,2 --) <«> 


and the corresponding wave-functions are of the form 

©(cos 0) e l> x+ lV ^ j 

where r, r are integers and ©(cos 0) is a polynomial in cos 0 which is uniquely 
determined when n, r and r are given, n being not less than the greater of 



A > C 

Fig. la. 



| r | and \t'\. Thus there are 2n+ 1 distinct wave-functions for each value 
of E in (27), which is the weight of each of these states. 

The verification of (15) and the limiting principle is in this case 
more intricate and is a good illustration of how the general argument must 
go. The extension of phase space for which H ^ E 0 is 



Jiff, v SI' dp ‘ dp * d ’’* Md + dx - 




which can be shown without difficulty to be 

¥-n 3 (8A 2 C)i E 0 *. 

We may compare this with the number of values of E = E{n i r) given by 
(27) for which E(n,r) ^ E 0 , each pair (n,r) being counted 2ra+ 1 times. The 
relevant pairs (w,r) are all points of positive integral n and integral r for 
which |r|<n and E(n,r) ^ E 0 . They are therefore all points of integral 
coordinates which lie within the shaded region in Fig. la or 16 bounded by 
two straight lines and the conic (27). Since we are only concerned with 
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asymptotic equalities for large n and r, we may neglect the difference 
between n(n . + 1) and n 2 . By calculating the extension of the shaded area 
with the weighting factor 2n -f 1 we find that the number of points of integral 
coordinates which it contains (with this repetition factor) is asymptotically 

*t?r 3 (8A 2 C)l Ej;h 3 


as required by (15) and the limiting principle. 

Other examples will appear at various stages throughout this monograph. 

§2*23. The accessible states ( complexions ) of simple assemblies. It is ne- 
cessary next to consider in greater detail how to enumerate complexions 
in terms of the states of the component systems of an assembly. It is here 
and only here that an important divergence is possible between the classical 
and the quantal enumerations. We will consider first for simplicity an 
assembly of M permanent systems which interact only weakly (or occa- 
sionally) with each other. It is convenient to recall here in rather more 
detail than before the properties of Schrodinger’s wave equation. 

Let us consider first a single conservative isolated system whose classical 
Hamiltonian function would be H(q,p ), and energy integral 

H(q.p) = E. 

The variables g, p are to be taken as a shortened form of g, g', g", p , p\ 

p , . . . , being any suitable set of Lagrangian coordinates and their con j ugated 
momenta. Then in order to discuss such a quantum system we form 
Schrodinger’s differential equation 



m which h = h/2-TT. All the properties of the system are determined by the 
function i/j and the condition that ifj must be bounded* and one-valued in 
the g-space (configuration space) of the system. For an enclosed system the 
permissible values of E are necessarily discrete, though if the enclosure is 
a large one the values of E may he so close together over some part at least 
of their range that they may be treated by a limiting process as a continuous 
distribution. These permissible values will be supposed to be enumerated 
y a suffix taking the values 1 , 2, . . . , so that no two values of E with different 
suffixes are equal. Corresponding to any possible value of E , there exist 

one or more proper solutions 0 a of equation (28). The number of such in- 
dependent solutions is denoted by the weight of this state. If the system 
is degenerate K,#=l), we can often reduce it to a non-degenerate one 


More correctly, that / |</»| *dq taken over any finite 
exist, and that </» should behave suitably at infinity, the 
the nature of the system. * 


v 

part of the configuration space should 
precise behaviour there depending on 
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(®V = *) by including suitable perturbing fields, if it is convenient to do so 
for purposes of discussion. 

Let us suppose next that our assembly is built up of two such similar 
systems with very weak interactions, so that to a first approximation the 
Hamiltonian of the pair is the sum of the separate Hamiltonians. Then the 
complete wave equation is 

(29) 

It is obvious that the equation separates into two parts and that the per- 
missible values of E are e a + e T , and the corresponding solutions 

^ = *a(fl)0r(fc>. (30) 

where and e T are possible values of E in (28) and ip a , ifj T corresponding 
proper solutions. Such values of E are called characteristics or eigenvalues 
and the corresponding solutions characteristic functions, or eigenfunctions, 
or, in view of Schrodinger’s interpretation, wave-functions. It is of the 
utmost importance to observe that in the limit of vanishing interaction the 
pair of systems is essentially degenerate except when a = r even if the single 
systems are not degenerate. For if a + r at least two wave-functions 



^1 = 0a(? l) 0r(?2)> ^2 = 0r(?l)> 

obtained by permuting the individual systems, correspond to the eigenvalue 
E = € a + € r . If the single systems are degenerate (m a ,m T ), then obviously 
the total number of distinct wave-functions corresponding to e a + e T is 
2w a w T (a =4= t) or w a 2 (a = r). 

The argument is quite general. If the assembly consists of M weakly 
interacting systems, the complete wave equation is 



To the eigenvalue E = e a + e r + . . . + €„ , 



no pair of the suffixes a, r, ..., oj being equal, there corresponds a set of Ml 
wave-functions obtained by permuting the systems 1, 2, ..., M among the 
suffixes of the eigenvalue cr, r, co. A simple wave-function is 


= 4>a( < h) 'PMi) ■ • ■ 'I’Jq.w)- ( 33 ) 

For degenerate systems the total number of wave-functions corresponding 

to the eigenvalue (32) is 

® v ’ Ml w a w T ... m w . 

If finally we consider the completely general eigenvalue 

E = a 1 € a + a 2 € T + ... (a 1 + a 2 +... -fa, = 3/), 


(34) 
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a lt then 


where the individual eigenvalues are equal in groups of a x , a 2 > ..., a (i then 

there are sets of in 

; (35) 

... a t \ 

distinct wave-functions obtainable by permutation, of which 

'*‘l = 'Po(<h) ■■■ 'Poi ( la l )'PMa l + 1 ) • ■ 'PM. v) ( 36 ) 

is typical. The total number of distinct wave -functions in the degenerate case is 


(36) 


M ! tu a a i tu r a 2 . . . mj 1 * 
a x \a 2 \ ... ci ^ ! 


(37) 


This is a first and immediate generalization of the elementary enumeration 
used as an illustration in § 2- 1 1. There we grouped together the complexions 
for which each separate system has let us say a given energy but may be in 
a state described by any one of w corresponding wave-functions. Here we 
are grouping together not merely all such complexions, but also those in 
which the same numbers of systems, but not the same individual systems, 
have a given energy. When we form the group of complexions specified here 
and enumerated in (37), we are not concerned to discriminate between states 
which have the same distribution of energy over the component systems 
as a whole. 


If to the assembly thus constructed we add another set of similar systems 
distinct from the set hitherto considered, we obtain obviously a new set of 
wave-functions similar to (36) each of which can be combined by multiplica- 
tion with each one of (36) to give an independent wave-function of the 
complete assembly. We may not of course permute a pair of distinct systems, 
for we do not so obtain a solution of the wave equation of the assembly. 
Thus for an assembly of two distinct sets of similar systems the number of 
complexions corresponding to the eigenvalue 



F — a l e a ... + b x T) a ' ■+• ... 

M\N\(m 0 ) a i ... (p a .) b i ... 

ctj! • • • 6^ ! ••• 


(38) 

(39) 


All these formulae are identical with those that have long been classical 
in statistical mechanics. If the introduction of weak interactions between 


systems of the assembly or between the assembly and the outside world 
allows the assembly to pass from a state described by one of these wave- 
functions to any other, the formulae (37), (39) and similar generalizations 
must be used as in classical theory and we shall see no change will appear in 
the results. But this may not be so. It has been shown, principally bv 
Heisenberg,* to whom we owe the first appreciation of the importance of 
this exchange degeneracxj, that the wave-functions (36) of a set of similar 


* Heisenberg, Zeit.f. Physik, vol. 38, p. 411 (lf»2«). See also Dirac, Proc. Roy. Soc. A, vol. 112 
p« 061 (1920). 



26 


Assemblies of Permanent Systems [2-23 

systems, after reorganization into suitable linear combinations, necessarily 
divide into a number of groups, A , B, S. These groups contain between 
them all the wave-functions belonging to all the eigenvalues, and they 
possess the extremely important property that no interaction between the 
systems of whatever type or strength or between the systems and the outside 
uoild f so long as it is symmetrical in the coordinates of the similar systems can 
ever change the assembly from a wave-function of one group A to a wave- 
function of any other group B. Thus if the assembly is originally represented 
by a wave-function of group A for one set of systems, it will forever be con- 
fined to wave-functions of group A. Only these states are accessible. 

§2*24. Existence theorem for non -combining groups * The general form of 
Schrodinger’s equation for assembly of M similar systems to the zero order 
of approximation in which interactions of the systems and external per- 
turbations are neglected, and from which the operator djdt has not yet been 
eliminated, is 

(- 10 ) 

The wave-function must here retain its time factor e~ iEiih \ its presence is 
recorded by the affix t. The solutions of this equation are expressions such 
as (33) (with the time factor), or, since the equation is symmetrical in all the 
systems and linear in T*, any expression which can be derived from (33) by per- 
muting the systems and taking linear combinations of any of these permuta- 
tions. Any such wave-function we will denote for shortness by 'F / (l,2,... f M), 
the order of the suffixes of the systems being in general significant. 

If equation (40) were exact, the assembly, once represented by a given 
wave-function, would remain so represented for all time. Owing however to 
interactions and perturbations this permanence does not exist and x Y l will 
pass from (approximately) one zero order form TV to another x ¥f or rather 
to one of a number of other forms in a manner w hich can be best specified 
by certain probability coefficients. It is not necessary to enter into this here 
beyond observing that the exact T* has to satisfy exactly an equation of 
the form 


* A proof not involving explicit appeal to group theory was first given by Hund, Zeit.f. Physik , 
vol. 43, p. 788 (1927). See also Heisenberg, Zeit.f. Physik , vol. 41, p. 239 (1927), and especially 
Wigner, Zeit.f. Physik , vol. 40, pp. 492. 883, vol. 43, p. 024 (1927). These detailed investigations 
of the structure of the non-combining groups are required for the theory of the structure of atomic 
and molecular spectra, but are not necessary to us here, where all that we require can be obtained 
very simply as suggested by Ursell, Proc. Camb. Phil. Soc. vol. 24, p. 445 (1928), amplified by 
Sterne, Proc. Camb. Phil. Soc. vol. 26, p. 99 (1930). 
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u-here H includes the interaction and perturbation terms and is completely 
symmetrical in all the systems. 

Let P be any operation of permuting the systems in a given wave- 
function v l 7 (l,2,...,3/), and taking given Linear combinations of these 
permutations, and let PW l be the result of the operation. Then since H is 
completely symmetrical PT' is also a wave-function. Suppose that at any 
gi\en time t = t 0 P V H = 0, the symbol = denoting identity for all values of 
the space variables q lt ..., q it . Then, since H is an operator in the space 

in which the time enters if at all only as a parameter, 

[H] P'F'=[H]0 = 0, 

so that c(P4 ')/dt = 0. If now we may assume that H and PT 7 are analytic 
functions of t for all real values of t, it follows that we can prove, by repeated 
applications of this argument, that 


o 



for all n and therefore that PT 7 = 0 for all time. This is all that is required to 
establish the existence of non-combining groups of wave-functions. We say 
that T is symmetrical in the systems «, , a, , . . . , « A if »F does not alter when any 
one of these numbers is interchanged. For example, if 

x F(1.2,3,...,.¥) = T’(2, 1,3,. 

then T is symmetrical in the systems 1,2. If 


V F(1,2,3,4,...,3/) = T(2,1,3.4,...,3/) = T(1,3,2,4,...,T/), 

then V F is symmetrical in the systems 1, 2, 3 and so on. But then P 0 T = 0, 
where P 0 is the operation of interchanging 1 and 2 and taking the difference 
of these wave-functions, so that the wave-functions representing the 
assembly if they are ever symmetrical in any pair of systems must always 
e symmetrical in that pair. In the same way we say that *F is antisymmetrical 
in the systems « x , ct, ..... « A if V F changes to — Y when any pair of these 
numbers is interchanged. It then follows as before that if T is ever anti- 
symme trica 1 in any pair of systems it is always antisymmetrical in that pair 
_ dlfferent non-combining groups can be specified by the various groups 
o systems in which they are symmetrical or in which they are anti- 
symmetrical, but we need not examine the structure of these groups here. 


§ 2-25. The symmetrical and the antisymmetrical grcmp. From among the 
various non-combining groups two stand out, conspicuous for the simplicity 
ol their properties and their mathematical form. One is the group of wave- 
unctions which are symmetrical in all the systems. This group we shall call 
smiply the symmetrical group 5. The other is the group of wL-funeti ^ 
hich are antisymmetrical in all the systems. This we shall call the anti- 
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symmetrical group A . These groups are unique in that for non-degenerate 
systems they alone contain at most one wave-function for any given eigen- 
value £e a . There is always exactly one member of the S group, and there 
is one member of the A group if all the ex’s are different or if all the a/s are 0 or 1 , 
and otherwise no member. This is easily verified if we observe that the anti- 
symmetrical wave-function must take the form of the M - row determinant 

'Po(<h) •■■'Poi'ht) . ( 43 ) 

'PMi) •••’At (?m) 


&»(?*) — iM?*) 


while the symmetrical wave-function is the same expression with all the 
signs taken positive. 

These very simple enumerations for assemblies of non-degenerate 
systems can be generalized directly to degenerate ones. For example, if 
w a — 2, the other m’s being 1 as before, there are just two alternative tpf s 
which may be used in constructing X Y. There are therefore in the A group 
clearly 1, 2, 1 or 0 wave-functions according as a x = 0, 1, 2 or a x > 2. In the 
S group there are (aq+1 Jl/oq! or a x + 1 wave-functions instead of 1 as 
before. The general formulae can be given, but it is simpler to pass from non- 
degenerate systems to degenerate ones at a later stage. General formulae 
are therefore omitted here, and we shall confine attention for the present to 
non-degenerate systems. 

We know as yet no a priori reason why wave-functions of only one group 
or of one group rather than another should be found in nature. To determine 
the proper group we must appeal to observation, and the proper group may 
vary from system to system. When the systems are electrons or protons 
(hydrogen nuclei) it is certain that the proper group is the antisymmetrical. 
For electrons this follows from the fact that the laws of interaction of 
electrons must embody Pauli’s exclusion principle which is fundamental to 
the interpretation of spectra. According to this principle, as we know, two 
electrons in an atom may never possess the same set of quantum numbers, 
or as we should now say may never have the same wave-function. The 
group A is the only group of wave-functions of the assembly which possesses 
just this property, that it has no member whenever two systems have the 
same wave-function. Since the wave-functions for the electrons in any 
atom belong to the group A , one must suppose that this is due to the nature 
of the electron and that the wave-functions for the electrons in any other 
assembly will also belong to group A. For protons the evidence is not so 

on the interpretation of the hydrogen band 


extensive, as it depends only 
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spectrum and the theory of the specific heat of hydrogen at low temperatures 
(§ 3*4). It is however sufficient to be convincing. More complicated systems 
such as atoms or molecules may require the use of either group A or group S> 
but discussion of such cases is postponed to Chapter v. 

§ 2 # 26. The accessible states ( complexions ) of a simple assembly ( concluded ). 
The foregoing considerations must now be applied and the enunciation of 
complexions completed. There are two types of simple assembly to consider 
for one of which the symmetry requirements modify the count, while for 
the other they make no difference. 

Type I. Consider first an assembly containing a set of M similar linear 
harmonic oscillators, which have fixed positions in the assembly. They may 
for example be thought of as electrons suitably bound to the atoms of a solid. 
The wave-functions for electron p bound to atom a and in its n-quantum 
state of oscillation may be written ip n a (x p ). Whena 0 , a lt ...,a l are the numbers 
of oscillators with 0 , 1 , ..., t quanta of vibration respectively, we can make up 

Ml 

a 0 !a 1 !...a < ! 

distinct wave-functions of the type (36) belonging to the statistical state of 
the group. In all these wave-functions each electron belongs to the same 
atom and they are not antisymmetrical in the electrons. But by permuting 
the electrons p among the atoms a we can make up exactly one wave- 
function from each of those enumerated in (35) which is antisymmetrical in 
the electrons so that the enumeration in (35) is correct though it ignored 
symmetry requirements and treated the electrons as permanently attached 
to their own atoms. We shall discuss such short cut methods of enumeration 
more systematically at a later stage in § 5* 1 1. 

Type II. Consider next an assembly containing a set of M electrons (or 
other systems all similar) free to move about in the same enclosure of given 
volume. The wave-functions now lose their distinctive affix a. When now 
a o> a i > a* are again the numbers of electrons or other systems in states of 
given quantum number* n, we can still make up unsymmetrized wave- 
functions of type (36) to the number (35). But now when we attempt to 
construct a wave-function for the assembly antisymmetrical in all the 
electrons, we can construct only one if a t ^ 1 for all t and otherwise none; and 
if we attempt to construct a symmetrical wave-function for another type 
of system, we can always construct just one, as shown in § 2-25. 

The difference arises from the loss of the distinctive affix a; physically the 
electrons or other systems now all belong to the same region of space. It is 

• Here n can be taken to be an abbreviation for the whole set of quantum numbers n, 

defining the state. i» l 2» ••• 
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no longer physically significant to assert that an n-quantum electron is here 
and an n‘ -quantum electron there , whereas for a set of localized oscillators 
such statements are significant. The correctness of the two types of enumera- 
tion is best seen by considering simple examples, for instance one in which 
J/ = 3, « 0 = 2, a x = 1, and wave-functions are required symmetrical in the 
threesystems. In the first case the 3!/2! 1! = 3 symmetrical wave-functions are 

(*) </'o 1 (*l) <Ao 2 ( X 2 ) >Pi 3 ( X 3) + </' 0 1 ( a; 2 ) ’AoVs) <PA X l) + •Po 1 ^) 'PoH X l) 'PA^) 

+ <Ao 1 (^ 2 ) to 2 ( X l) <p 3 ( x 3 ) + •AoHzi) <Po 2 ( x 3 ) <Pl 3 ( X i) + 'Po\ X 3) 4>0 2 { X 3) 'Pl( X l)> 

(ii) «Ai 2 (^2) 'Po 3 i x 3) + 'J<0 [ ( x 2 ) «Ai 2 (^3) <Po 3 ( x i) + 'Po 1 ( x 3) <PlH X l) <Po 3 ( x 2) 

+ < Ao 1 ( a '2) 'P\‘i X \) > Po 3 ( X 3) ■+■ l Po l ( X l) fAl 2 (- r 3) <Po 3 ( X i) + *Po l ( X 3) t Pl 2 ( X 2) *P(?( X l)< 

(iii) «Ai 1 (^i) 'P(?( x 2) >Po 3 ( x 3) + >Pi i ( x 2) 'Po 2 ( x 3) <Po 3 ( x 1) + >Po 2 ( X l) <Po 3 ( x 2) 

+ h l ( x 2 ) 4>0 2 ( X 1 ) 'Po 3 ( X 3) + >Po 2 ( X 3) Po 3 ( X i) + «/'l 1 ( a; 3) >Po 2 ( X 2 ) 'Po( X l)\ 

in the second case the only symmetrical wave-function is 

^O^l) l l J o( X 2 ) ^1(^3) "b ^0(^2) , Ao(* r 3 ) "b l l J o( X l) { l J l( X 2)' 

The result of these restrictions is that in enumerating the accessible states 
of a group of similar non-degenerate systems which belong to one and the 
same locality in the assembly we have to replace the classical number of 

complexions 3/1 

j j 1 j ••••••(35) 

a 0 !a 1 !...a / ! 

which is still valid when the systems are separately localized, by 1 when the 
wave-functions are all confined to the group S, and by 

1 [a t ^ 1 ( all 0], 0 [a t > 1 (some t)] 

when the wave-functions are confined to the group A. 

For degenerate separately localized systems the more general (39) still 
gives the correct number of complexions. 

For simplicity of exposition we shall consider first simple assemblies for 
which the formulae (35) or (39) correctly enumerate the complexions. We 
proceed in the following sections to develop a general method for calculating 
average values by equation (8) for such assemblies. We return in § 2-4 to the 
more complicated calculations required to deal with assemblies in which 
(35) must be modified in the way detailed above. These modifications apply 
to any assembly containing a gaseous phase. 

The distinction between these two cases is strictly apparent rather than 
real; it depends rather on a difference in the convenient first approximation 
than on anything more fundamental. We shall be able later on to trace the 
connection between these two limiting cases. 

§ 2*3. A simple case of Type I. An assembly of two sets of simple harmonic 
linear oscillators. For simplicity of exposition we consider first this special 
case which w ill serve to bring out all the distinctive features of the problem 

- . ra.svrf 


* * 
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and the method. Let us suppose that the assembly consists of two large sets 
of linear harmonic oscillators A and B , of total numbers M and N . As we 
have seen each oscillator has a series of stationary states of weight unity in 
which its energy takes the values (n-\-\)hv l or (rc + l)e, and (n+ ±)hv 2 or 

+ We may emphasize once again that in assigning individual 
stationary states and energies to the systems separately we tacitly assume 
that they are practically independent systems, each pursuing its own motion 
undisturbed for the greater part of time. This is essential to the energy 
specification and therefore essential to the treatment of assemblies composed 
of large numbers of practically independent systems. At the same time we 
must assume that exchanges of energy between the oscillators are possible 
and do occasionally take place, otherwise the systems will not form a con- 
nected assembly and obviously cannot possess unique equilibrium distribu- 
tion laws. In the present very special case we may think of the exchanges of 
energy as effected by a few free atoms in an enclosure containing the 
oscillators — so few in number compared with the oscillators that we may 
ignore their energy altogether. (Later on we shall be able to include the 
energy of any number of such atoms or molecules in our discussion, as well 
as the energy of temperature radiation. The latter can then also be regarded 
as an agent of energy exchange.) 

For the purposes of the proposed proof we must suppose that e and 77 are 

commensurable and shall therefore suppose that they are integers with no 

common factor. This amounts to making a special choice of the unit of 

energy. The removal of this restriction by a limiting process will be con- 
sidered at a later stage. 

It is our object to determine the distribution laws of this assemblv, that 
is, the equilibrium or average distribution of the oscillators among the 
various states of which they are capable. This is.its only normal property of 

importance. A specification of this distribution — equilibrium or not mav, 

as we have said, be referred to as a specification of the statistical state of the 
assembly. This conveys correctly the idea that it is only the macroscopic 
state of the assembly that really interests us, not the microscopic state. If 
for example 47 systems A have the energy 5e, we are not interested in which 
of the M systems these 47 may be. At the same time since the systems are 
localized a statement that such and such of the M systems are these 47 is 

significant. 

An accessible statistical state of the assembly can be specified by any set 
of positive integers* (a r .b s ) subject to the conditions 

^r a r — M b s = N, 'L r r€a r + 'E s srjb s = E. (44) 

In the third of equations (44) we have omitted the i-quanta of energy on 

* I.e. positive or zero. We use this convention throughout. 
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each oscillator (the zero-point energy ), so that E is the energy of the assembly 
in excess of its minimum value, the zero-point energy. Only energy differ- 
ences are physically significant (at least in non-relativistic theory), and for 
any assembly we can always assign the energy zero at will. Here we have 
assigned it so that the least energy the assembly can have is zero, but this is 
not always the most convenient choice. It is further to be understood in 
(44) that a r denotes the number of systems of type A in the rth state of 
(extra) energy re and b 8 the number of type B in the 8th state of (extra) 
energy stj. The conditions (44) express the facts that there are M A'b and 
N B' s in all, and that the total energy is E . Since the assembly is of type I 
and the system weights are all unity, the number of complexions corre- 
sponding to this statistical state is 

jl/t N' 

• /45\ 

cfolaj! ... 6 0 !6 1 ! ... * 

The total number of complexions C is given by the equation 

M\ N\ 


<7 = 2 


a * a 0 \a x \ ... bolbjl... 9 


(46) 


summed for all a, 6 ^ 0 subject to (44). 

The equilibrium distribution laws for the assembly are to be obtained by 
averaging over all complexions. We can therefore find at once an expression 

for the average value a r of a r , or of any similar quantity, for we have, as 
in ( 8 )’ — a M' N' 

Ca r = £ a 6 - i. ,7 : , -• (47) 

r a% a 0 !a 1 !...6 0 !o 1 !... 


The most important such quantity is E A , the average energy of the systems 
A . This is given by 

c yr ^ (S r rea r ) Ml N\ 

O()! a' I !”6 0 !6 1 !...* ( ' 

Both these summations are of course over the same range of values as (46). 

A rapid and powerful method of evaluating these sums is essential to the 
elegance of this development, and is provided by expressing them as contour 
integrals and evaluating the integrals by t^e method of steepest descents. 
Now the general term of 

(l + z e + z 2< + ...)3/ 

expanded in powers of z is 

Vr*r = M), (49) 

Oq# a x ! • • • 

(l+2’J + 2 2 ’? + ...) JV , 

N\ 


b q\ b^. . . • 


z 1 * 87 !*** (L 8 b s = N). 


and similarly of 
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By multiplying these series together it follows that the coefficient of z B in 

(l +z* + z 2€ +...)** (l+zv + z 2 * +...)* 

M\ N\ 


is 


a ’ 6 a 0 \a x \ . .. fe 0 ! 6 X ! ... * 


summed for all positive values of the a 1 s and fe’s subject to E r a r = 3f, 
l, 8 b 8 =:N and also 'Z r r€a r + 'Z 8 8rjb 8 = E, in short the conditions (44). Thus C 
is the coefficient of z E in 

(1 - z € )~ M (l - z-n)- N . (50) 


Similarly, observing the extra factor in (48), we find at once that CE A is 
the coefficient of z E in 

d 

(51) 


(1 —Z^)~ N Z-z- ( 1 + z € + z 2€ -1- ...) > 

dz 


for operating with z d/dz introduces in the terms (49) just the required extra 
factor S r rca r . The expression (51) can be put in the alternative forms 


4 (!-*■)-" 


(1-2*)-" (l-Z 1 ?)-* - Jfz^log(l-2*) 


(1 


d 


(52) 


(53) 


It thus appears that the required sums are the coefficients in certain simple 
power series, and, as we shall see,*this conclusion is capable of immediate 
extension to general localized systems. Now the most convenient expres- 
sions for such coefficients are complex integrals taken round a contour 
enclosing the origin 2 = 0. Thus we find 

1 r dz 1 

= 27rt! 


C 


CE 


2 £ + 1 (l-2*)"(l-2’)) JV ’ 

(54) 

dz - "4, ios( 1 - z '» 

(55) 

Z E + 1 (1 - Z*) M (1 - ZV) N ' 


W 

The contour y may of course be any contour lying within the circle of con- 
vergence of these power series (radius unity) and circulating once counter- 
clockwise round 2 = 0. 

We can determine a similar formula for Ca r . We have 


Ca r = X a , b a ' M ' 


N\ 


a 0 \ flj ! ... 6 0 ! 6j! ... 

mMZ W-'V- m 

a ' b a 0 ! a x ! ... feoffcj! ' 

summed over all positive a, b subject to 

^ 1 > ~ ^ ^ r r€<X^ 4* = E — T€. 
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This reduces at once to 


Ca M 


- _ m r 

r ~ 2ni J . 


dz 


rc 


Z ^ 1 (l-Ztyt-'il-Z 7 !) 


N * 


(56) 


These integrals are exact and hold for all values of M , N and E. They are, 
however, only physically significant when M , N and E are very large, since 
all assemblies that we can observe contain a very great number of systems. 
We therefore require primarily the asymptotic values of these integrals 
when M, N and E tend to infinity in fixed ratios. This means, physically, 
that we require the limiting properties of the assembly when its size tends 
to infinity without alteration of its intensive properties (constitution, etc.). 
The properties of the finite assembly will be shown to deviate only trivially 
from these limiting properties. These asymptotic values can be rigorously 
established here and in the general case by the method of steepest descents. 
It will tend to clarity first to sketch this method and the results, and to 
compare the results with those of other developments. 

Consider the integrand on the positive real axis. It tends to infinity as 
Z -> 0 and z-> 1, and somewhere between, at z = $, there is a unique minimum. 
For y take the circle of radius & and centre the origin. Then for values of z 
on y, z = §e ict say, z = &, a = 0 is, when il/ , N and E are large, a strong maximum 
of the modulus of the integrand. Owing also to the fact that the differential 
coefficient of the integrand vanishes at a = 0 , the complex terms there are 
trivial and the whole effective contribution to the integral comes from very 
near this point. This remains true so long as there are no equal maxima 
elsewhere, which cannot occur when e and 77 have no common factor. It 
remains true, moreover, when there are extra factors such as 

-itfz^log(l- 2 f ), 

and in effect such extra factors may be taken outside the sign of integration 
if in them we replace z by $•. The result is that & is the unique positive 
fractional root of 

d (\-zn)- N } = 0, (57) 


dz 


or 


E = Nr > 




( 58 ) 


By comparing (54) and (55) we find 


E a =-MS±\ Ogd-^), 


2 * 3 ] Distribution Laws for an Assembly of Oscillators 


35 


Similarly, 



N v 



which satisfies the essential equation E = E A +E B . These equations deter- 
mine the partition of energy among the two sets of oscillators in a large 
assembly. 

It is already suggested by these formulae that & is a function of the state 

of the assembly with the properties of temperature, and it turns out later that 

& may be taken to represent the temperature on a special scale. It bears the 
relation 

$ = e-i'kr ( 61 ) 

to the absolute temperature T, where k is Boltzmann's constant. If we use 
this result in advance, then 

i r_ 

A e clkT — 1 ’ 

which is the familiar result due to Planck. In the same way, by comparing 

(54) and (56), we find — 

a r = MS r ‘(l -$<), 

= Me~ reikT ( 1 _ e~ e:kT ). (63) 

This result, in the more usual form 


a r _ e ~ relkT 

= -^7ikT> (64) 

is also classical and due to Planck. 

Logically the relation- (61) must be deduced from the second law of 
thermodynamics, by which alone the absolute temperature scale can be 
defined. But we may anticipate this, if it is preferred, by asserting that in 
the limit in which v-+0 and so e 0 the mean energy of a simple linear 
oscillator must .be kT . This assertion then defines T on the basis of the 
theorem of equipartition of energy for classical systems which we have not 
yet proved (see § 2-62). It then follows from (59) that 


kT= Lt 


o $ € — 1 log 1/&* 

which is (61). 

We give the mathematical theorems in the next section, and shall there 

see that the full proof of (62)-(64) avoids all the apparatus of factorials 

approximated to by Stirling’s theorem which disfigure the usual proofs 

The use of this theorem is both cumbersome and, at least superficially' 
lacking in rigour, for it is often applied to 0! and 1!. 
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§ 2*31 . Application of the method of steepest descents. We base the proof of 
the foregoing results on the following: 

Theorem 2-31. If 

(i) <f>(z) is a regular analytic function of z expressible in the form 

Hz) = z“°'°{/i( z )} 0 “ {/ 2 (z)}“* 

where the a 's are positive constants, integral after multiplication by E, and the 
f(z)’s are power series in z which start with non-zero constant terms and have real 
positive integral coefficients and radii of convergence unity; 

(ii) Not all the indices in all the f (z)' s contain a common factor other than unity ; 

(iii) F(z) is a regular analytic function with no singularity in the unit circle 
except perhaps a pole at 2 = 0; 


(iv) y is a contour circulating once counter-clockwise round 2 = 0; 
then 

[mv 


~ f F(z) [<f>( Z y\ E - = 

27Tl Jy z [2»r2?&V'(WW]* 

where 0 is the unique positive fractional root of 


{F(&) + 0(1/ E)}, (65) 


d<f>(z) 

dz 


= 0 . 


( 66 ) 


We have not aimed at maximum generality, but only at a theorem suffi- 
cient for the purpose in hand. For example, the coefficients of the/(z) need 
not be integers. It is sufficient to suppose that /(z) -> oo as z-+ 1. Nor need 
the radius of convergence be unity for the purpose of the proof. But both 
these conditions are always satisfied by quantized systems. 

Consider the function </>'(z) for real positive z. The equation 


H( z ) __ ~ «o . «l/l' 

H z ) z /i 




• • • 



determines <f>'(z). Consider the behaviour of y = zf l ff l . This function y by 

(i) takes the value 0 for 2 = 0 and steadily increases to + oo as z increases to 1. 
For if f Y (z) = £ w n z tl , we have 


y= 


2 nw„ z n 

£tZJ„2” 


/ = (2 w n z n ) (2 n 2 w n z n ) — (2 nm„ z n ) 2 

(2 VJ n 2 n ) 2 


The numerator of zy' is \ 22 (n — n') 2 m n m n >z n + n \ which is always positive. 
Therefore either y^co or y->A y a finite limit, as 2 ->l. But the latter is 
impossible as it implies that f\(z) is bounded as 2 -> 1, which is contrary to 
hypothesis. Thus the expression 

a i 2 / 1 , a 2 2 . 

A h 

is zero for 2 = 0 and steadily increases to + oo as z -> 1 . It therefore takes the 
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value a 0 once and once only, for z = & say, which is then the unique root of 
(66). It follows also that > 0. 

The method of steepest descents proceeds by making the contour y pass 
through the col, = 0, in such a direction that the value of the integrand 
falls off along y from a maximum value at the col at the greatest possible 
rate. This is here achieved (since cf>(z) is real for positive real z) by taking for 
y the circle \z\ = &. On this circle (or any other) the maximum modulus of 
the integrand must occur for positive real 2 on account of (ii). It is easy to 
show rigorously that when E is large all parts of the contour except that in 
the immediate neighbourhood of z = $ make contributions exponentially 
small compared to this critical region. If we put 2 = then when a is small 

[4>{z)Y = exp{ - ££a 2 & 2 <£''(&)/<£(&) + KEct? + 0(£a 4 )}, 

where K is some function of When E is large we may suppose that E ^ a 

ranges effectively from — 00 to -I- 00 , while a and all terms such as Ecu 3 remain 
small. Thus 


[*<»)]* 

r + co 

X {F(&) + iocF'(&) + 0( a 2 ) + KEa? + 0(E<x 4 )} "<*>/*&> d a , 

J — GO 

the error in taking the range of integration with respect to a infinite instead 
of some small number such as kE~i being exponentially small. Odd terms 
in a vanish on integration and 


+ * 


— ao 


e-tBcxWmfa) da. = - 


277 




( 68 ) 


+ ® 


— 00 
+ ao 


a 2 e-izaWFovfrMda = 0( E~ *), 


= Q( E~ i). 


— ao 


Hence the theorem. 

The theorem applies at once to the assembly of two sets of linear oscillators 

4> = z-1 ( 1 - ( 1 - (M/E, N/E constant). 

All our conclusions hold with, in particular, 


C = 


&-*( 1 - 8-*)-" ( 1 - 8’»)- w 


1 + 



(69) 


{277- J &8^ , '(8)/^(8)}i 

Since we always suppose that the assembly is very large (E large) we shall 

in all formulae omit the factor [l + 0(l/i?)] which is always present, and 

preserve only the limiting asymptotic form, which gives us all our results. 

We must be careful, however, not to overlook its presence in any formula in 
which the leading terms cancel. 



38 


Permanent 


[2-31 


The expression E 9 2 <£" (9)/<£(9) can be simplified. Since <£'(9-) = 0 it is 
equal to 


£9 


d9 


) log <£(9) = 


E 9 


d 


= 9 


<29 
0 E 
09’ 


1 + 


(Me/E) 9* (iV-7/^7) 9 1 ? 


1-9 


+ 


1 -9 1 ? 


(70) 


if E is regarded as a function of 9 determined by the relation (58), that is, 


e= _m^ + n v 


$- c -i r 

This relation (70) is valid generally. 

Finally, condition (ii) is inessential. If it fails, all integrals such as C and 

CE a are apparently ft times as great as before, where ft is the common factor 
in the indices of the/(z). This is true because the function F(z) is always 
composed of a selection of terms from the series in <f>(z ). From each of the 
/? equal maxima of \<f>(z)\ on the circle \z\ =& we get a real, positive contri- 
bution, equal to the contribution from the main maximum on the positive 
real axis. But it is easy to see that this extra factor is only formal, and 
that C , for example, is unaffected by changing the unit of energy so as 
to insert or remove a common factor ft. Thus no physical result is affected. 

§ 2*32. Generalization to an assembly of any localized quantized systems and 
to any number of types of system. Nothing in the preceding work depends 
essentially on the fact that we are discussing simple harmonic linear 
oscillators. Suppose instead we have two sets of localized systems A and B. 
Systems A are M in number; their sequence of stationary states has energies 
€ i> •••» € r> •••> weights Wq , w 1 , ..., tu r , ..., and a statistical distribution 
specified by a 0 , a l9 ...» a r , — Systems B are N in number; their sequence 
of stationary states has energies rj 0f rj li rj 8 , weights p 0 , p l9 
and a statistical distribution specified by b 0 , b l9 ..., b 8i .... We assume for 
the present that all the e’s and rj y s are expressible as integral multiples of 
one basic unit of energy (and for simplicity not all expressible in the form 
a -f rft, ft > 1). Then in this case the total number of complexions representing 
this statistical state of the assembly is 


C = E 


a,b 


MINI tu 0 ° o . , . p 0 b op 1 fe i . . . 

Aq! a^l . • . 6q! 6j! . . . 

summed for all positive a, 6 subject to 

Y, r a r = M , Z 8 b 8 = N> y L r € r a r + 'L 8 r) 8 b l 
We have here to form the functions 

f(z) = VJq z € o + w x z* i + w 2 Z € i + . . . , 

/'(*)= Po zVo + p x Zli + P 2 ZVz + . . . , 


= E 


(71) 

(72) 

(73) 

(74) 



2 - 32 ] 


Partition Functions for Localized Systems 


39 


which from their special properties in the development of the theory we call 
partition functions . They are equivalent to the functions introduced by 
Planck under the name Zustandsumme , and are the transcription into the 
quantum theory of Gibbs’ phase integrals. 

Just as in §2-3 it follows from the multinominal theorem that C is the 
coefficient of z E in [f(z)] M [f'(z)] N . It follows at once that 

1 f dz _ . 


C 


and, similarly, that 


CE 


Ca 


' 2 7Ti , 

1 y z E +' 1 

r 1 

f dz 

CM 

II 

J y 2 £+1 

M r 

dz 

7T— • - 

n . i W - Z 


(75) 


[/(*)]" 


[/'(*)!*, 


(76) 


w r z‘r[f(z)]“-i [f(z)Y. 


(77) 


Theorem 2*31 applies to these integrals with <f> = z~ 1 [f(z)y iE [f , (z)] N,E i pro- 
vided that the partition functions converge for \z\ < 1. If the sequence of 
energies can be expressed as here supposed and does not terminate, the series 
must converge for |z| < 1. For, if the system is of s degrees of freedom and 
non-degenerate, the ra’s are all unity and the radius of convergence must be 
unity. If the system then degenerates until the energy depends on only 
u ( <*) independent quantum numbers, the new partition function can be 
formed from the old by the grouping together of sets of terms whose energies 
are no longer distinct. This cannot alter the radius of convergence. We find, 
therefore, that $ is determined as the unique root of 


and 


E = M * ^ log m /,( &)> 

E~a = M* 4 log /(*>) = MkT* 4 log /( T ) , 


(78) 


(79) 


dT 

a r = M m r = Mm r e- € r' kT f(T). (80) 

There are similar formulae for systems B. 

Obviously the restriction to two types of system is trivial. With any 

number of types of system the arguments'are unaltered. We find for the total 
number of weighted complexions 

n T [/ T (2)]"r. (8!) 



w 

There is a unique & determined by 

d 




log/ T («0, 


(82) 


and 


= log ^ & > = M ' kT2 Jf l ° g U T) ’ ( 83 ) 

(®r)» = K(™,)t e-<‘ r V fcr // T ( T) (84) 
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The partition function f(z) is presumed to refer to the whole motion of 
the localized system. It should be observed that, in the important special 
case in which the motion splits up into two or more parts entirely indepen- 
dent of one another, the partition function f(z) must factorize into functions 
of the same type, which refer separately to the independent motions. A 
particular case of this factorization occurs for the translatory motion and 
the internal motions and rotations of a free molecule, but in general free 
molecules are members of a gaseous phase and their complexions require an 
enumeration of type II. 

We may properly comment at this stage on the properties of the para- 
meter $• which, while mathematical in origin, is obviously fundamental in 
describing the state of the assembly, and should be identifiable by analogy 
with some physical property of the assembly. We have already stated in 
advance that & measures the temperature. We can now see reason to justify 
this identification, though not of course the particular relation between & 
and T . For & is a parameter helping to define the state of our assembly which 
must have the same value for all sets of systems in the assembly. This is the 


precise property which distinguishes the temperature from other para- 
meters and justifies the identification.* 

It is natural at this stage to consider a few examples of special systems and 
construct their partition functions. 


§2*33. Partition functions for two - and three-dimensional isotropic har- 
monic oscillators'. These are localized degenerate systems. The two-dimen- 
sional oscillator has (as we have seen in § 2-21) 


. TZ7 n = 7i+l, e n = (n+l)/u/ = (n + I)€, 

and therefore, f(z) = z c + 2 z 2 « + 3 z 3€ + . . . 

= z‘(l-z<)- 2 . (85) 

By a different choice of energy zero, eliminating the zero-point energy, the 
extra factor z e is eliminated from every term and from f(z). The three- 
dimensional oscillator has € n = (n + § ) € and w n = \(n + I) (n + 2) so that 

/(z) = z*'[ 1 + 3z* + 6z 2t +-. . . + + 1) (n + 2) z"' + . ..] 

= z*'(l-z')- 3 . (86) 

The zero-point energy can again be eliminated. These are simple examples 
of weight counting. Thus in these two cases 


JT-JM* 

A S-«-l 


+ ife, 


3 Me 
£-‘-1 


+ Pfe, 



which fit in exactly with the expected requirements of two and three times 
the mean energy of a linear harmonic oscillator respectively. 


* See, for example. Bom, Phye. Ztil. vol. 22, pp. 218, 249, 282 (1921). 
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An isotropic harmonic oscillator of s degrees of freedom has a partition 
fu„oti°„ /(.)« ,88) 


and a mean energy s times that of a linear harmonic oscillator. In fact, for 
most purposes it is precisely equivalent to s independent simple harmonic 
linear oscillators. 


§2*34. Partition functions for rigid rotators with or without axial spin. 

The weights and energies for the states of a rigid rotator are given in § 2*22. 

Thus for a rigid rotator without axial spin and transverse moment of 
inertia A 

f(z)= 1 + 3z 2 « + 5z 6 *+...+ (2n+ + (c = h 2 !8n 2 A) (89) 

This function can be used at once to determine the distribution laws and 
energy content of a set of such localized rotators in an assembly. The 
rotational energy of such a set will therefore be 




log /(&) 


and their contribution to the specific heat , C rot , 


C - dE * 
rot dT 


= Mk( log$) 2 ^^|j log/(&). (90) 


If 


h 2 


h 2 


a = 


8t t 2 A1cT 8ttM 


log l/$, 


and M refers to one gram -molecule so that Mk = R, the gas constant, then 


£ log 


00 


Z (2 n+ l) e -n(n+l)a 

, n= 0 


(91) 


Practical applications of this formula to the specific heats of diatomic gases 
are made in §§3-3-3-4. 

We find similarly for a rigid rotator with axial spin that 


/(z)= S Z (2n+ l)z n(n+1 ) e+T, *' ( 

n= 0 r = — n 


(92) 


h 2 


€ = 




where _ 

8tt 2 .4 * ' 8tt 2 \ 

For an isotropic rotator A = C y and then f(z) reduces to 


l-l) 

C A)' 


(93) 


/(Z)= Z (2n+ l)2 z n(»+l)e ( e = 

n= 0 \ 


h 2 


87 t 2 A 


(94) 


In terms of the variables 


h 2 


a = 


h 2 


8n 2 AkT’ 


a - 


8t r 2 kT 


(?-*) 


(95) 
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these functions become 

f(o,a')= 2 2 (2n-f l)e" n(n+1)<7 - T2a ', (96) 

n= 0 r= — n 
oo 

and when A = C /(ct)= 2 (2n+ i) 2 e -n<«+n« ( 97 ) 

71 = 0 


These formulae will be applied in §§ 3-3— 3-4 to the specific heats of the 
more symmetrical types of polyatomic molecules, where asymptotic 
evaluations of the series will be given valid for small a or large T. 

A still more general model can be discussed— namely a rigid body with 
three unequal moments of inertia containing an internal spinning gyroscope 
representing electronic orbital or spin angular momentum.* Since however 
closed formulae for the energy as a function of the quantum numbers cannot 
be obtained, we shall not consider it further here. 

§ 2 4. A simple assembly of type II , with two sets of systems confined to a 
common enclosuie. We shall now develop methods for calculating the equi- 
librium state of an assembly when the complexions must be enumerated in 
the manner detailed in § 2-26 for assemblies of type II. For simplicity we 
shall consider an assembly containing systems of two types A and B , M and 

in number, all of whose states are at first non-degenerate, with eigenvalues 
of the energy 

€ l> *2> e ti ..., r]l , rj 2 , ..., r) t , ... 

respectively, all expressible as integers in terms of a suitable unit of energy. 

e number of systems in the states belonging to these eigenvalues will be 
specified as usual by 

a i # a 2’ •••> a t , ..., b lt & 2 , b lf .... 

This set of numbers completely specifies a statistical state of the assembly. 

in place of the expression (45) for the number of complexions corre- 
r u g t0 thlS statlstical state, we can embody the rules laid down in 

§ 2-26 by using the formal expression 

n /y(a<) n, y '(&,). (98) 

This expression embodies the whole of the rules for non-degenerate systems 
if we define the y’s as follows: 

(i) The assembly wave-functions must be antisymmetrical in all the systems 
of a given set ; then for these systems 

y(0)=l, y(l)=l, y(a) = 0 («> 2). (99) 

Assemblies of such systems are said to obey the Fermi-Dirac statistics. 

p.*5^7l929)’ Ze, ‘ / ' Phy,ik ’ V01 ' 13 ’ P - 343(I923); and Ittmann, Zeil.f. Physik, vol. 53, 
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(ii) The assembly wave-functions must be symmetrical in all the systems of 
a given set ; then for these systems 


y(0)= 1, y(a)= 1 (a ^ 1). 


( 100 ) 


Assemblies of such systems are said to obey the Einstein-Bose statistics. 

It will not necessarily be true that the systems of various types in an 

^ V V 1 

assembly require the same y’s. We have therefore distinguished them in 
(98) by using y and y' for the two sets. For all systems yet known to occur 
in nature the y’s of either (99) or (100) are required. The formal development 
will be seen to be more general and to require only that the number of 
complexions for a given set of a’s and 6’s (statistical state of the assembly) 
should be expressible in the factorized form (98). It may be noted that the 
classical expression (45) conforms to this form (apart from the constant 
factor M\N\) if we take , x ,, . , iniN 

y(a)=l/a\. (101) 

Assemblies of such systems will be said to obey the classical statistics 
w r hen it is necessary to contrast them with the other types. 

To find the total number of complexions C we have now to sum (98) 
subject to the conditions 


Z t a t = M 9 £,6, = A 7 , ^ l a l € l + ^ l b ( r 1( = E; (102) 

so that formally C = n,y(a,) U,y'(b t ). (103) 


In §2-3 w r e faced a similar problem, but there we v r ere able to use the 
multinomial theorem so as to satisfy automatically two of the equations of 
condition. We then satisfied the third by the introduction of a selector 
variable z. Here no short cuts are possible, but v r e can still evaluate (103) 
by using three selector variables x, y, z, one for each of the conditions (102). 

The required expressions for C , and similarly for Ca t , etc., will then be 
obtained as coefficients in triple pow er series which can still be expressed 
as multiple integrals and evaluated by the method of steepest descents. 

Let us form the expression 

s (a.6) n,y(a,)x*<z°<*< n ( y'{b l )y b tz b i r >t, (104) 

where the summation is over unrestricted positive (and zero) values of all 
the a’s and 6’s. This series can be partially summed at once. We write 

CO 

g(xz‘t)= £ y(n) x n z nc ‘, (105) 

n=0 

GO 

2 y’(n)y n z n vt. (106) 

n=* 0 

The y-functions are defined entirely by the y’s and may be called the 

generating functions for the systems. Then the expression (104) reduces at 
once to 

n t g(xz € t) n,g'(yzvt). 


(107) 
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Let us now return to (104) and from it select the coefficient of x M y N z E . 

It is easy to see that this selects just those values of the o’ s and b’s which 

satisfy all three conditions (102), and each coefficient so selected is one of 

the terms of (103). It therefore follows that C is the coefficient of x M y N z B 

in (104) and therefore also in (107). Using Cauchy’s theorem three times 
over we therefore find 


C 



dxdydz 


Jp Af + 1 yN + 1 2^+1 


n tg(xz € t) U t g'(yzVt) (108) 


It is necessary to assume that all the radii of convergence of the power series 
concerned are non-zero. We shall verify later that this condition is satisfied. 

We have next to construct a similar expression for Ca r , where a r is the 
average number of systems of type A in their rth state. By definition this 
average value is obtained by modifying (103) by the insertion of the extra 
factor a r in every term. Thus 

C, «r = 2 (a , w a r y(a r ) U^ r y(a t ) n i y , (b i ). (109) 

We then proceed to modify (109) as we modified (103). In place of (104) we 
form a similar unrestricted summation in which only the terms in a r are 
different, by an extra factor a r , thus : 

2 <a,W a r y( a r) ^rZ a r^T Il /+r y(a ( ) X*tZ a tU FI, y\b t ) y b &Mt (HO) 

This expression reduces at once to 


00 


E ny(n) x n z n€ ' 

ln=0 


• n WT 0(a*‘OIW(yz’fc) 


which is 


Vx^ 2 ") 


• n t^g(xz't) n t g\yz^). 


(Ill) 


It follows at once that Ca r is the coefficient of x M y N z B in (111) and therefore 
that 


C(lr (2^) 3 JJJ 


x 4 9{xztr) !• n ‘*r^ xz<t '> 


( 112 ) 


On comparing (108) and (112) we see that (112) contains in the integrand 
the extra factor g 

x fal°g9( xz€r )- 

If therefore, as we shall shortly establish, a theorem analogous to Theorem 
2*31 applies to these multiple integrals, we shall find that 


a r = A^log0(Aa«'), 


(113) 


where A, fi, & determine the unique minimum of the integrand of C as a 
function of the real variables x, y, z. 
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Corresponding formulae for other average values can be derived in the 
same way. Thus ^ 

^ = 2 r a r = A^Z r log0(A& f r), (114) 


an equation which in this simple assembly serves to determine A in terms 
of M ; similarly . 


E A~^r a r € r = ^ ^ J <>g 0(A& f r). 

For systems of the other type, 

(115) 

— 7) 

b r=n d ^°gg'(p^ r ), 

(116) 

0 

E *~^dd- lo £ q'(t L ^ Vr )> 

(H7) 

0 

Xrlogg'(p&Vr). 

(118) 


It is obvious that these formulae can be extended at once to assemblies 
containing any number of distinct sets of systems. 


§ 2 - 41 . Degenerate systems. Special forms of generating function. The 
equilibrium properties of the assembly have been shown to depend only on 
the function log y(AO ( r) so far as concerns each set of systems. It is therefore 
now easy to remove the restriction to non-degenerate systems, by allowing 
the energies e r to become equal in groups of tn r . If now the systems A have 
energies e lt e 2 , ..., e r , ... and weights ro 1( ta 2 , w r then 



= ta P A^lo g!7 (A» 



(119) 


0 

■ M = A aA 2rtUrlog ^ (A&fr) ’ (120) 

0 

S r ta r logy(A^r). (I21) 

The special forms which these formulae take when the proper values of 
the y s are inserted must now be recorded. 

(i) Assembly wave-functions antisymmetrical in the systems. Fermi-Dirar 
statistics. For such systems . , 

9 (q)=l+q. ( i22) 

Thus a = w - A ^ <r = Wr 

r r l+AO f r l + l/(A0*r)’ (123) 

or in terms of T cT = X ° T 

T e'rikT/x + ! • (124) 

The equation which determines A is 

M = 'L Wr 

r e‘r«7A + r 


( 125 ) 



46 


Assemblies of Permanent Systems 


[2-41 


It is important to examine the form taken by (125) when in general e r /kT^> 1, 
that is when T 0. It is clear that A must have such a value that e ( ' tkT /A ->0 
for the JI states of lowest energy (degenerate states being counted multiply) 
while e'r kT /X-+co for all higher states. If therefore we write 


A = e 7 ?'* 3 ’, 

then t] is determined as a function of T by the equation 


(126) 


,!/ = £ 


r d ( r-V)fcT . I > 


moreover rj has the important property that as T -*■ 0 


given by the equation 


M = 2 m r 


(127) 


(128) 


In many important cases we shall find that rj~€* over a long range of 
temperature, so that we shall frequently use (124) in the approximate form 


a r e (f r -€*H-r_|_ i > 


(129) 


a form which of course is exact if we allow e* to be a function of the tem- 
perature. 

(ii) Assembly wave- functions symmetrical in the systems. Einstein- Bose 
statistics. For such systems /,om 


g{q)=l/(l-q). 


(130) 


Thus 


° r - 1 + l/(A$«r) ’ 


(131) 


or in terms of T 


a r e?rl kT /\ — 1 ‘ 


The equation which determines A is 


M = Z 


r e'rlkTjX - 


It is clear that we must always have 


e'rlkTjX > 1 . 


It follows therefore that as T 


e*»/* r /A~ 1 + tdJM, 

or when M is large, to sufficient accuracy 

A~e‘*'* r , 


(132) 


(133) 


a x ~M, a r -*- 0 (r>l). 


(134) 

(135) 
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(iii) Enumeration of complexions for classical err localized systems. It is 
interesting to verify that the more general formulae of this section reproduce 

the results of §§2-3-2-34 when we use the proper function g(q). For such 

systems , , 

gii) — e Q . (13C) 

"■Thus ff r = Atn r 

or in terms of T <F r = \m r e~ t ' kI ' . (137) 

The equation which determines A is 

M = XZ r m r e-‘' kT = \f(T), (138) 

where/(T) is the usual partition function (in terms of T). Combining (137) 

and (138) we find — ,, 

a r = Mm r e e ' lkT ,f(T), (139) 

which is the former result, (80). All other results which depend on the ratio 
of two integrals such as (108) are likewise unaffected. But from all the 
enumerations themselves we have omitted factors such as MINI compared 
with the similar enumerations of §2-32 and all individual integrals such as 
(108) should be smaller by this factor than the corresponding (75). 

It is interesting to verify that this ratio is preserved by the approximate 
evaluation of C by the method of steepest descents. By Theorem 2-31 and 
its analogue Theorem 2-42, which we shall shortly prove, the only term of 
importance in log C is log(integrand of C) evaluated at the col. Using (75) 
for C for localized systems, this is 

M log/(&) + N log/'(&) — E log 3. (140) 

Using ( 108) with g(q) = g’(q ) = e?, it is 

A/(H) +/x/'(3) — Flog 3 — A/ log A - iV log p. (141) 

But by (138) M = A/(&), N = p/'(3), so that (141) reduces to 

M + N - E log 9- - M \og{M //(&)} - N log{N/f '(&)}, 
or to the required accuracy 

M lo g/($) + N log /'($) -E log $ - log ( Ml N\) 
as we wished to verify. 


§ 2*42. Proof of the result o/§§ 2*4, 2-41. We now give a proof of the results 
°f §§2*4, 2-41 written out explicitly for three variables x , y , 2. The proof 
however will be so arranged that it is easily seen to be general and to hold 
for similar integrals in any number of variables, so that the restriction to two 
sets of systems in §§2-4, 2-41 is immaterial and the results all hold for 
assemblies of any number of sets of systems as in § 2-32. 

Ihe form of the integrand of C and the analogous integrals is that of a 
triple (multiple) power series 

< t> = 'Z abc Qa bc x a y b *, 


(142) 
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in which the Q ahr are all positive and the a, 6, c (integers) start at negative 
values and run to + oo. The domain of convergence of the series (142) in our 
actual problem must be examined, but for the moment need only be assumed 
to be non -zero in each variable. For our proof we require certain properties 
of 0 which are obtained in the following : 


Lemma 2-42. For real positive values of x, y , 2 the function 0 has an absolute 
minimum at A, /x, 0 which is the unique solution of the equations 


00 00 00 

dx cy cz 

in this domain . 


(143) 


(i) Since 0 is always positive, and since it may be assumed from the 

physical origin of the Q abc that 0 + 00 as x, y, z tend to their boundary values 

(i.e. 0, cc or 0, 1) in any manner, 0 must have an absolute minimum value 0 O 
which it assumes at some points of the domain of real positive values 
x, y y z. At such a point A, /x, & equations (143) must of course be satisfied. 

(ii) That A, /x, & is the unique solution of (143) in the real domain will 
follow at once if it can be shown that any stationary value of 0 must be an 
absolute minimum — that is that, if 0 O is any stationary value, 

0-0 o ^ 0 

for the whole domain, equality being only possible when x = \, y = /x, z = &. 
If we write x = e x , y = e Y > z = e z , then 


<J > = 'Z l , bc Q ( , bc e , ' x + br + rZ , 

and, by Taylor’s theorem, for any stationary value O 0 , 

1 r 02<D d 2 ® 1 

*-*0-2[} x -W-§x' i+- + 2(A-A 0 )(y-y 0 )g Z g ? J, 


(144) 


an expression in which all the partial differential coefficients are to be 
evaluated for some particular set of values of X , T, Z. It is therefore only 
necessary to prove that the expression on the right of (144) is a positive 
quadratic form. 


(iii) The proof of the lemma reduces therefore to the proof of the essential 
inequalities 


02<D 

dX* 


0, 


S 2 ^ 

d 2 ® 

> 0 , 

02<D 

S 2 ^ 

02<r> 

dx 2 

dXdY 

dX 2 

dXdY 

dXdz 

c2<D 

d^> 



020 

020 

dXBY 

ay 2 


dXdY 

0y 2 

dYSZ 





020 

c* D 




dXdZ 

dYcZ 

ZZ 2 


0 



Proof of Lemma 



[For more variables the series of inequalities is 
Firstly 02^ 

= Xa b cQaLc<l 2 e aX+bY+CZ 


dX 2 


correspondingly extended.] 
>0, 


for every term is positive. Secondly 


0 2 O 

020 


^abc Q„bc a2 e aX+b¥+cZ 

Va V<f Q aW a , b'e?™™* 

dX 2 

dXdY 


0*0 

0*0 


Z abc Q„b C abe aX + bY + cZ 

Va-bvQawW™™* 

dXdY 

dY 2 



If we collect together all terms containing Q abc Q a W , we see that this deter- 
minant reduces to 


2 ' QabcQa-b-c' eia+a ' )XMfl+b ) y - Hc+c ' )Z 





ab 

b 2 


The terms in { } are formed of all possible permutations of the dashed and 
plain letters, and reduce to 


ab' 

a a' 

-f ab 

a’ a 

= 

a a ' 


b b ' 


b' b 


b b’ 


The summation S' is over all possible values of a, b, c, a', b ' , c', the specified 
permutations being excluded. Since every term in S' is positive, the second 
condition is fulfilled. Finally, an exactly similar argument shows that 

0*0 02<b 02<p 


dX 2 

dXdY 

dXdZ 

d 2 ® 

020 

020 

dXdY 

0F 2 

dYdz 

020 

020 

020 


= J 



0 O 

d¥ 



( 145 ) 


dXdZ dYBZ dZ 2 , 

= 2 ' Q abc Q a . b . c . Q a .. b .. c ..e^+a'+ a -)X+(b+b'+b-) Y-Hc+c‘+c")Z 


0. 


a a' a" 12 


b b’ b" 


// 


This completes the proof of the lemma which can obviously be extended to 
any number of variables. 

The integrals which we desire to study asymptotically are all of the form 

1 f f r . dxdydz 

( 2 ^') 3 JJJ xyz ' ( 146 ) 

e require in general only to evaluate the ratio of two such integrals in 
w ich the CD’s differ only in the coefficients of one (or more) of their component 
actors. On the contours of integration the maximum value of the modulus 
0 e integrand occurs when all the variables are real and positive, and, as 
we shall see, if the contours are arranged to go through the real-value 
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minimum of O, it is only the contribution from this neighbourhood which 
need be considered. 

Strictly speaking this neighbourhood might be only one of several making 
contributions of the same order. If certain relations are satisfied between 
the a, 6, c, there might be other points on the contours at which the phases 
of all the terms are again equal, so that the same maximum value (of the 
modulus) of the integrand is repeated. The same difficulty occurred in § 2*31, 
when 2 was the only selector variable, where we showed that repetitions of 
the maximum are without effect on the value of the integral and can in 
fact be avoided by a proper choice of the unit of energy. 

For the particular O’s that occur here, built up of factors of the form 

where 9(} )-l +? , 1/(1-,), 

it is not difficult to see that no repetitions of the maximum can occur except 
those which are identical with the repetitions of § 2*31 and therefore of no 
significance. To attain the maximum modulus of O each g, which is of given 
modulus on the contours of integration, must be real and positive. This will 
occur at points at which the amplitudes 0 Xi 6 yy 6 g of x , y , 2 satisfy the relations 

0 X + e r 0 z = 0 (Mod 2tt) (< all r), 

0„ + Vr Oz = 0 (Mod 2n) (all r). 

The first set of these equations asserts (i) that the e r are of the form e 0 -f n£ r , 
where n and £ r are integers, and (ii) that 


2t ts 
0z = ~n’ 


-27 TS 

6 x ~~ir € 


(0 ^8<n). 


The second set asserts (i) that the rj r are of the form rj 0 + ri '£ r ', where n 
and £/ are integers, and (ii) that 




2tts' 


0 „ = 


— 2ns' 


Vo (° 


n'). 


It is easy to see that if n 9 n’ >1 these relations may permit a number of 
subsidiary maxima. The energy zero can however always be defined so that 
€o = 7?0 = 0. Subsidiary maxima therefore only occur for real x’s, y’s or q* s. 
They are identical with the subsidiary maxima of § 2-31 and can be removed 
by a suitable choice of the unit of energy which will eliminate all common 
factors from n and n ' and therewith all possibility of non-zero values of d t . 
Even if these subsidiary maxima are allowed to remain, every integral (146) 
can only exceed by a constant integral factor the value derived from the 
primary col on the real axes, and this extra factor is without significance. 

We have not yet determined the general form of the functions such as 
n r g(xz € r) for systems of type II, but the € r for such systems always contain 
terms for the translatory motion of the system as a whole in an enclosure of 
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volume V. We shall find that the integrals (146) with which we have to deal 
can always be cast into the form 

dxdydz 








where R and V F are independent of X , Y y E and also of V to a sufficient 
approximation, so that what we require is the asymptotic value of this 
integral as X y Y f E y V ->oo in fixed ratios. The function X Y V /(x x ~^ 1 y Y+1 z E+1 ) 
with or without the factor R represents the former O and obeys the condi- 
tions of the lemma. Then the results which we have given in anticipation are 
consequences of the following 

Theorem 2*42. If <X>(x y y y z) satisfies the conditions of Lemma 2*42 and the 
structural restrictions just discussed and if further when X y Y y E and V are 
large in fixed ratios O has the differentiable asymptotic form 

logO ~ V log V F + log R — X log x — Y log y — E\ogz y (147) 

where T, R are functions of x y y y z independent of X y Y , E and V y and if y is 
a contour circulating once counter-clockwise round the origin within the circle 
of convergence of each variable , then 


( 


J_f f C ^ dxdydz _ R(\ y p y *){Y(\ y p^)Y r A 

2 ™) 3 JyJyJy XyZ \X ^Y QJS ( 2 7tV )* L 


-* + o 


m 


(148) 

where A, p, a is the unique solution on the positive real axis of the equations 


Vp 


aiogT 

3A 

(149) 

aiogT 

dp 

(150) 

31ogT 

aa 

(151) 


A is a positive junction of X, p, a, dependent only on X F and the ratios of X, Y, 
E and V. 

Corollary 1. If I and I' are two such integrals for which log<t> and log<t>' 
differ only in the term log R, then 

1 (152) 


/' 


R( A,/*,fr) 
R'( x,p,»V 


i • • J 


conditions 


dx x . . . dx n dz 
x, ... x„ z 


[- -(f)] 


where the notation is a natural extension of that of the ?nain theorem . 
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The proof of this theorem and corollaries may now be easily completed. 
The extensions to Corollary 2 are obvious and will not be mentioned again. 
Ihe integrand satisfies the conditions of Lemma 2-42 and therefore has a 
unique minimum on the real axes at A, p, ft which are given with sufficient 
accuracy by equations (149)-(151) whose roots depend only on the ratios 
of X, Y , E and V. [A, p, ft are intensive parameters.] When the three circles 
of integration are made to pass through A, p, ft respectively, the point A, p, ft 
itself is the only point in the domain of integration at which the integrand 
attains its maximum modulus in view of the structural restrictions on <I>. 
It remains only to show that the contribution of this neighbourhood itself 
is effectively of the order of |<D(A,p,ft)| and actually to evaluate it. We write 


x = Ae*'“, y = pe'0 z = fte'x, 


so that in the neighbourhood of the col (a, )9, y small) 


B(x,y,z) = A,p,ft) + jjoA 

{'¥(x,y,z)}y {y ( A,P,ft)r f 

x x y Y z B A*p y ^ P j 


L + ^ Tp + iy * R{X ^ 

-ia *X-\p*Y-WE 


+ 0( <*,p,y) 2 , 



log'V+V(*,p, Y )*+0{V(*,p,y)*} 



The quadratic form in the last exponential is equivalent to (144) with sign 

negative and reducible to the sum of 
three negative square terms. If X , Y, E and V are large, it follows by the 
arguments of § 2*31 that the variables a, ft, y in the quadratic terms may be 
supposed to range from — oo to + oo while all other terms remain small. 
When the quadratic form has been reduced to a sum of three squares by 
linear transformation, the exponential can be integrated with respect to all 
three variables, when it will be found that 


changed and is therefore essentially 





- ic[a 2 A* U+... + 2/Jypft log y) da dp dy = 



A is the discriminant of this quadratic form with the factor — \ omitted. 
It is easily seen to be equivalent to where J is given by (145), and has 

already been shown to be positive. 

Proceeding with the evaluation, the terms of odd order in a, /?, y vanish 
on integration and those of order (a,£,y) 2 or F(a,/J,y) 4 leave an error term 
0( 1/F). The rest of the range makes a negligible contribution, hence the 
theorem. 
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The form in which we have proved Theorem 2-42 is not restricted to three 
variables. It extends at once to any number of variables with similar 
functions O obeying the analogous restrictions. We can therefore at once 
suppose all the results of §§ 2*4, 2-41 extended to assemblies of any number 
of types of systems. It is important to observe that in terms of the intensive 
parameters A, /x, ..., 9- the results for any set of systems are entirely in- 
dependent of the constitution of the rest of the assembly. 

§2*5. Structureless particles , moving in a volume V. The important 
formulae of §§ 2-4, 2*41 become still more useful when the distribution of the 
€ r for the free motion of a particle in an enclosure is explicitly introduced. 
Schrodingers equation for a structureless particle of mass m in a field of 

potential energy \V is 

h 2 

An enclosure is sufficiently well represented by assuming that W = 0 inside 
the enclosure and \V ->oo rapidly as we pass the walls.* If V has the form of 
a rectangular box of edges a, 6, c, the determination of the e r is simple. 

If 0 is to be a possible wave-function, it must be one-valued and bounded 
in V and vanish over the walls#! The possible forms of 0 are obviously 

. S7TX . tiry . 117TZ / 1 r^A \ 

0 = sin sin -7— sin , ( Ao4r ) 

Yr a b c 

where s, t , u are positive integers (not zero), corresponding to the eigenvalue 

„ h* (s 2 t 2 u*\ n „v 

E = € r =- — I — 2 4- 7-5 4- ~2 I • (1°°) 

r 8 rn\a 2 0 2 c 2 / 

There is only the one 0 r for each eigenvalue. Any weight factors other than 
unity enter only in virtue of the internal structure of the systems. 

On referring back to (120), (121) we see that the important series to be 

summed is E^log^A^). (156) 

If A9 c r or Xe~ € r! kT is less than unity for all € r the logarithm can be expanded 
in powers of A, and the expression (156) can be rearranged in one of the forms 

Anti symmetrical 22 - — — A ; ’(S r t tj r e~ j€ r lkT ) i (157) 

; = 1 J 

Symmetrical E - A ? (E r w r e~ i€ r ,kT ) t (158) 

j= 1 J 

* For ions or electrons we thus ignore the effects of their charges. If the assembly as a whole is 
a neutral mixture, this is probably a valid but rough first approximation and is in common use. 

t The boundary condition on the walls can be established thus: consider the wall x=0, near 
which, as H' -> oo, 0" ~ By well-known methods [e.g. Jeffreys, Proc. Lond. Math. Sor. vol. 23, 

p.428 ( 1924)] it follows that log «/r~ ± j H * dx. We must suppose that for a local boundary field the 

integral does not converge as x — ► 0. Hence either 0 — ► 0 or 0 — > co. The latter is impossible if 0 
is to be bounded or even if only j |0| 2 d.r is to exist. Hence 0-> 0 on the boundary. 
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according to the proper form of g(q). Here therefore we have to sum 

w hich on using (155) breaks up into the product of three series 

of which 


CO 

V 

5=1 


exp- 


jh 2 


8 ma 2 kT 


(159) 


is typical. This series is practically a O-function and its value when 
jh 2 /(Sma 2 kT) is small, as it is for all the important terms in (157) or (158) in 
all ordinary applications, can be obtained as accurately as may be required 
from the transformation theory. We have in fact* 


00 


0 3 (V,t) =1 + 2 S gTTlTS* CO g 2S7TV, 

5=1 


-m 


00 


— ^(v+n)* 


(160) 


S e 

n= — oo 

Putting v = 0, and r/i=jh 2 l(STrma 2 kT) ) we find from (160), with great 
accuracy for small values of r/i, that 

( / 87mra 2 kT\b 


00 

E exp 

5= 1 


jhi 

1 

8ma 2 kT 

2 


- 1 


\ jh 2 ) 

which is sufficiently nearly equal for all ordinary values of a and T and 
early values of j to /wfcTM* „ 

(161) 


h 


if 


Thusf 


S e -u r i k T = (2 ™JcT)* V 

h* A • 


(162) 


For sufficiently small values of A 

Antisymmetrical £ r log<7(A0 c 0 = ^ 7rn ^ Tl. y £ - — A*, 

hr i j- 


Symmetrical E r log g( \& €r ) = 7 S —X j . 


(163) 

(164) 


The conditions under which the foregoing formulae hold are first that A 
shall be sufficiently small for the expansion of the logarithms; on this condi- 
tion we shall defer further comment. The other condition is that h 2 l(8Trma 2 kT) 
shall be very small even when multiplied by any integer j which yields a 
significant term in the ^’-expansion. This condition asserts that the spacing 
of the energy value is very small compared with kT , and is fulfilled for all 
ordinary enclosures and ordinary temperatures; for if a= 1 cm., T = 1°K., 
and m the mass of an electron, the value of this ratio is 1*4 x 10 u . 


♦ Tannery and Molk, Elliptic Functions , vol. 2, pp. 252, 264. 

t This result is really independent of the shape of the box. For a similar independence theorem 
see Weyl, Math. Ann. vol. 71, p. 441 (1911) or Courant, Golf. Nachr. p. 255 (1919); Math. Zeit. 

vol. 7, p. 14 (1920). 
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In order to combine these formulae into one valid for either statistics it 
is convenient to introduce the coefficient oq which is ( - l'- 1 in the anti- 
symmetrical case and 1 in the symmetrical. We shall use aq in what follows. 

§2-51. The value of A and the approximation to classical statistics. The 

value of the foregoing expansions depends on the size of A which must now 

be examined. By equations (120) and (163) or (164) for structureless par- 
ticles the molecular density v is given by 


M (2t rmlcT)i 




V 


h 3 


It follows at once that A is small if 


£ ^A>\ 

j* 


(165) 


vh 3 


(2-nmkT)* 


or 5-2 x 10~ 21 


v 




is small, where M* is the molecular weight on the (chemical) oxygen scale 

I hus even for molecular hydrogen at 1°K. and normal concentration 

v=2-7x 10 19 , A is still less than 01 and the series in (165) reduces practically 

its first term. A fortiori for heavier molecules and greater temperatures A 

IS s 1 1 smaller, or as small up to higher concentrations. Thus in all applica- 

tions to actual gases we may assume that A is small and that ( 1 65) and similar 

senes reduce to their first terms. The only exception will be electron gases 

a the concentrations at which one would expect to find free electrons in 

metals, about one per atom, v = 10«. Such assemblies are still non-classical 

up to temperatures greater than 2000° K. The expansions are then valueless 

When A is small the assembly is indistinguishable from a classical one in 

which no account is taken of the symmetry requirements of the assembly 

wave-functions, so that the enumeration of wave-functions for localized or 

non ocahzed systems is the same. This limiting identity holds for any 

istics in which cq = 1 . For if we use classical statistics we can employ the 

preceding analysis with gig) , e' i„ which case our series for log g(,) reduce 
identrcally to their first term, , 1 , Equation ( 16 ?™ ^ 


_(2TrmkT)i 


V = 


and the distribution law (119) to 


h 3 


(166) 


a r = A e -«r/*r. 


(167) 


These are the same results as we obtain for either symmetrical 

symmetrical assembly wave-functions if we neglect all but the 1 * 

of A in (165) and corresponding series. § tHe l0WGSt P ° Wer 

Equations (166) and (167) are equivalent to Maxwell’s and 
distribution laws, as we shall show in §§ 2-6, 2-64. ft is, howevt~ 
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satisfactory to be content with only such a sophisticated derivation of these 
familiar classical laws. Having shown that quantum restrictions on acces- 
sibility are usually irrelevant for systems in the gaseous phase of an assembly, 
and that the spacing of the characteristic energies is very small compared 
with lcT even down to 1°K., we are justified in deducing Maxwell’s dis- 
tribution law and similar classical theorems in a classical manner ab initio . 
Such deductions are still of great value in providing physical insight into 
the formulae, and we proceed to give them in the following sections. The 
reason why in general gaseous assemblies are effectively classical in spite of 
the quantum restrictions may be expressed thus, that the phase space of a 
system in the gas has so many cells of extension A 3 , or the assembly so many 
accessible wave-functions, that it is extremely improbable that any pair of 
systems will attempt to occupy the same cell or to possess the same wave- 
function. It does not then matter how those configurations are enumerated 
in which two or more systems occupy the same cell. 

We return to the exact quantum discussion in § 2*7. 


§2-6. Assemblies containing free molecules or other systems treated classic- 
ally. In order to discuss classical systems classically as simply as possible 
by the foregoing methods it is clear that some limiting process is essential, 
for we can only deal directly with a set of discrete commensurable energies. 
As in fact all motions are subject to the laws of quantum mechanics and all 
systems are really quantized systems, we are concerned in this limiting 
process only with questions of technical convenience. We shall now show that 
this can be done very simply. Questions as to the validity of this limiting 
process are postponed to the next chapter. For simplicity we shall suppose 
that the assembly consists of M localized systems of any type explicitly 
quantized, with partition function /(z), and N atoms of mass m moving 
freely in a volume V whose energy is solely kinetic energy of translation. The 
whole discussion applies equally well to any number of types of classical and 
quantized systems; internal motions and rotations of the free atoms or 
molecules can be included among the latter. 

The phase space for a free atom is specified by the six coordinates p lf . . . , q 3 , 
and is divided up into small cells, 1, 2, ..., t , ..., of extension 

(dpi-* >dq 3 )i 


and, by the rules 


of § 2*2, weight 8, given by 



(dpi** •dq z ) t 

h 3 


(168) 


To take account of the confinement of the systems to the volume V we start 
with the atoms in an external field of force of potential energy W which may 
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finally be reduced to the local boundary field of the walls. Then there is an 
energy £, associated with the /th cell given by 

£/= 2 ^Pi 2 + P* t+ P»*)t +W t'* ( 169 ) 

IT is a function of q x , q 2 , q 3 only. 

Consider an artificial assembly in which the cells are small and the energy 
anywhere in a cell constant and equal to . Then all the £’s and e’s can be 
supposed chosen so that they are commensurable and expressible as in- 
tegers with the proper unit of energy. The artificial assembly is composed 
of systems with discrete energies only, and can be made to represent the 
actual one to any assigned standard of approximation. In the artificial 
assembly we have at once the partition function 


A(z) = 2,8,zf«, (170) 

and the distribution laws are given at once by the old formulae of §§ 2-3-2-32. 
To obtain the distribution laws for the actual assembly we must proceed to 
the limit by making the extension of every cell tend to zero. We construct 
in fact any sequence of artificial assemblies for each of which we can deter- 
mine the distribution laws, and which has the actual assembly as a limit 
(8 ( h>- 0 for all 1). We must then prove that these laws have a unique limit, and 
that this limit represents the distribution laws of the actual assembly, 
evaluated, that is to say, after we have proceeded to the classical limit This 
point is postponed to §3-8. We really carry out some such process in any 
classical discussion of the classical distribution laws.* 

Now by the definition of an integral, when 8,->-0 (all t). 


h(z)^H(z) = 



log l/z 

-n— r Pi'+Pt'+ps* 2 mir ] 

dp,... dq 3 , 



the integration being extended over all values of p, q 3 . For an assemblv 

m a volume V we again represent the walls by supposing that W = 0 in V 

and that W^co rapidly near the wall. Then provided that the real part of 
log l/z is positive (|z| < 1), p 



(Pi'+Pi'^pS) 

dp 1 dp 2 dp 3l 


(2nm)lV 
A 3 (log 1 /z)3 

For the important point z = 3 = e ~ vkT this vields 

%> 

H{T) _(2nmkT)iV 

// 3 



ps. in, v jmasim. 


* Cf. Jeans, toe. cit. chn 


(172-1) 
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In the formulae for the distribution laws of the artificial assembly, h'(z) and 
perhaps other differential coefficients occur. It is easily proved directly that 
h'(z) has the limit H'(z ), etc. Thus the laws for the sequences of artificial 
assemblies have a unique limit which will be the laws given by the formulae 
of the preceding sections if we use (172) for the partition function of the free 
motion of the atoms. For example, 

lo g H W lo g[ lo g 1 /^H. 


= $N/[loglM = $NkT. (173) 

V - T^T - V (l^)' ' *’••••*•■ 

<174) 

This is Maxwell’s Law. 


Finally we observe that it is possible to replace h(z) by H(z) formally in 
C and the other integrals, if y is fixed as the circle \z\ = $, although the 
interpretation of the integral as a coefficient in a power series now fails, and 
the integrand is no longer single-valued. If H(z) is taken to be real for real 
positive z, these formal integrals give all the correct results. It will be shown 
in § 3-8 that this is always true. 


§2-61. Maxwell's distribution law with mass motion ( classical treatment). 
It is easy to extend the argument to the case of mass motion by introducing 
an extra variable for each of the additive integrals of our systems which is 
conserved in every interaction in the assembly. Consider for simplicity an 
assembly of any number of types of classical systems. Let £< be the energy, 
and fx t any component of the momentum, associated with the tth cell of the 

first set of systems. Then 


C = Z 


(a,b) 


M ! Sq^qS^i... 

clq ! flj ! ... 


(175) 


summed over all positive values of a, 6, ... subject to 

S t a t = M, S,6< = iV,..., (176) 

£ f a, ( 17? ) 

and £,a,/x,+ ... = O t (178) 

where G is the total component of momentum of the assembly. There is a 
similar extra limitation for each component of momentum or angular 
momentum which is conserved. To sum (175) we introduce the partition 


function 


h(z y x) = L, SfZ^x^t , 


(179) 
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and the value of C will be the coefficient of z E x° in the double series 

[h(z,x)] M [j{z,x)] s .... 

This is given by the double integral 

^ ~ ( 2-77 i) 2 JJ z E+1 x° +1 U( Z > X )] N — ( 1 ^0) 

Similarly, it is easily shown that we must have 


M rr dzdx /CN r 

Ca ‘~ (2^?j2 J J z E + l x°+ 1 ( S ‘ zi ‘ xfl ‘) t h{z,x)l M ~' [j( 2 ,x)]‘ v 

rTFr 1 C C dzdx d r7 , 

A ~ (2t n) 2 JJ Z B+1 X° +1 Z fcW Z ’ Z M U( z > x )] /f ■■■> 


( 181 ) 


( 182 ) 


CG 


"(SB?// 


dzdx d r _ , 

z E+l x O-^l X fa* ••• > 


(183) 


where E A and G A are the energy and component of momentum of the first 
set of systems. These double (and similar multiple) integrals can all be 
evaluated by Theorem 2-42. The resulting distribution laws can be reduced 
to those of the actual assembly by the limiting process of § 2-6. 

The formal deduction of Maxwell’s distribution law with mass motion by 
this method is very simple. We treat the case in which G and p t are the 
momenta, in the direction of of free molecules in a volume V, so that 
Pi=(Pi)t- Then 


h(z ,x) -> H (z ,x) 


-,7>JJJ e Kp[- !2 |^<P, ! 4 

__ (27rm)3 V < m ( logx) 2 
A 3 (log 1/2)4 GXP i 2 log 1/2 ■ 


+ P2 2 +p 3 2 ) + 


l}ogx)p^dp l dp 2 dp :i , 


(184) 


The distribution laws depend on two parameters H and £ which form the 
unique relevant root of the simultaneous equations 


1 (2 -***/*. • ) = ~ (X-Wj *.. . ) = 0, 


reducing in the limit to 


E = A log H( *>& + m lQ g J (»>£) + ■ ■ • . 

G = M *dt log + N ^ log ^ + ■■■■ 


(185) 


( 186 ) 
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We derive from (182) and (183) 
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e a 

M 


= ^log H (*,£), 


3$ 

3 1 


+ 


m(logf) 


°A 

M 


2 log 1/H 2(logl/$) 2 ’ 

> 3 , „ ralog£ 

£ !o g H (&,£ ) = i 


(187) 

(188) 


Since GJM is the mean ^-momentum per molecule of the first set, equal 
to mu 0 say, it follows from (188) and its analogues that the bulk-velocity 
u 0 must be the same in equilibrium for every set of systems in the assembly, 
and from (187) that the mean kinetic energy of translation per molecule is 


§ kT + \mu 0 2 . 

Finally, from (184) 

" (9 ' fl - A l 4oglfflt e * PU '”"° g ' m<i ' 

From (181) we find a t — MhfttigPt /H 

-7(2 

■vlsSf)* 


(189) 


771 1 

(“ 2 + v 2 + w 2 ) + mu log £ - mu 0 


m 


2 kT 


[(^-^ 0 ) 2 -f v^ + w 2 ] 


(190) 


which is Maxwell’s Law for this case. We may observe that the parameter f 
which arises from the second selector variable has a simple physical inter- 

pretation, for \og£ = u 0 tkT, 

where u 0 is the common bulk-velocity of all sets of systems in the assembly. 


§2*62. The theorem of equipartition. The most important classical dis- 
tribution law which we have not yet included is the theorem of equipartition. 
This is often stated as follows — if we have any set of M classical systems in the 
assembly each of s degrees of freedom , whose energy (in Hamiltonian form) 
consists of the sum of t square terms (s < t ^ 2s), then in equilibrium the mean 
energy of the set is Mt(\kT ), or \kT for each square term in the energy. The 
present method enables us to give a very simple proof of this theorem, and 
to indicate its full range of validity, including, for example, the rotations 

of a rigid body, which some current proofs do not. 

Suppose the equations of motion of the system do not contain the time 
explicitly. Then its Hamiltonian function is the energy and is the sum of 
(a) a homogeneous quadratic function of the p's whose coefficients are 
functions of the qf s, and (b) a function of certain of the q's (the potential 
energy). We will now suppose (1) that the potential energy is a homogeneous 
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quadratic function of t — s of the q's whose coefficients may be functions of the 
other (2 s — t) q’s , (2) that the coefficients of the quadratic p -ter ms are functions 
only of these (2 s — t) q's which do not contribute directly to the potential energy 
under (1). We can then show that the mean energy of the set is JUt(^kT), which 
is the theorem of equipartition in its most general form. 

The classical partition function for these systems is 


1 r (2s) r 

H(z) = h*j -J €“ (log llz)€ dp x ...dq s , (191) 


where e is the energy in Hamiltonian form. The limits of integration of the 
(2 s — t) q ' s which provide no square terms in € will be determined by the 
geometry of the system. Local boundary fields such as those defining the 
walls of a containing vessel can be regarded alternatively as geometrical 
constraints defining the limits of integration of certain q's. The other varia bles 
are to be integrated from - oo to + oo. The homogeneous quadratic function 
of the p's can be expressed by a linear transformation as a sum of s squares 
with positive coefficients, 2 2 

^*1 I • • • I OC^ T s • 


We change the variables from Pl , . . . , p s to r x , . . . , r s and integrate with respect 
to these from — 00 to + 00 . Then 

" <*> - h r ■ ■ ■ 1 (GiT/if 

where p is the Jacobian of the ( p — r) transformation, and W the potential 

energy. We can now find a linear transformation of q x , q t _ s which casts 
W into the form 0 , _ „ 

Pi w i + — +Pt-s w i-s 2 ■ 

We change the variables from q t , q,_ s to w,_ 4 . By hypothesis 

the as and the P’s do not depend on the w's and are functions of the “geo- 
metrical” variables only. Integrating with respect to the u-’s we find 
therefore 

x_r it -i*«if ( «-o r p. p> 

Llogl/d h*) -J ( — 

(192) 

where /x' is the Jacobian of the (q—w) transformation. The integral in H(z) 
depends only on the geometrical limits, and is independent of z. 

The mean energy for a set of M of these systems is 

^ = il/a a<> log// ( d )> 


= ~ lo g[ ,c, g !/^]K 

= [log !/!>] = Mt(\kT), 


( 193 ) 
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which is the theorem stated. It is clear that the theorem cannot be true for 
non-relativistic Hamiltonian functions under conditions wider than those 
given here. 


§ 2-63. Classical rotations. A special case included in this proof is that of 
the rotations of a rigid body. General molecular rotations must therefore 
contribute 3 (\kT) to the mean molecular energy, and pure transverse 
rotations of a body with an axis of symmetry and no axial spin 2 {\lcT). These 
results are in common use, and we shall refer in the next chapter to the 
classical values R , § R, (R = Mk) here obtained for C roi . We shall later want 
the complete expressions for these two partition functions, and it is con- 
venient to insert the calculations here. 

For the transverse rotations, moment of inertia A } 


€ = 



2 , p* 


Po‘ + zi 


sin 2 9 



H(z) 


-m 


exp 


- (log 1 / 2 ) ( 


7>(T V* 


2A 2A sin 2 9 


)j dp 0 dp,f,ddd<t>, 


1 2t tA f * f 2 ” . 

- — sin 9 d9d<f>, 

A 2 log 1/2 Jo Jo 


8 t t 2 A 


H(T) = 


h 2 log 1 / 2 ’ 
8n 2 AkT 

h 2 ' 


(194) 


For the general rotations of a rigid body, moments of inertia A, B, C, 


€ = 


2 A sin 2 


0 - cos 9p 0 ) cos Ip - sin 9 sin ipp e ) 


+ 


2 B sin 2 !) P * ~ C0S 9p ^ sin ^ + sin 0 003 ^P 0 } 2 + 2 C P +* ; 


1 f (6) f 

= ••• exp( — e log 1 /z) dp g dp ^ dp ^d9 dtp dip, 


the limits of integration for 9 , <p , ip being ( 0 , 7 r), (0,27r), (0,27 t). The energy can 
be expressed in the integrable form 


1 / sin 2 ip cos 2 ip 


( 


2( _ T'' +_ b")|^ + \ 


1-1- 

B A . 
sin 


sin ip cos ip 


/sin 2 </f cos 2 ip\ 

i, (t +_ S _ ) 


(P+- cos 9pj) 


+ , , * . i o • 2 / 1 TT - cos e P*'> 2 + 57^ 2 - 

2ABsm 2 9sm 2 ip t cos 2 ip T T 20 • 

+ ~B~ 


(194-1) 
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Integrating with respect to p e , p^ , p^ in that order, we find 

, 1 (8 n'ABC)* r ” r 2" 

N(z> ’ J o J o J. 

_ Sn 2 (8n 3 ABC)^ 

A 3 (log 1 /z)% 

Q_2 

H(T) = —(8n 3 ABCk 3 T 3 )C 



(195) 


§2-64. Boltzmann’s distribution law (classical statistics). This law is the 
complement of Maxwell’s for classical systems, and was originally asso- 
ciated with the distribution in external fields of force. It can he stated 
generally as follows: 

For any set of classical systems, the average numbers a~ 2 , ~a 2 in any two equal 
elements of their phase space are in the ratio 


a 1 :a 2 = e~ t i lkT :e~ t * !kT , ( 196 ) 

where e x and e 2 are the energies of the systems in these elements of their phase 
space . 

This law follows at once from previous theorems, for 

« 7= 8 al = 8. z &'r/H(&), 8 1 = 8 2 . 

It applies of course to localized quantized systems in the form 

a l :a 2 = m 1 e~ e r lkT : w 2 e~ e ^ kT , 


(197) 


also a consequence of preceding theorems. The law contains nothing not 
already given, but is inserted here formally for completeness. 

Boltzmann’s law has, of course, numerous important applications and 
important specialized forms. If we consider two elements of the physical 
space accessible to the systems, in which their dynamical state is the same 
so that the Hamiltonian energy function differs only in the different values 
O \V , we can integrate over all possible momenta and obtain 

n 1 :n 2 = e~ w i kT :e- w i' kT . ( 198 ) 

In (198) n, and n 2 are the average total numbers of systems without regard 
to their kinetic energy in equal volume elements of physical space This 
leads at once to the density law for an isothermal atmosphere of perfect 

Sc.™: :^r portional to ”■ the mnss density ° f the 

P= Po er<r-»'**T. (199) 

If V* denotes the gravitational potential in the atmosphere per unit m »„ 
(.neludmg a „ y ficld of .. eentrifoga, force 

n = n n e~ m ^ v *- v o*)/^T 

H Ho * ( 200 ) 
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This is the atmospheric density law, commonly known as Dalton’s. Since 
1 * is the same for all molecules and m varies from molecule to molecule, 
equation (200) describes the well-known settling of the heavier molecules 
to the base of the atmosphere — the most prominent property of an atmo- 
sphere is statistical (i.e. isothermal) equilibrium. 

The potentials here considered are primarily potentials due to bodies 
external to the assembly to which the systems of the assembly itself make 
no effective contribution. This restriction is removed in Chapter vm. 

We have no space to enter here into further atmospheric problems such as 
the nature of convective equilibrium and the rate of escape of molecules from 
the boundary of the atmosphere. Such problems belong more properly to 
the study of steady non-equilibrium states and require the explicit introduc- 
tion of mechanisms of interaction, but escape is a border-line problem and 
of particular interest which we shall discuss in Chapter xv. 

The validity of equations (196) and (197) is completely general, but that 
of (198) and (199) is not; they must be confined strictly to the field specified 
in their enunciation. For example, we cannot always apply ( 1 98) to elements 
of volume belonging to the system in different parts of the assembly which 
are different phases in the thermodynamical sense. More refined considera- 
tions are then necessary on which we embark in Chapter v. We must also 
be careful not to restrict in any way the range of the integrations with respect 
to the momenta. For example, if we apply Boltzmann’s theorem to the 
number of free electrons in the neighbourhood of a fixed positive charge, we 
mean by free those which have sufficient kinetic energy to escape altogether. 
The relative numbers of these in two volume elements are not given cor- 
rectly by (198). It is necessary to return to (196) and observe that the 
integration with respect to the momenta must be taken only over the region 

for which {p x 2 + P v 2 + P z 2 )l2 m ^ —W> 0. 

Thus in this case the constant quantity is 

p -wikT r r r 

O III / ~ 9 . ~ ^ 7 . 7 __ J.. 




e -(Px 2 +Py 2 +Pz 2 )l 2mkr dp x dp y dp z , 


2 mW 


which reduces easily to give 


n 1 :n 2 = e~ w ^ ,kT 


j: 


WJkT 


e~ x Adx : e~ lv ii kT j e X xfdx. 

J - w t !kT 


( 201 ) 


Equation (198) would of course continue to give the relative numbers of 
electrons both bound and free , were it not for the limitations imposed by the 

quantum theory on the bound electrons. 

Though not strictly relevant to this chapter it is best to point out here 
that this classification of electrons into free and bound has another similar 
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effect.* We have seen in equation (173) that the average kinetic energy of 
any separate classical system in a gaseous assembly is \kT , and we shall see 
later in § 8-2 that this is still true when there are forces acting between the 
particles. But here we arbitrarily classify an electron as free in a region 
where its potential energy is negative only when 

2 p x 2 > — 2m W > 0. 

Its partition function in such a region is therefore no longer given by (172) 
but becomes instead 

2TrV(2mkT)$ r °° 


h* 


Therefore in this region 


f e~ x x^dx. 

J -JV/kT . 




2 + 


(- W I kT)$ e' vlkT 


CO 


e~ x x^dx 


( 202 ) 


WlkT 


This effect illustrates the care necessary when such a classification has to be 
employed. 


§2*65. Analogies with Gibbsian phase integrals . The analogy with Gibbs’ 

development can be clearly seen at this stage. The partition function for a 

molecule of a perfect gas in an external field of force, in which its potential 
energy is W, is, in terms of T, 


H(T) = 



( Px* + 77y*+Pz , )4- W 


}/ kT 

dp j dp u dp, dx dy dz , 


vlllO 


and the partition function for N such molecules (classical statistics) 
integral N times repeated, or [H(T)] N . 

Now this integral N times repeated is exactly Gibbs’ integralf for this 
assembly of N molecules of a perfect gas over “an ensemble of such assem- 
blies canonically distributed in phase”. Gibbs defines a function J, bv the 
equation f a ii f 




: -^/0 


(203) 


80 that here 0= -NQlogH(T). Gibbs’ 0 is proportional to T, and his 0 is 
shown eventually to be equivalent to the thermodynamic potential U-TS 
an eqmvalence established directly for our partition functions in Chapter vr 

of tht W p d ° n ? heremay ’ ifit iS P referred > be regarded as a generalization 
the Glbbsian P hase integral so as to include quantized systems in the 

* McCrea, Proc . Camb. Phil. Soc. vol. 2G, p. 107 (1930). 
t Gibbs, Elementary Principle., in Statistical Mechanics, p. 33, C q. 92. 
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assembly. Our semi-logical dynamical foundation can be discarded, without 
altering the results, for the hypothesis of canonical distribution in phase. 


We may observe here that whatever be the form of W the p x , p u , p, 
integrations can be effected, giving 


H(T) = 


( 2-nmkT )* 


h 3 


JIf 


Thus the partition function or phase integral splits into two factors for the 
kinetic and potential energies, which can always be discussed separately for 
classical systems. When IT = 0 except for boundary fields the factor for the 
potential energy reduces to the volume V . The form of both factors remains 
essentially Gibbsian. 


§ 2*7. Further theorems in quantum statistics for free particles in a volume V. 
Systems with internal structure. After this classical digression we resume the 
development of the exact theory for free particles, and start by generalizing 
§§2*5, 2*51 to systems which, besides being free to move in a volume V, 
possess internal structure. It is a sufficient approximation to assume that 
the boundary fields do not affect the internal motions of the particle so 
that its translatory motion and internal motion and the corresponding 
Schrodinger’s equation separate as if it were completely free. The eigen- 
values of its energy and the corresponding weights are therefore 




> 


where the e/s are those of §2-5 and the € T , tu/s are the eigenvalues and 
weights for Schrodinger’s equation for the internal motions. Any e r may be 
combined with any e T . Therefore 

Z = ^ s xa s log = £, iT w t log gr(AS> £ r +f r), 


= i; ^'A' (2 

i - 1 3 
(2t rmkT)* 
h 3 



It is convenient to use a special symbol Z for this important sum. 

The classical form of (205) or its limit for small A is therefore given by 

„ , (277 mkT)i 

Z = A 


Vf(T), 


(206) 


where /(T) is the partition function for the internal motion of the system 
(e.g. free molecule). It follows from (120) and (121) that in this case M = Z 
and 


E = kT 2 dZ/dT, 

= Z{\ 1cT + JcT 2 d\ogf(T)ldT}, 
= M{\kT + kT 2 d log /( T)/dT}. 


( 207 ) 
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From (207) one can deduce the specific heat at constant volume (dE /dT) v . 
One sees that it is made up by addition of separate components from the 
translatory energy and the internal motions (including rotation). 

It is perhaps of interest to give one example of the exact form (205) 
applied to systems with specified structure. Let us assume that the free 
systems are symmetrical rigid rotators without axial spin. Then using in 
anticipation the results of § 3-1 and assuming that for all important values 
of j and r je r <^kT, we find 

1 8t T *AkT 


2 T w e~ i€rlkT -~- 

3 


hr 


(27rm)* (Bir*A)(kT)t V 


Then, with sufficient accuracy, 

S s ta s log g(\& € >) = 

>=i J 1 

The classical form or the limit of the exact result for small A is therefore 


h b 


00 y • 

S =t\i. 


(2irm)* (8rr 2 A) (kT)i 1 

A 5 


A, 


as can be directly verified by combining (172) and (194). 


§2*71. Space distributions of mass-points in external fields of force. In 
the classical version of Boltzmann’s distribution law we have obtained 
formulae for the average distribution of free particles in space under the 
action of an external field of force. The distribution laws of quantum 
mechanics however are primarily concerned only with distributions over 
the eigenvalues of the energy. At the same time these must imply some 
means of deriving the average number of systems “present” in a given 
volume element (not too sma 

The means required are provided by the properties of the w ave-functions 
themselves. We interpret these wave-functions so that \ifj r \ 2 dV is the 
probability that a given system with this normalized wave-function will be 
found in the volume element dV at any time. The average number n of 
molecules “present” in the volume element dV is therefore given by 

n/dV = 'L r a r \fi r \ 2 , (208) 

0 

(209) 


11) of ordinary space. 


We must now study the approximate forms of these w ave -functions when 
the systems move in a field of force in which they possess the potential energy 
W* We must restrict ourselves to wave equations for \p which separate in 
the variables x, y, z, so that W = w t (x) + w 2 (y) + w 3 (z). Actually this restric- 
tion proves not to be serious since with a more general W we can always 

* Mott, Proc. Camb. Phil. Soc. vol. 24, p. 76 (1928). 
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«*[€. - wM tf(x-) = 0 (« 2 = ^), (210) 


limit the assembly to physically small portions of the gas in which W is 
sensibly of this form. The equation for the x-factor in 0, namely 

d 2 ip(x) 
dx 

is then typical of all three factors. It must be solved with the boundary- 
conditions i/j(0) = ip(a) = 0. For convenience we shall assume that u , 1 (0) = 0 
and that dw 1 (x)/dx > 0, but these conditions are inessential. Since k is very 
large we can apply the analysis developed by Jeffre 3 r s* for such problems. 
He has shown that if 

. f x d 2 t dx 

nen the two solutions of (210) approximate very closely to 


( 211 ) 


fo-«>i(x)] J exp- 


± x f Oi 

Jo 


(x) - ej* dx 


(212) 


Since k is large the condition (211) is satisfied for all but a very few of the 
possible e s except near a zero of € s — w x (x), where there is a range very small 
compared with the total range 0, a in which the condition fails. 

We now choose that solution vanishing at x = 0 or x = a which can also 
be made to vanish at x = a or x = 0. There are two cases. If € s — w x (x)>0 
everywhere in the range the required solution is 


[e, - M>i(a;)] *sinj/c [c 4 -tt’ 1 (a:)] i da:| . (213) 


The € s are then those values for which 


K j [€ 8 — W x (x]$ dx = 7177, 

Jo 


where n is an integer. If € s — w x (x) = 0 at x = x 0 in the range we may take that 
solution which, when € s — w 1 (x) < 0, approximates to 

[m>i( x ) - e s ]“* expj - K J \w x (x) - cj* dx j , 

for this solution decreases very rapidly as x increases and may be taken to 
be zero for x > x 0 , and so at x = a. When x < x 0 this solution has been shown 
to approximate to 


[*s - w i( x )]~ i cosj - i 7 * + 
These values of e 8 are determined by 



[«, - M’lf*)] 1 dx 


— frr + k J [e g — W^x)]* dx = n'-rr, 


* Jeffreys, Proc. Land. Math. Soc. vol. 23, p. 428 (1924). An independent discussion has been 
more recently given by Kramers, Zeit.f. Phyaik , vol. 39, p. 828 (1926), and by other authors, in 
which numerical mistakes in Jeffreys* formulae have been corrected. 
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where n' is an integer. Since the period of the oscillating function is very 
short compared with the distances of appreciable variation in iv^x), the 
normalizing divisor for this wave-function is 


* dx > 

and for the other type the same with x Q replaced by a. The interval between 
two eigenvalues is given by 

k I — w x (x)]* dx — k I [<r s — ir^x)]* dx = 77, 

Jo' Jo 

so that approximately, if de s = e s+1 - 6 S , 

KN s de s = 77 . 

Thus the normalized wave-functions are approximately 







77 


’) — L 

/ - w i 


(*)]* 


= 0 


sinG {€ s >w 1 (x)} ) 
{€ 8 <w 1 (x)} i 


where sin G oscillates very rapidly when either c 8 or x varies. There are 
similar factors in y and 2 . 

We now insert these values in the series in (209), and average over a 
small volume element dV ( =dxdydz) so that factors such as sin 2 G may be 
replaced by We find for this series 

(2m)i il-t\ d € sd€,d€ u 

—To— 2u r log g(Xe- € ri kT ) — - — ^ r 

h [{*« - «>i(*)} {«< - w 2 (y)} {*« - «’ 3 ( 2 )}] i 

( e r = f« + ^ + e«) (214) 

summed over all r such that 


<f 8 >u’i(x), € t >tc 2 (y), c u >w 3 (z). 

Using the substitutions € s = w x (x) + \mu 2 , etc. and obvious approximations, 
this sum can be replaced by the integral 


Therefore 


(^~) JJJo io S9^ e ~ {w+im ^ l ' + ^ mT )dudvdLU (215) 


n /2w\3 0 fff” 

rfF = \X/ A 3A J J J o lo Zy( Xe ~ {W+im ^ + * + ^ VkT ) dudvd w- -..(216) 

The u, v, w are the exact analogues of the velocity components of the classical 
particle. Thus (216) gives us the space distribution law in its form integrated 
over the velocities. By returning to (214) and taking only those terms which 
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correspond to specified velocity ranges we obtain the complete velocity- 
space distribution law in the form* 

n(u.v,w,x,y y z) dudvdwdV 

/mV d 

= u) A ^ lo g0( Ae “ { ^ +i ^ u2 ^^ (217) 

which is the exact form of the Maxwell-Boltzmann distribution law. When 
A is small the log reduces in all statistics to 

Ae~ {fT+i m(u 2 +v 2 +iD 2 )}/kT ' 

On carrying through the integrations in (216) we then obtain 

JL = „ - ( 277mfeT )* Ae -™r 

dV h 3 

which, A being constant, is the classical result. 

It is useful to express (217) in terms of the resultant velocity or total 
kinetic energy and the direction of motion. We can then put 

u 2 + v 2 + w 2 = c 2 , dudvdw = c 2 dcdoj , 
where du> is an element of solid angle, so that 

dy = \T ) A^log^(Ae -<Fr+imc2),A?r )c 2 dcrfco. (218) 

On integrating over all directions, we find an expression for n(c)dc f the 

average number of systems per unit volume moving with velocities between 

c and c + dc, 3 0 

n(c) dc = — jij— A log g(\e~ ( ' v+imc2)lkT ) c 2 dc (219) 

cA 

Expressed in terms of energies (\mc 2 = e) this reduces for the range e, 

€ + de to 9 (9 \i ? 

n(e) de = — , ^ A log g{ Ae~ (W + €):kT ) e 2 dc (220) 

hr cA 


§2-72. Distribution of mass-points between different phases or enclosures. 
The foregoing result can be obtained under more general conditions by a 
somewhat different method of treatment which does not contemplate in 
one survey the whole space V accessible to the systems, but starts instead 
by breaking it up into parts and treating each part as if it were a practically 
independent enclosure. The suitability of either procedure depends on what 
is the best type of idealization of the actual assembly to be investigated. 

Consider for simplicity an assembly of two slightly connected enclosures 
in each of which the potential energy of the systems is constant. In one 
enclosure it may be taken to have the value zero, but in the other a different 
constant value W, which may of course be of either sign. In the former the 

* A factor 8 drops out from (217) because only positive values of u, v, w were contemplated in 
(216), while the actual u, v f w may have either sign independently of each other. 
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eigenvalues are those already given in (155) with the corresponding spacing. 
We thus find, using the same groupings and transformations that lead 

277(2m)* C 30 i 

S r log0(A$*r) = — ~~ V \ogg{\e~' kT )^d€ (221) 


V J log< 7 (Ae _e kT ) ^ de (-21) 


In the latter enclosure the wave equation is 

v 2 ^-f/c 2 (£ , -ir)0 = o, 

and the eigenvalues are given bv 


E 


- W = ~( S - 

8 m \a 


h 2 is 2 t 2 u 
hn \a 2 + b 2 ^ c 


0- 


We therefore find instead of ( 221 ) 


S r log sr(A^r') = V' f* log g(Xe~ < ' r+t)lkT ) e* de. ...( 222 ) 

If we construct the usual expression for the number of complexions of this 
two-enclosure assembly, we have 


-(»)■// 


doc d** 

ix +ij+l U r9(zZ €r ) n r g(XZ*r’) 9 


and the average numbers of systems in the two enclosures will be given by 

il/ = A^ 2 r logg(Aa € r), W = A ^ S r log < 7 (A$V). 

On using ( 221 ) and ( 222 ) we see that these expressions are equivalent to 

(216) which we obtained by discussion of the whole assembly with a simple 
form for W. 

We may note in conclusion that the dependence of ( 221 ) and ( 222 ) on T 
can be shown in a simple form by the substitution e/kT = x. We then find 


log 0 (A& r r) = 


2n(2rnkT)* V f°° 


h 3 


which when W --= 0 depends on T only through the outside factor and A. 

Whether or not the systems are practically classical in either of the en- 
closures will depend on the value of A e~ ,v ' kT . It may happen that A is small 
(classical statistics) while her w ' kT is very large (tight-packed systems). This 
happens in applications to thermionics. 


§ 2-73. Highly degenerate assemblies (of electrons). For assemblies in 
which A is not small, we require fresh means of evaluating the integrals of 
the last sections. Series expansions are now useless. As we have already 
shown in § 2-51 such assemblies in practice are only assemblies of electrons 
so that we may confine attention to the generating function proper to the 

Fermi-Dirac statistics. It was moreover shown in §2-41 that it is only for 
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this statistics that- A can become large. We must also remember that the 
electron has a spin with two orientations, so that in the absence of external 
magnetic fields it is a degenerate system of weight 2 whatever its trans- 
lational motion. 

Before applying our theorems to assemblies of electrons we must recall 
that our assemblies have to be composed of practically independent systems, 
while electrons act on each other with long range fields. It is not possible 
that these long range fields should be entirely without effect on the eigen- 
values of the assembly, but if the charges of the electrons are neutralized 
in each volume element by the charges of suitable associated positive 
systems, as in fact they are, it does seem reasonable to assume that the 
charges of the electrons can be neglected in constructing a valid approxima- 
tion of zero order to the wave-function of the assembly. If we make this 
approximation we smooth out as it were the atomic structure of the charges, 
so that their only remaining effect from the point of view of the electrons is 
to create a region of uniform negative potential energy in which the electrons 
move almost freely. This is the model which (following Sommerfeld) we 
shall later apply to explain the leading features of metallic conductors* and 
of the interiors of ultra- white -dwarf stars. 

For an assembly of electrons so treated we find on adapting (223) that 


Z = E r TZj r logg(A^r), 


If W 
W = 


= 2 (2nrnkT^V 2 f - ^ , + Xe -wikr-x )dx (224) 

h? yJTT J 0 

0 for free space, then W < 0 for the interior of a metal. We shall write 
Xo and shorten the algebra by writing 

/x = Ae*>/**\ (225) 


We can remove the logarithm if desired by integration by parts, so that 


_ 0 (2t rmkT)*V 4 f» 

Z - 2 A 8 3>J 0 

dx 

— i • • 

(226) 

1 + e x /fi 

For this group of electrons 



- 0 Z l2irmlcT)*V 2 

A> > 

f® x*dx 

Jo 1 + e'V 

(227) 

b tT .( sz ) w r az + 32 ^ 

\aT/ A L dT + d^dT_ 

] = ffcTZ-J/ Xo . 

...(228) 


We require a means of evaluating Z asymptotically for large /z. Consider 
the integral factor in Z in the form 


7 = ^Jo **log(l +eP- x )dx (P = log /z). 

* Sommerfeld, Zeit.f. Physik, vol. 47, p. 1 (1928); Naturwiss. vol. 15, p. 825 (1927). 
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By breaking the range at x = {} this reduces to 



(£-y)*log(l +e-*')dy 
(p + y)ilog(l + e-v)d!/. 


In either of these integrals the logarithms can be expanded and the resulting 
series integrated term by term. Thus we get 



This is exact. When is large the square roots in these integrals can both be 
replaced by y'/3 to give the dominant terms. The range of the first series of 
integrals can then be extended to infinity without sensible error. Thus 




h = fsP + S f 00 e-» dy, 

s Jo 



The method can easily be extended to show that the error term is 0(/3 $), 

or to give a general asymptotic expansion in powers of fi~ 2 . We find therefore 
that 


Z = 2 


(2t mkTflV 2 


A 3 


77 


Ts( lo gM)- + ^c (log/x)i + 0(log M )"5 


...(229) 


Besides (229) we need only the distribution laws of §§ 2-71. 2-72 which here 
take the special forms 


n (u ,v ,w ,x ,y ,z) dudvdwdV 



dV dudvdw 

1 g{H'-ril«(U 2 +W 2 +l<?2)} kTj^ > 

dV dudvdw 

1 e l»i(« 2 +r J tu-2) k T !/j, ’ 


(230) 


n(€)d€dV 


4n(2?n)* JdtdV 

h? i+e^ * 


(231) 


We postpone application of these formulae to Chapter xi where we shall 
examine more closely the conditions under which log M > 1 ? required for the 

validity of (229); the modifications introduced by the relativistic variation 
of the mass will be considered in Chapter xvi. 


§2-8. External reactions of the assembly. In addition to the foregoing 

formulae for the distribution laws we require formulae for the average 

(equilibrium) values of the forces exerted by the assembly or its sets of 

systems on the bodies which control the external fields. The most important 
example is the formula for the pressure of a gas. 
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We may assume that the states of any system in the assembly (or of the 
assembly itself) are determined by solving Schrodinger’s equation with a 
potential energy W which is itself a function of certain parameters x x , x 2f 
defining the positions of all the external bodies. The energies € r of the pos- 
sible states of any system are then functions of x x , x 2 , . . . . The weights w r are 
however constants, as they are necessarily merely the number of indepen- 
dent solutions for a given value of the energy and given x’s. They could at 
most only change discontinuously for certain values of the x’s, and if W is 
a continuous function of the x’s this is impossible. 

It will be observed that we have here classified the universe into two 
parts, the assembly in which we are interested, and the rest of the universe. 
This is an essential part of any discussion of external reactions and of course 
what part of the universe we call the assembly can always be chosen at our 
own discretion. Now the assembly and any one of the bodies which produce 
the external field also form together a quantum system, which if un- 
perturbed is a conservative one. When therefore a relevant parameter x s 
defining the position of this body is allowed to change by an amount Sx 8 , 
the system in the original assembly remaining in its original state r, energy 
must be conserved. The energy of the state will have increased by Se r and 
we express this conservation by saying that the system has done work on 
the external body to an amount — hc r . This is more conveniently expressed 
by saying that the system exerts a generalized force component on the 
external body such that in any infinitesimal displacement in which the 
system remains in its original state r (reversible displacement) the work 
done is S.r„ , where 


L r =- 


dxf 


There are similar generalized forces for other states and other parameters. 
In any state of the assembly it follows that the total generalized force X s 
due to one set of systems and tending to increase the parameter x 8 is given by 


a*')' 

The average value of this force which the assembly will exert in its equi- 
librium state is therefore 

<232 » 

A detailed verification of these general considerations can be given, for 
which reference should be made to works on quantum mechanics.* 

* For adinbatic (i.e. slow reversible) variations in quantum mechanics sec Born, Zeit.f. Physik, 
vol. 40, p. 167 (1926). Sec also Born and Fock, Zeit.f. Phyaik , vol. 51, p. 165 (1928). 
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The equatioii (232) can be simplified. Using (119) it becomes 

x$ = A 2r ( ~ 1 ^) Wr log ^ A!Kr )> 

\ 3xJ g(M>‘r)’ 

1 d 

= io^Yjd- Tx~ s w ' log ^ AfH '>' (233) 

In this form we can immediately extend the formula to an assembly of any 
number of groups of systems. The general result is obviously 

-v 1 dZ im dZ 

x ° = i^Ti ( 234 ) 

Where Z = ^r^r^r T i0gg T {X^r T ) t (235) 

the affix r specifying the various groups of systems. 

In the special case of free atoms or molecules in an enclosure in which the 

sole external field is the local boundary field of the walls equation (233) 
reduces in the limit to 

p = kT log 9 (^ e ~ (rlkT ) = k T~ (236) 

This is the standard equation for the partial pressure exerted by any con- 
stituent of a perfect gas. It is most easily derived from (233) by regarding 
any small area a> of the wall of the enclosure as a piston free to move 

normally, whose position is fixed by the parameter x x . Then X.=*pu, by 
the definition of p, and a ,dx = dV. 

We can apply equation (236) to a gas (or gaseous constituent) of free 
molecules using (205) for the sum Z. We then see at once that p = kTZ/V. 

i 3 l^ 12 'i 1 i?f^ VhiCh (228) iS a special case the ave rage energy of the molecules 
is tci -oZ/dT. This includes both internal and translatory energy. If we ask 

only for the average kinetic energy of translation, we must operate 

with kT 2 d/dT only on the e r terms in Z in (205) and not on the «= T . This means 
operating only on the T* factor. Therefore 

-®kin = %kTZ, p = §E kl JV. (237) 

his result holds in all statistics, including the classical, for an ideal gas or 
gaseous constituent. ® 

In the classical limit (or with classical statistics), equation (236) reduce* 
to P^TXBHm/BV, where H(T) is the partition Lction for the fre" 

a*)°z- Milam . At the same 2 rcduces % 

V = MkT^\o % H(T). (238) 
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Since for ordinary free particles in a volume V H{T) depends on V only 
through having V as a factor, it follows from (236) or (238) that 

/ kTZ\ MkT 

“ y j y > (239) 


the classical equation of state of an ideal or perfect gas. This result can also 
be obtained at once by combining (237) and (173). 

Equation (239) without the introduction of the variable T would have 


been obtained in the form 1A /T7 | , 

p = M\ \ log 1 /$) 


(240) 


This equation can be used if desired for a preliminary definition of the 
relationship between 9 and the absolute temperature, if the latter is defined 
so that for a perfect constant volume gas thermometer p oo T. But as we 
have said before the absolute temperature can only be logically introduced 
with the aid of the second law of thermodynamics. 
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ASSEMBLIES OF PERMANENT SYSTEMS (cont.). THE SPECIFIC 

HEATS OF SIMPLE GASES* 


§3*1. The properties of perfect gases. Specific heats. Further development 

of the general theory without some detailed application to experimental 
data would be somewhat arid. We pause here, therefore, to compare theory 
and experiment for perfect gases. Since actual gases are not perfect the 
properties of perfect gases cannot strictly be said to be observ ed. They must 
be obtained by extrapolation to zero concentration from the actual obser- 
vations at ordinary concentrations. This presents no serious difficulty and 
introduces little uncertainty into the results. In this chapter we shall 
suppose that the necessary corrections have been made. The methods of 
doing this will be reviewed in Chapter ix. 

We have seen in Chapter n that classical statistics can be used from which 
we have deduced or can deduce: (1) the equation of state pV = MkT = RT\ 
(2) Maxwell’s velocity distribution law; (3) formulae for C v , for any given 
molecular model. It is hardly necessary to discuss the field of validity of the 
equation of state of a perfect gas. It is sufficiently a commonplace that 
pV = MkT is accurately the limit of the actual equation of state for all 
permanent gases or gas-mixtures at all temperatures except very near to 
the absolute zero, when Fermi-Dirac or Einstein-Bose statistics must be 
used, with results given in § 3-73. For most of the simpler gases the equation 
of state is already very near to its limiting form at normal pressures of the 
order of one atmosphere even if the temperature is low. Maxwell’s law 
enables us to calculate the numbers of events, such as collisions of a definite 
type, which occur per second per unit volume of the gas or per unit area of 
the surface of a wall. Results of this type are of great importance in surface 
phenomena and chemical kinetics and are obtained and used in Chapters 
xvii and xvih. Here we shall be content to compare the theoretical and 
experimental values of the specific heats of perfect gases. f 

From the definitions^ of C v and C p , namely 


-(S), 


d(E+pV) 

dT 


(241) 


* I am deeply indebted to G. B. B. M. Sutherland for help in revising this chapter 
t The more important general authorities for the older experimental data used in these non, 
pansons are: Partington and Shilling, The specific heats of gases, Benn (1924); Eucken Zeit f 
ysxk, vol. 29, pp. 1 , 36 (1924); Lewis, A system of physical chemistry, vol. 3, chap lv (ed 191 of ^ 
Jeans loc. ext. chap. vn. These authors, especially the first two, contain a great quantity of well 
digested information. It has, however, recently appeared that the rate of adjustment of the 
vibrational energy of some molecules is slow, so that many of the older measurements do rxotrlf 
to the true equilibrium state. We shall refer to the more modern measuremr”when 1 d! 
particular gases. t See, for example, Planck, 
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it follows at once that for perfect gases 

C p — C V = R= 1-98 cal. /gm. mol. (242) 

This relation is well known to be obeyed accurately so that it is only neces- 
sary to discuss C v or y ( = C p /C r ) whichever is the more convenient. By 
(173), or more precisely (207), the contribution of the translational kinetic 
energy to C v is f i? in all cases. Any excess of C v over this value must come 
from internal motions of the atom or molecule, that is, from rotations of the 
molecule, from vibrations of the atoms in the molecule or from electronic 
rearrangements. Any defect of C v below fi? must be due to quantum 
statistics and only occurs at extremely low temperatures. 

§3*2. Monatomic gases. A free atom possesses classical kinetic energy of 
translation and the internal energy of its electronic system. The energy step 
associated with the change from the normal state to the nearest excited state 
is very large, for all atoms ordinarily capable of existing as atoms in the 
free state, and the internal energy can contribute nothing to C v except at 

Table 1. 

Observed values of y for monatomic gases , corrected for deviation from 

the perfect gas laws. 


Gas 

Temp. ° C. 

y 

Authority 

He 

18 

-180 

1*660 

1*673 

j- Scheel and Heuse* 

Ne 

19 

1*64 

Ramsay f 

A 

15 

- 180 

1*65 

1*69 

| Scheel and Heuse* 

Kr 

Xe 

19 

19 

1*68 

1*66 

J- Ramsay | 

Hg 

275-356 

1*666 

Kundt and Warburgf 


* See Partington and Shilling, loc. cit. chap. xv. 

■f* Landolt and Bomstein, Tabellen (1923), No. 264. 


very high temperatures. The energy required for this step varies for ordinary 
monatomic gases from 4 to 20 voltsj (Hg, He), while kT in volts is 
8-60 x 10 ~ b T. Thus e/kT is of the order 10 5 /2T, and e~ €lkT is negligibly small 
for all terms in the partition function for the internal atomic energy, except 
the first (normal) term for which by definition c = 0, unless T is at least 
10,000° K.§ The theory thus predicts C V = %R, C p = \ R, y = C p /C v = % for 

1 A “volt” or “electron-volt” is here used as a measure of energy, denoting the energy acquired 
by an electron in falling freely through a potential difference of 1 volt. The “volt” is a con- 
venient unit of energy in most problems concerned with atomic or molecular structure. 

§ As the partition function is an infinite series, the argument is here incomplete, without t c 
construction and examination of the partition function in detail. This forms the theme of Chapter 
xiv, and the exact investigation confirms the result used here. 
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all monatomic gases at ordinary temperatures. The experimental values of 
y are in satisfactory agreement. 

Many free atoms, for example thallium, not commonly experimented 
with as vapours possess however a normal state which is the lowest state of 
a multiplet. For such atoms the smallest excitation energy may be com- 
paratively small, and the internal energy makes an important contribution 
to the specific heat. Though such cases are not yet of practical importance 
we shall assemble the formulae in § 3 * "7 , as they are of general utility. 


§3*3. Diatomic gases at moderate temperatures. In addition to the types 

of motion and energy content which they share with free atoms, diatomic 

molecules possess further types of motion. The atomic nuclei can rotate 

about their centre of gravity to a first approximation like a rigid body, and 

can vibrate along the line joining them to a first approximation like a 

simple harmonic oscillator. If the molecule is nearly rigid, so that the 

frequency of these vibrations is high, the rotations and vibrations are nearly 

independent of each other. Moreover, at fairly low temperatures the nuclear 

vibrations will not contribute to C v for the same reason that the electronic 

structure does not contribute, and the whole extra motion reduces to the 

rotations of a rigid body. The non-vibrating molecule must indeed stretch 

under the centrifugal forces, but for stiff molecules of high vibrational 

frequency this effect will be small for moderate rotations — that is, at low 

temperatures. Just as for atoms the lowest electronic state of the molecule 

may be multiple with a small energy of excitation. Important examples 

actually occur among simple permanent gases (e.g. NO) and are discussed in 
§§3-71, 3-72. 

Partition functions suitable for rotations when lack of rigidity and elec- 
tronic excitation can be ignored were specified in §2-34 and their classical 
form was given in §2-63. It must be shown next that the quantum forms 
satisfy the limiting principle. The forms of (91), (96), (97) and similar func- 
tions for high temperatures (T->oo, a->0) can be established by a variety 
of methods. Perhaps the simplest is to compare the sum, for example (91), 

00 

2 (2n+ l)e~ an < n+1 > 

n= 0 

with the corresponding integral 



e -*x(x+ Ufa 


It is easy to show, by breaking up the sum and the integral into two parts at 

* ™ a * imum of the integrand which is then monotonic in each part, that 
they differ at most by a term of the order of the largest term in the series 
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This term occurs for the value of n nearest the root of the 
(2 n + 1) 2 = 2 o and is of order a~-. Hence 


[3-3 

equation 


00 


2 (2 n 4- 1) e _,,(n+1)<7 
o 


=/> 


_f_ \) e -A*-r D°dx+ 0 



-[ 


-4x+l)aH» 


+ °(-r)~- (243) 

Jo uW <7 




Similarly I (2« + l) 2 e- n<n + 1)ff ~ I (2x + l) 2 e- r(x+1)<7 dx~-- • (244) 

o Jo CT *’ 
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§ 3-31. More exact evaluations. A more exact treatment of these relation- 
ships is not without importance. We have seen in §2-5 that the series 


oo 


2 e~ n2(J can be expressed in terms of 0-functions, and an exact discussion 

1 

can be given by using the transformation theory of these functions. The 
series <*> 

v e -(»+^a s ( _ )n (2 n + l)e-< n +W° and 2 (2 n 4- l)*e“< w +»*" 

0 0 0 

can also be expressed as 0-functions, but the most important of these series 

oo 

2 (2/i + l)e _(r,+ * )t<T , though close! v allied, is not a 0-function and the trans- 
o 

formation theory does not apply. A special investigation* shows that 


00 


S (2 n + 1) = - + i^ + T^ ff + 

0 ( 7 lZ 4ou 


(246) 


so that, for the partition function /(a), 


ao 


S (2n + 1 ) c- ,, <«+ 1 >" = e* <7 l- + 4r + 7 J-(7 + 0(a 2 ) 

0 I <7 x£ 4oU 


(247) 


The limiting form of this partition function when T -> o o, a->0 is therefore 

1 _ 8t t 2 AJcT 

a ~ h 2 ’ 

in agreement with (94) as required by the limiting principle. By repetition 
of these arguments it is easily shown that this asymptotic relation can be 
differentiated any number of times. Thus 

r/ x j"/ -n , 

* ^ io ^ (<T)=or - -p — i ’ 

C TOt ^R (T -*-oo), (248) 

* Mulholland, Proc. Camb. Phil. Soc. vol. 24, p. 280 (1928). This paper gives a general asymp- 
totic expansion of the function in (246) for small a. 
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again in agreement with the limiting principle. Using Mulholland’s asymp- 
totic expansionf we find more exactly for small a 


C rot/R = 1 + Ts ° 2 + 0(o 3 )- 


(249) 


Thus the classical value is approached much more rapidly than one would 
have anticipated. It is obvious that 


or more precisely that 


<?rot-*0 (JT-> 0), 

Crot = 0(u 2 e~ 2a ) (o-> 00 ). 


(250) 


Similar results are obtained from the more general expression (96) when 
C<A. There is then a range of values of T for which a is practically zero but 
o'(~h 2 /8TT 2 CkT) still very large, so that only those terms of (96) are relevant 
for which |r| has its least value. This least value is zero for the simple model 
of § 2-34, but to allow for electronic orbital or spin angular momentum the 
same formula may sometimes be usable as an approximation with values 
of |t| proceeding by integers from a non-zero minimum value t*. The corre- 
sponding changes of n have no effect on the asymptotic form of the partition 
function, which is then „ , . , „ 

Hit* A ± 

- (T* = 0), 


h? 

„8t7 2 A1cT 

2 — p— e 


— r* 2 a 


(t* > 0). 


Equation (248) holds unaltered for this range of values of T. In differ- 
entiating with respect to a one need merely remember that o' jo is constant. 

For all diatomic gases not containing a hydrogen atom A is at least as 
great as 10 3»gm.cm. 2 and l/a at least jj-. A11 ordinary values of T are 
large ” for such gases so far as concerns a, and “small ” for o', since C is at 
most -4/10,' 000. We shall therefore always find C rot = B. The extra factor 2 

agrees with the limiting principle, for it allows of the two possible directions 
o i axial spin. 

§3-32. Asymptotic formulae for (96) and (97). The partition function 

f(o) = | (2n + l) 2 e~ n(u+1 > a being reducible to a ©-function is easily evaluated. 
We find at once 


/(<r)= —2e ia ~ E e~* n +*>** 

da _ oo 


(251) 


The series in (251) is 0,(0, r) if » e put r , By the transformation theory} 

© 2 ( 0 , ftx/ 77 ) = -T 1+2 S ( — )n e -n*n> 

a * L n= 1 


J 


t This calculation was incorrectly given in the introductory note to Mulholl.nH- 
t Tannery and Molk, Elliptic Functions, vol. 2, pp. 252, 264. Mu 'holland s paper. 
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It follows at once that 




( 252 ) 


The corresponding formula for the rotational specific heat is 


c rot /i?=i + o(i 


—7 r*/<7 



(253) 


the classical value $ being almost exact for small a. 

The partition function 

/((7,a)= £ £ (2n + 1) e“ M * n + 1 > a “ T **' 

71= 0 T= —71 

can be evaluated asymptotically, when a, o' are small in a fixed ratio, by a 
double application of the Euler-Maclaurin summation formula,* provided 
that o' > 0, that is C < A. It has been shown that 

// '\ ^ R , 1 (\ i i m , 1 l a * , a2a ' . ™' 2 \1 

+ 0(a,a’)i (254) 

Since 0 / 0 ' is independent of T we may write o' = f3a so that 

Crot/^ = ^2 lo g 


This formula gives after reduction 


C'oJ-R = I + 


1 < J 2 cr ' 2 


45 (cr + a') 2 


r - 2 + 0 (( 7 ,( 7') 3 


(255) 


Formulae (248) and (255) show how the corresponding quantum formulae 
approach their classical limits. It is interesting to observe that in both cases 
the approach to the classical limit is from above as T->co. In all cases 


c rot ->o (^->o).t 


§3*4. Rotational specific heat of H 2 at low temperatures . The predicted 
variation in the rotational specific heat — an increase from zero at low 
temperatures to classical values at high — has been observed for hydrogen 
(H 2 and recently D 2 ) alone among diatomic gases. The best observations 
for H 2 are shown plotted in Fig. 2. The specific heat C v has approximately 
the normal value for a diatomic gas (f R) at ordinary temperatures of 300° K. 
and above, but falls steadily to £ R (C TOt = 0) as T diminishes. For tempera- 
tures below 40° K. C v and $ R are indistinguishable. This general behaviour 

* Miss Viney, Proc. Camb. Phil. Soc. vol. 29, p. 142 (1933); mistake corrected, ibid. p. 407. 
t Elaborate investigations of asymptotic forms analogous to these have been made by Kassel, 
J. Chem. Physics, vol. 1, p. 576 (1933). 
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I*ig. 2. The specific heat of hydrogen. 


is completely accounted for if we may identify the variable part of C v with 
C I0i and apply the foregoing theory. The values of the temperature for which 
the change occurs fit in with independent evidence as to the moment of 

inertia of the hydrogen molecule. This explanation, originated by Ehrenfest, 
has long been universally accepted. 

It was only in 1927, however, that complete agreement in detail between 

theory and observation was obtained. Dennison* then showed that the 

data for the normal state of hydrogen, derived from the analysis of its band 

spectrum, yield precisely the observed values of C v when properly applied 

As we have said, the straightforward application of quantum mechanics 

to the rotational states of a rigid rotator without axial spin yields the 
partition function (91), approximated to in (247), 


/(<t)= E (2n+ l^ e -rHn+l)o 

71=0 


(.= 




8n 2 AkT 


(256) 


This set of weights and energies is confirmed by the analysis of simple 
infra-red band spectra such as those of HC1, HBr, CO and CN + and no 
theoretical modification is possible. No sufficient agreement, however can 
be obtained with the observed curve of Fig. 2 for any value of A. If’ A is 

“I * £ *« SSK i&zstssr* ~~ * 

Thl 35, p. 286(1925). 
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chosen to give a good fit at low temperatures, the best that can be done is 
shown in Fig. 3.* 

The mistake in this attempted application of the theory lay in applying 
the partition function (256), which appears to be correct for a heteropolar, 
or more strictly heteronuclear, 
molecule formed of two different 1 * 2 
atoms, to a homonuclear molecule 
formed of two identical atoms, 1 *° 
without examining whether the 
homopolar character is signi- o-8 
ficant. It is necessary to consider 
in detail the forms of the wave- 
functions for the rotator with 
regard to their behaviour when 
any pair of identical parts are 
interchanged,! just as we ex- 
amined wave -functions for the 
assembly in §2*23 and the fol- 
lowing sections. This has been 
done in detail with special refer- 
ence to hydrogen by Hund.J In 
such a case, in which there are two like nuclei to consider, the wave- 
functions for the rotation break up into two distinct groups, those which 
are symmetrical and those which are antisym metrical in the nuclei. Wave- 
functions for a rigid rotator without axial spin are symmetrical for n even 
in (256) and antisym metrical for n odd. Further, if the two nuclei are 
absolutely indistinguishable there is no interconnection whatever possible 
between the symmetrical and antisymmetrical states and only one or other, 
but not both, can be expected to present itself in this universe. This is in 
beautiful agreement with observations on the band spectrum of helium 
(emitter He 2 ) which has for some time been recognized to possess onty half 
the expected number of lines in each band, alternate lines being completely 
absent. The antisymmetrical rotational forms do not occur. The bands of 
H 2 on the other hand show alternating intensities and no missing lines. Both 
symmetrical and antisymmetrical rotational forms are present and the 
alternations are accounted for, as has been shown by Hori,§ if the mole- 
cules with antisymmetrical wave -functions are three times as numerous as 
the symmetrical ones. This, however, is exactly what we should expect if 

* Dicke, Physica, vol. 5, p. 412 (1925). 

t Heisenberg, Zeit.f. Physik , vol. 38, p. 411 (1926); ibid. vol. 41, p. 239 (1927). 

X Hund, Zeit.f. Physik , vol. 42, p. 93 (1927). 

§ Hori, Zeit.f. Physik , vol. 44, p. 834 (1927). 


0 50 100 200 300 T°K 

Fig. 3. The specific heat of a rigid rotator 

according to (256). 
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the nuclei have spins like the electrons and if only wave-functions which are 
antisvmmetrical for the nuclei can occur when account is taken both of 
their orientations and their rotations. Hori has also shown from the spec- 
trum that the normal state of the molecule has no axial spin, so that the 
spin-free rotator is a legitimate model, and that its moment of inertia must 
be 4-67 x 10~ 41 gm. cm. 2 . 

These results require that we shall take for the partition function for the 
normal H 2 -molecule not (256) but 


/(cr) = E (2n+ l) e - n(n + 1)a + 3 2 (2n + 1) c“^ n+1)a . 

n= 0,2,4,... n=» 1,3,5,... 


(257) 


Partition functions such as this were therefore examined by Hund,* but 
were found to give curves bearing no resemblance whatever to the obser- 
vations of Fig. 2. To apply the theory properly one further point must be 
made. While Hori’s work leaves no doubt whatever that the possible states 
are correctly enumerated in ( 257 ) , it is also assumed in ( 257 ) that interchanges 
between all the states of (257) take place freely, so that the distribution laws 
of the observed state are correctly given by (257) even at very low tempera- 
tures. But it is necessary to ask whether these interchanges can occur freely 
at ordinary and low temperatures; they must all be able to occur in a 
vacuum-tube discharge, but even then interchanges between the sym- 
metrical and antisymmetrical rotational states are rare and no corre- 
sponding intercombination lines are observed in the spectrum of the 
discharge. They would never occur if the nuclei had no spin, and occur with 
a frequency proportional to the perturbation of the energy values by the 
nuclear spins — much less frequently than interchanges betw een the states 
of par- and ortho-helium. It is therefore reasonable to assume that in 
ordinary hydrogen gas interchanges between the symmetrical and anti- 
symmetrical states only occur in times very long compared with the time 
of an experiment. The specific heat measurements are therefore not made 
on a gas in the true equilibrium state governed by (257) but in a metastable 
equilibrium in which the gas behaves like a mixture of different gases, one 
of them the symmetrical and the other the antisymmetrical molecules. By 
analogy with a terminology adopted for the states of the He atom the mole- 
cules with the antisymmetrical (rotational) states are called orthohydrogen 
and with the symmetrical parahydrogen. 

We therefore proceed as follows. We introduce the functions 


f a ( o)= E (2n + l)e” M(n+1)a , 

n = 0,2,4,... 

/„(cr) = S (2n+ 

Tt 1 • • 

* Hund, loc. cit. 


(258) 

(259) 
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Then the rotational specific heat of the symmetrical gas (by itself) is given by 


(Crot) 


d 2 




and of the antisymmetrical gas (by itself) 


(Crot)„ 


d 2 


R =a d^ X °Z f “ {a) 

That of the actual 3 : 1 mixture will be 



a 2 d 2 
4 da 2 



(260) 


e have to replace the (3 /„+/,) of the true equilibrium by (/ n 3 / s )l. The 

result of using (260) with A = 4-64 x 10 -41 is the set of points shown by crosses 

in Fig. 2. The agreement with observation is all that can be desired. 

In making these calculations an asymptotic formula similar to (247) is 

convenient. This is easily established, for the difference of f a and/, is a 

0-function which vanishes exponentially when a-> 0. Therefore with 
sufficient accuracy as a->0 


fs(°) =fa( a ) = ‘ 


{ l + T2 + ^o° + 0(a2) 


(261) 


It follows that the rotational specific heat approaches its classical value as 

T -> oc in exactly the same manner as for a simple rigid rotator, in particular 
from above. 


Researches by 3onhoffer and Harteck* and by Eucken and Hillerf have 
shown that the two modifications of H 2 , first postulated to explain the 
specific heat curve, do in fact exist. They have demonstrated that the slow 
change over from ortho- to para-hydrogen does take place even at low tem- 
peratures if sufficient time is allowed, with consequent changes in the 
thermal properties of the gas. In order to accelerate the change it is neces- 
sary to keep the gas at high pressure or better still to keep it over charcoal. 
At ordinary pressures and in glass-walled vessels the change from the 
metastable to the true equilibrium state requires times of the order of 
several days at least, just as was postulated for the explanation of the 
specific heat curve. J 

The metastable equilibrium of H 2 has further important consequences 
to which we must return in Chapter vii in discussing Nernst’s Heat Theorem. 


* Bonhoffcr and Harteck, Zeit.f. physikal. Chem. vol. 4, p. 113 (1929). 
t Euckcn and Hiller, Zeit.f. physikal. Chem. vol. 4, p. 131 (1929). 

X For a recent account of the many interesting features of the ortho-para hydrogen equilibrium 
see Parkas, Light and Heavy Hydrogen , Cambridge (1935). 
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Thanks to the discovery of heavy hydrogen two other diatomic molecules, 

HD and D 2 , are now known whose rotational specific heats can be studied 
at low temperatures. 

For HD the simple partition function (256) should yield the correct 

specific heat since this heteronuclear molecule has no rotational symmetry 

requirements. Fig. 3*1 shows this curve and the observations of Clusius 

and Bartholomew The agreement is excellent; in particular the existence 
of the maximum is clearly shown. 



Fig. 3*1. The rotational specific heat of HD. 


For D a symmetry requirements return. It is found that the nuclei have 



* Ciusius and Bartholo.ne, Zeil.f. EUk,rocl, em . vo l. 40. p. 524 ( 193 4) 
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a spin unity and that the complete wave-functions must be symmetrical in 
the nuclei. The complete partition function is therefore now* 


f(T) = 6 Z (2n+l)e- n <"+ 1 >" + 3 Z (2n + l) e -«<»+i)o. 

n— 0,2,4, ... n = 1,3,5, ... 

The moments of inertia of H 2) HD, and D 2 absorbed in a are of course 

different, being in the ratios of (m + m')lmm’ or \ : § : 1. The observed value 

of the rotational specific heat will normally correspond to a constant mixture 

of the two sets of D 2 molecules in the ratio 2:1, instead of the 1 : 3 ratio for 

H 2 . The theoretical value and the observations of Clusius and Bartholom^ 

are shown in Fig. 3-2. The agreement is again excellent. The broken curves 
correspond to other spin weights. 

As a final illustration we show in Fig. 3-3 the rotational specific heats of 
pure ortho- and para-H 2 , ortho- and para-D 2 , HD, and the metastable 
mixtures of ortho- and para-H 2 and D 2 drawn to the same temperature 
scale. The names ortho- and para- are used in both cases for the states which 
are respectively symmetrical and antisymmetrical in the nuclear spins. 



Fig. 3*3. The rotational specific heats of para* and ortho-H 2 and D 2 and of HD. 


The theoretical temperature at which ^rot should have an assigned value 
is proportional to 1 1 A, since A and T occur in f(o) only in the combination 
A T . The moment of inertia of H 2 is smaller than that of any other molecule 

• For further explanation see § 5*31. 
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and C toxIR is effectively unity for H 2 above 300 C K. and effectively zero 
below 40° K. These temperatures can be divided bv three for the hetero- 


nuclear HD though its moment of inertia is only increased by the factor % . 

We can therefore see at once that for example in 0 2 C rot R must be unity as 

soon as the temperature reaches 300/16 or 20° K„ the nuclei in 0 2 being at 

least as far apart as in H 2 . Observations of available O rot are therefore 

impracticable for all diatomic molecules which contain no H-atom. Even 

the halogen hydrides have moments of inertia too large, that of HC1. for 

example, being five times* that of H 2 , so that O rot is normal above 60° K. 

The absence of other examples of this variation among diatomic gases is 
therefore in accordance with the theory. 

This analysis has required a broadening of the classification of the states 
of a rotating homonuclear molecule with which we shall be further concerned 
atei on. We have hitherto treated our atoms, still more our .atomic nuclei, 
as structureless points, a treatment which has just proved inadequate. We 
may not even treat all nuclei as structureless mass-points. The proton— the 
H-nucleus has two possible orientations and so must be assigned a weight 
twice as great as that which we have hitherto used for structureless points, 
ihe hydrogen molecule therefore should have a weight four times that of a 
structureless rigid rotator, due to the orientations of the nuclei. [In the 
normal state no further factor is introduced by the orbits or spins of the 
electrons.] This extra factor 4 however is reduced alternately to 1 or 3 by 
the requirements of symmetry in the nuclei, and therefore effectively to 2 
at high temperatures. This reduction from 4 to 2 is the quantum analogue 
ot the introduction of the symmetry number a of classical statistics.! 


§3-5. Diatomic gases. Vibrational energy. The next approximation to a 
real molecule is to abandon the assumption of rigidity and allow for the 
vibration of the atomic nuclei along the line joining them. Besides the 
translations and rotations already dealt with, no other motion can con- 
n u e ecti vely to the partition function at temperatures below 1 0 000° K 

Let b(T) be the partition function for the vibrational and rotational 
energy, referred to its own state of least energy as zero of energy. If the 
binding forces are very strong so that the molecule is nearly rigid and the 

t. ll 1 Vy y, ,, I" 1 w O 1 l a. * i approximation that 

~ do not affect ° ne another; this 

b(T) = r(T)v(T), 

the partition functions for the rotations and vibrations respectively To the 
same rough approximation we may suppose that the vibrations are like 

~1. STp =3 (,0«, P 223 A "° “• * “■ <■•>•). C*». «*. 

t Ehrenfest and Trkal, Proc. Sect. Sci. Amsterdam, vol. 23, p. 162 (1920). See also Chapter v. 
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those of a simple harmonic oscillator of frequency v, but that as an energy y 

will dissociate the molecule not more than p states are possible in which the 
molecule remains a molecule. Then 



1 — e -phvlkT 
1 __ e -hvlkT » 


where phv is of the order of [Actually this form is some way from the 
truth. The energies of the vibrational states tend to x as a limit.] If x and 
phv are fairly large compared with hv y there will be a considerable range of 
values of T for which e~ phvlkT is negligible compared with 1 even if e~ hvlkT 
is not. For such temperatures 

v(T) = ( 1 - e ~ hv,kT )~~ l (262) 

approximately, and in this region (262) will be an equally good approxi- 
mation to more exact forms of the vibrational partition function. The 
contribution to the specific heat is then 

^ /M 2 e hv,kT 

Cvlb l R -[ kT ) ^ghv/kT — * ( 263) 

We shall write this C vlb /R= P(Q/T) (Q = hv/k). (264) 

When hvjlcT is large the contribution is zero. If v is so large that hvjkT is 
large at room temperatures, then for such diatomic gases we shall have 

n _ 5 _ . __ 7 

°F“?> Y-S- 

Otherwise C v exceeds § by the amount given by (263). These predictions 
are in good general agreement with the facts shown in Table 2. 


Table 2. 


Observed values of y for diatomic gases . 


Gas 

Temp. ° C. 

Y 

Authority 

Value of 0 
= hv/k from 
spectrum* 

H, 

16 




6098 

N, 

20 

1*398 



3368 


-181 

1*419 



• 

o. 

20 

1*398 



2228 


-76 

1*411 



• 


-181 

1*404 


* Scheel and Heusef 

• 

CO 

18 

1*396 



3086 


-180 

1*417 



• 

NO 

16 

1*38 



2710 


-46 

1*39 



• 



1*38 



• 

Ha 

16 

1*40 


Partington J 

4208 

HBr 

— 

— — 


— 

3728 

HI 

— 

— 


— 

3200 


• Authorities for hv/Jc are Imes, toe. cit. for the halides, Jevona, Report on Spectra of diatomic mole- 
cules, App. n (1932), down to HBr inclusive, and for HI, Salant and Sandow, Phys. Rev . vol. 37, 
p. 373 (1931). This value is provisional only, being derived from the Raman spectrum of the liquid, 
t See Partington and Shilling, toe. cit. $ See ibid. Table B. 
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A proper stud}’ of the vibrational specific heat of any of these gases 
requires observations at rather high temperatures. A more accurate formula 
may then be necessary than that provided by the separate contributions 
of r(T) and v(T). 

§3*51. Specific heat of H 2 at high temperatures. A fairly satisfactory 
theoretical account of the specific heat of H 2 at high temperatures has been 
given by Kemble and Van Vleck, who discussed an elastic rotator with a 
particular law of force according to the classical quantum theory. They 
used values of A and v 0 , however, adjusted to fit the specific heat curve. 
From the point of view of statistical theory it is not necessary to go back to 
a mechanical model. It is sufficient to take the states of vibration and 
rotation of the normal H 2 -molecule as enumerated directly from the band 
spectrum by Hori, to construct a semi-empirical partition function with 
their help and to use this function to evaluate C TOt and C vlb . This has been 
carried out successfully by McCrea.* At these higher temperatures the 
differences between symmetrical and antisymmetrical rotational states are 
unimportant, and we may use without serious loss of accuracy the one 
partition function ^ ^ 

f(T)= 2 £ (2j + l) e-**M kT , (265) 

71= o j=0 

where n is the vibrational and j the rotational quantum number and 

E(n,j) 


he 


= A (n 4- £) + (j + i) 2 B(n + £) + (, j + J) 4 j3(n + £). . . .(266) 


The functions of n, A, B, fi are tabulated by Hori. It is easily verified that 
for our purpose ft may always be neglected, and that at the temperatures 
concerned 


D (2j+l)e" /lcfl(n+i)(?,+ ^ fcT = 


kT 


(267) 


/= o hcB(n + i) 

with sufficient accuracy. It remains, therefore, only to compute the series 

I 


oo 

2 


e -hcA(n+\)!kT 


(268) 


n= o B(n 4- J) 

and its first two differential coefficients. For the values of T concerned not 
more than four or five terms are required, so that observed values are avail- 
able and no extrapolation is needed. The results are given in the following 
table. Partington and Shilling state that the best representation of the 
observed total specific heat between 273° K. and 2273° K. is given by 

C v = 4-659 + 0-00070T. (269) 

The agreement is satisfactory especially at the higher temperatures where 
it would fail but for these theoretical refinements. 

* McCrea, Proc. Camb. Phil. Soc. vol. 24, p. 80 (1928), and since then bv numerous other in 
vestigators in this field. 
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Table 3. 


Specific heat C v of H 2 at high temperatures. 



If it is desired to refer the energy values back to a model, it is necessary to 
assume a definite law of force between the nuclei. Such calculations have 
been made, for example, by Fues.* His result is quoted here for reference if 
required. For the law of force 

E pot = -^' + (27T I , 0 )m|1-^ + C3(p-1)3 + C 4 ( / )_1)4 + ...J, 

(270) 

where p = r/r 0 , r 0 is the equilibrium distance apart, and v 0 the classical 
fundamental frequency of small vibrations, the energy values (constant 
terms omitted) are 


E(n,j) = hv 0 (n + £) [1 - £ * 2 ( 1 + 2 c 3 )j(j + 1 )] 

+ +!)[!- x z j(j + 1 )] - (w + £) 2 [3 + 1 Sc 3 + c 3 2 + 3c 4 ], 


where 


K = h/4:7T 2 VQA. 


(271) 

(272) 


§3*52. Other diatomic gases. The same considerations can naturally be 
applied to explain the specific heats of other diatomic gases, but it is only 
recently that any agreement has been reached between theory and experi- 
ment for temperatures above room temperature. At these temperatures 
rotations are completely classical and it is then unnecessary as we have seen 
to take account of any requirements of nuclear symmetry. A sufficiently 
accurate formula for C r , at least for a first survey, is provided by 

<7 F /P = f+P(0/T), (273) 

where P and 0 are defined in (263) and (264). More accurate comparisons 
can be made if desired by the methods of § 3*51. 

Measurements of the specific heats of 0 2 , N 2 (air), CO and NO such as 
those recorded by Partington and Shilling for temperatures greater than 
300° K. do not agree at all with (273) for the values of 0 given in Table 2. 

* Fues, Ann. d. Physik , vol. 80, p. 367 (1926). 
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The reason for this is now understood. Except in H 2 the rate of conversion 
of translational or rotational energy into vibrational energy by molecular 
collisions is unexpectedly slow,* so that unless the time scale of the experi- 
ment is long compared with the time of adjustment of translational and 
vibrational energy, the true specific heat will not be measured, but rather 
a specific heat of a quasi-metastable state of the gas in which it behaves as 
if it had no vibrational degrees of freedom. Most of the earlier measurements 
were made by a velocity of sound method which measures C p /C v and whose 
time-scale is the period of the oscillation of the gas in the sound wave of the 
order of 10~ 3 sec. The measurements here successfully compared with the 
theory were obtained by a flow method of which the time scale was of the 

order of 1 second, a slow time scale which proves essential for the establish- 
menfc of the true equilibrium state. f 

Before passing to the discussion of the data, it is well to emphasize that 
we have here a second example of the care that is necessary in defining acces- 
sible states of an assembly. In the case of hydrogen at ordinary pressures 
and low temperatures, not in contact with any catalyzing surface, we can 
only specify the effectively accessible states of the assembly correctly by 
assuming that the hydrogen is a mixture of distinct gases orthohydrogen 
and parahydrogen. This specification is correct unless we experiment on a 
time scale of the order of weeks or months. In the case of ordinary diatomic 
gases analysed by sound waves of periods about 10- 3 second or less at 
temperatures of the order of 300-500° K. there is effectively no inter- 
connection between the different vibrational states; the accessible states of 
the assembly are those of a mixture of distinct gases each of given vibrational 
energy, and the specific heat C v is given by C r /Jt = f. If, however, we in- 
crease the experiment time to 1 second, the accessible states are effectively 
those of a single gas. If the accessible states are correctly specified, we can 
correctly treat either extreme case— the true equilibrium state orthe perfect 
metastable equilibrium state— by the methods of statistical mechanics and 
the calculations so made may be compared with the results of experiments 
made on a suitable time scale. But the intermediate cases where there is a 
partial adjustment between different types of states can never be so treated 
I heir treatment requires always a knowledge of rates of interaction which 
is foreign to pure equilibrium theory, which from this point of view deals 

alway. w.th assemblies who™ rates of interaction between states may all 
be classified as either infinitely fast or infinitely slow Y 

We pass on now to compare theory and experiment. Fig. 4 shows the 

* This has been established theoretically by the work of Hervfeia „ 

e.g. Herzfeld and Rice, Phys. Rev. vol. 31, p. 691 (1928)- Zener Ph, P RlCe ’i a " d ° thera; 

t The method is due to Blackett, Henr^andR dell>™ ^ T' V ° L 37 ’ P ‘ 556 < 1931 >- 
““ „.ul„ dMcribed by P. H. S. “J ► 319 
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observed values* for 0 2> and air, which may be regarded as N 2 plus im- 
purities, and the theoretical curves calculated by using (273) with the 
values of 0 given in Table 2. For 0 2 a more exact theoretical curve is also 
shown (broken), calculated directly from the spectroscopic values of the 



rotational and vibrational energies of the normal molecule. The agreement 

is for both molecules excellent. The older non-equilibrium values of C v 

determined by a velocity of sound method are also shown for 0 2 for com- 
parison. 


§3-6. Polyatomic molecules . The only polyatomic molecules which could 
possibly show less than the classical rotational energy in accessible tem- 
perature ranges are those containing only one atom other than hydrogen 
and of these only C H 4 , NH 3 and OH 2 need be considered. Low temperature 
observations are only practicable for CH 4 (methane) and values of C v /R 
less than 3 have actually been recorded. f Owing to the identity of the four 
H -nuclei the rotational states of this isotropic rotator will break up into a 
set of non-combining groups, three in number and an elaborate analysis is 
necessary. J At high temperatures the non-combining sets of states are 
occupied by T ^, and -fc of the molecules respectively. The complete 
partition function is of the form 

/(a) = 5/ 1 (a)-f-9/ 2 (a) + 2/ 3 (a), 

where each/(cr) contains a selection of the complete set of rotational states 
and as <7->0 

/i(") ~/ 2 (") ~/ 3 (<r) ~ £ (2n+l)*e-'« n +»°~—. (274) 

0 12(7* 

* P. H. S. Henry ( private communication); modern high temperature work on CO has also been 
carried out by Sheratt and Griffiths, Proc. Roy. Soc. A, vol. 147, p. 292 (1934). 

t Partington and Shilling, loc. cit. 

t Hund, Zeit.f. Physik , vol. 42, p. 93; vol. 43, p. 778 (1927). The particular problem is correctly 
solved by Villare and Schultze, Phys. Rev. vol. 38, p. 998 (1931). The most profound account of 
the necessary enumeration is given by E. B. Wilson, J. Chetn. Physics , vol. 3, p. 276 (1935). 
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At all temperatures in metastable equilibrium 

d 2 

C to\ l R = ^2 [A Io g /i( ff ) + A Io g fz(o) + rs log f 3 (a)]. 

Calculations according to these formulae have been given by Villars and 
Schultze, but the observations are insufficient to provide an adequate test 
of the theory. 

Turning now to higher temperatures, polyatomic molecules must be 
classified into two types, linear and non-linear , according as the equilibrium 
positions of all the nuclei do or do not lie on a straight line. For neither type 
is it necessary to take account of the refinements required by nuclear 
symmetry since the rotations are effectively classical, but for the linear type 
there are only two (classical) rotations while for the non-linear type there 
are three. It is of course useless at present to attempt the analysis for any 
but the simplest molecules and as among these there are good observations 
for CO„, N 2 0 and C 2 H 2 (linear type); OH 2 , NH 3 , CH 4 and C 2 H 4 (non- 
linear) we confine attention to these. Owing to the considerable number 
of vibrational freedoms a convincing analysis is only possible when 
spectroscopic vibrational frequencies can be used with confidence. Neglect- 
ing for a first approximation the interaction of the rotations and vibrations 


we shall have 

C , f/- r = I H-Cvib/'K (Linear Type), (275) 

C r /E = 3 + C vlt lR (Non-Linear Type). (276) 


§3-61. Specific heat of ammonia gas (NH 3 ). Analysis of the infra-red and 
Raman spectra of gaseous ammonia* has shown that the molecule has the 
form of a regular pyramid with the nitrogen nucleus at its apex. There are 
four distinct fundamental frequencies of which two are double. It has been 
possible to identify with certainty three of these fundamentals with cha- 
racteristic bands in the spectra, of wave numbers 950 and 3336 (single 
vibrations) and 1630 (double vibration). It seems highly probable that the 
other double vibration has a wave number 3300 approximately, but this is 
not yet completely established. If we make the rough approximation of 
using Planck terms (264) for each fundamental, then sufficiently nearly 

Cyu, / 13 61\ / 4779\ / 2335\ 

R ~ \ T r ~) + 2P \~T~) + 2P {~T~) ( 27? ) 

The observed values are shown plotted against the theoretical curve in 
* ,g - 5 - The a S reement ^ rather poor. It suggests either that the fourth 


* Sponer, MolekiiUpektren ( 1935 ). 
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frequency is higher than 3300 or that the observations have not recorded 
the full equilibrium value of the specific heat. 



Fig. 5. The vibrational specific heat of NH 3 . 

Observations below 500° K. by Osborne, Stimson, Sligh and Cragoe, Physikal. Ber. vol. 5, p. 271 
(1924); above 500° K. by Haber, Zeit.f. Elektrochem. vol. 20, p. 597 (1914). 

§ 3 - 62 . Specific heat of methane (CH 4 ). We have already tacitly assumed 
that methane forms an isotropic rotator in which the H-nuclei lie in equili- 
brium at the corners of a regular tetrahedron with the carbon at the centre. 
The normal modes have been investigated by Dennison* and shown to 
consist of one single, one double and two triple vibrations, nine in all of 
four independent frequencies. The band structure, so far as it is known (which 
is not in great detail), agrees well with the assignment to these modes in 
order of the following wave numbers: 2915, 1520, 3014, 1304. The resulting 
specific heat is, using observed frequencies, 

%- P(^) - *P{^) + 3 p(^) + wf™) (378, 

Observed and calculated values are given in Table 4. On the whole the two 
values are in good agreement and the excess of the observed values is cer- 
tainly largely due to a stretching effect which has not yet been investigated. 
But the observations even after Eucken’s discussion are hardly good enough 
for more serious comparison with theory. 


* Dennison, Astrophys. J. vol. 52, p. 84 (1925). 
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Table 4. 


Vibrational specific heat of CH 4 , cal. j mole /deg. 


Temp. °K. 

Cvib , observed 

Cvib* calculated 

Authority I 

193 

0-07 

0-04 

1 

218 

0-09 

0-10 

1 

243 

0-16 

0-20 

2 

297-5 

0-62 

0-58 

3 

397-7 

1-98 

1-74 

3 

481 

3-34 

2-91 

3 

573 

4-9 

4-23 

2 

673 

6-3 i 

5-60 

2 

773 

7-6 

6-85 

2 

873 

8-8 

8-00 

2 


(1) Heusc, Ann. d. Phyeik , vol. 59, p. 86 (1919). 

(2) Eucken and Fried, Zeit. f. Physik, vol. 29, p. 41 (1924). 

(3) Eucken and von Lude, Zeit.f. phyaikal. Chem. B, vol. 5, p. 413 (1929). 


§3-63. Specific heat of water vapour (H 2 0). Attempts have been made to 
account in a similar way for the specific heat of H 2 0, but without success. 
An analysis by McCrea* shows, however, that the very large specific heat 
at high temperatures must be accounted for by dissociation of the molecules 
of water into H 2 and 0 2 . There are symptoms also of an effect of polymeriza- 
tion at lower temperatures. The observational material is therefore not 
suitable for illustrating specific heat theory. 

§ 3-64. Specific heat of carbon dioxide (C0 2 ) . Recent analysis of the infra- 
red band spectrum and of the dielectric constant has finally established that 
the molecule C0 2 is a linear molecule with the oxygen atoms symmetrically 
placed so: O — C — O. There are three distinct fundamental frequencies v lt 
v t (double) and j/ 3 ,with wave numbers 1388, 667-5 and 2350 respectively .f 
The approximate specific heat formula is therefore 

9 x - 5 +2P / 960 \ , p/ 1989\ p /3367\ 

zpy-jr ) + py-^r- ) + py-y- j ( 279 ) 

The values of the specific heats calculated for this model from (279) did 
not agree well with older observations at moderate and high temperatures. 
Recent observations by HenryJ however have shown that the vibrational 
energy of C0 2 adjusts slowly to equilibrium with its translational energy 
just as for diatomic molecules not containing hydrogen, so that the older 
observed values were all too low. The agreement of Henry’s observations 
with the theory is shown by Fig. 6. Besides the curve derived from (279) 

* McCrea, Proc. Cnmb. Phil. Soc. vol. 23, p. 942 (1927). 

t Sponer, Molekiilapektren (1935). 

X P- H. S. Henry (private communication). 
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the figure also shows a more accurate curve which includes the effect of the 
anharmonic character of the vibrations.* 



Fig. 6. The specific heat of C0 2 ; the continuous curve is calculated using Planck terms; 
the broken curve and crosses allowing for anharmonic terms; ® Henry’s observations. 


G 



Fig. 7. The specific heat, C v , of N,0; the continuous curve is calculated using Planck terms, 
the broken curve and crosses allowing for anharmonic terms; ® Henry’s observations. 

* Kassel, J, Amer. Chetn. Soc. vol. 56, p. 1838 (1934). 
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§3*65. Specific heat of nitrous oxide (N 2 0). The structure of this molecule 
has been shown to be linear but unsymmetrical (N — N — O) by the work of 
Snow* and Plyler and Barkerf on its infra-red absorption spectrum; the 
latter workers give the wave numbers of its free fundamentals as v x = 1285, 
v 2 = 593 (double) and v 3 = 2237. Using these values we have 



(279-1) 


The specific heat has been measured recently by HenryJ and his values are 
compared with the theory in Fig. 7. They are slightly greater than the 
theoretical values, but when the anharmonic effects are allowed for§ the 
agreement is very satisfactory. 


§3*66. Specific heat of acetylene (C 2 H 2 ). It has been known for some time 
that acetylene is a linear symmetrical molecule but the identification of the 
five normal frequencies of such a molecule has only recently|| been accom- 
plished. Their values in wave numbers are iq= 1974, ^ 2 = 3372, i/ 3 = 3288, 
iq = 730 (double) and i/ 5 = 605 (double). The approximate formula for the 
specific heat can therefore be written 



(279-2) 

Unfortunately no accurate observations appear to have been yet made on 
the specific heat of acetylene over an extended range of temperatures, but 
Table 5 shows that the values calculated from (279-2) are in good agreement 
with the few observed values which exist. 


Table 5. 


Specific heat of acetylene , cal. / mole / deg . 


Temp. ° C. 

Cy calculated 

C y experimental^! 

-70 

6-62 

6-86 

18 

8-43 

8-34 


U Heuse, Ann. d. Physik , vol. 59, p. 86 (1919). 


§ 3-67. Specific heat of ethylene (C 2 H 4 ). The structure of this molecule has 
been established as plane and symmetrical from spectroscopic evidence * * and 
from a theoretical investigationft of its structure using the quantum theory 


* 



■f 

+ 



*♦ 


Snow, Proc. Boy. Sor. A, vol. 128, p. 294 (1930). 

Plyler and Barker, Phys. Rev. vol. 38, p. 1827 (1931). 

P. H. S. Henry ( private communication). 

Kassel, J. Amer. Chem. Soc. vol. 56, p. 1838 (1934). 

Meckp, Zeit.f.phyaikal.Cheyn.B, vol. 17, p. 1 (1932); Sutherland, 
Sponer, Molekiilspektren (1935). 


Phys. Rno. vol. 43, p. 883(1933). 


tt Penney, Proc. Roy. Soc. A, vol. 144, p. 106 (1934). 
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of directed valency . Consequently it possesses twelve normal frequencies all 
of which may be expected to contribute to the vibrational specific heat 
when sufficiently high temperatures are reached. The values for these 
frequencies (so far as it has been possible to determine them from infra-red 
and Raman spectra) are given in Table 51. The frequency „ 7 , which corre- 
sponds to a twisting vibration of the two CH 2 groups relative to each other 


Table 5-1. 

The normal frequencies of ethylene* (C 2 H 4 ) in cm.- 1 . 


*, = 2988 *, = ? 

*2=3019 * g =1623 

* 3 = 1444 *, = 950 

*3= 1342 * 10 = 1100 

*5 = 3107 *u= 950 

*6 = 3256 *22 = 940 


* Authorities arc given by Sponer, MolekiiUpelctrtn. There is still some uncertainty regarding the 
values assigned to *,, *,„ and * 12 but the others are correct to within a few wave numbers. 

about the C— C axis, is very difficult to determine since it is inactive as a 
fundamental both in infra-red absorption and in Raman scattering, and an 
insufficient number of combination bands are known as yet from which its 
value might be deduced. If now the specific heat of ethylene is known over 
a considerable range of temperature, then from the discrepancy between the 
experimental values and those calculated from the sum of the eleven 
Planck terms corresponding to the eleven known frequencies it should be 
possible to estimate the value of * 7 provided it is not so high that its con- 
tribution in the observed temperature range is insignificant. 


Table 5-2. 


Specific heat of ethylene, cal. /mole /deg. 


Temp. °K. 

Observed 

Calculated A 

Calculated B 

Observer f 

178-6 

8-293 

8-28 

8-29 

E. and P. 

182-2 

8-28 

8-32 

8-33 

Heuse 

192-8 

8-45 

8-44 

8-44 

E. and P. 

205-2 

8-54 

8-61 

8-60 

Heuse 

210-8 

8-68 

8-69 

8-69 

E. and P. 

231-4 

9-001 

9-04 

9-02 

E. and P. 

237-2 

9-02 

9-16 

9-12 

Heuse 

250 9 

9-332 

9 43 

9-38 

E. and P. 

272-1 

9-809 


9-81 

E. and P. 

291-2 

10-14 

10-33 

10-24 

Heuse 

293-5 

10-257 

10-37 

10-27 

E. and P. 

268-2 

11-897 

12-21 

12-05 

E. and P. 

464-0 

14-16 

i 

14-46 

14-28 

E. and P. 


f E. and P. stands for Euckcn and Parts, Zeit. f. phyaikal. Chem. B, vol. 20, p. 184 (1933); 
Heuse, A nit. (I. Physik , vol. 59, p. 86 (1919). 
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Such an investigation has recently been carried out by Eucken and Parts* 
who have shown that the value of v 1 is very probably somewhere between 
750 and 800 cm. -1 . Their results are summarized in Table 5-2 in which the 
set of calculated values A was obtained by taking the values of the fre- 
quencies in Table 5- 1 with v-j = 803 cm. -1 , while those marked B were obtained 
with v- = 747 cm. -1 , i> 10 = 1210 cm. -1 , v 12 = 1040 cm. -1 and the values of the 
others as before. While the final assignment of these frequencies must be 
left to the spectroscopist,f it is clear that accurate specific heat data on 
polyatomic molecules may be of considerable service as a help to locating 
spectroscopically rather inactive frequencies of the above type. 


§3*68. Summing up this survey we may say that the observed specific 
heats for the simpler gases are well reproduced by the theory, even when the 
approximation of using Planck terms is made, instead of the more precise 
observed vibrational energy levels. For gases with more complicated 
molecules there is no doubt that similar success can be achieved as soon as 
the requisite knowledge of the vibrational modes is available. An example 
of this is provided by the calculations for ethylene. For molecules which 
contain no hydrogen atoms the rate of adjustment of vibrational and 
translational energy may be ver}' slow so that care may be necessary to 
ensure that observed specific heats refer to the true equilibrium state. 


§3*7. Specific heat contributions for atoms from excitation of the upper 
states of a multiplet.% For such an atom as thallium in the vapour state, the 
normal electronic state is 2 P*, but the 2 P$ state, the upper state of the 
doublet, lies not far above. The weights of these states are 2 and 4 respec- 
tively and the energy difference ke = hc\v, where A* is the difference of 
term value in wave numbers. Since translational and internal motions are 


strictly separable, the partition function for such an atom merely contains 

the extra factor 2 + 4 e-*«/*r 


besides the partition function for a structureless mass-point. In general 
this extra factor for any doublet state is 


w 1 + m 2 e Af/ * r , (280) 

or if the state is of multiplicity r 

w 1 + w 2 e-^ lkT + ... ( 28 i) 

For a gas of M atoms with normal state a doublet we therefore find from ( 280) 

E exc i + ( Wl / W2 ) e *'ikT- (282) 

Eucken and Parts, Zeit.f. physikal. Chem. B, vol. 20, p. 184 (1933) 
t Cf. a more recent discussion by Teller and Topley, J. Chem. Soc. p. 885 (1935) 

aUo 5rr PiC n ° tati0n SCC White ’ ’ ntTO ' l " rt '° n 10 Al °"" c SP”‘r«, New Yo* (1935); see 
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This leads at once to a contribution O exc to C v given by 

Sao-/^ 2 - K/Ts 2 )e^ 

R \kT) {l + (w 1 lm 2 )e*'i kj y 

Examples of this function are shown in Fig. 7*1. It will be observed that 

Cgxc tUj/AeX 2 /Ae \ 

R ~w 2 \kf) (fcT^ 1 )’ (284) 

R w^kTf [k^ 1 )' (285) 

In both limits C exc vanishes and is only sensible when Ae and kT are of the 



Fig. 7*1. The value of Cexo/R, equation (283), as a function of Ae/& T. 


same order. When A e/kTp 1 the upper state can be ignored. When Ae/kT<£ 1 
the distinction between the two states can be ignored, and the combined 
states regarded as a single state whose weight is m 1 + w 2 . 

There are no measurements on vapours with which these formulae may 
be compared. (See however § 21*6.) 

§3*71. Contributions from multilist states of molecules . NO. As a rough 

approximation these formulae might be applied to a molecule such as NO 

whose normal states belong to an electronic multiplet. The normal state of 

NO is 2 I1$, of the multiplet But the electronic spin and orbital 

angular momentum combine vectorially with the angular momentum of 

the rotating nuclei, so that the electronic states and the rotational states are 

not strictly independent. It is better therefore to use the more accurate 

partition function « « 

f(cr) = 2 2je~ aft 4 - 2 2je-*'-^ kT , ( 285 * 1 ) 

j=i 2 

where Ae = 124*4 cm. -1 . This may be re-written as 

f(a) = 2 2je-<* {1 + e-** lkT ) - 2e~ a ^ kT t 


(285*2) 
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and it can readily be verified that in subsequent calculations the last term 


oo 


may be neglected. Thus we may separate the rotational part 2 2je~ oi ~ from 

; = i 

the excitational part 1 -f e~^ €lkT . The former can be proved* to lead to the 

f ° rmUla C I0t =B(l+ T ^ +...), (285-3) 

while the latter has just been shown to give 

Ac \ 2 e^ ,kT 


C 


exc 


-*{( 


kT 


+ e MkT)2 \ 


(285-4) 




Ihe contribution from (285-4) begins to be appreciable about 30° K. and 
after rising to a maximum of approximately 0-8 cal./mole/degree near 
75 K. it gradually drops off again until at room temperature it is barely 
observable. Eucken and d’Orf have recently made an investigation of the 
specific heat of NO between 130° K. and 180° K„ and Fig. 8 shows that 
their results provide an excellent confirmation of this phenomenon of the 

* Sutherland, Proc. Camb. Phil. Soc. vol. 20, p. 402 (1930) 
t Eucken and d’Or, Oott. Nachr. p. 107 (1932). 
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excitational specific heat” as calculated from (285*4). Johnston and 
Chapman,* whose results are shown in Fig. 8*1, have used exact spectro- 
scopic levels for the calculation of the partition function. 

§ 3*72. Refined theory of the specific heat of 0 2 . Oxygen is another molecule 
with an excitational specific heat. It exists in a triplet 3 Z ground state, the 
three components of which have been termed by Mulliken the F x , F 2 and 
F 3 coupling states respectively. The splitting between these three states 
depends on the rotational quantum number, but for a particular value of K 
the F 2 level is approximately 2 cm.- 1 higher than the F x and F 3 levels 
which form a very close doublet (Fig. 9). In this case it is not possible to 
separate the rotational from the excitational part of the partition function 



0 5 10 15 20 25 

Rotational quantum number 

Fig. 9. The separations of the states of the oxygen triplet. 

and so equation (285*4) cannot be employed. The only satisfactory method 
is that of computing the separate summations from the various energy 
levels. This is the method employed by Johnston and Walkerf who used 
the energy levels deduced from spectroscopic data and then carefully 
computed the specific heat of 0 2 between 0*02° K. and 10° K. Their results 
are illustrated in Fig. 9*1. It will be seen that the specific heat curve ex- 
hibits two maxima ; the first very sharp one at 0* 1 2° K. is due to the transition 
from all the molecules being in the F 3 state to an equilibrium between the 
numbers in the F x and the F 3 states, while the second smaller one is due to 
the next transition of the molecules up to the F 2 state 2 cm. -1 higher. The 
succeeding increase in the specific heat is of course due to the rise of the 
rotational specific heat to its equipartition value. These anomalies are 
unfortunately unobservable. 

• Johnston and Chapman, J. Amer. Chem. Soc. vol. 55, p. 153 (1933). 
t Johnston and Walker, J. Amer. Chem . Soc. vol. 55, p. 172 (1933). 
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Lewis and Von Elbe* have detected another anomaly in the specific heat 
curve of 0 2 at high temperatures due to a higher electronic state of the 
oxygen molecule. These experimenters determined the mean specific heat 



Fig. 9 1. The theoretical excitational plus rotational specific heat of O, at low temperatures. 
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Fig. 9*2. The mean specific heat for 0 2 Cv averaged from 300° K. to T° K 

O Observations of Lewis and Von Elbe. Theoretical curves with™,/ i * . 

excitation; with the observed excited state at 0-97 volt- ' with t^e de * lectr ?“* 

state at 0-75 volt. * ,fch the denved excited 


of oxygen by the explosion method up to 2500° C. Thev found that their 
results could not be accounted for by the sum of the translational, rotational 
and vibrational specific heats alone, even allowing for anharmonic correc- 

• Uwis and Von Elbe, J. Amer. Ckem. Soc. vol. 55. p. 511 (1933). 
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tions in the vibrational specific heat. They assumed therefore that the 
additional contribution must come from some higher electronic level, the 
posit ion of which they calculated from the mean of a number of observations 
around 2400° K. to be 0-75 volt above the 3 Z ground level. This level has 
since been determined spectroscopically by Herzberg* and others to be at 
0*97 volt. The agreement between the experimental results of Lewis and 
Von Elbe and the theoretical values as calculated by Johnston and Walkery 
is illustrated in Fig. 9*2. 


§ 3*73. Small corrections to the perfect gas laws for quantum statistics. The 
properties of highly degenerate assemblies of electrons will be discussed 
later, but as we pointed out in §2-51 a deviation from the behaviour of a 
classical perfect gas (A not small) might be barely observable for H 2 and 
perhaps He at very low temperatures. We put the formulae on record here. 
The statistics obeyed by all actual molecular or atomic gases existing as such 
at low temperatures is the Einstein -Bose statistics (assembly wave-functions 
symmetrical) but the formulae apply to either case. 

It was shown in §2*8 that for all statistics pV = ^E kln so that it is un- 
necessary to discuss the equation of state. A discussion of E kln for structure- 
less mass-points will suffice. Equations (120), (121), (163) and (164) show 


that 


where 


M = X 


dX ’ kln dT' 


Z 


JtomkTty | „ 

hr o'? 


i=ij 


On working out E kla explicitly we find 


^kln - 



a 2 h 3 MIV 
±y/2(27rmfcT)l 



l 3 2 W h 3 M/V \ 2 + | 

\ 16 9^3/1(277 mkT)0 J 

(286) 


It follows that 


cv = sr 

R 2 1_ 


1 + 


a. h 3 M/V 


»V2(2t rmkT)i 


-d- 


4 W h 3 M / V \ 2 + 
9 V3/ \(2rrmkT)V + 



(287) 


, . • , . h 3 M/V . 

These formulae are valid so long as A or, what is equivalent, ^mlcT)* 18 

small. As T decreases the first effect of the quantum statistics is to increase 
or diminish C v according as a 2 < 0, that is according as the statistics is 

Einstein-Bose or Fermi-Dirac. 


* Herzberg, Nature , vol. 133, p. 759 (1934); Ellis and Kneser, Phys. Rev. vol. 45, p. 133 (1934); 

Salow and Steiner, Nature , vol. 134, p. 463 (1934). 

t Johnston and Walker, J . Amer . Chem. Soc. vol. 57, p. 682 (1935). 
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It is uncertain whether this calculated increase in C v can be disentangled 

observationally from the corrections to the perfect gas laws due to inter- 
molecular forces. 

When T is exceedingly small these formulae fail for the Einstein-Bose 
statistics, and with them all formulae based on the approximation which 
replaces the discrete states in Z by a continuous distribution,* because this 
replacement is inadequate for the states of lowest energy which for this 
statistics and low temperatures control the distribution. It follows from 

(121) and (134) that ultimately as T->0 E kln ^M€ lf and C v -+ 0 . 


§3*8. The formation of partition functions by limiting processes. We post- 
poned from the preceding chapter a discussion of the difficult points in the 
formation of partition functions for classical systems by a limiting process. 
It will be sufficient to consider the partition function for the translatory 

motion of free atoms in an enclosure of volume V using classical statistics, 
which is a typical and important case. 

In the earlier discussion, where no limiting process was involved, it was 
convenient to choose a unit of energy to fit the assembly, so that all the 
energies were measured by integers without a common factor. Here this 
implies a continual change of the unit of energy as we proceed to the limit, 
which is apt to obscure essential features. We therefore fix the unit of energy 
once for all and assume that for the artificial assemblies of the sequence the 
are chosen so that £/ = £,/t, where the ^ and r are integers, and r changes 
from one sequence to another. As we proceed to the limit r->oo. 

The partition functions for the atoms in the artificial assembly may still 

be taken to be ,, . v s t 

h(z) = z, l o t z*t, 

and we require the coefficients of z E in, say, 


and similar expressions. The powers of 2 in h(z) are now fractional and 

lj(z)]‘ v represents the partition functions for the rest of the assembly. If we 

write x = 2 1/r , A(ar) = Z, 8,a£, etc., these coefficients are the coefficients of 
x rE in 

[*(*)]" [j(*)]' v , 


and therefore 


-H 


(288) 


On changing back to the variable 2 we find 


C 


2nir j Ty 


dz 


z E + 1 


iMz)] u UW, 


(289) 


• Uhlenbcck, Over statistic Methoden in de Theorie der Quanta, Inaug. Dias., Leiden (If 


( 1027 ) 
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in which the contour ry means that the integral must now be taken r times 
round the circle y. We have to study the asymptotic form of (289) when 

T -> OO. 

The following arguments are incomplete in detail, but show how the use 
of II (z) in place of h(z) in all the integrals and the derived distribution laws 
may be justified. The details can be filled in without much trouble. 

L«“t A(z) = S f S f 2^ T , (290) 

where 7? 3 S^ is the extension of that set of points in 6 dimensions in which 

r ^ + P * + lh2) < ^ I r }- 

Any other possible h(z) will differ from this only by terms of order 1/r. Then 

*’5 l - ~ {« + 1 ) ! - {»} (^)V, (291) 

- M nr 1 ' + + »-*]} (t)' '' (292 > 

It is found that the dominant contributions come from the first term in { }, 
and T"V£».3\ 

zf' T =$ r(i)(l- z*'T)-i. 

V 

Thus, approximately, 

k(z) = (2 ™ ) - / {T(l-z''n}-!, (293) 

and any other h(z) will likewise approximate to (293). In (289) z E and j(z) 
are uniform functions of z, and so is [h(z)y { when it is summed for all the r 
circles. Thus we can write 

C=^.J ^WP,r, 2 ), (294) 

where Q(M,r i z) = - S [h(ze 27rri )') M , 

r r ~ 0 

[ (2tt m^F )” l 9 ^ 1 r T(1 _ z iiT e iwHiT^-iM (295) 

} h 3 J T r _ 0 

In (295) it is supposed for definiteness that am(z) = 0 for real 2 and that 
am(z) lies between ± tt on the circle y. The series in (295) can be expanded in 

the form T [- Hpf + r). T(|Jf + 2T)., 

3=f?Pf)L r— ’ + — M + " 

other terms vanishing on summation. When r->oo 

T ($M + rr) r \f .v-i 
(rr)! 1 9 • 
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Therefore as t->oo 




1 


j(-7 rm) I I [3 + 2ij/ i 2 2 + + ,. lu-i ,r + ...] = \q(M.z). 


rHPf) 1 A 3 j 


(290) 


Ihe factor 1/r will be irrelevant, as it will occur similarly in all the integrals. 
It can then be shown that we can work out all the distribution laws using 
q(M, z ) in the ordinary integrals in place of [h{z)}v . The unique distribution 
laws so obtained in terms of q(M.z) will be those obtained by proceeding to 
the classical limit before calculating average values. 

In order to see that this form is the same as that obtained by proceeding 
to the classical limit afterwards as in §2-6. we examine the form of q(M.z) 

for large M. For real z it can be shown at once by comparing the series 
z + 2*- u 1 z 2 + ... with 

r * x \M~x z x dx / = ) 

Jo V (logl/z)W’ 


oo 


(297) 


that the difference is negligible for large M. It follows that as M- 

. , r (2nm)iV "I" 



A closer discussion of the series for complex z shows that, for the purpose of 

substitution in the integral (294), q(M,z) can be replaced by (297) for all 

values of z provided that log(l/z) is real for real z and that \cnn(z)\<n 

This argument when the details are filled in, is the full justification of the 

procedure of §2 G. It shows that the order of the operations T ->oo and 

->oo is indifferent, and that, with the proper convention as to z hh) mav 

be replaced by H(z) in the integral for C. Similar arguments apply fo the 

other integrals, to differential coefficients of h(z) and H(z). and to other 
classical svstems. 

A somewhat similar limiting process is required for sets of quantized 

systems when the energy quanta are incommensurable, but the arguments 

are simpler. U e form a sequence of artificial assemblies with commensurable 

energies, whose limits are the actual energies of the real assemblv \ pro 

cedure which uses the limiting partition functions with a property defined 

range for am(z) is justified by the same arguments. We shall not find it 

necessary to refer again to such limiting processes. We shall assume that 
uhere necessary, they have all been carried out. ’ 

§3-9 . Fluctuations. We have hitherto ignored all questions of 
uctuations of a quantity P about its mean value P. As we pointed out in 

the introductory chapter a proof that in general (P-P) z -niP\ 
to the completeness of the the„ ry , to gu ,Lte. ,L 
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one which the assembly may be expected actually to have. We shall show 

in Chapter xx that asymptotic formulae for the general fluctuations ^ P - P) s 
can be calculated for all integral values of s by a simple extension of the 
analysis of this chapter. We shall not stay to consider these here, but 
content ourselves with proving that 


(P-P)*=0(P) 

in all the important cases that arise. We observe that 


(298) 


(P-/ > ) 8 = P*-(P)2. 

Consider a typical assembly of localized systems for which 

-5sJ [/<»>)* W'lr .... 


(299) 


c 


(300) 


and consider the case P = E A . Then, by the arguments of §§ 2-3-2*32, 

dz { l d x 2 


J 


d 


' V 

-J [/(-)]•’' 


[£7(-)] a ’ 


• • • 


(301) 


If we evaluate this we find 


d 


We have also 


1 + C|I 



(302) 


(303) 


«.-[/<»)]-« (»jj) [«»)]” {i + o(i)} 

It is here necessary to include the O-terms, for the leading terms in the 
fluctuation will cancel. Thus, combining (302) and (303), 

e? = [/(»)]-* & ± {Efimv} { 1 + °( y j - 


(E a ) 2 + » 


dE A i 1 + 0 


d* n 


(*)}• 


It follows that 


(E a -E a )* = 0 (E a *IE) + 0(E a ), 


= 0(E a ), (304) 

which is the relation required. 

The fluctuation of, say, ci r can be calculated in a similar way. We have 


(o. r - a r ) 2 = a r (a r -l) + a r - (a r ) 2 . 


and 


C a r (a f ^ T) = 3/( ^ r . — } J ^i(ra r z^[f(z)]^[g(z)r. ...(305) 


Evaluating this we find 


a r (a r -l) = M{M-l) K^)7{/W} 2 { 1 + °(i)} ’ 


~ ( 1 il/) (o ' 


J 


1 + 




3 - 9 ] 
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(<i r -ci r ) 2 = a r -(a r )-jM + 0{(u r )-/E j, 

= 0(a r ), (306) 

which is the relation required. 

The method is quite general. For example, for assemblies of sets of 

systems confined to a common enclosure as in § 2-4 when quantum statistics 
is necessary we have similarly 


(JE~*= 1 f f f dxdydz 

A ( 277 i) 3 JJJ x-*+V v+ iz E+i 


d \ 2 

s) n < 


5T(X2 f <) 


n <0'(yz ,, ‘)» ...(307) 


dxdydz 
+ , z £ + 1 




_a \ 2 


j <7(xZ*r)J n, +r6 r(X2 f <) n^'(^). 


(308) 

These formulae lead immediately to a repetition of (304) and (306). We shall 
not usually refer to such questions again except in Chapter xx, but shall in 
all cases leave it to the reader to supply such proofs as are necessary to 
establish the genuine normality of the equilibrium properties of the assembly. 
The omitted proofs are always extremely simple. 

There is, however, one point of some importance which should not be 

overlooked. All our arguments can be used to determine P, even when P is 

not large for values of E which are large enough to make other mean values 

such as Q effectively normal properties of the assembly. This does not in any 

way invalidate the calculation of Q or P. It merely means that P itself is 

not yet, owing to its smallness and relatively large fluctuations, an efifectivel y 
normal property of assemblies of this size. 



CHAPTER IV 


PARTITION FUNCTIONS FOR TEMPERATURE RADIATION 
AND CRYSTALS. SIMPLE PROPERTIES OF CRYSTALS 


§4-1. Temperature, radiation. In additibn to the energy of the material 
systems in our assemblies, there will be energy of radiation in equilibrium 
with the matter. It is desirable therefore to construct a partition function 
for this energy, to enable us to include it in a general discussion of equi- 
librium laws. This will be especially true of very hot assemblies, in which 
the energy of radiation is comparable to the energy of the matter. It is not 
without interest to observe that, if we treat the aether in any enclosure as 
an approximately independent dynamical system, obeying the laws of 
quantum mechanics, then Planck’s well-known laws of temperature radi- 
ation follow at once from the equilibrium theory of statistical mechanics. 
This is in itself trivial, for of course the laws of the classical quantum theory 
and all later improvements were constructed to give it. What is of some 
importance is that we thus deduce Planck’s law of temperature radiation as 
a theorem of the pure equilibrium theory, without appeal to any other 
fundamental principles or to the mechanisms of the processes of absorption 
and emission. Such an exposition was first attempted by Debye.* 


§4*2. The normal modes of a cotitinuous medium. In order to construct a 
partition function for the energy of the aether, regarded as analogous to a 
material system, it is only necessary to find suitable coordinates by which to 
describe its motion and to apply the laws of quantum mechanics. This is 
easily done. We must start by analysing the number of degrees of freedom 
of a continuous medium — for the sake of generality this may be the aether 
or an idealized gas or elastic solid. f The gas, the aether and the elastic solid 
are ideally merely continuous media capable of transmitting respectively 
compressional oscillations only, transverse oscillations only or oscillations 
of both types. 

The possible motions must all satisfy the general wave equation 

= a 2 VV, (309) 


d 2 <f> 

dt 2 


in which a is the velocity of propagation. In (309) <f> has various meanings 
in the various problems — a velocity potential, a component of electric or 
magnetic force, the dilatation lUdu/dx, or a component of the “molecular 
rotation” vj x = ^(dwldy-dv/dz), (u,v,w) being the velocity components of 


* Debye, Ann. d. Physik, vol. 33, p. 1427 (1910). 

t Jeans, Dynamical Theory of Gases, chap. xiv. Some minor oversights are here corrected. 
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the medium. For compressional waves there is only one independent type 
of solution. For transverse aether waves if the components ( X,Y,Z ) of 
the electric vector all satisfy (309) then so do the components (A,B,C) of 
the magnetic vector and, moreover, 



There are therefore here just two independent types of solution. For the 
torsional transverse waves of an elastic solid 



so that there are just two independent types here also, or three in all for an 
elastic solid including the compressional waves. 

Consider for simplicity an enclosure of the shape of a rectangular box 

x = 0, x = a, 

y = o. y=P, 

2 = 0, Z = y, 

and a solution <f> of (309). Let <f> 0 be the value of <f> for t = 0. Then assuming 
the possibility of an expansion of <f> 0 in multiple Fourier series we have 

CO CO CO ^ 

i y y VI COS . COS COS 

* 0- i=o ni =o„=o ' mn sin l7TX /« sin sin nm tv (310) 

Similarly, if <f> 0 ' is the value of d<j>/dt for t = 0, we can write 


(L ' — V V V j ' COS ; cos /n cos 

~ *r 0 0 n~o ,m “ sin lnXl * sin sin n ^/r- --(311) 


Then it follows that the solution of (309) is 


co ao oo 

4> = 2 2 2 ■ 

l — 0 m = 0 n = 0 


P 


sin^Z 


cos cos cos 

: sin lnx l* sin mir vlP sin n 7 TZ /y> 


where 


p 2 = 7T 2 a 2 - 


[ l 2 


a 


+ 


m 


n 


2 £2 


+ 4 . 

y 2 ) 


* w 


(313) 


In each of (310)-(312) there are eight possible terms and eight independent 
coefficients A, A' for given Z, m, n. ** 

We must now consider more closely the boundary conditions. For sound 
waves in a gas (<f> velocity potential) we must have 0^/0n = O on everv 

boundary; that is, 0^/0* = 0 at * = 0 and x = a, etc. This can only be effected 
by retaining only the cosine terms in <£, so that 


QO 


ao 


^ = S S UtomCOS + 

1 = 0 m = 0 n = 0 l p 


si npt 


1 cos ^ COS vaa cos 


a 


p 


( 314 ) 
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Thus to each hnn there corresponds here just one possible normal mode of 
the system— one degree of freedom. For compressional waves in an elastic 
solid the dilatation) we must have f = 0 over the boundary, only the sine 
terms can occur and there is just one normal mode as before. 

The transverse aether waves and the torsional elastic solid waves are 
similar. For the former we may take <f> = X.We must then assume that the 
walls of our enclosure are perfect conductors, or energy will not be conserved 

in the assembly. Thus X = 0a,ty = 0,y = /3,z=0 and z = y, which leaves the 
two terms of type 

cos . rrnry . mrz 

sin sm — sin — . 

There are similar terrps in T and Z . In X , I and Z , however, the pure sine 
terms are impossible, or else the condition 


0 

ox 


(315) 


cannot be satisfied. Of the one remaining term in each of X , Y y Z , two only 
remain independent when (315) is satisfied. There are thus 1, 2 or 3 normal 
modes per value of /, m, n in the three cases gas, aether, elastic solid. 

We now return to (313), in which a can take different values for the 
different types of wave. Since p = 27ra/A, where A is the wave length, we have 

2 

f 

2 1 . ,2 ' • • • • 


4 / 2 m* n 

— —7* + -f- 


(316) 


A 2 a 2 ' y 

The number of normal modes with wave lengths A satisfying A ^ A 0 is equal 
to 1, 2 or 3 times the number of points with integral coordinates inside an 
octant of the ellipsoid (316) w ith A = A 0 , wdiich has the volume 

4-7t a/?y 

TV’ 

The number of normal modes with wave lengths between A and A + dA is 
therefore 


in the three cases, or 


4 (M> 3 ) 

(317) 

4ttF^ (1,2,3), 

(318) 


where V is the volume of the enclosure. This result is really independent of 
the shape of the enclosure.* For the aether the number of normal modes with 
frequencies between v and v + dv is 

SttV 


v 2 dv, 


(319) 


where c is the velocity of light. 

Such a classical analysis into normal modes is easily translated into 

* Wcyl, Courant, lor. cit. p. 54. 
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quantum mechanics, To the same approximation as the classical analysis 
Schrodinger s equation for the system (crystal, aether) can be so trans- 
formed that it separates into a set of equations for simple harmonic oscil- 
lators one for each normal mode, and of the same frequency v. It is therefore 
easy to construct the partition function for the system to this approximation. 

§4-3. The partition function for temperature radiation. We shall assume 
that the zero of energy for the vibrations of the aether is the state in which 
every normal mode has its lowest possible quantum number.* The energy 
in any other state is then 


h(n 1 u 1 + ... +n r v r + ...), 

and each such state is of weight unity. The partition function is thus 

-R(z) = + + 

= n r (l -Z hv r)-1. (320) 

This factorization is typical of systems whose. motions separate into inde- 
pendent parts, like the normal modes of a continuous medium controlled 
by linear partial differential equations. Convergency conditions are satisfied 
so long as |z| < 1. To obtain an intelligible form of (320) we apply (319). Then 


log R{z) = - 


8t rV 


2 v 2 dv\og( \ —z f,v ). 


(321) 


On proceeding to the limit die+Owe obtain formally 

8ttV '*» 


log R(z) = - 


v 7 - log( 1 - z hv ) dv. 


(322) 


To evaluate the integral we can use the logarithmic series and integrate 
term by term. Then 


QO 


— v 2 log( 1 — z hv ) dv = 
J o 


00 1 

2 . 


Since 2 n 4 = n */ 90, we find 


A 3 (log I/ 2) 3 j n 4 


(323) 


log R(z) = 


8-7r 5 F 


(324) 


45c 3 A 3 (log I/ 2 ) 3 ’ 

Consider an assembly containing radiation and N material localized 

systems of partition functions /(z). Then by the arguments of the preceding 
chapter 1 r dz 



CE 



z E +' 

dz 

?E+ 1 


*(*) [/(*)]*, 




[/(*)]", 


(325) 


(32G) 


avera S e value of the ^ergy of the radiation in the assembly. 

^ log R(&) (0 = e -w/) > (327) 

* An y other choice of this zero introduces an infinite constant into 
which is without physical significance. ° th ner&y of the radiation 


e h = & 
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or 


8tt 5 F 


8t7 s A; 4 


H 15c 3 A 3 (log 1/&) 4 15c 3 A 3 


VT\ 


(328) 


This is the Stefan -Boltzmann law of total radiation with the usual theoretical 
value of Stefan’s constant. To find the energy associated with any particular 
range of frequencies we write 


R(z) = R x (z)R 2 (z), 


where 


log R,(z) = - 


8ttV 


v 2 dv log(l — z hv ). 


Then by the usual arguments 


CE 




dz 


? ^ R^z) R,(z) lf(z)Y, 


Eri = ® log Bl ^’ 


Si rhV v 2 dv 


&- hv - 1 # 


(329) 


In the usual notation E v dv is the energy density in this frequency range, and 

We find _ 8 nhv* 1 

(330) 




c 3 e hvlkT _ ] * 


which is Planck’s law. 

We can now introduce the energy of radiation by means of its partition 
function R(z) into any discussion of equilibrium conditions. The limiting 
processes involved are of a simple type, for the final form of R(z) is merely 
an analytical approximation to the partition function (320), which is that 
of a quantized system. No special investigation such as that of §3-8 is 
necessary except to deal with incommensurable frequencies. 

Though we do not take up thermodynamic relationships until Chapter vi, 
it is again convenient to record at once the thermodynamic consequences 
of the existence and form of the partition function R(T). The radiation 
contributes klogR(T) to the characteristic function, and therefore by 
equation (588) we find 

S R = k\og R(T) + kT d - ^ R(T l , 


3277 s A: 4 

45 c 3 h 3 



(331) 


p B = hT^plogR(T), 

_ 877 s * 4 lSJ 

45 c 3 h 3 3 V ’ 


( 332 ) 


for the entropy, S R , and pressure, p M , of radiation. 
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§ 4 - 31 . The equilibrium theory of radiation regarded as photons or light 
quanta. For the sake of completeness we shall now show that Planck’s law 
of temperature radiation may equally well be established by statistical 
arguments when an extreme particle view of radiation is adopted, provided 
we apply the Einstein-Bose statistics to an assembly of particles of the 
proper type and impose no restriction on the total number of such particles. 

Treating the light quanta as particles of unrestricted number in an en- 
closure in which no forces act on the particles, we build up the corresponding 
factor for them in C as in § 2*4. Since their number is unrestricted no selector 
variable x is required. Since they obey the Einstein-Bose statistics 
9(9) = “■#)• Hence for these particles 

Z= - Z, to, log( 1 -e-^ kT ), (333) 

where w t , e, are the weights and energies of the possible states of the particles 
in the given enclosure. If we restrict the summation to particles whose 
momenta lie in the ranges p 1 ,p 1 + dp x ,p 2 ,p 2 -f dp 2 , p 3 , p 3 + dp 3 , then just as 
in § 2-7 1 it is easy to show that 



-2 


plog(l-e €lkT )dp 1 dp 2 dp 3 . 


(334) 


The factor 2 remains as for electrons to allow for the two states of polariza- 
tion of the light-particle. The deduction of (334) with m'dudvdw in place of 
dp i dp 2 dp 3 given in § 2*7 1 is non -relativistic and to apply to the particles here 
considered we must remove this restriction; it is shown in § 16*31 that (334) 
remains true relativistically. 

If we now introduce the specific properties of photons we have, for the 

relationship between energy, frequency and momentum, e = A„, where v is 

the frequency, while the momentum is a vector of magnitude hv/c. For a 

photon therefore, when we change to polar coordinates for the momentum 
we find ’ 

^3 

dp 1 dp 2 dp 3 ^—v 2 dvcUo, ( 335 ) 


where dw is an elementary solid angle containing the direction of propaga- 
tion of the photon. On integrating over all directions of propagation we find 
therefore that for photons in the frequency interval v, v + dv 

rj &TrVv 2 dv . 

Z * ^3 lo g( 1 ~ e~ hvlkT ). ( 336 ) 


The energy content E v dv of these light quanta per unit volume follows 
at once in the usual way, namely 

IF j kT 2 dZ Snhv 2 dv 1 

— r a? — ? 


e hv',kT | ’ 


(337) 
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which is Planck’s law. The average number of light quanta of this frequency 

cannot be obtained by using the operator A5/?A, but follows at once from 
(337) by dividing by hv, and is 

Sirv 2 dv 1 

^3 e hvikT _ j • (338) 


§ 4-4. Applications to crystals . The methods of § 4-3 can also be applied to 
crystals. W e regard the whole crystal as a single Hamiltonian system, whose 
classical motion may, to a first approximation, be regarded as small oscilla- 
tions about a position of equilibrium, which we then analyse into its normal 
modes. Each of these to this first approximation is an independent simple 
harmonic oscillation. This analysis will adequately represent the motion so 
long as the general run of the oscillations is small enough, that is so long as 
t. e crystal is not too hot. At greater violence of oscillation terms in the 
potential energy of higher order than the squares of the displacements must 

e introduced. The first effects of these on the energy and partition function 

can e investigated by perturbation theory. The quantum theory is a direct 
transcription of the classical theory. 

Apart from these high temperature deviations from simple harmonic 
osci ations the construction of the partition function demands only an 
enumeration of the frequencies of the normal modes of the crystal consisting 

0 a given number of molecules, and is precisely as accurate as the enumera- 
tion. t is difficult however to make an accurate enumeration, and various 
approximate enumerations have been given, more or less based on guesswork. 

he earliest was Einstein’s* who suggested that for a crystal containing N 
atoms it was sufficiently accurate to take all the 3 N frequencies equal. This 
still remains a valuable rough approximation. It was improved by Debyef 
who suggested that the 3N frequencies could be taken to be the 3 N lowest 
requencies of a continuum with the same elastic properties as the actual 

a* 0 ™ crystaL ^is suggestion has proved of great importance and we 
s a give an account of Debye’s theory in the somewhat more general form 
into which it was cast by Born.J The theory is very successful in accounting 

01 observed facts, so successful that it has been strained beyond its natural 
range and facts which do not fit it have been thought to be anomalous and 
to require special explanations without due cause. It has only recently been 
realized thanks to the work of Blackman§ that Debye’s suggestion for the 


+ ^ ,n8te,n ’ Ann ' fI '[ hy f k ' 22 ’ PP* 18 <>. 8 <X> (1907), vol. 34, pp. 170, 590 (1911). 
t Debye, Anv. d. Physilc , vol. 39, p. 789 (1912). 

+ Born, “ Atomtheone dcs festen Zustandes” (1923), Encycl. Math. Witt. vol. 5, part 3, No. 25; 

Born and Goppert-Mayer, Dynamischc Gittertheorie der Kriatallc”, Handb. d. Physik, ed. 2, 
vol. 24, part 2, p. 623 (1933). 

§ Blackman, Proc. Boy. Soc. A, vol. 148, pp. 365, 384 (1934), vol. 149, pp. 117, 126 (1935). 
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frequencies of the. normal modes, even as elaborated by Born, may be a 
much less good approximation than it was formerly held to be. Considerable 
caution is therefore required before departures from Debye’s theory can be 
held to indicate anything more than slight errors in the assumed distribution 
of the frequencies of the normal modes. 

It is not possible here to enter in great detail into the equilibrium pro- 
perties of crystals, in particular into the deduction of their properties from 
assumed lattice structures and laws of force. Some account of this part of 
the subject is given in Chapter x where the interatomic laws of force in 
gases and in crystals are brought into a common analysis. But some account 
of the very great success of statistical mechanics in the theory of the 
equilibrium properties of crystals should be given here, not entirely limited 
to specific heats. The field of application is of course far richer than for the 
permanent perfect gas, whose equilibrium properties are summed up almost 
completely in pV = MkT and the form of C v . The account we shall give in 
this chapter represents Debye’s approximation. We shall also describe 
shortly the results of Blackman’s investigation. Further refinements will 
be described at suitable places in Chapters xi, xn, the latest being collected 
together in Chapter xxi. 

§4*5. The partition function for a crystal. Debye's approximation and its 
refinements. In Debye’s approximation and Born’s generalization a crystal 
is supposed to be built up of a lattice of N congruent cells each of which 
contains s atoms, atomic ions or electrons. It is not normally necessary to 
include all the electrons in every atom among the s members of the cell. 
Those which are tightly bound are effectively tightly bound to a particular 
atom or molecular radical and belong to that atom or radical almost as in 
a gas; a partition function can be assigned to each atom, atomic ion or 
radical for its internal degrees of freedom contributed by these electrons. 
In general, however, these make no effective contribution to the properties 
of the crystal at relevant temperatures any more than to those of a gas, and 
for the same reason (§3-2). Important exceptions to this rule are provided 
by crystals containing paramagnetic ionic salts, such as the salts of the rare 
earths. These are discussed in Chapter xxi. Not all the electrons can pro- 
perly be neglected in this way and it is necessary for generality to allow for 
some (or all) of the atoms being ionized, and for some few of their electrons 
having an independent existence in the cell. This description of the free 
electrons is very old-fashioned. It is however adequate for the moment 
and will be discussed further and modernized later on. 

It has been shown by Born* that there are, as one would expect, 3s 
distinct sets of normal modes for a crystal of s structural units per cell. The 

* Born, Born and Goppert-Maycr, loc. cit. 
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distribution of the space frequencies or wave .numbers per cm. of each set 
T j (j = 1 > 2, ..., 3 s) can be determined generally for large crystals. The wave 
numbers of each set are distributed uniformly in a three-dimensional space 
in which spherical polar coordinates represent wave number and direction 
of the wave normal for the corresponding wave. This is exact, but no use can 
be made of the result for calculating the partition function until the con- 
nection between wave number and time frequency v is established. It is 
here that exact analysis is difficult and that the procedure suggested by 
Debye and in use hitherto has led to weaknesses in the theory recently 
pointed out by Blackman.* The refined form of Debye’s procedure intro- 
duced by Born is equivalent to the following. The 3s sets of space frequencies 
divide necessarily into two groups, those whose time frequencies tend to zero 
for long wave lengths or small wave number of the normal mode, and those 
whose time frequencies tend to a non-zero limit. In general if the unit cell of 
the crystal is properly chosen there are just three of the first type for which 

«V = c,r+... (j= 1,2,3), (339) 

where the c’s are the velocities of sound and are functions of direction of the 
wave normal. The other 3(s — 1) sets of frequencies may be called by dis- 
tinction optical, and for them we have 


Vj = Vj° 4- Cj t ■+■ . . . (j = 4, ..., 3$). (340) 

The vf and the c ; - depend on the crystal structure and the c i are again 
functions of the direction of the wave normal. The vf correspond to the 
frequencies peculiar to the crystal determining its anomalous reflections 
( Reststrahlen) . Equations (339) and (340) as explicitly written here are only 
reliable approximations for small values of r. The standard procedure 
however is to assume that it is sufficiently accurate to ignore the variation 
of v i with r altogether in (340), and to use (339) as written without higher 
terms for all necessary values of r. The number of acoustical modes lying 
within a given element of wave number space can be shown without 

difficulty to be Vr^drdw, (341) 

where V is the volume of the crystal. All these general results and approxi- 
mations will be illustrated for a simple case in § 4*7 1 when we discuss Black- 
man’s improvements. 

On combining (341 ) and (339) we see at once that for the acoustical modes 
the number of the N frequencies of the ^’th set which lie in the (time) fre- 
quency range v , v + dv with their wave normals in the solid angle dot is 
asymptotically equal for large N to 


v 2 dvdw (j— 1,2,3). 

C J 

* Blackman, loc. cit. 


(34M) 
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The region of wave number space covered by permissible r’s is not a sphere; 
the true upper limit for r and therefore for vj , vj* say, is therefore in general 
a function of direction, as also are the cf s. The strict balance account for 
the number of normal modes is therefore 




■ 2 d 


s 




du, = N. 


(342) 


It follows from (341-1) that, not too near v-*, the total number dN of 
acoustical frequencies in the range v, v + dv is 


dN = 4-nV 


(c 1 3 + c 2 3 + c 3 3 ) 


v 2 dv. 


(343) 


in which the c’s represent suitable mean values for direction. For isotropic 

crystals or quasi-isotropic mixtures there is no dependence on direction, and 
this reduces accurately to 


dN = 477 V 


(» 7 + ?) 


■ 2 dv, 


(344) 


where c t and c, are the velocities of torsional and compressional waves 
respectively — this is the result of § 4-2. 

It is now easy to construct the partition function to this approximation. 
There is one new point that here first needs attention — the precise specifica- 
tion of the zero of energy. One might be tempted to define this as for the 
aether to be the state of lowest permissible energy in each normal mode. 
This specification, however, of the energy zero hardly goes deep enough, if 
variations in the volume of the crystal are taken into account, for such 
variations which vary the length of edge of the unit cell must alter the 
potential energy of the state of lowest permissible energy itself. This 
ambiguity can be avoided by taking the energy zero as the state of infinite 
separation at relative rest of all the constituent particles of the crystal, each 
particle separately being in some specified normal state. The energy of the 
crystal in its state of lowest permissible energy is then, say, F 0 (V) F ( V) is 
of course negative; its argument can usually be safelv omitted. It is° how- 
ever, only in the simplest case of an isotropic crystal subjected onlv to 
^otropic pressures or tensions that the argument V sufficiently defines its 
s ate. We return to the more general case in §4-9. An entirely different and 
important type of generalization is introduced in Chapter v. 

The energy of the state of the crystal specified by the quantum numbers 
n \> • ••> n r , ... is „ 

J i o + ' l (n 1 v 1 + ... -f n r v r + ...), 

gt'entf 45 Uni ‘ y ** ‘ e “‘ “>"*'>• “ d partition function 

** V 

log K (z) = F 0 log 2 - £ log(l-z">v) 

r— 1 


( 345 ) 
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Ihis must of course be approximated to by the foregoing analysis of the 
frequency distribution. We then find at once 

logA'( 2 ) = i^ 0 log 2 - KS I log( 1 — z^ v ) dv — N 2 log( 1 — 

j=\J Cj J 0 ; = 4 

(346) 

It is usually sufficiently accurate to ignore variations of vj* and c ; with 
direction and to define mean values vj and c ; - by the equations 

(*,*)» -Cdw 477 /0 ^ x 

^ , -J. . ,347) 

In virtue of (342) = (348) 

If we now define three new' constants of the crystal by the equations 
kO j = hv j 0 =1. 2, 3). and replace vf by v i in (346), we find 

3 AT 3 1 r fcSf log l/z 

log K(z) - f>g z - jjjpjsp log( 1 - «~> *** 

-N 2 log( 1 — z^ v j°) (349) 

Having constructed the partition function K(z) we have at once the usual 
expression for the mean energy E K of the crystal, 

E^=kT*^logK(T). (350) 

In terms of the absolute temperature T , 

— F 3 7^3 rei/r 28 , 

\ogK(T) — r^--3N S log(l -e~*)x*dx-N S \og(\-e~ hv f lkT ), 

kT (351) 

__ 3 1 /*0//r 3* JlVj® .. .. 

E *- F >+ e?/, ?n + *,?. (362) 

The last result has been simplified after differentiation by an integration by 
parts. These are the complete formulae, but the 3$ — 3 frequencies can be 
grouped again into two classes : Z(p — 1 ) infra-red frequencies not necessarily 
all different, and 3 (s—p) ultra-violet, where p is the number of massive 
particles in the unit cell and s— p the number of separated electrons. We 
can in most applications ignore the ultra-violet frequencies of the electrons 
altogether, and so find in all in (351) just 3 p terms, pN being the total 

number of atoms in the crystal. 

This view of the part played by the “free ” electrons in the lattice is very 

old-fashioned, but none the less adequate here. In the modem electron 

theory of metals and crystals to which we return in Chapter xi we shoul 
xi iUnaa aioaimna o a on olonfrnn <7 Aii in more or less free movement 
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in the periodic field of the positive ions of the lattice. The gas, however, is an 
almost completely degenerate one and usually does not contribute appre- 
ciably to the specific heat. The result is then the same as for a lattice of high 
frequency. If we desire to calculate the actual contribution made by the 
electrons, if and when it is significant, it is of course essential to use the 
modern theory. Some beautiful examples of this electron contribution are 
already known, and will be discussed in Chapter xi. 

If in (352) we ignore the differences between 0 X , © 2 and 0 3 , and neglect 
the terms arising from the infra-red frequencies, we find approximately 


log K( T) = -jfr 


9 NT 3 f 0 /^ 

-I log(l — e~ x )x 2 dx, 


©3 


(353) 


E k = Fo + 


9NJcT 4 f e/r x 3 dx 


03 


e x — 1 


(3531) 


This is Debye’s result, which we could recover directly by constructing a 
partition function according to Debye’s theory. The complete theoretical 
result (352) is due to Born. The form was first suggested by Nernst. We have 
included in F 0 the zero-point energy of the lattice vibrations of i \hv per 
mode of frequency v. It is sometimes convenient to have an explicit formula 
for this energy according to Debye’s approximation, using all the simplifica- 
tions in (353). In this approximation the number of modes with frequencies 
in the range v , v + dv is QNv'dv 

(353-2) 


V 3 


The corresponding zero-point energy E 0 is therefore easily found to be 
given by 


E 0 = | Nhf = f Nk© . 


(353-3) 


terms c,r. When vf 


The two types of term in (351) and (352) are often referred to as Debye’s 
terms and Einstein’s terms respectively. The latter name arises from the 
early investigation by Einstein of specific heats of crystals already men- 
tioned. Einstein’s terms in (351) are obviously only significant when the 
v °’ a are effectively different from zero, so that it is allowable to ignore the 

* Owe must finally get an additional Debye’s term. For 

example, in a two-atom lattice in which both types of atom are similarly 

situated and of approximately equal masses (e.g. KC1), it is obviously better 

to neglect Einstein’s terms and treat the whole body as if it were built up of 

atoms of a single type. We shall thus get a better approximation to the 
corpus of normal modes. 

§4-6. Debye's formula for C v in theory and experiment. The possible field 
of validity Of Debye’s formula (353) for the partition function of a crystal 
can be defined fairly closely. The formula can only be expected to apply 
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to crystals built up out of atoms of one type, all of which are similarly 
situated in the lattice — that is, for elements crystallizing in the regular 
system, with extensions perhaps to nearly regular crystals and to simple 
compounds of atoms of nearly equal mass like KC1. The unit cell of the 
lattice may then be thought of as containing a single atom, and N is the 
number of atoms in the crystal or conglomerate. An examination of the 
facts shows a remarkable agreement with the theory in the expected region, 
as will now be described. The quantity directly observed is C p while the 
theory gives C v . The derivation of C v from C p is effected by formula (390) 
of a later section. 

Let us introduce for shortness the notation 


D{x) -a*S 0 e—l dT; (354) 

D(x) is frequently called Debye’s transcendent. Then 

= F 0 + 3NIcTD(Q/T) y (355) 

= (356) 

For large values of x 

B W .^-3e-{l + 0 (i)) (357) 

r x r ao i* co 


This is easily proved byreplacing by — , expanding l/(e T — 1) in 

J 0 Jo Jr 

the infinite integral and integrating term by term . For small values of x y 
by direct expansion of the integrand, 

D(x)=l-§x+-&x*+0( x *). 

These relations can be differentiated. Therefore we have approximately 


E k = F 0 + 3NkT y 

/ 1 0 2> 
c v = 1 - 20 

) (T^ oo). 

(358) 

Q_4 7*4 

E K = F 0 + — Nk W3 , 

_12tt 4 T 3 / 

w 5 0 3 P 

4 n* T* ) 

(T->0). 

(359) 


We make the following observations: (1) The relation C v = 3Nk is an ex- 
ample of the theorem of equipartition of energy and expresses the well- 
known laws of Dulong and Petit and Neumann and Regnault. It should 
hold to within \ per cent, for T/Q > 3. The law of Dulong and Petit states 
that the specific heat per gram-atom has approximately the same value 
(6-4 for C p , 6*0 for C v after correction) for all elements in the solid state. The 
Jaw of Neumann and Regnault states that the specific heat per grani- 
molecule of a simple compound in the solid state is approximately equal to 
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the sum of the specific heats of the corresponding solid uncombined com- 
ponents. These laws, their region or validity and the nature of the exceptions 

to them are well known. (2) The relation (359) states that C v and ~E~ e vary 
as T 3 and T 4 at low temperatures, with deviations of at most 2 per cent, so 
long as T/Q < 1/10. (3) The general form of (35(3) shows that C v obeys a law 
of corresponding states”, being a function of the single variable ©; T. 
(4) Equation (348) and the following definition show that 0 can be calculated 
from the velocities of sound and so from the elastic constants of the crystal. 
These four deductions are borne out by experiment. The nature of the 
agreement will now be examined more closely for the last three.* 


Table 6. 

The T 3 -law for C v at low temperatures 


Temp. °K. 

Cv 

10* cv*, T 

Copper (Cu) 

14-51 

0-0390 

2-35 

15-60 

0-0506 

2-37 

17-50 

0-0726 

2-39 

| 18-89 

0-0930 

2-40 

- 20-20 i 

0-1155 

2 42 

21-50 

0-1410 

2-42 

23-5 

0-22 

2-57 

25-37 

0-234 

2-43 

27-7 

0-32 

2-47 


Iron pyrites (FeS.) 



01095 

01385 

0 179 

0-232 

0 295 

0-402 

0-530 

0-712 

0-844 

0-952 


1-75 
1-74 
1-72 
1-72 
1-74 
1-75 
1-74 
1*74 
1-74 
1 73 


Temp. ° K. 

C v 



10 2 Cyi/T 

- 

Iron (Fe) 

32-0 

0-152 

1-67 

33-1 

0-177 

1-70 j 

35-2 

0-244 

1-77 

38 1 

0-288 

1-73 

42-0 

0-325 

1-64 

46-9 

0-522 

1-71 

Aluminium (Al) j 

19-1 

0-066 

2-12 

23-6 

0-110 

2-03 

27-2 

0-162 

2-01 

32-4 

0-25 

1-95 

33-5 

0-301 

2-00 

35 1 

0-33 

1-97 

Beryl (BeO) j 

i 1 1 i 


76-8 

78- 1 

79- 3 

80- 3 
82-6 
84-9 


0-202 
0-219 
0-226 
0 223 
0 236 
0 274 


0-765 

0-773 

0-769 

0-756 

0-750 

0-766 


The T 3 -law at low temperatures has been accurately verified for elements 

a ^ S1 T e , C ° r ? POUndS - Typical exam P les are shown in Table 6. The figures 
ot the third column should be constant when the T 3 -law holds 

The lav, of correspond,,,, erne, has also been found true for elements and 

T? “ mP ° UndS ' ** observed v„ues of for eighth 

Mill be found in this paper. Cs *° ori S ,n ^l literature 

t Schrodinger, loc . c it. 
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substances plotted as functions of T/0, the value of 0 for each substance 
being chosen to give the best fit for that substance with the continuous curve 
which represents equation (356). The agreement is eminently satisfactory. 
The substances and temperature ranges are specified in Table 7 below. 



Table 7. 

Data for Fig . 10, studying the law of corresponding states 


Substance 

Chemical 

symbol 

Temperature 

range 

°K. 

0 

Points in Fig. 10 
Curves 

MM 

II III 

Lead 

Pb 

14-573 

88 

X 

X 

Thallium 

T1 

23-301 

96 


O 

Mercury 

Hg 

31-232 

97 , 


□ 

Iodine 

I 

22-298 

106 


X 

Cadmium 

Cd 1 

50-380 

168 


+ 

Sodium 

Na 

50-240* 

172 


A 

Potassium bromide 

KBr 

79-417 

177 


• 

Silver 

Ag 

35-873 

215 


• 

Calcium 

Ca 

22-62 

226 

O 


Sylvine 

KC1 

23-550 

230 

V 

V 

Zinc 

Zn 

33-673 

235 

□ 

□ 

Rocksalt 

NaCl 

25-664 

281 

0 

0 

Copper 

Cu 

14-773* 

315 

A 

A 

Aluminium 

A1 

19-773 

398 


+ 

Iron 

Fe 

32-95* 

453 

O 


Fluorspar 

CaF a 

17-328 

474 

O 

O 

Iron pyrites 

FeS 2 | 

22-57* 

645 

+ 


Diamond 

C 

30-1169 

1860 

▼ 

▼ 


* For Na, Cu, Fe. FeS 2 , Cy rises above the curve after these temperatures. 
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The calculation of 0 from the elastic constants can be carried through very 
simply for isotropic solids and the value so calculated compared with the 0 
of Table 7 which is chosen to give the best fit in Fig. 10. The elastic pro- 
perties of an isotropic solid can be expressed in terms of two constants, the 
compressibility k and Poisson s ratio cr. In terms of these the velocities of 
sound are* 


c 2 _ 
c i — 


3(1— ex) 


(1-fcr ) Kp' Cl 2( 1 + o) Kp ’ 

where p is the density. Equation (344) shows that the required function is 

i 


3(1-2 a) 


(360) 


x( a )( K p)*> x( (j ) = 


1 + or 

i 

■ 4- 9, 

( 2(l + o) 

3( 1 a) 

I — 

1 3(1 — 2ct)J 


(361) 


so that the theoretical mean value of © for use in Debye’s formula is given by 


_ 1 v 

0 3 3 0 


H) 


4ttF 
9 N 


9-0 


k\ 3 4 ttV 
9 N 


X(cr) (kp)K 


If V represents the volume of one gram-atom or gram-molecule, then 
Vp = M, where M is the molecular weight, and 

0 /9iV\*A yt 

Utt ) k (M, <)* {*(a)}* • 

V * 

= 3-605 xl0~ 3 


(362) 




(363) 


The following examples are given by Bornrf 


Table 8. 


Comparison of the values of 0 from specific heat data and from direct 

calculation from the elastic constants. 


Substance 

j 

P 

K X 10 12 

<7 

xM 

0 

Table 7 

0 

Eq. (363) 

A1 

2-71 

1-36 

0-337 

10-2 

398 

402 

Cu 

8-96 

0-74 

0-334 

10-5 

315 

332 

Ag 

10-53 

0-92 

0-379 

15-4 

215 

dJ 

214 

Pb 

11-32 

2-0 

0-446 

61-0 

88 

73 


The agreement is excellent. There is, however, a difficulty that the calcula- 
tions of 0 have been carried out with the values of the elastic constants 
determined at ordinary temperatures, whereas it has been argued} that it 
is the values of these constants at the absolute zero which are relevant, and 
the use of these would seriously damage the agreement. This objection 
however, does not appear to me to be entirely valid. The elastic constant 


* Love, Theory of Elasticity, ed. 3, p. 301. 
t Born, loc. cit. p. 043. 

♦ Eucken, Verh. d. Deutsch. physikal. Ges. vol. 15, p. 571 ( 1913 ). 
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and 0 are of course functions of V for an actual crystal, and the values 
required for these calculations are those corresponding to the actual volume 
of the crystal. The theory proceeds by imagining the crystal units at rest in 
equilibrium in their mean positions corresponding to a given crystal volume; 
this may involve large negative pressures over the boundary ,’ which are 
theoretically unobjectionable. On this is superposed without change of 
volume (but with change of pressure) the heat motion corresponding to any 
given temperature, and at this temperature the observed C v and the C v 
calculated from the elastic constants for this volume should agree.* The 
observed values of C v do not in fact therefore correspond to a sequence of 
C T /s at a single constant volume, the volume at absolute zero, but to a 
sequence of varying volumes which are the actual volumes of the crystal at 
each stage at atmospheric (or other small) pressure. These are compared 
with C v , calculated for a genuinely constant volume, the volume at normal 
temperatures. The agreement in the 0 will largely depend on how the 
various parts of the theoretical curve are weighted in fitting it to the 
observations. There is a tendency to fit so that the deviations are of roughly 
constant absolute magnitude all along the curve. This will weight heavily 
the normal temperatures for which C v is largest and would go some way to 
explain the satisfactory agreement in the table. 

There is, however, a more precise and important point of divergence 
between theory and experiment, for the values of 0 derived from the 
T 3 -law at low temperatures, equation (359), should agree with the values 
calculated from the elastic constants at low temperatures. There is some 
tendency for the T 3 -law 0’s to be larger than those derived from the whole 
curve, but the increase is far smaller than the elastic constants require, 
and the matter remains not fully cleared up. 

Table 9. 

Comparisons of 0 derived by various methods . 



§ 4 - 7 . Applications of formulae far C v more accurate than Debye's. Apart 
altogether from the basic approximations made in deriving (346), Debye s 
formula for C r is admittedly derived from (346) by crude approximations, 
and should only hold at all strictly for isotropic bodies. With the same basic 

* It is tacitly assumed in the theory that the elastic constants depend directly only on the 
volume. 
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approximations more accurate calculations are possible in the general case. 
Such calculations have been successfully carried out by Forsterling.t When 
I f | < 2*77 the function £/ (e^ — 1 ) can be expanded in the convergent power series 

(364) 

where the B n are Bernoulli’s numbers. If we now return to the original form 

of log K(z) in (346) we see that the part giving rise to Debye’s terms gives an 
exact contribution to E K of the form 


Vh 


v' 3 dv 


e hvikT _ ^ • 


If O j = hv J *llc as before, but now a function of direction, this becomes 


kTV 


/kTy i [d u, pv*' £3 df 


\ h 


ef-r 


If we expand by (364) and differentiate to obtain C v we find a more exact 
contribution 


frftur©/ » (-l)»B„(2«-l)0>‘+3-j 

J c/ L 3 i (2»)!(2n + 3) T 2n J 


Let us now assume that v } * oc c j . Then 


/ 31V \i 


We write 


V * C \±nv) 


k 4 ttV) • 


h / 31V \i 


y 2 n ) _ 


hi 3 N \i)«» 1 a 

k\4nv)\ p»£ l pMC * H ’ 


i - 1 


(365) 


1 h 1 2 1 3N \i 

V ~ P k 2 \4<TTv) 


f( 


Then the contribution to C v is 


3 Nlc 


1 1 -i- y. ( _ i ))» _^»( 2n ~ 1) r"K„ | 

i ’ (2n)'.(2n + 3) T 2n 


(367) 


Formula (367) replaces Debye’s term in C v . The integrands of the coeffi- 
cients K„ can be shown to be rational functions of the measurable elastic 

constants of the crystal, so that the K, t can be calculated. The full formula 
for C v is then 


C v = 3Nk 


00 


B u(2n- 1) y“K n | . (k>j/T) 2 e^ 


1 + E ( — l) a — . 

i v ; (2/i)!(2n + 3) T 2 


+ 


4 (e** tT — 1)2 > 


...(368) 


valid when T > 0/27T. 

Fbrsterling has used this formula in the most accurate comparison of 

voi rrsftir phuaik <4) * vo1 - #i * p - 577 <i92o,; zt,> - *■ ***• 3. P . 9 <1920,. 
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theoretical and observed specific heats yet attempted on the basis of (346). 
Having calculated the first term entirely from elastic data, the correct 
number of extra terms of Einstein’s type are introduced corresponding to 
the known lattice structure. The number of different 0/s allowable is also 
known from the structure and symmetry. These are then fixed to give the 
best fit possible between the observed and theoretical C v , and the whole 
theory is checked by comparing these 0 ; ’s with the natural frequencies of the 
crystal determined by the method of Reststrahlen . Excellent representations 
of C v are possible among other substances for NaCl, KC1, KBr, CaF 2 and 
Si0 2 , and typical comparisons of the wave lengths of the natural frequencies 
derived from specific heats and optical measurements ( Reststrahlen ) are 
shown in the follow ing table. 

Table 10. 

Comparisons of wave lengths of Reststrahlen directly measured and 

deduced from specif c heat curves. 


Substance 

A 0 optical 
10 -4 cm. 

A 0 from Cy 

NaCl 

66-7 

' 64-5 

KC1 

78-0 

770 

CaF 2 

53- 1 

510, 34-7* 


* Optically inactive. 


§4*71. Blackman's discussion of Debye's theory for a simple crystal. 
Introductory. The vital assumptions at the base of Debye’s theory and all 
its refinements which we have indicated in the preceding sections concern 
the acoustical modes, and can be sufficiently illustrated by further examina- 
tion of the simplest possible lattice, the simple cubic, with one atom per 
unit cell. Equation (353) should then be most nearly valid. In deriving it 
the vital approximation is that the normal modes of the system (with N 
unit cells in the lattice) have the frequency distribution of the continuum 

for v < v, so that there are 

— ' N v 2 dv (v<v) (368-1) 

v 3 

modes with frequencies in v + dv for v < v and none for v>v. This assump- 
tion was based on (339) and is certainly correct in form for small v. It has 
been used, as we have seen in Fig. 1 0 and Tables 6-9, with great success right 
up to v = v. If, however, we are more cautious and do not rely so implicitly 
on (339) we can merely assert that there will be some distribution law for the 

frequencies for a crystal of N cells, namely 

g(v)dv 
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and that as v-> 0, g(v) ~ xv 2 . The form of g(v) awaits more exact examination. 
We have thus replaced (353) by 

\ogK(T) = | ” g(v)\og(\-e- , "’ kT )dv (368-11) 

Though we cannot explicitly evaluate y(v), evidence both theoretical and 
observational may be adduced to show that (368 1) is sometimes an in- 
adequate approximation. An excellent example of a simple substance with 
a C v which departs markedly from Debye s curve, most probably because 
(368* 1) fails, is metallic lithium. The most accurate way of comparing obser- 

Table 10* 1. 


The specific heat of lithium in calf deg. /gram atom , 
and the calculated values of Debye s 0. 



vations of C v with Debye’s theory is to calculate for each temperature what 

value of 0 will reproduce theoretically the observed C r . Table 101 shows 

the measurements and analysis of Simon and Swain* for lithium, and it will 

be observed that 0 so calculated from the observations is very far from 
constant below 180° K. 

Before one concludes that the figures of Table 10- 1 indicate a failure of 
(368- 1), one must examine alternative sources of failure for Debye's curve. 

* Simon and Swain, Zeit.f. physical. Chem. B, vol. 28, p. 189 (1935). 





132 


Partition Functions for Crystals [ 4*71 

There are two known possibilities: (i) The electrons may contribute effec- 
tively to the specific heat especially at very low temperatures in such a way 
as to make the specific heat larger than is calculated from Debye’s theory so 
that the derived 0 will diminish as T diminishes. This effect is examined 
in detail in § 11*55 and applied successfully to explain certain features of 
the Cp-curve for nickel. It appears that it cannot be responsible for the 
large effect here, (ii) The lithium ions in the lattice might have two electronic 
states of small energy difference, but otherwise so alike in their properties 
that the corpus of normal modes for the lattice is independent of the dis- 
tribution of the ions over their pair of states, and this distribution is itself 
unaffected by the behaviour of neighbours so that it is identical with the 
similar distribution of gaseous atoms over a pair of stares. The variation of 
this distribution will therefore make the contribution (283) to C r . It has 
been shown by Simon and Swain that such a contribution with tn 1 /to 2 = L 
A€/& = 200 when subtracted from the observed specific heat leaves behind 
a specific heat which is admirably represented by a Debye curve with 
0 = 510. The objection to this explanation is that there is no reason to 
believe that the simple lithium ion can possibly exist in the lattice with two 
such states with this energy difference and in spite of its empirical success 
the explanation must be discarded. We are driven back for an explanation 
on the probable failure of (368*1). 


§4*72. The normal modes of a linear lattice . The further study of g(v) may 
be introduced by starting w ith a linear lattice. We consider therefore a chain 
of 2N atoms, each of which may be displaced along the chain. Let the 
displacement of the nth atom be u n and so small that only quadratic terms 
need be retained in the potential energy. We may further assume (merely 
for simplicity) that the potential energy due to the displacements depends 
only on the relative displacements of nearest neighbours. Then for such a 
system the total energy E is given by 



(368*2) 


This expression contains displacement terms for atoms 0 and 2N 4- 1 which 
do not belong to the system. It is simplest to include these and to impose 
as boundary condition a condition of periodicity that u n = u n + 2 y The 
precise form of boundary condition imposed has no ultimate effect on the 
distribution of the normal modes. 

Since we are concerned with simple harmonic oscillations classical equa- 
tions of motion will suffice. These follow at once from the energy (368*2) 


and are 


(368*21) 


mii n + a(2w /t — w /(+1 — u n _ j) — 0 (n — 1, 2, 2A ). 
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Conforming to the periodicity condition let us now attempt a solution of 
equations (368*21) of the form 

u n = u 'e i{27rvi+n7TP,N \ (368*22) 


where u ' is a constant and p is an integer satisfying — N <p ^ N. There are 
exactly 2 N distinct expressions of this type. The equations of motion then 

become 4. 7T 2 l/ 2ffi e i{27rvt+mrplN} a gi{27rv/+n7rp/tf}(2 __ g-inpIN^ — Q 

and are therefore all satisfied if 



sin 2 


7rp 

22VT 


(368*23) 


The frequencies are equal in pairs for equal positive and negative values 
of p. If we allow for this and write dN for the number of frequencies in the 


range v , v + dv, we find 



4 N dv 

^o(l-v 2 /v 0 2 ) r 


(368*24) 


The velocity of sound along the chain is of course given by the equation 
c — Xv for long wave lengths. It is easily verified from (368*22) and (368*23) 
that c = irv 0 d> where d is the lattice spacing. Thus alternatively 



The normal modes of the one-dimensional continuum, or the modes of an 
actual continuum restricted to plane waves normal to a given axis, have a 
uniform distribution dN = 2Ldv/c which agrees with the distribution for the 
lattice until v approaches v 0 . The g(v) for the lattice does deviate markedly 
from that for a continuum as i/-> v 0 and has there an infinite maximum, but 
no subsidiary maxima for smaller values of v . No exact calculations have 
been made but it seems likely that specific heat curves based on (368*24) 
and on dN = 2LdvJc restricted to 2 N modes will not possess any striking 
differences. 


§ 4 - 73 . The normal modes of simple square and cubic lattices. In more than 
one dimension the g(v) can be more exciting. Let us consider a two-dimen- 
sional square lattice of spacing d with 2 N atoms in each row and column. 
Let us specify the atoms by the suffixes /, m ( 1 < 7, m ^ 2 N) and denote their 
displacements along the rows and columns of the array by u lm , v 1m respec- 
tively. If now we assume that only the interactions between nearest neigh- 
bours are sensible, the oscillations along rows and columns separate and all 
the modes reduce to a double set of modes for a linear lattice. We only retain 
the essential nature of the two-dimensional array if we include interactions 
between next nearest neighbours as well, that is neighbours along the 
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diagonals. The arrangement of the displacements is illustrated in Fig. 10*1. 
If the force constant for relative displacements of neighbours along the 
square edges is a and along the square diagonals 
is 2 y, we can at once write down the total energy 


(“,. m -v,, m )/V 2 


for small oscillations in the forint 

l, m 

/+ l,m 

E = \m* £, >m u\ m + v\ m + ioc S, m (u lm - w (+1 , m ) 2 

• 


• 

+ £ a2 /.m K m “*Wi) 2 



\y K,m “h v l,m ~ u l+l t m+l ~ r /+l,m+l) 2 

k 

• 

m + *'l,m)/v'2 

• 

■h iy ^/,m K.m “ v /,m — ' w /-‘-l.m-l "1" v f+l.m-l) 2 * 

l,m + 1 

/ + 1, m-F 


(368*3) Fig. 10*1. Displacements of atoms 

in the oscillations of a square 
lattice. 


This leads at once to the equations of motion 

m *^tm + a ( 2 “/.m ~ “ U l-l,m) + y(Km + ^/.m ~ “ * 7+i,m + i) 

+ ( U l,m + v l,m ~ U l-l,m-l ~ v l-l,m-l) + Km ~ ~ u l+l,m-l + r /+l,m-l) 

"1" K,m — v /,m ~ + l l.m+l)} = (368*31) 


u l+l,m+l v l+l,m+l) 


m *hrn + «(2V|. m ~ «V . m+1 - V/. m _!) + y{(u Lm + r /m - 

+ Km + v /,m ~ U l—l,m—l ~ v l-l,m-\) + Km ~ W /,m “ v /+l,m-l + U 1+ l.m-l) 

+ Km " "/.m “ + l + %-l.m+l)} = 0. (368*32) 

We can now attempt to find a solution of these equations with the 
periodicity conditions that both u and v are periodic in both l and m with 
period 2 N by using the form 


y // m — ty' gi(27Tvt+l7rp/N+m7rq/N)^ 
y l ^ = v ' e i{2rrvt+l7rp/N +rmrqlX) J ’ 


(368*33) 


where u' and v' are constants and p and q are independent integers satisfying 
— N <p , q^N. There are therefore 4 N 2 of these distinct forms. After an 
easy reduction it is found that all the equations of motion are satisfied if 


£ — 7T 2 v 2 m* + a sin 2 + y^ 1 — 


7 TP 71 q 

cos ^ cos y 



+ 


[y sin y sin »' = 0 


[y sin ^ sin u ' + [ “ + « sin 2 || + y( 1 - 


7TV TT q 

cos cos 

IV A 


?)]„•- oj 


The period equation is therefore 


(368*34) 


— 7T 2 v 2 m* + a sin 2 + y^ 1 — 


7 rp irq 

COS COS 

Jv A 


. irp . 7Tq 

ysm-^sm 


2V 


. 7 rp . irq 
y sm-^sin^ 


2 ^ 


TT 2 v 2 m* -f a sin 36 7 -^ -F y 

2iv 



7T» 

COS COS ^ 


= 0 , 


(368*35) 

t The mass of the atoms has here been starred to distinguish it from the location parameter. 
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There are two roots for each given pair ( p,q ) so that there are SN 2 different 
normal modes in all, which is the correct number. 

This determinantal equation for v verifies at once for this simple case that 
the modes are uniformly distributed over (p, (?)-space or, if 

(f) = 7rp/N, 0 = nq/N , 

over (0,0) -space, covering the square — tt < 0, 0 ^ n. This is a particular case 
of the theorem quoted in § 4*5. To determine g(v) we have only to determine 
how much of ( 0 , 0 )- space corresponds to values of v between v and v + dv for 
each of the two branches of roots of equation (368*35). There are N 2 /tt 2 roots 
per unit area of ( 0 , 0 )-space for each branch, but since the frequencies do 
not depend on the signs of 0 and i Jj we may confine attention to the positive 
quadrant, 0 ^ 0, 0 ^ 7 r, and take 4:N 2 /tt 2 roots per unit area of that quadrant. 

Even in this simple case the function g(v) can scarcely be determined 
except by numerical computation, but certain of its properties can be 
derived at once analytically. Regarding v as a function of <f> and 0 we see at 
once that provided y=t=0 3 j// 30 vanishes if sin0 = O and dv/dip vanishes if 
sin 0 = 0. Therefore dv/d<f> = 3 v/dip = 0 whenever v =\= 0 , sin 0 = sin 0 = 0, that is 
at the points , , A A 

r (p, 0 = 0 , TT \ 7 7 , 0 ; 77 , 77 . 

[It is not excluded that there might be other stationary values of v besides 
these.] At any such stationary point v=v* g(v) must strictly speaking have 
an infinity since the area of (0,0)-space enclosed between the curves of 
constant v, v and v* tends to zero as v ->• v* at least as slowly as | v — y*|*. 
The g(v) curve has therefore in general more than one sharp maximum on it. 
These maxima are strictly infinities, but an infinity as such is not of great 
effect on C v or on the other equilibrium properties which are all of the form 
[ fg(v) dv. It is rather the number of modes concentrated over a “physically 
small” range of v than over the infinitesimal dv which is significant. 

When 0, 0 are both small (long waves) equation (368*35) factorizes and 
the two roots in v 2 are approximately 

* 2 = tokr * [(a + 2y) ** + 2y +* 1 i [2y ^ 2 + (a + 2y) 

(368-36) 

For each root the region of (</.,^)-space for which v<v' is the positive 
quadrant of an ellipse — a quadrant of area 

7 T 2 v ,2 m* 

V{(« + 2y) 2 y} • 

The number of modes of both branches with frequencies between and 
v + dv for small v is therefore 


IbnNhn* 

J{{*+2y)2y} Vdv - 


(368-37) 
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When ip 7r ip and <p and xp' are small, the two roots are approximately 


1,2 = ^ [(« + 2 y) ~ \y<p 2 - i(« + 4y) *'*], -JL [2y + *(« - 2y) - &/,'*}- 

(368-38) 

There are similar values for <f> = 7r — <f>' and <£' and ip both small. The frequency 
v 2 = (a-f 2y)/7r 2 m* is the greatest of the set. When <f> = 7 r — <£', ip = 7 r — i/j' and 
<£ and </>' are both small, the two roots are approximately 


2 = ^[«~i(a-4y)^ + ^ 2] 


’ Trhn* 


[a + *y<£' 2 - $(a - 4 y) 0' 2 ]. 


(368*39) 


We can now see clearly how the actual g(v) can deviate widely from the 
g(v) for a two-dimensional continuum which will of course be given by 
(368*37) for all v if the elastic constants of the continuum are properly 
chosen. The distribution of frequencies for low frequencies and for high for 
the actual lattice are governed by two unrelated parameters while the 
distribution for a continuum is a one-parameter distribution. This is most 
easily seen if y/a is fairly small. The low frequency distribution is then 
rather dense and controlled by the factor 1/y^. The high frequency dis- 
tribution on the other hand is given by the greater root of (368*38) and also 
by either root of (368*39) which here all coincide, neglecting y. This distribu- 
tion depends only on a and is effectively the same as for a linear lattice with 
the same force constant a when allowance is made for the extra degrees of 
freedom. A one-parameter curve such as Debye’s cannot possibly therefore 
always represent effectively the actual two-parameter curve. The fact that 
Debye’s curve is often so good in practice must be accounted as a happy 

accident. 


By numerical calculations Blackman has constructed an approximate 
g(v) curve for this square lattice when y/a = 0*05. The contributions of the 
two roots of (368*35) are shown separately and also the total in Fig. 10*2. 
The infinities have been smoothed out by the numerical process adopted. 
Fig. 10*2 also shows the Debye distributions (g(v)cc v) which contain the 
same number of modes 82V 2 , and (i) the same maximum frequency, (ii) the 
same low frequency density. The divergences are marked, particularly on 
account of the subsidiary maximum in g(v) besides the expected maximum 
for the maximum frequency. 

The three-dimensional lattice is naturally more complicated though it 
can be handled by the same methods. It presents a still greater variety of 
possible subsidiary maxima in g(v). After this glimpse of the possibilities 
afforded by the two-dimensional discussion it is unnecessary to analyse it 
further. If the corresponding 0 which will give the same specific heat 
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according to Debye’s approximation is computed from the more exact 

theory as it was from observed values for Table 10-1, it will in general vary 

with the temperature. Typical variations of this nature are shown in 

Fig. 10*3 computed by Blackman. It is not, however, possible to discuss 

actual specific heat curves according to Blackman’s theory until that theory 

has been worked out for models which are more genuinely representative of 
actual crystals. 

§4*8. External reactions for a crystal. The formulae of§ 2*8 for the external 

reactions of the assembly were worked out explicitly for a gaseous assembly, 

but apply of course mutatis mutandis to a crystal. Since the most natural 

arrangement of the argument is slightly different here, we will give it again 
in full. 

The crystal can be regarded as equivalent to the set of localized oscillators 
into which its movements have been analysed. The oscillators are not 
necessarily simple harmonic and need not be so restricted as in equation 
(345). The energy of any state (r) of the crystal may be put in the form 


Fo + 


2 6 T 
■‘-‘r c r > 


(369) 


where the numbers (r) specify the states of the various oscillators, and the 
partition function (in place of (345)) 


3 *.v 


\ogK(z) = F 0 \ogz+ S log/ r (z), 


(370) 


r= 1 


where 


fr(z) = -r ru r T z f r T 


is the partition function for the rth oscillator. In the state (369) the 

generalized reaction f/ T) ofthe crystal on the external world is as in § 2* 8 given 
by the equation 




(371) 


To find the equilibrium value X f of this external reaction we could pre- 
viously use a r T , the average number of oscillators of type r in state r. Here 
there is only one oscillator of each type, but a r r , now a fraction, given by 
the old formula (80) with M= 1, still has the same physical meaning as 
before which is perhaps now more naturally described as the fraction of 
time that this oscillator spends in this state. It follows therefore just as 
before that 




( 372 ) 


which is equivalent to (232), and therefore that 
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- By comparison with (370) it is easy to see at once that this reduces to 


og 1 !, »£><**<»>• 

In terms of T (373) becomes 

(373) 


X t = kT — log K(T), 

(374) 

and in particular 

P = kT^\ogK(T). 

(375) 


§4*81. Equations of state for simple isotropic solids , deduced from Debye's 
partition function. It is convenient to discuss at this stage other properties 
of solids which follow from Debye s form of the partition function. We 
consider in this section only the simplest case, in which with sufficient 
accuracy 

F( i/\ ( T 

log E(T)= — 9^ T { 0(F) ) h lo ^ l - e '^ x2dx < 376 > 

In (376) we have shown 0 explicitly as a function of F; 0 must always vary 
with F according to the simple theory, unless V^k~^ {x( (7 )} ^ is independent 
of the volume. If the solid obeyed Hooke’s law perfectly, so that for all 
displacements the stresses and strains were strictly proportional, this 
function would be independent of F, for Poisson’s ratio a would be an 
absolute constant, and the compressibility k would be proportional to the 
linear dimensions. But this ideal case can never hold for actual solids, and 
a F-variation of 0 must be admitted. 

By the general formula (375) it follows at once that 


(377) 

This is the equation of state. For many isotropic bodies it is sufficient to 
assume that ^ g 

W - - V&+ yi~. <”>"*>• < 378 > 


where A and B are constants. This is the form of F 0 (V ) when the atoms in a 
regular crystal act on one another with central forces consisting of a strong 
repulsive field of short range of potential £//•" and a weaker attractive field 
of longer range of potential — a/r w . and the zero-point energy may be 
neglected. In the calculation of F 0 (F), by definition, the structural units 
are taken to be at rest in their mean positions. We cannot enter here into 
the calculation of A and B from the laws of force of individual atoms (see 
Chapter x). If F 0 is the natural volume of the solid at zero temperature and 
pressure, then r , n/ * A 

F 0 (V 0 ) = 0. (370) 
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For the form (378) V 0 is therefore fixed in terms of the constants of the 
interatomic forces by the equation 


mA nB 

vf n ' 

For small volume changes we may write 

Fo(Y) = F 0 ''(V 0 )(V-V 0 ), 

_ 1 n(n — m) B 
— 9 yin+2 ' 


(380) 


-V 0 ), 


(381) 


and 


F 0 ( V) = F 0 (V 0 ) + 1 n{n Ti m ] B ( V - Iq) 2 , 


18 J^in+2 


(382) 


Wo> = - 


r — m B 


m v 0 * n * 


(383) 


We ma} 7 now introduce the usual coefficients of thermal expansion a and 
compressibility k by the equations (definitions) 


*- v(a <•“> 


Then 




(385) 


At the absolute zero this reduces to 


Ko=l!V 0 F 0 ''(Vh 

and by (381) and (383) we have the relation 

9Jn 


F 0 (V 0 ) = - 


nrriK 0 


(386) 


This important relation between the compressibility and the lattice energy 
or heat of evaporation at zero temperature can be used to determine nm , or 
n when m is known as for an ionic lattice (?n= 1). The actual comparisons 
are made with a calculated F 0 (T^), after fixing B to give the right scale to 
the lattice. We shall take up the general question of the specification of 
interatomic forces in Chapter x. 

On differentiating (377) with p constant we find that 

a 



(F) + 3 NkT 


a© 




- 0 C r> 


the latter reduction by (356). This can be reduced to the simple form 

3a f 0') 


K~\ 0 


a 


(387) 
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We see at once that a body for which 0' = 0 should show no thermal expan- 
sion. Finally, from the thermodynamic relation 

(%•) ■ (3S8) 

and from (!»)„- { - 1| <?, - < 389 > 

obtained by differentiating (377) with V constant, we deduce 

C p — C v = 9 cl 2 TV/k. (390) 

This formula is of great practical importance in deducing C v from observa- 
tions of C p . It is principally used in certain semi-empirical simplified forms. 

These formulae appear to be in good agreement with observation for 
many solids. In particular (387) is satisfied if the value of — VQ'/Q is about 
2*3. A calculation of a and k in terms of the interatomic forces would allow 
this value to be interpreted as fixing a relation between m and n. 

§ 4 * 9 . General equations of state of the general crystal. Specification of the 
unit cell. We have hitherto, in discussing its equation of state, regarded a 
crystal as an isotropic solid, subjected only to changes of volume by isotropic 
(hydrostatic) pressures, which might be negative. The single geometrical 
variable necessary could then be the volume V as for a gas, and the single 
elastic constant the volume compressibility. This, however, is insufficient 
for even the simplest solid, since solids possess at least two independent 
elastic constants, Young’s modulus and Poisson’s ratio, and crystals of 
lower symmetry may possess many more, 21 in all. We are therefore led to 
re-formulate the calculations, to include the symmetry of the crystal 
structure and the general mechanical and perhaps electrical stresses to 
which a rigid body can be subjected.* 

We start by specifying more closely than in §4-5 the unit cell, bv repeti- 
tions of which the crystal is constructed. The cell is of course not unique, but 
we suppose a definite choice has been made. The cell may then be taken to be 
a definite parallelepiped whose three concurrent edges are specified by the 
vectors 6 lt 8 2 , 8 3 . The volume of this cell is 


A = S3= 8 1X 

Si, 

Su , (391) 


^2 u 

s fc 

S 3 * 

^3|/ 

s 3i 


and 8 is called the lattice constant. Choosing any origin O in the basic cell 
let r be the vector from O to any other point, usually to one of the other 

* My knowledge of the atomic theory of crystals is derived almost entirely from Born, Problems 

of Atomic Dynamics , Cambridge, Mass. (192fi), and ** Atomtheorie des festen Zust Andes*’, toe. cit 

q.o. The simple account, which I have tried to give here, not unnaturally follows Born's lectures 
closely. 
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atoms in the same cell. Then the vector distance from O to the congruent 
points in the other cells is written 

r + r 1 , r' = 2 1 S 1 + Z 2 8 2 + Z 3 & 3 , (392) 


where l t , l 2 , i 3 are any integers positive, zero or negative. They are con- 
tracted to l and called the “cell-index”. 

The positions of the atoms or other units requiring separate consideration 


in the unit cell are denoted by the vectors from O, 

r k (fc= 1,2, . ..,«). (393) 

Any atom of the lattice is at a point specified by r k l , where 

T k= r k+^- (394) 

• 

The vector distance between any two atoms of the lattice is 

T k l - V = T k~ *V + * l ~ n = (395) 


§4-91. Crystal statics , or energies without heat motions. We will next 
consider the form of the potential energy function when the atoms are at 
rest in their mean positions and act on one another with radial forces of 
potential energy </> kffc >(r) for the pair of atoms of type k and k' at a distance 
r apart. 

We require of course the potential energy per unit cell and have therefore 
to calculate the potential energy of each of the k units in this cell in the field 
of all the other units in the crystal, which is regarded as infinite in extent. 
We then obtain the total energy of the crystal, omitting surface effects, by 
summing these potential energies over the k units of the cell and multi- 
plying by where N is the number of cells in the actual crystal. Every 
term would be counted twice over by this summation, hence the factor £. 
We shall continue to call the total potential energy of the actual crystal .F 0 , 


and have therefore 


Fo — L*. 'L lfk - <f) ktk > ( r 1 k k ,). 


(396) 


It is commonly convenient to use a different notation for the l and k sum- 


mations, calling them S z and £*. We have therefore 


— iFSi'L/cjc' <f> ktk ' (i 4 ktk ). 


(397) 


In (397) the summation S z runs from — oo to + oo in each of the three indices 
and the summation twice over the s units of the basic cell. All terms for 
which r = 0 , that is, k = k', l = 0 , are omitted. 

Methods of evaluating these sums in terms of given atomic forces for the 
simpler cases are sketched in Chapter x, and we shall not consider them 
further here. 


We should observe in passing that the form chosen for the unit of sum- 
mation as a term depending on two atoms only is by no -means general. 
More general forms are to be expected and are required to account for the 
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more intimate properties of crystals. For example, if we have in the basic 
cell three non-collinear ions 1, 2, 3 with appreciably polarizable electronic 
structures, their mutual potential energy may be reduced to the form 

^123( r i2» r 23’ r 3l)» 

at least approximately, but is not expressible in the form 

^12(^12) + ^23(^23) + ^ 3 l( r 3 l)» 

which is the form assumed in (397). Summations more complicated than 
(397) are then required, which we shall not formulate here. 

Let us now consider the requirements of the equilibrium state. If we 
suppose that the vectors 8 l5 8 2 , 8 3 , r x , r 8 as specified refer to the equi- 
librium state with all units at rest in their mean positions, then the first 
order variations of F 0 must vanish for any small variations in position of any 
one (or more) of the constituents. Since all the cells are the same these con- 
ditions of course are not all independent, and it is easy to see that the 
independent conditions reduce to those in which every cell is submitted to 
the same variations. Such variations may be called homogeneous displace- 
ments and are of special importance. 

Let us now pause a moment to consider the complete specification of the 
geometrical variables which describe the crystal, and which are entitled to 
enter into thermodynamical or statistical equations. It is no longer possible 
conveniently to use the actual volume; again, the displacements from the 
equilibrium state with the atoms at rest and undisturbed by external fields 
of force are practically always small in an actual crystal. It is therefore 
convenient to take as standard the undisturbed state of rest, and to refer all 
other states to that state. In any other actual state of the crystal (pre- 
serving the lattice repetition) the mean positions of the structural units can 
be just specified exactly by specifying the general homogeneous displace- 
ment which transforms the standard state to the required state, and this 
disturbance may usually be regarded as small. When external forces are 
acting, mechanical or electrical, they must therefore be supposed to be 
uniform over the extent of the crystal. Since the actual space variation of 
external fields is very small on the molecular scale this apparent restriction 
is a trivial one. 

The general homogeneous displacements, which we are thus led to regard 
as a suitable geometrical specification of the crystal, contain terms for the 
displacement of one set of atoms relative to another which are at first sight 
not accessible to direct observation and control for the crystal in bulk and 
so not permissible statistical variables. Ideally, however, one can regard 
these displacements as directly measurable by X-ray methods, which can 
already place all the atoms in the basic cell at least in simpler cases. Moreover, 



144 


Partition Functions for Crystals [4*91 

in ionic lattices some at least of these displacements can be varied inde- 
pendently by external electrostatic forces. They cannot therefore all be 
ignored, and it seems a legitimate generalization to include them all in the 
statistical description of the crystal. As we shall see, they can be eliminated 
later from the partition function by the usual thermodynamic process as 
soon as it is desired to do so. 

Disturbances of the crystal other than homogeneous only enter with its 
thermal motion. 

The general homogeneous displacement consists of small vector changes 
in Sj, 8 2 , 83, r l9 ..., r s , the lattice being rebuilt out of the cells so altered. 
In greater detail we write these changes as follows, where asterisks denote 


the new values. For the components of 8*, 8 2 , 8 3 

8% = 8 U + u XfV 8 iy (t= 1,2,3); (398) 

for the components of r k 

x k* = x k + u k* + 2* u XfV y k (k = 1 , . . . , s) (399) 


The displacements then consist of a homogeneous strain of the whole of each 
cell defined by the tensor u xy , and then a displacement of the 8 elements of 
each cell by the vector u*. . To exclude a rotation of the lattice as a whole as 
a rigid body the tensor u xy must be symmetrical or 

u x, v = u v,x (“11 x > y )> ( 40 °) 

and to exclude a translation of the lattice as a whole as a rigid body the sum 
of the 8 displacement vectors must vanish or 


Z k u k ,* = 0 (all x). (401) 

Let us now suppose that we can compute the value F 0 * of F 0 given by (397) 
under this homogeneous displacement, retaining terms in the displacements 
up to the second order. Then 




k# 


/ d 2 F 0 * \ 

^(du^du.J, *■* *'■ 




d 2 F 0 * 


k * 


* * \ 

V" ) Vk 

cU U £/0 


U k* U V~ 


/ 0 2 F ft * \ 

+ ^i/r= ^l/x' I 077 077 ) u u^ u u\z’ * 

\ cu u* cu u’jJo 


= F 0 + F 1 + F 2 . 


(402) 


It is well to recall the meaning of the two zero suffixes. The suffix zero in 
F 0 and F 0 * denotes that there is no thermal agitation and that the terms 
refer to potential energy in an assigned configuration. The suffix zero in 
( ) 0 denotes that the term is calculated for zero displacement from the 
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standard configuration. By the conditions of equilibrium in the specified 
standard state 


These equations are not all independent, for the change of potential energy 
must vanish identically when the crystal is moved as a whole or rotated as 
a whole in the absence of external forces. Thus 




(404) 


and since in a pure rotation u xy + w = 0, etc., 


dF 0 * 
du .. 


! ) =(F) ■ 

Jo \^ U z,yf 0 


(405) 


The independent conditions (403) thus reduce to 3 s + 3, which is the same as 
the number of independent displacements (u r y , u kje ) subject to (400) and 
(401), and therefore just suffice to fix the standard equilibrium state. The 
numbers of independent variables and equations can of course be reduced 
by the crystal symmetry, but are reduced equally. 

Suppose now that the crystal is again held in equilibrium but not in its 
standard state. This is possible if external mechanical or electrical forces 
exist, acting selectively on the different units of the crystal cell. We have then 
to consider a crystal element in a resultant state of homogeneous displace- 
ment. The selective forces on particular sets of atoms may naturally be 
thought of as being applied as body forces acting uniformly through the 
body of the crystal, but the ordinary mechanical stress tensor which pri- 
marily deforms the cell is in actual practice applied to the surface of the 
crystal. One may think at first sight that in a scheme which omits surface 
effects these surface applied stresses cannot be included, but this difficulty 
is only apparent. We find the same apparent difficulty in discussing im- 
perfect gases in Chapters vm and ix, which is considered in detail in §5-7. 
We shall not go into details here, but by similar arguments the surface 
applied stresses can be seen to be transmitted uniformly through the solid 
by considering the actions across suitable sets of geometrical interfaces 
inside it, so that effectively the cells of the crystal are subjected to uniform 

body forces. In any such case of non-standard equilibrium under uniform 
homogeneous displacements we have therefore 


0,A\x 


cF * 
c r o 



(40G) 

?F 0 * 



(407) 


• * 

where the functions V so defined, vanishing in the standard state, are the 
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external stress tensor and the external selective force vectors respectively. 

This identification follows at once from the requirements of the conservation 
of energy. 

§4*92. Crystals with thermal agitation. It is now possible to superpose on 
the distorted crystal the usual general thermal agitation, and so to construct 
its partition function. Into the details of this calculation we need not go. 
It requires calculations of F 0 * to the third order in the displacements in 
order to get the frequency spectrum of the crystal correct to the first order 
terms in the homogeneous displacements. The calculations are complicated, 
but can be carried through. With approximations of the same type as before 
we arrive at 

3N 3 1 rk&t* log? i/t 

log K(z) = (F 0 + F 2 ) log z - (1 — .s £30^3 J 0 l°g( 1 - e- x ) * 2 d* 

3 s 

-N 2 log(l -z^/), (408) 

corresponding to (349), but now and v* refer to the displaced lattice. 
If we anticipate Chapter vi as before and write (408) in terms of T , like 
(351), we have 

JL + jR. 3 7 73 r*riT 

log K(T)= — 2 


kT 


3 ^3 re f *iT 

~ 3N i^iQ^Jo lo ^ l - e ~ x ) x2dx 

3 s 


-N £ log(l — e~ 0 '* /T ), 


where 


(409) 

- ©yO “ & k *u k . r - 2 XiW B‘ xy u xv } (410) 

Strictly speaking, the averaging for direction of equation (347) must be 
carried out remembering that and B\ y (j= 1, 2, 3) are functions of 
direction. This will be indicated in the equations that follow. 

The analysis is of course only carried through for small displacements, so 
that only the first order terms arising from the changes in the 0’s can be 
retained. When we expand (409) in powers of u k ^ and u xy and indicate the 
hitherto ignored directional averaging, the result can easily be reduced to 
the form 

Vjf F n 3 T 3 C e * IT 

log*,!',- 


log(l — e~ x )x 2 dx 


NZJ og( 1 - ~ {Z AiX K° m u kx + K° x v u xy }. 


(411) 


where, the bars denoting averaging for direction, 

3 S 


K° kfX =m-T 

3 7»3 

3 ^ 0 -3 

j-l U J * 

j '*i ,T x*dx 
lo e x —l 

1 

3 T* i 

X *dx 

K° XM = NkT^B' X ' V ^ 

U e x —i 


OillL I 


(412) 


3 s 


4 


0 y ,r 


*•» e »,!T _ 1 f ■ 


(413) 
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To the specified order of accuracy this is the complete partition function, 
replacing (351), and depending on all the geometrical parameters u kjc and 
u x y instead of only on V.. The temperature dependent terms have only been 
given to a first approximation in these parameters. 

§4*93. General applications . By the general formula (374), 


u x ,y = k T ^-logK(T), 

CU x,v 

(414) 

U k ^ = kT log K(T). 

hpX 

(415) 


These are the average reactions of the specified types which the assembly 
exerts on the outside world, or the forces exerted by the surroundings 
reversed in sign, so that the external work done by the crystal in any 
specified displacement at the given temperature is 


^x,v ^ J x,y^ >u x,y 






(416) 


The average energy E K is given as before by 

W K = kT^\ogK(T) 

The forms of the average reactions are found on combining (406), (407), 
(414) and (415) to be 


(417) 


U x .y = K° x .y ~ 


U k . = K°i. . - 


dF, 
du 


(418) 




dF , ; 


kjc 


du 


kjc 


(419) 


Anticipating the results of Chapter vi we may of course apply all the 
processes of thermodynamics to our crystal. In particular we can evaluate 
the displacements u kjc and construct a new function of the other variables 
an 4 C ktX instead of the u kfX which has similar properties. This is a process 
of practical importance because all observable properties of a crystal are 
properties which it possesses for given values of the external forces U kfX and 
not for given values of the displacements u kpX . As appears in Chapter vi 
&log K(T) for the crystal is the thermodynamic function known as Planck’s 
characteristic function, and -kT log K(T) is the more usual free energy y 
of Helmholtz , F. The function we require here is 


F* = F + Z 


k\x ^A-VC u k,x » 


(420) 

P t* n f 7 , u x y and U kiX after eliminating the u kx from 

(420) by means of (419). It is as it were a partial transformation from the 

t Also called Me work function and denoted by A. 
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free energy of Helmholtz to the free energy of Gibbs. By the formation of 
the usual total variation we see that 

dF* 

(421) 


u k* = 


da 


kjc 


We have still to define the strength of the electric doublet p induced in 
the crystal by the displacements of type u ktX , whether they are due to 
external electric fields, to thermal agitation or to the other displacements 


u x y . We have at once 


Px — NTik € k u k f x > 


(422) 


where e k is the charge on the &th unit of the basic cell. If an external electric 

field of components E x , E y , E z is acting, the forces U ktX are given by the 
equations 


U k *=-Ne 




(423) 


The u ktX may be supposed eliminated from (422) also, with the help of (419). 

We cannot pursue the theory of crystal structure in detail any further, 
but must content ourselves with general remarks. The general equilibrium 
properties of crystals and their relationships may be illustrated by the 
following diagram.*)* 


Stress Field 



Fig. 11. The equilibrium properties of crystals. 

The formal equations connecting these quantities can all be derived from 
the functions F or F*, and can therefore be evaluated for given crystal 
structure and given atomic models by carrying through the calculations 
which we have indicated here. For example, the pyroelectric effect is a 

t Modified here from Born, loc. cit. after Heckmann. 
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change of dipole strength in the crystal caused by heating it, and is of course 
coupled with the corresponding inverse electrocaloric effect which is a 
change of temperature following on the application of an external electric 
field. The pyroelectric effect appears of course as the production of equal 
and opposite surface charges on opposite faces of the crystal. The best known 
example is tourmaline in which the charges separate along the trigonal axis. 
This effect can be calculated by evaluating p x ,p v , p z for zero external stress 
tensor and zero electric field. The pyroelectric moment so calculated corre- 
sponds to that observed, but it is not what may be called the true pyro- 
electric moment which would naturally be that for zero external electric field 
and zero displacements u xy . The actual displacements u x y for zero stress 
tensor themselves involve non-zero values of u kx (independently of the 
direct temperature effect), and so produce a piezoelectric moment which is 
superposed on the true pyroelectric moment to give the observed value. 

The point of chief interest to statistical theory is the dependence of all 
these parameters on the temperature. It is not difficult to see that the inter- 
connections between the pyroelectric moment, the thermal expansions and 
the temperature are fixed by the coefficients B\ x and B J ' X V of equations 
(412) and (413). At low temperatures only the Debye terms, j= 1, 2, 3, are 
important, and we find in addition to (359) for the energy, the relations 


Thermal expansions oc T 4 , (424) 

VxiVi nPz* T 4 * ( 42 5 ) 


The proportionality between the excess energy content over the zero-point 
energy and the thermal expansions is in agreement with observation, and 
represents a law formulated on empirical grounds by Gruneisen, but the 
proportionality with the pyroelectric moment is not in agreement with 
observation. The observations suggest that p x tends to zero rather like T 
or T 2 . The explanation is still uncertain, but it is probably connected with 
certain other phenomena in crystals of low symmetry to which we shall now 
refer on account of their striking character. 

§4-94. Some properties of strongly anisotropic crystals. The investigations 
of Gruneisen and Goens* on single crystals of zinc and cadmium have shown 
that these hexagonal crystals are very strongly anisotropic, all their pro- 
perties being markedly different along and across the hexagonal axis. In 
particular the frequencies of elastic vibration are very different in these 
directions. On following through the calculations for the coefficients of 


thermal expansion it is found that 

a ll = YnP\\ + YizPi_> (426) 

«l = Y 21 PW + Y 22 P 1 . > (427) 


* Gruneisen and Goens, Zeit. f. Physik , vol. 26, pp. 235, 250 (1924), vol. 29 d 141 ( 1 Q 9 d\ 
vol. 37, p. 278 (1926). ’ 
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P\\=h(T), p ± =f 2 (T), (428) 

yi2 = y 2 i<0. (429) 


To a first approximation/j and/ 2 are of Debye’s type, but with very different 
0 s. The y s are elastic moduli, so that the p’s are of the nature of “thermal 
pressures . The © s are as usual fixed by the elastic constants and serve to 
determine successfully the specific heats. 



Fig. 12. The coefficients of thermal expansion a,| and of 
zinc crystals along and across the hexagonal axis. 

The interesting special property of these crystals is that they show for 
certain temperatures a negative value of oc ± , that is a contraction across the 
hexagonal axis on heating. But this follows from the theory, for owing to 
the great difference in the 0’s f t at low temperatures has a sensible value 
while f 2 is still negligible. At higher temperatures both a ( | and a ± become 
positive, for the functions f x and f 2 become comparable and y 22 > \y 12 1. The 
observations and theoretical calculations for zinc are shown in Fig 1 2 and 
are in remarkable agreement. 

In view of this result is seems possible that the observed variation of 
pyroelectric moment, which does not obey the T 4 - law, arises from a com- 
bination of several rather different functions of the temperature which 
partly balance each other. The crystals concerned in pyroelectric effects 
are in general strongly anisotropic. 


CHAPTER V 


THE GENERAL ASSEMBLY. DISSOCIATION 

AND EVAPORATION 


§5*1. Introductory . We now pass on to the general assembly in which 
gaseous atoms and molecules dissociate and combine, or evaporate from and 
recondense on crystals. Generally speaking we may say that we are now to 
investigate the equilibrium state of an assembly of practically independent 
systems, which no longer retain their individualities throughout the motion 
of the assembly, but are able to break up and recombine in such a way as to 
form any specified number of different types of independent systems. It will 
obviously be important to specify what we regard as the ultimate structural 
elements of the assembly — the indivisible systems which can combine, but 
never break up further. The formal exposition will be the same whatever 
the ultimate units are assumed to be, but the physical interpretation will 
be different. In the initial exposition we shall for definiteness suppose that 
the ultimate units are the atoms of chemistry. At a later stage the same 
formulae will be reinterpreted in terms of positive nuclei and electrons in 
the study of the properties of matter at very high temperatures. This inter- 
pretation is obviously the more fundamental, and will of course include the 
former as a special case, but in practice the two fields hardly overlap. In 
most assemblies hot enough to contain an appreciable equilibrium con- 
centration of atomic ions and free electrons, the number of molecular species 
effectively present will be found to be always very small and generally zero. 

Previous to the formulation of the laws of quantum mechanics any 
satisfactory discussion of the problems of dissociation from the standpoint 
of pure statistical mechanics adopted in this monograph was based on the 
work of Ehrenfest and Trkal.* These authors only discuss the dissociation 
problem on semi-classical lines; they assume, that is, that all degrees of 
freedom of a system are either “fully excited ” so that the classical theory is 
adequate or “completely unexcited”, in which case they may be ignored. 
This restriction is here removed so that the discussion is perfect^ general, 
and subject only in its range of applicability to restrictions of a physical 
nature inherent in the problem. Thanks to the simplifications introduced by 
quantum mechanics the method of analysis of Ehrenfest and Trkal need no 
longer be followed. Actual matter however (for example, imperfect gases) 


V L hre n fe at ^ 162(1920). I do not know of any 

earlier discussion of dissociation or the kindred matters of chemical constants, -thermodynamic 

probability” and absolute entropy on the hypotheses of Chapter i which can be regarded 
logically convincing. 6 
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will not always be comparable to an assembly analysed into practically 
independent systems. We shall make a first attempt in a later chapter 
towards the removal of this particular restriction. 

For simplicity of exposition we begin by considering a gaseous assembly 
in which a single reaction A 1 + A 2 *±A 1 A 2 can occur. This serves to bring 
out the essential point at which the analysis of Chapter 11 must be extended 
to take account of such reactions. We find that the expressions we require 
are still coefficients in multiple power series similar to those of § 2*4. After 
discussion of this simple case we give the analysis for the general gaseous 
assembly, and then the extension to assemblies containing crystals or other 
condensed systems for which we can construct partition functions. We 
include some simple examples of the interpretation of our formulae in terms 
of atoms, molecules and chemical reactions, but the main discussion of the 
results can only be profitably taken up after we have discussed the relation- 
ship between the equilibrium theory of statistical mechanics and the laws 
of thermodynamics. It will be shown that the selector variables each have 
their proper physical interpretation. Just as z corresponds to the tempera- 
ture, so the other variables, one for each type of atom (or other structural 
unit), correspond to the partial potentials of thermodynamic theory. 

§5*11. Short cuts for enumerating complexions ( accessible states) for a 
dissociating assembly. Before enumerating the complexions of a dissociating 
assembly it is necessary to analyse its symmetry requirements in some 
detail. At the present time we can hardly specify with confidence what 
we should take to be the ultimate elements of which matter is built up. We 
are nowadays acquainted with electrons, protons, neutrons and positive 
electrons, all of which have some claim to be considered independent funda- 
mental particles, though the last are seldom likely to be important in equi- 
librium problems. We even flirt with the idea of neutrinos. From what we 
already know about electrons and protons we may assert with some con- 
fidence that the accessible states of all assemblies are those and only those which 
are antisymmetrical in all the electrons and also antisymmetrical in all the 
protons , account being taken of their spins . If neutrons are admitted as a 
third fundamental particle, then the same rule may be expected to apply 
to them. If in fact any assembly may be regarded as built up of electrons, 
protons and neutrons and no other particles (besides light quanta which 
we are not considering at the moment), then these symmetry requirements 
should be and are sufficient for any enumeration of complexions. But for 
the sake of treating an assembly in a way which corresponds closely to its 
physical nature, it is inconvenient and of little value to regard it for example 
as an assembly of electrons and protons when it is in fact an assembly of 
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permanent helium atoms or hydrogen molecules. We need to use these units 

themselves as quasifundamental systems with secondary derived symmetry 
rules. 

Suppose such a complex system contains m electrons, n protons and o 
neutrons, or rather that some such analysis for definite values of m. n, o is a 
legitimate representation. Then since interchange of a pair of complex 
systems means interchange of (m + w + o) pairs of electrons, protons and 
neutrons in each of which pairs the wave-function is antisymmetrical, the 
wave-function of the assembly will be symmetrical in the complex systems if 
(m 4- n -f o) is even and antisymmetrical if (m-\-n-\-o) is odd. We have there- 
fore at least these derived symmetry rules, and as we shall shortly see they 
are not only necessary but sufficient. 

We shall therefore be able to avoid the difficulty or rather inelegancy 
mentioned above. When we have decided a priori from our knowledge of 
the properties of the secondary systems — atoms, molecules or nuclei — 
what systems can be properly regarded as the permanent population of the 
assembly in any particular problem, then we can appeal to the following 

Lemma o il. It is sufficient , in enumerating the complexions , that is the 

wave- functions characterizing the accessible states of the assembly , to construct 

formally , and so to enumerate , all those linearly independent wave- functions 

which have the correct symmetry properties in the “ permanent ’’ systems 

(regarded as wholes) of which the assembly is composed. The wave-function of 

any permanent system must have the correct symmetry properties in the 

electrons , protons and neutrons of u'hich that system is composed , but the direct 

analysis of the complete assembly into the electrons , protons and neutrons of 

which it is ultimately compared may be omitted, for the number of complexions 
is not thereby affected. 


This simplifying lemma is easily established but as a formal proof is long 
and clumsy we shall be content with illustrative examples in which the 
argument is obviously general. It is a well-known property of Schrodinger’s 
equation for an assembly that the neglect of the interactions between the 
constituent systems can never alter the number or the symmetry type of 

he various states, though of course it can alter the energies and therefore 
allow new degeneracies to enter. We may therefore proceed to enumerate 
states neglecting interactions when and where convenient 

For a first example consider an assembly of two electrons and two protons 
“ a box, for which the conditions are such that the actual permanent 
systems may be assumed to be two hydrogen atoms. Let </, (1 I) be the 
wave-function of the system electron 1 and proton I in the box, which 
describes a particular stationary state of 1 + / neglecting the interaction 
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with electron 2 and proton II . Under the conditions of the problem this is 
then the wave-function for a freely moving hydrogen atom in a given 
electronic state and a given state of translators motion, and we need not 
specify it further. Let ipp(2Jl) have the obvious similar meaning. Then the 
assembly wave-functions describing the state, one atom in state a and one 
atom in state /3, the atoms being “permanent”, are 

0a (l,/)^(2,//), 0 a (2,//)^(l,/), 

and the unique wave-function symmetrical in the two hydrogen atoms as 
wholes is 

0a + (430) 

This wave-function is not antisymmetrical in the electrons and protons, 
but it corresponds to just one such wave-function, as the lemma requires. 
This wave-function is 

{0a(l>/)0^(2,//) + 0 a (2,//)^(l,/)} 

-{0a(2,/)0^(l,//) + 0Jl.//)^(2,7)} (431) 

Of course we may not argue that to (431) correspond tw o functions of type 

(430) , namely the tw r o terms in { } in (431), for to admit both these functions 
denies the permanency of the hydrogen atoms. We must then regard the 
assembly as one of electrons and protons and are driven back to the unique 

(431) itself. 

For a second example let us suppose that an a-particle may be properly 
analysed into four protons and two electrons. It is far more likely that the 
correct analysis is into two protons and two neutrons but the proposed 
analysis will still serve equally well for illustration. Consider an assembly 
of eight electrons and eight protons for which we know that the “per- 
manent” systems may be taken to be two a particles and four “free” elec- 
trons. The free electrons may of course be sometimes bound in the ordinary 
electronic orbits of He+ or He. Let ^ a (l,2,/,...,7T) and ^(3,4, T 7 ,. ..,!'///) 
represent wave-function 6 for the two a-complexes, each of proper internal 
antisymmetry in their own electrons and protons. Let 0 y (5). ^ 5 ( 6 ), 0*(7), 
0{(8) be the wave-functions of the extra-nuclear electrons. The only wave- 

function V F for the complete assembly which is antisymmetrical in the extra- 

• • 

nuclear electrons, symmetrical in the a-particles, of the given grouping in 
the a-complexes, and representative of the specified state of the assembly 
(a-particles in states a and /?, free electrons in y, 8 , €, £)> * s 


9 



>Py( 5 ) 

•Py( 5 ) 

W) 

•Py( 8 ) 


■ ,IV ) ^„(3,4,F,.. 

;VIII) 

<A«( 5 ) 


<As(7) 

•PA 8 ) 

^(1,2,/,.. 


• > VIII) 

•PA 5 ) 

-A. (6) 

•PA~) 

•PA 8 ) 


•PA 5 ) 

•PA 6 ) 

•PA~) 

•PA 8 ) 


( 432 ) 
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In (432) ||... | represents & permanent that is a determinant but with all its 
signs positive. It is easy to see that from any such function we can construct 
just one T o antisym metrical in all the protons by summation of the terms 
with the proper signs over all permutations P p of the protons which 
make a significant change in V T (such as for example an interchange of / and 
T but not of I and II). We can then construct just one T’qq antisymmetrical 
in all the protons and all the electrons by a similar summation of the terms 
over all significant permutations P c of the electrons. The order of 
these operations is irrelevant. Conversely from the given elementary ip y s 
of the electrons and protons we can obviously construct only one function 
with the groupings and symmetries of (432), which verifies the lemma. 

For a third example let us take the same assembly of two x-particles and 

four electrons but analysed into four protons, four neutrons and four 

electrons— probably a more correct analysis— and let us specify the neutrons 

by the numbers 1,2, 3, 4. Then the wave-functions for the two a-particles 

are 0a (-1>UJ,2) and i pp(II I.IV,3,4) and for the four electrons 0 y (l), 0$(2), 

0 e ( 3 )» 0^(4) as before. Then the only wave-function for the assembly with 
the right symmetries and groupings is 



0 a (/,//,2,2)0 a (///,/F,d,^) 

0^(/,//,I,2) ^(11 1, IV, 3, 4) 


0 y (l) 0 y (2) 0 y (3) 0 y ( 4) 

05(1) 05(2) 0 S (3) 0§(4) 

0<(1) 0,(2) 0 e (3) 0 f (4) 

0 $( 1 ) 0 ^( 2 ) 0 ^( 3 ) 0 ^( 4 ) 


(433) 

This wave-function is already antisymmetrical in all the electrons of the 
assembly and we shall take no further notice of the electron factor It 
remains to construct from (433) the unique T 00 which is antisymmetrical 
in all the protons and all the neutrons. It will be w orth while to construct 
'Fqo explicitly as it is not excessively complicated. 

The wave-function T 0 derived from T by the necessary permutations of 
the protons (electrons ignored) is 


— 4> add 1,1, 2) 'f / p(IH,IV,3,4) + ifip(1, 11,1,2) i/j a {III,IV,3,4) 

+ >p a (1 1, 1 1 1, 1,2) iP p (I,IV,3,4) + 4,0(11, 1 1 1,1, 2) ip a (I,IV,3,4) 

+ Pad II d ,1,2) *,,(1 1, IV, 3, 4 ) + 4,0(111,1,1,2) <P a (HJV,3,4) 

+ 4>a.(IH , IV, 1,2) 4.0(1,11,3,4) + 4, 0(1 1 1, IV, 1,2) 4, a (I,II,3,4) 

+ 4> a (UV,l ,2) 4,0(11,1 1 1,3,4) + 4,0(1, IV, 1,2) 4, a (1 1,11 1,3,4) 

+ iPad 1, iv, 1,2) 4 , 0(11 1, 1, 3,4) + 4 , 0(1 1, IV, 1,2) iPad 1 1, 1, 3, 4). 

(434) 

This To is antisymmetrical in all the protons. It is at the same time anti 
symmetrical in the neutrons 1, 2 and 3, 4, and symmetrical for the inter 
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change of the neutron pair 1 , 2 with the pair 3,4. If we write ¥ 0 as '¥ 0 {1,2;3,4) 
to indicate this dependence, then 

T 00 = ^ 0 (1 ,2,3,4) + T 0 (2,3-1, 4) + Y 0 (3,7;2,4) (435) 

is the unique wave-function antisymmetrical in both protons and neutrons. 

These last two examples serve to show that the precise nature of the 
fundamental particles into which the complex systems should be analysed 
makes no difference to the enumeration of complexions, provided of course 
that the wave -functions in terms of the complex systems themselves have 
the correct symmetry. In conformity with this principle it is possible in 
most statistical problems to treat atomic nuclei as permanent complexes. 
No matter what the correct analysis of nuclei into more fundamental 
particles may be, we may always proceed by satisfying the symmetry 
requirements of the assembly merely in all sets of equivalent nuclei and in 
the electrons (extra-nuclear). The symmetry rule for nuclei which holds 
universally so far as is known at present is that the wave-functions must be 
antisymmetrical in all similar nuclei when the nuclei have an odd mass number 
and symmetrical when the mass number is even. The mass number is of course 
equal to the number of protons and neutrons in the nucleus. 

We have so far formulated the lemma for the analysis of “permanent” 
complex systems into electrons, protons and neutrons, but there is no 
need so to restrict it. It applies equally to the analysis of “permanent” 
complex systems X into any “permanent” secondary units Y and Z. For 
example in an assembly of chlorine atoms Cl 35 the assembly wave-functions 
must be antisymmetrical in the Cl 35 nuclei. But the assembly will often 
consist entirely of “permanent” molecules Cl 2 35 . Applying the lemma, 
therefore, we see that the symmetry requirements of the assembly will be 
satisfied, and that the enumeration of wave-functions will be correct if we 
make the wave-function of each molecule antisymmetrical in its nuclei and 
then make the assembly wave-function symmetrical in the molecules. 

As a simple example of this case we may take an assembly of four systems 
such as Cl 35 atoms permanently combined in pairs, and consider the sym- 
metry requirements of the nuclei only. If j/r a (l,2), ipp( 3,4) are two wave- 
functions for pairs of nuclei, each antisymmetrical in their pair of arguments, 
then the single assembly wave-function corresponding is, by the rule, 

V F = 'F(1, 2;3,4) = </r a (l, 2)^(3, 4) + 0 a (3, 4)^(1, 2) (436) 

The single corresponding wave-function for the assembly antisymmetrical 
in all the nuclei is again of the form 

X F 0 = 'F(1,2;3,4) + T*(2,3;l,4) + *F(3,1;2,4) (437) 

The same analysis verifies that, for an assembly of four systems X in 
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which the “permanent” systems are two X’s and one X 2 , the assembly 
wave-functions may be enumerated by being made antisymmetrical (or 
symmetrical according to requirements) in the two free X’s; more generally 
in a dissociating assembly the assembly wave-functions may be correctly 
enumerated by fulfilling the symmetry requirements separately for each 
species of system present in the assembly, i.e. separately for each species 
of free atom or molecule which is one of the “permanent ” systems. There is 
no need to fulfill the symmetry requirements for all atoms X say, whether 
they are free or combined, provided that we treat the combined pairs as 
“permanent” systems in the sense of this section. 

§5-2. The number of complexions and the equilibrium state of a gaseous 

dissociating assembly in which the single reaction A 1 + A 2 z± A 1 A 2 occurs. In 

the proposed dissociating assembly the “permanent” systems in the sense 

of §5.11 are the atoms or molecules A 1 , A 2 , and A 1 A 2 . For simplicity we 

can suppose that no other systems are present and that the total numbers 

of the systems A 1 and A 2 , free or combined, are X x and X 2 respectively. 

Since dissociation and recombination is assumed to proceed freely, the 

number of molecules A 1 A 2 present in an accessible state of the assembly 

may have any value whatever from zero to X x or X 2 whichever is the less, 

and all such states have to be included in the enumeration. It is convenient 

to refer to all the states in which there are M x free X^s, M 2 free ,4 2 ’s and 

N ^4 1 ^I 2 s with M 1 + N = X lt M 2 + N = X 2 as an example of the assembly. 

We can sum the complexions for each example and then for all the examples 
to obtain the desired total. 

To find the number of complexions for a particular example (M V M ,N) 
we can proceed as in § 2-4 and form the g-f unction for each of the systems 
A 1 , A 2 and A l A 2 , and with them construct the analogue of (107), namely 

n < 9\( x i* ft ') n, g 2 (x 2 z f ?) U,g 12 (yzVt), (438) 

where e,\ e 2 and r,, are the sets of energies of the three systems, degenerate 
states being counted multiply. The number of complexions of this example 
of the assembly can then be obtained by picking out the coefficients of 
Z V ia: 2 in (438). In this way the proper symmetry requirements are 
satisfied for each set of systems separately, the systems being treated as 
“permanent”, which gives the correct enumeration by Lemma 5-11 In 
order however to sum over all examples we must remove the independence 
of y and the x’s, and use instead the expression 

9 i(x 1 z < ‘ I ) n, g 2 (x 2 z f < ! ) n, g 12 (x 1 x 2 z 1 >i). (439) 

The total number of complexions of the assembly is then given by picking 
out the coefficient of x,*.**.^ in (439). This coefficient is clearly the sum 
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of all the coefficients of x 1 M ix 2 M >(x 1 x 2 ) N z E in (438) for which the equations 
of condition M 1 + N = X 1 , M 2 + N = X 2 are satisfied. Thus 


^ (27 n) 3 j'J'j' Xi A ’i +1 a; x t +i z E+i i 2 ** 1 ) Hj ) fl< 0 r i2( a; i a; 2 2,, O- 


JC.+l ,E+1 


(440) 


It will be seen at once that the difference between (440) and (108) consists 
solely in the introduction of the extra factor Yl t g^x^z^t), which allows 
for the extra states provided by the combined systems A 1 A 2 . It follows at 
once, by the arguments of § 2-4, that 


csp— 


dx 2 dz 


x~ x * +l z E+l 


d 


*13— 0i(*iz f ' 1 ) ri f * r ? i (z 1 z e ‘ 1 ) 

1 C^i 


* g 2 (x 2 z‘‘ ) TIi g l2 (x 1 x 2 z r i‘) (441) 

Further if b r is the average number of molecules in their rth state, then 
similarly 


rX = 1 f f f dx i dx i 

r (2«) 3 JJJ 


,dz 

+l^£+l 


a 


1 


x i x 2 d(x 1 x 2 ) 9 1 *( x i x 2 z1> r )j 9ii x \ z<t ) 

X n, g 2 (x 2 z ( r) II, +r g 12 (x, x 2 z 7 !/) (442) 


Compared with (440) the integrals for Ca r l and Cb r contain respectively the 
extra factors 

*1 3— lo gSri(*i**‘), *1*2 57 l»g 9 li{*l x Z zVr )- 


CX 


o(x x x 2 ) 


In the same way it is obvious that integrals for CM l , CN, CE A » and 
CE a * a 2 can be constructed which contain respectively the extra factors 

0 0 
Xl dx t Sr log g ^ XiZ ‘ r ^’ XlX2 d( Xl x 2 ) 2r log g ^ x ^ z7,r )> 

0 0 
Z Wz^ r l0g Z jfe S r l°g 9l 2 (*I *2 zVr )- 

As is sufficiently obvious from the notation, E A i means the average energy 
of the free systems A 1 and E A * A * the average energy of the combined systems 

A'A 2 . 

These integrals can all be evaluated by Theorem 2*42. The unique saddle 
point A 1? A 2 , & of the integrand of the multiple integral is determined by 
equations which are most conveniently expressed in the notation 


32_s2 = a2 

dX ± ~dX 2 “c& ’ 

2 = Z — Xi log Xi — X 2 log A 2 E log 


(443) 

(444) 


Z = 2, log gi( Xi frt) + 2, log </ 2 (A 2 ) + 2, log ^ 12 (A X A 2 W) ; ... (445) 



5-2] Equilibrium Properties of a Dissociating Assembly 159 

E is thus log (integrand of C) evaluated at the saddle point. With the values 
A, , A 2 , 9- determined by these equations 


a ' 1 = Al ?A, lo g^ (A i &Cr ‘)’ 

_ ? 

5 r - A iA 2f(A A ) log[7 12 (A 1 A 2 9^), 


(446) 

J/ i~ A i 9A l S,logflr 1 (A 1 { >* , ' , ) ? 

-- ? 

A _A 1 A 2 ?(A a ) S r log ! 7 12 (A 1 A 2 9’)r) > 


(447) 

E a 1 O^log^A^ 1 ), 

E A l A t = &^.'Z r logg l2 (X l X 2 Wr). 


(448) 

For convenience of reference we shall rewrite these equations introducing 

explicitly weights for degenerate states. The equations (445)-(448) then 
become 


Z - X, to , 1 log A, 9T ) + S, to , 2 log g 2 (X 2 &'r) + Z lPl log g l2 (X l A 2 9’»<) ; 


a r l = m r 'X 1 ~ logg 1 (X 1 & c r‘) t 

b r — p r Aj A 2 

‘ Vl ~ X > ^ i ~rry/logg 1 (X I & ( r') i 



(449) 


(450) 


N ~ X iK ^ pr ,0g 0i*( A i a Vr )> 


?) ^ 

Ea ' = ^ ^ l0g g ^ Xl &<r ^’ l0 g £7l 2 ( A X AjD 1 ?')- 


(451) 


In the classical limit the equations defining A, , A 2 and 9 become 

A 1 / 1 (9)+A 1 A 2 / 12 (9) = .Y 1> 

A 2 / 2 (9) + A 1 A 2 / 12 (9) = Z 2 , 


(452) 


(453) 

(454) 


A,» jj/.fS) + A ; 9 i /,(») + A, A,9 1 = i' (40 


55) 


The equations (450)-(452) become in the classical limit, 


in terms of T. 


a r l = Aj m r l e~~ € ' x kT , 


^r = \^2Pr e ~ VrlkT . 

iV = A 1 A 2 / 12 (T), 




(456) 

(457) 

(458) 


In these classical equations f l(T ), f 2 (T), f u(T ) are of course the ordinary 
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partition functions. The complete form of the equation of mass-action 
follows at once from (457) by eliminating A x and A 2 . We find 


M X M 2 J x (T)f 2 (T) 
N f 12 (T) 


(459) 


Thus the equilibrium constant of the law of mass-action is expressible at 
once, in the simplest way, in terms of partition functions. Equation (459) 
is also known as the reaction isochore. 

It is extremely seldom that any equation more accurate than (459) is 
required. But when classical statistics is inadequate a similar equation of 
mass-action can still be obtained by eliminating X x and A 2 from the equations 
(451). Only the form of the eliminant need be recorded here. On employing 
(205) to evaluate (451) we see that (451) takes in all cases the form 

/!/ 

y = W). (460) 

Equation (460) and the similar equations for A 2 and A 2 A 2 can be solved for 
A ls A 2 and A X A 2 . The eliminant is therefore of the form 

^ 1 (^ / K,T)^ 2 ®F,T) = ^ 12 (^/F,T); (461) 

which is the generalized law of mass-action. The functions A lf etc. reduce 

in the classical limit to M^f^T), etc., and could be made to play the part 
of the activities of classical thermodynamics. 

Under special assumptions the functions h x , etc. may depend in a specially 
simple way on T, with corresponding simplifications in the form of (461). 

Integrals can obviously be constructed, which will enable us to evaluate 
fluctuations in these assemblies, and to prove all such relations as 


(P-P) 2 =0(P), 


which guarantee the effective possession of normality. We need not stop 
over these points further here. Details will be found in Chapter xx. 

It is clear that just the same analysis applies to an assembly in which the 
single reaction is 2 A 1 A 2 . Equation (460) then becomes 


WJM 2 

N fn( T ) 


(462) 


where / 11 (7 T ) is the partition function for the molecule A 2 X taken over all its 
accessible states, but these states must now be enumerated with due regard 
to symmetry requirements in the nuclei, which are absent for A 1 A 2 . 


§5*21. Special forms of the reaction isochore. Let us consider the conse- 
quences of (459) and (462) in rather more detail in certain special cases. 

Let us suppose that A 1 and A 2 are atoms of masses m x and m 2 whose states 
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of least internal energy are of weight m 1 and zu 2 , all other states being 
irrelevant. Let us define the energy zero for the assembly to be that state in 
which all the atoms of both types are free in their states of lowest translatory 
and internal energy. It is no matter whether such a state is or is not an 
accessible state of the assembly. Then 

f i T\ — V _ ( 2 nm 2 kT)i V _ 

^3 ^1 > J 2\ ) ^3 


while 


/jr).Wa±S!!«S( m 


where b (T) is the partition function for the internal energy and rotational 
energy of the molecule A 1 A 2 . Relative to the assigned energy zero the normal 

state of lowest energy of the molecule will have an energy — y. It is therefore 
convenient to write 

b'(T) = e* kT b(T) 

so that b(T) begins with a constant term, and is the partition function for 
the internal and rotational energy of the molecule referred to its own state 
of lowest energy as energy zero. If we express (459) in terms of average 


molecular densities v 1 = M l / 1’, etc., we find 

‘d v 2 _ ( 2Trm i m 2^\ i T*e-x kT td 1 m, 


12 


1 


rtiy + m 2 


h 3 b( T) ' 


(463) 


It is convenient to collect the commoner approximate forms which (463) 

may be expected to assume, but in so doing we shall ignore all complications 

due to isotopic mixtures and non-combining sets of states. Such questions 
are examined in Chapter vn. 

We may assume to this approximation that the rotations are independent 
of the vibrations and other internal motions so that b(T) factorizes into 

r(T)v(T). When T-> 0 6(T)->tn 12 °, the weight of the molecular state of 
lowest possible energy. As T increases to a range in which kT e = h 2 / 8n 2 A 
the rotations become classical and 

r(T)~ 8Tr 2 AlcT/oh 2 . 

The symmetry number a is 1 for the molecule A 1 A 2 and 2 for A. 1 or A 2 
because half the rotational states drop out as in §3-4 owing to symmetry 

we shall often still have 

Z ^ ^ Wher ! V ° 18 the fundamental frequency of the nuclear oscillations. 

I hen v(T)~ 1 for a structureless harmonic oscillator. But if we include in 

V (T) weight factors due to electronic or nuclear structure we shall have more 
generally r(T) ~ ro 12 . 

As T increases still further the higher vibrational states become signi- 
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ficant, and so long as kT ^ and the effective states are nearly those of a 
simple harmonic oscillator we shall have sufficiently nearly 

v(T) = tz7 12 /(1-c-W^). 

In the range (if any) in which hv 0 <^kT ^ this gives approximately 

v(T)~m 12 kT/hv 0 . 

Summing up this discussion we see that the reaction isochore takes 
successively the following standard simplified forms: 

h^ Th ~ x,kT (« 4 > 

/27rm 1 m 2 A;\l a td, w 9 ... ; _ _ 

r,e ‘ x '* r <«w) 

/ 27 Tm A mok\^ orv n m y m 9 m 1 „ _ , , _ 

e (466) 

These formulae for the reaction isochore are of very well-known forms, of 
recognized validity. It is unnecessary to undertake a direct comparison of 
the whole of these and similar formulae with experiment, because, as we 
shall see in Chapter vn, these formulae and the general equation (459) 
really only differ from the formulae of thermodynamics by fixing the precise 
value of the constant factor — or in other words by fixing the “chemical 
constants” . The ultimate test of the theory need therefore only be made 
by comparing observed and calculated values of these constants and to this 
we shall return in connection with Nernst’s heat theorem in Chapter vii. 


§5*3. Gaseous assemblies with any numbers of components and reactions. 
In view of the preliminary formulation of the simple case above, it is now 
only necessary to specify a notation suitable for the general gaseous assembly . 
Let the different types of atoms be denoted by the affix u f molecules by the 
affix v. Then the energy, weight and number of free atoms of type u in their 
rth state will be denoted by € r u , m r " and a r u . For molecules of type v the 
corresponding quantities are c r v , w r v and a r v . If A' 1 is the atomic symbol for 
the atom of type u, the chemical symbol for the molecule of type v will be 


n t< A u qf;U . 


It is assumed that the molecule of type v contains q v " atoms of type u 
possible reactions may then be regarded as contained in the set 


All 




n A u 

u ^ 1 g t M 


iy — 1 » 2 , 


or constructed out of members of this set. The actual sequence of reactions 
by which equilibrium is attained is without effect on that equilibrium, so 
long at least as reactions exist sufficient to preserve unimpaired the enumera- 
tion of accessible states. 
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Let the number of atoms of type u be X u , there being t types of atom in all, 

and in any example the number of free atoms of type u, M u , and of mole- 
cules of type v, N v . Then 

M u + I, v q v "N v = X u {xl =1,2,..., t). (467) 

To preserve the correct atomic and molecular totals we require 

Z r a r u = M u (m= 1,2, 'L r a r v =N v (v= 1, 2, 

and therefore in general 

£ r “ r u + £ r Q „ u a r v = X u (m= 1,2,..., t) (468) 

To satisfy the energy equation we require also 

Z u S r a r V‘ + S r a, V =E. (469) 

To enumerate complexions subject to (467)-(469) we have now merely to 

form the analogue of (439) remembering that degeneracies have been 

admitted by the explicit introduction of the w r u , m r 1 '. The required expression 
is obviously 

n u n r [sr u (z u 2 ‘r u )]^“ n p n r \g v (x^\. .x^z^) ]-,• ( 4 70 ) 

The total number of complexions is then given by picking out the coefficient 
of Xj*! ... xf' z B in (470). We find therefore 


„ 1 C rfz IT rt-r 

= (2771)'+! J •••/ z E + l n^x/u+1 n “ H-- tiu{XuZ e ' n )}™' u 

x n t . n r [g l .(x l «>\..x l *y , z‘T v )Y» r\ (471) 

with similar integrals for Ca r u , etc., containing extra factors similar to those 

in (441), (442) and the following expressions. The unique saddle point of 

these multiple integrals, A x , A 2 , ..., A,, $ is then defined by the system of 
equations 

as _ as _ _ as as 

aA 1 _ aA 2 ~-~aA < ~a& = 0 ’ ( 472 ) 

where S = Z - -XjlogAj - A' 2 logA 2 - ... — A’jlogA,— .Edogli, (473) 

z = S„ S r a r " loggr u (A u 3 f r u ) + S„ S r ro/log? r (A 1 ''v 1 ...A^'bo l ) (474 ) 

\\ ith the values of Aj , A 2 , . . . , A, , 9 so determined we find 

^ 

«r" = ™ r ''K W 'logg u (\ u ^ u ), K = ^, (475) 

0 

i^=rv r ^~logg^<r'), N v = S, V (m-A^...^). ... (476 ) 

Analogues of (452) can easily be supplied. In the classical limit these coua- 
tions take the form 1 


“r u 


A„T77/'e , M U = \J U (T), nr," = M r xo r u e~ ( r u ^ T If (T), 


a’’ = 


= A^a . . . A^'ro/t-'A.^, = A^r 1 . . . T), a/ = 


__ (477) 

N v ro r r e-'r t * T !f r ( T ). 
(478) 
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The laws of mass-action follow from (477) and (478) in the form 


N v f ( T ) 

n„W*“ = n„{/»(y)) , ' i 


(»= 


(479) 


(480) 


We can obtain also the energy distribution laws in the form 

K=KkT^f u (T) = M u kT^logUT), 

Thus all the details of the distribution laws for such an assembly are the 
same as if it were not dissociating but had the numbers of the various species 
fixed at their equilibrium values. 

For the reaction of the assembly on external bodies we find at once as in 
§2-8 that 

On using (475) and (476) we find easily that 


Y = 


log 1 /O dy 


dZ = kT dZ 


dy' 


(482) 


where Z is given by (474). In the classical limit this reduces to 


Y = 


1 


log 1/& 


JLJC.llog/. + Z.^llog/, 


'll ~ u 


(483) 


In the case of local boundary fields this reduces of course to the ordinary 
equation of state for a “perfect” gaseous assembly (in which however the 
number of constituents is a function of the temperature), 


kT fx 

P = -y{- 


'u+XM- 


(484) 


§ 5*31 . A mixture of isotopes. A simple example of the general dissociating 
assembly is a gaseous mixture of isotopes of a single element in which the 
relevant species are atoms A and molecules A 2 formed from the isotopes 
A 1 and A 2 whose relative abundances are D x and D 2 , D x + D 2 = 1 . There are 
three distinct molecular species A 1 A 1 , A 1 A 2 and A 2 A 2 f whose relative 
abundance must be determined. Equations (479), in an obvious notation, 
give here 


jV 


n _ /n 




12 _ /l2 ~^22 _ f 22 

(S^~(/i) 2 ’ Mjd~fifi (M 2 ) 2 (/ 2 ) 2 


^11^22 /ll/22 


(A T i 2 ) 2 (A 2) 


2* 


which combine to give 


(485) 
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The interesting case occurs when the atoms are practically all combined in 
molecules; we may then take with (485) the equations 

2 Wi + ^ = A X, 2 W 2 + A 2 = D 2 X, (486) 

where A r is the total number of atoms. Equations (485) and (486) are suffi- 
cient to fix the desired ratios. 

It will shortly appear that in general /n/WCA) 2 * s very nearly equal to J ; 
writing it J(1 + S) we find on eliminating N n and N 22 

8(N^) 2 + XN x 7- D x D 2 X 2 = 0. 

The relevant root is X{(1 + ±8D 1 D 2 )l — l}/28, since it must clearly reduce to 
A D 2 X as S->0. Thus, to the first order in 8, 

Ai : ^2 = A 2 ( 1 + 8 A 2 ) • A 2 ( 1 + 8 A 2 ) : 2 A A( 1 - 8 A A)- • • • (487 ) 

Since 8 is small these ratios are very nearly D x 2 : D 2 2 : 2D l D 2 which are the 
ratios one would find if the pairing of the molecules took place according to 
the laws of chance without preference for one or other structure. And in 
fact 8 is generally so small that the departures of (487) from this law are not 
significant. 

Let us now examine how the isotopic differences can enter into (485). 
A 1 and ^4 2 have different masses m l and m 2 and different nuclear spins with 
different orientational weights p Y and p 2 . These differences affect the mole- 
cular partition functions as follows: 

(i) The translational factors (2mnkT)^V jh z differ in the masses which 
are 2m! , 2 m 2 and m l + m 2 respectively. This introduces a resultant factor 

|~ ~j 3 

on the right-hand side of (485). 

(ii) Electronic states are identical for all the molecular types and intro- 
duce no resultant factor. 

(iii) Ignoring nuclear vibration, let us take the rotational states to be, 
with sufficient accuracy, those of a rigid rotator without axial spin. The 
rotational partition function must allow for the symmetry requirements of 
the nuclei, account being taken of their spins. In a region of high tempera- 
ture, particularly if dissociation and recombination is occurring, there will 
be effective interchange between the states which are antisynimetrical in 
the rotations and those which are symmetrical, so that we have to deal 
with only a single set of rotational states. 

We must next enumerate the number of orientational states, for a pair of 
nuclei A 1 say, which are respectively symmetrical and antisymmetrical in 
the nuclei. Let the nuclear spin wave-functions be , . . . , <f> and 0 , . . . «/, 



166 


Dissociation and Evaporation [ 5*31 

for the two nuclei . Suppose we take a pair of spin functions From these 

we can form just one symmetrical combined function, and there are 
Px such pairs. Suppose on the other hand we have a pair of spin functions 
<f>r, Let us combine with these the pair <£,, 0 r . We can form from 
these two pairs, one symmetrical and one antisymmetrical, <j> r <f> s ± ijj r 
respectively, and there are ip^-l) such pairs. There are therefore 
l/>i(Pi + 1) symmetrical spin combinations and l Pl ( Pl - 1) antisymmetrical. 
We can now construct the complete rotational partition function r(T), 

thus generalizing §3-4. For a molecule whose wave-functions must be 
symmetrical in the nuclei we have 


r ( T ) = %Pi(Pi + 1) 2 (2n + l)e -,,( '* +1)<7 + £p x (p— l) £ (2n+ 

n= 0,2,4,... “ n= 1,3,5,... 

( ff= 877 (488) 

where J n is the moment of inertia of the molecule A 1 A 1 . If the wave 
functions must be antisymmetrical in the nuclei, then 


r ( T ) = $Pi(pi~l) 2 (2n+ l)e -n(,,+1)<7 + + 1) £ (2ra+ l) e -"(«+i>». 

"■=0,2,4,... n=l,3,5.... 

(489) 

Using the results of §§3-31, 3-4 we see that both (488) and (489) have the 
asymptotic form 


r{T)~W~-^ (T-> oo), 


(490) 


in agreement with the less detailed discussion of §5-21. The asymptotic 
forms for the molecules A 2 A 2 and A 1 A 2 are similarly seen to be respectively 


12 ^ 77 ’ 2 ^22 k T 
2 9 2 


P 1 P 2 


87 t 2 I 12 1:T 

h 2 


(491) 


The latter is immediate, for since there are no symmetry requirements for 

A 1 A 2 

r ( T ) = PiP2 2 (2ft + 1) e -n(n+\)o (492) 

n = 0,l,2,... 


If we now' combine these results for a region in which the rotations are 
effectively classical we find that the rotational factors contribute the factor 

1 ^11 ^22 

4 / 2 
* -*12 

to the right-hand side of (485). 

(iv ) W e have still to examine the vibrational energy and the exact energy 
zero. The partition functions we have used have assumed that all the 
molecules may be taken to have zero energy when in their state of lowest 
translatory rotational and vibrational motion. This may not be exactly 
correct. If we take the usual energy zero as that state in which all the 
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molecules are dissociated and all the atoms at rest in the lowest quantum 
state, then the lowest molecular states will have energies — Xu > — X 22 » an( i 
— X 12 respectively, and these x’ s will not be exactly equal. For example 
the zero-point energy \hv in the vibrational motion will differ slightly from 
molecule to molecule. These differences in the energies of formation of the 
lowest states introduce the resultant factor 

g(Xll+X22“ 2 Xl2)/^ r 


into the right-hand side of (485). 

If the vibrational quanta hv are fairly large compared with kT, the vibra- 
tional partition functions introduce no further factors. But at higher tem- 
peratures for which hv<^kT the vibrational partition functions reduce 
as in §5-21 to kT/hv. They then contribute the extra factor 

v V?l v l\ v 22 

to the right-hand side of (485). 

Collecting these results we see that (485) becomes 


or 


= 1 T (r»,m 2 )* ~l 3 I n I 22 e(Xii+XTt _ iXli)lkT 

(iV 12 ) 2 4U(m 1 + TO 2 )J hi 

Nn = I f S m 1 CT ») } T ^ . e (X.l+X22-2 x, 2 >/*r 

W2) 2 4 |_i(m 1 + m 2 )J hi 2 ^li >>22 


(493) 

(494) 


according to the temperature range. 

It may generally be assumed that the internuclear forces and distances 
in these isotopic molecules are unaffected by the changes of mass. When 
this condition is satisfied 


hi ■ hi ■ hi = i»»i : \m 2 : , 

m 1 -f m 2 


(495) 


^11 • ^22 '* v 12 ~ 


m 


m 


m Y -f m 2 
m l m 2 


(496) 


1 'V " l 2 

Further, the x’s will then only differ by the different zero-point energy of 
the nuclear vibrations so that «. 


X11 + X22 ~ 2 Xi2 = \ H 2 v \2 - v \\ - ^22)’ 

yjm l -f y]m 2 

V2 (m l -\-m 2 ) 


= hv l2 I 1 



Equations (493) and (494) then reduce to 


/V v 

lv ll' kV 22 


(■^ 12 ) 2 


ljm^ pxn fef,_ + 

4 4(mi + „i 2 ) V \kT\_ \2(in 1 + ?n 2 )Jf (98) 
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(497) 


(499) 
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A compact formula for the 8 of (487) is not available, but 8 is easily com- 
puted in any actual case. For example for the isotopes of hydrogen at 
ordinary temperatures (498) applies and (H 1 ,!! 2 ) 

8 = 0-943e* 92/r — 1 ~ 0-27. 

This is an extreme case. For the isotopes of chlorine, masses 35 and 37, at 
ordinary temperatures either (498) or (499) give 

8 ~ 10 - 4 , 

which is entirely trivial.* An exact comparison of the observed and calcu- 
lated equilibrium for light and heavy hydrogen is recorded in Table 14, § 7-4. 


§ 5*4. A simple assembly with crystalline and gaseous phases. Evaporation. 
We shall now show how to incorporate both crystals and gases into the same 
assembly. We shall start with a simple example, in which both the crystal 
and the gas may be supposed to be built up entirely of atoms of a single kind, 
the same in both phases; these atoms may further be treated as structureless 
massive points. In view of the discussions of the preceding chapters the 
necessary expressions for the number of complexions and for any average 
value can be rapidly constructed and no great detail is necessary. 

Suppose that in a particular example of this assembly there are X atoms 
in all, N in the gaseous phase and P in the crystalline, and let us start by 
enumerating the number of complexions of the gas when its energy is F. 
We find as in § 2*4 that the number of complexions is the coefficient of x N z F 


in n r g(xz €r ). This enumeration of accessible states for the gas by itself has 
of course been made with due regard to symmetry requirements. 

Let us now consider the crystalline phase by itself when it is composed of 
P atoms and has the energy U. We have constructed a partition function 
for such a crystal in §4*5. Equation (349) gives the most general form there 
found. In this equation F 0 is the zero-point energy of the crystal, referred 
to a state of complete dispersion as the state of energy zero. F 0 is therefore 
the total heat of evaporation at zero temperature, and of the form — P<f > 0 , 
where <f> 0 is independent of P. It follows that the partition function K(z) is 

of the form v r , /Knm 

K(z) = [k(z)] p , (500) 


where k(z) is independent of P , for large P, to the approximation used. It 
may be assumed that in all cases the form (500) is a valid approximation 
for large P. The number of complexions for the crystal of energy U , con- 
taining P atoms, is the coefficient of z u in [k(z)] p . The partition functions 
of Chapter iv were constructed without reference to symmetry require- 
ments, since the atoms in a crystal are distinct localized systems. By 


* A detailed study of the hydrogen isotopes has been published by Urey and Teal, Rev. Mod. 
Phys. vol. 7, p. 34 (1935); see also Farkas, Light and Heavy Hydrogen , Cambridge (1935). 
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the arguments of §2*26 this yields a correct enumeration of the com- 
plexions.* 

Now the crystal is merely a super molecule, and therefore by Lemma 5*11, 
in enumerating the complexions of an assembly containing a crystal (or 
crystals) and a gas, it is sufficient to satisfy the symmetry requirements for 
the atoms in the gas and for the crystal separately as if the free atoms and 
the crystal were permanent systems. The number of complexions for this 
example of the assembly in which there are N atoms in the gas with energy 
F and P atoms in the crystal with energy U is therefore 

[coeff .x?z F in H r g(xz € * )] x [coeff ,z u in [/c(z)] p ]. 

The total number of complexions C v for this example when the total energy 
of crystal and gas together is E ( = F + U) is therefore the coefficient of 

in 

[K(z)Y-»H r g(x*r), 
or, on applying Cauchy’s theorem, 

^ = (2^r* JJ [k(2)]Z “ v n ^(' r2fr) (501) 

As before this number has been enumerated on the assumption that the 
free atoms and the bound atoms are distinct systems. If we allow for 
exchanges between the gas and the crystal (keeping N constant), then we 
must make the wave-functions of the assembly symmetrical or anti- 
symmetrical in all the atoms bound and free together, and the nuinber of 
distinct complexions is still given by (501). 

In an assembly in which evaporation and condensation are proceeding 
the value of N is not fixed, as we have hitherto regarded it, but all values of 
N from 0 to X are possible. The total number of complexions summed for 
all examples is therefore given by 

C = IjC s . (502) 

On combining (501) and (502) we find at once 

C = ~ 1 f f - X - dz n qlxz'r) 1 ~ {**(2)}- y+1 

{2ni)*JJ x*+iz E +i lrff(ZZ > T-xk(z ) (o03) 

Since the expansion of {x«-(z)}*+i/{l -x*(z)} in powers of x begins with a 
term in x x + 1 , it can contribute nothing to the integral and we may write 

£»_ 1 ff dxdz Il r g(xz<r) 

(2m) 2 JJ x i + 1 z £ + 1 1 - xk(z) • ( 504 ) 

At first sight one might expect to be able to apply Theorem 2-42 to 
the evaluation of one or other form, but this cannot conveniently be done. 

* A m , ore <le,ailed verification of this equivalence is given by Fowler and Sterne, Rev Mod 
Pht/S. vol. 4, p. 635 (1932), esp. Appendix I. 
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If we determine the saddle point of the integrand of (503) or (504) in the 
usual way and if, at the saddle point A, 0, A k( 0) < 1 — S < 1, all the conditions 
of this theorem apply and from these and similar integrals w e can determine 
all the average values for the assembly. But it is easy to see that this 
condition also implies that the crystal is a trivial part of the assembly, for 
the factor 1/{1 — x k(z)} then plays no part in determining A, & or the value of 
log C and the assembly is effectively the gas phase alone. For the crystal 
to matter it is essential that at the saddle point (determined as usual) 


A#c(£)~l. (505) 

But the conditions of Theorem 2*42 then break downf and the results (which 
remain true) are more easily determined by another method as follows. 


§ 5*41 . Special methods for evaluating C. We can legitimately use Theorem 
2-42 to evaluate C N , or any similar integral. We find that 

log C N = 2 r log g(X^r) + (X - N) log k( &) - N log A - E log 0 



where A, 0 is the unique root, in the real positive domain, of the pair 
equations, ^ 

A 2 r log g(X^r) -N = 0, (507) 


£ ^ Z r lo g!7 (A&<r) + (X - N ) - E = 0 (508) 

In these equations A is a function of A, &, and the ratios only of X, N , E 
and F, the volume of the gaseous phase, and its variations when N varies 
are unimportant compared with those of the other terms in (506) and will 
be neglected. 

The equilibrium state of the assembly is determined by (502) and similar 

equations such as x 

CN = XNC„, (509) 

o 

Ca = 2^CV. (510) 

o 

In the last equation a is the quantity whose equilibrium value is desired 

and cc N is the average value of a taken over all complexions of an example 
for given N . To evaluate these sums we start by determining the value N* 
of N which makes logC^ v a maximum. This value N* must satisfy the 

equation ^logC* 3 log C s d\ , d log C y dd- 3 log C s 

dN ~ 3A dN + 39- ’ dN + 3 N 


t The arguments of Theorem 2*42 were applied to this case unjustifiably in 
this book. The corrected argument here given alters none of the results. 


the first edition of 

0 
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which reduces on using (507) and (508) to 

‘JapJJvp.-trtMW-o, ( h .) 

or A=1 /*(&). (512) 

Combining this with (507) we find 

. (513) 

L CA jA=i/*(&) 

To determine the nature of this stationary value (or values) we observe 
that, since in C s A and 0 are really only auxiliary functions of N satisfying 
identically 9 log f v _ 0 log C N _ 

d\ ? 9 - _ 

it follows that 

d 2 logC N d /?logC Y \ 1 ^A 0 k'( 0) 1 tfO 
dN 2 ~dN ( dN ' ) = ~\dN~-^W&dN (514) 

If we show that this is negative, then any stationary value is a maximum and 
must be unique. The functions dX/dN and db/dN are determined by equa- 
tions obtained by differentiating (507) and (508) which yield 

.1 d\ r/ 1 rfO , 

A \dN + H SdN~ 1, 

„ 1 dX 1 d& &*'(•&) 

\dN + B &dN~ k(&) ' 

In these equations 

„ v , A9-.i A»'-?'(A»‘') . , „.»i i »«'(») , 

g (A»-,) +(A - v >^T(gr >0 ' 

rr_ y. A0 € rd A0 e ^'(A0 f ^) 

r€r d(AO c »-) (7(A0 f r) 

The inequalities follow from the fact that all the functions g(q) and *(9-) are 
power series with positive coefficients. Solving these equations we find 

l d\ i »«'(») i ic (») } - n 

A cLV k(&) $ dN AB — H 2 " ’ 

which is necessarily positive if AB- H 2 > 0. But this inequality follows at 
once from the form of the expressions A, B and II. It follows that (512) 
determines a unique maximum value of logC v which of course will only be 
effective if the N * so determined is less than X. The general nature of the 
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argument shows that it will be possible to extend it to more complicated 
cases. 

Having shown that C N possesses a unique maximum at N = A T * (provided 

N* < X) it is easy to show that, in the neighbourhood of N = N*, C s can be 
cast into the form 


r n | 1 (X-X *) 1 2 * * * , 

C N = C x . exp] - - v — ± A 




X 


X 2 


+ 


0 f (X-X*) 2 j 


I X 2 


> + o 


where A , oc, fi are independent of N and depend only on the ratios of the 
large variables A, V, N* and E. We can then show, much as in §2*42, 
that the immediate neighbourhood of the maximum contributes the whole 
of the dominant part of 6', and thus establish the following 

Theorem 5*41. If C N is of the form (506) and its maximum , determined by 
A*($) = 1, lies at N = N* < X , then 


log C = log C N . + 0(log X ) . 

If further f(N) is any slowly varying function of N such that 


(515) 


f'(N)lf(N) = 0(l/N) 


and 


x 


B=Xf(N)C N9 

o 


then 


R=f(N*)C 


1 + 0 




(516) 


It follows at once from this theorem that the equilibrium value a of any 
quantity a satisfies the equation 

a = a^., • (517) 

and is therefore to be determined by the following rule: 

Rule C . Fix the value of N at its equilibrium value N* and determine the 
average value of a for this example of the assembly. This value is equal to the 
true average value taken over all complexions of the evaporating assembly. 

§5*42. The vapour pressure of a simple crystal. The first and most im- 
portant application of this rule to (509) provides the relation 

N = N*. (518) 

Combining this with (513) we have 

1 It 2 r lo 8 , 

CA JA-1 /*<&> 

This is an equation for the vapour density in equilibrium with the crystal 

Since in general classical statistics is sufficiently accurate, (519) reduces to 

X =/($)/*(£). (520) 


N 


'1 


(519) 
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This equation may be cast into a more familiar form. Let us define the 
energy zero of the assembly to be that state in which all the atoms are 
condensed on the crystal and the crystal is in its own state of least energy. 
With this convention and for a simple atomic crystal k( 0) = 1 . In its state of 
least energy in the gas phase an atom possesses an energy y, which is the 
heat of evaporation per atom at the absolute zero of temperature. [More 
strictly what we have thus assumed is that Py is the work required to 
evaporate completely a crystal of P atoms, and that y is independent of P. 
This assumption is correct for large P when we can ignore surface effects. 
The whole discussion would require modification when P gets small enough 
for surface effects to matter, for then A(O-) = A r (P,0-) 4= [*(&)] p .] The partition 
function for the atom in the gas is then given bv (see equation (172)) 


f(T) = ( — Ve~x kT . 


h 3 


(521) 


Again from (350) it follows that 


l 


T 


C sol dT". 


On integrating again with /c(0) = 1 and Pk= R so that C sol is the specific 
heat of one gram-molecule, it follows that 

r t jp' rT 

log«(T)= I I C 60l dT". (522) 


[A more elaborate discussion in Chapter vn shows that when k ( T) is suitably 
defined this specific heat can be taken to be the specific heat at constant 
pressure (C p ) gol .] In addition to these formulae we may apply to the vapour 
the equation of state for a perfect gas, pV = NkT. Combining all these 
results we find 

v C T dT' 

log P= -^ + f lo 8 r - I 


0 


RT 


r (C P UdT" + log (27r ^ 3 )U? ....(523) 


This is the most familiar form for the vapour pressure equation for a 

simple atomic vapour. It will be compared with experiment in Chapter vii 

when we shall have at our disposal the corresponding thermodynamic 
formula. 


§5-5. General assemblies of crystals and vapours. It is now sufficiently 

clear how the formulae of § 5-4 can be extended to the general case of an 

assembly with a gaseous phase and any number of crystalline phases each 

of which consists of a crystal built up out of P molecules of one of the species 
present in the gaseous phase. 

We start by considering an example of the assembly in which there are 
* different types of crystal effectively present, containing P l9 ..., P 8 mole- 
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cules respectively.* The nth of these crystals may be assumed to be com- 
posed of molecules whose formula is Tl u A" gnU . If the total number of atoms 
of the nth species in the assembly is X u , the number free and combined in 

the gaseous phase will then be X u - £ q n '‘P n . By modifying (471) to include 

n= 1 

the crystalline partition functions we find that the number of complexions 
Cpi r s belonging to this example is given by 

r 1 r m> f dzW u dx u 

Pl (2ni)'+iJ -J z*+i n « 

x n„ n r [g v {x 1 ^...x?<’ , z‘r v )]"r'’ n n [ Kn (z)y» (524) 

This can be evaluated in the usual way and the total number of com- 
plexions is given by 




(525) 


It will not be necessary to write out the rather laborious algebra of the next 
stages. It is clear that we shall find that the terms of (525) have a unique 
maximum at the values of P 1 , . .., P s which satisfy the s equations 


= 1 (n= 1, ...,$), (526) 

provided that the values of P so determined leave the expressions 
~^- d n ?n u ^n positive. Otherwise certain of the assumed crystals are not 
really present. It can then be shown that average values for the assembly 
can be determined by fixing the P’s at the values satisfying (526) and 
determining average values for this example. We find at once for example 
from (476) and (526) that 


a r n = T log g n (^r n )l , (527) 

L J/x=i /*„($) 

N n = [*r V i~ L log 9^^*') 1 (528) 

L J/X=l lKn& 

In the classical limit, always sufficiently accurate, 

K=fn(T)l* n (T) (n= 1, ...,*). (529) 


An equation identical in form with (520) therefore holds for every component 
of the gaseous phase which is also effectively present in the assembly in a 
crystalline phase of its own. 


§5*51 • Law of mass-action in the presence of crystalline phases. The 
general laws of mass-action in a purely gaseous assembly (in which of course 
the gas is “perfect”) are given by equations (479). These can be rewritten 
in a more useful form which does not make explicit reference to free atoms 
which may not be effectively present, or may not occur in the simplest 

* It is now more convenient to specify the example by the numbers of molecules in the crystals 
than by those in the gaseous phase. 
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stoichiometric formula for the reaction. Suppose that a particular reaction 
is specified bj' the stoichiometric formula 

I Q n B n = 0, (530) 

71 = 1 

in which B n stands for any one of the atoms or molecules present in the 
assembly and Q n for the number of these molecules concerned in the reaction. 
We shall take Q n positive for the products resulting from the reaction taken 
in a specified direction and negative for the reactants that are consumed. 
If B n has the chemical formula ri u ^4 u 5nU , then of course 

2,iG n ?» ,< = 0 (allu). (531) 

It follows at once from (531) that equations (479) can be combined to give 

n„ w>* = n fI {f n (T)} Q n. (532) 


The crude form of the law of mass-action of course asserts merelv that 

n n (i\/\yn = F(T), 

a function of T only. 

If certain of the molecules have a crystalline phase present we apply the 

corresponding equations (529). The N n for all such molecules can thereby be 
removed from (532) and th e f n (T) on the right replaced by K n (T ), which 
depends only on T. If n n ' denotes a product over constituents which have 
no crystalline phase present and U n " over those which have, then (532) 

becomes II {N n )«» - II n ' {/„ ( T )}«» II n " {«„( T)}^ (533) 

and the crude form 


n h '(njvy>*-f(T). 

These are familiar formulae of physical chemistry. 


(534) 


§5-52. General remarks on the nature of statistical equilibrium. In con- 
cluding this discussion of the most general assemblies which we have yet 
handled one should include the energy of the radiation in the assembly 
which we have not yet done explicitly for dissociating assemblies. We 
observe that it merely needs the inclusion of the factor i?(z) in every inte- 
grand to take complete account of the equilibrium temperature radiation 
present. Equations such as (472)-(474) in so far as they determine T as a 
function of E are of course altered, but obviously no distribution law of the 
assembly expressed as a function of T. So far as the laws of dissociative 
equilibrium are concerned it makes no difference whether radiation is or is 
not explicitly included. The equilibrium will be the same whether exchanges 
of energy take place by radiation or by collisions alone, but of course this 
does not imply that the steady state remains unaltered when the assemblv 
is subjected to radiation of a different temperature from outside. We must 
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of course explicitly include R(z) when the energy E (or the entropy 2, see 
§ 6*3) of the assembly is under discussion as a function of T. 

A further application open to these methods is to include explicitly 
partition functions for adsorbed films or surface phases in general in the 
integrand of C , but this will only be taken up in this monograph shortly 
in the supplementary Chapter xxi. These omissions will not affect our study 
of the equilibrium properties of bulk phases. 


§5*6. Mixed crystals . We have hitherto in this chapter considered only 
simple crystals composed of one of the atoms or molecules in the gaseous 
phase. The analysis given for this case is formally correct even if the atom 
or molecule in the crystal has a number of states of internal motion or 
nuclear orientation, but if explicit account is to be taken of such motions 
and orientations the notation of Chapter iv can sometimes be departed 
from and the notation of this chapter refined with advantage, especially 
with a view to extensions to mixed crystals. We must attempt to take 
account of such formations constructed out of two or more components of 
the gaseous phase — possibly mixable in all proportions and possibly not — 
for important examples commonly occur. One such is a metal in equilibrium 
with an atmosphere of evaporated electrons which will be discussed in 
Chapter xi. Another example, which we shall examine here, is a crystal 
formed of a mixture of isotopes. In this application owing to the great 
similarity of isotopic molecules the general formulae can be considerably 
simplified. An interesting extension to metallic alloys is considered in 
Chapter xxi. 

The necessar y formal generalization to mixed crystals is due to Schottky* 
and is very simple. It is sufficient for the present to consider a crystal of two 
components evaporating separately without interaction in the gas phase. 
Such interaction can obviously be included when required. 

We may formally suppose that we can construct a partition function 
E PtP >(z) for the crystal containing P, P ' systems of the two types — this 
partition function to take account of every possible state of the crystal 
including all relative rearrangements of the two types of system. Actually 
of course only large values of P and P' will prove to be important and then 
only in a ratio which deviates only slightly from some fixed value. For an 
assembly containing such a crystal and a vapour phase of X — P, X' — P f 
systems respectively we have 


r - 1 



dxdx'dz 

X X+1 X 'X'+1 Z E+1 


X P X ,p 'Kp p\z) n r g(xz*r) II r g’(x'z € r). 

(535) 


• Schottky, Ann. d. Physik , vol. 78, p. 434 (1925). 
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C P ,r can be evaluated in the usual way in terms of the usual parameters 
A, A' and Its maximum can then be determined by the equations 

dC PtP ./dP = dC P ' P .lcP' = 0 , 

l 7) 1 2 is 

which give logA + -^^ = 0, log A' + ^ = 0. (53G) 

These equations effectively determine P * and P'* in terms of A, A' and $■, 
just as in § 5-41 equation (511) determines N* and thereby P*. By obvious 
though complicated generalization of that section we can proceed to show 

that P* = P t etc., and to determine all the details of the equilibrium state 
by extending and using Rule G. 

These equations though formally sufficient are naturally of no value 
unless the actual structure of K P r as a function of P and P' can at least 
be approximated to. The evaporating electron problem can be carried 
through because then the second constituent, the metal ions, need not be 
regarded as evaporating at all and, the problem simplifies to a study of 
the partition of electrons between their states in two different phases, 
metal and vacuum. For the crystal of mixed isotopes, the calculations can 
be carried through because the similarity of isotopes allows K p p . to be 
constructed explicitly. 

§5*61 . Approximate evaluation of K P P (z). Let us first return to a simple 
crystal composed of P similar systems and suppose that they have all a 
unique internal state so that from the point of view of crystal structure they 
may be regarded as massive points. If for such a crystal we construct a 
partition function as in Chapter iv, we shall have only the acoustical modes 
of motion to consider and shall obtain a result of the form [k u (z)] p approxi- 
mately^ In enumerating the states of such a crystal we can proceed simply 
as in Chapter iv, where we regarded all the constituent atoms as per- 
manently assigned to a fixed location in the lattice, or we can allow for 
complete rearrangements, but in the latter case we must make the resulting 
wave-function symmetrical (or antisymmetrical) in all the atoms and the 
enumeration of complexions is unaffected. 

Suppose, however, we now attempt to generalize this result to a crystal 
of atoms with internal structure and more than one relevant state of internal 
motion or nuclear orientation, but assume that the external properties of 
the atoms are so insensitive to the internal states in question that to a 
sufficient approximation the acoustical normal modes are unaffected. Such 
a crystal then has two sets of (practically) independent motions : the acous- 
tical modes with partition function [k u (z)] p approximately, and the internal 

t It is convenient to distinguish a crystalline partition function «(::) which refers only to the 
energies and states of the acoustical modes of motion by the suffix a, K a (z). 
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motions of a group of P localized systems with partition function [f(z)] p 
(see § 2*26), where f(z) is the partition function for the internal motions of a 
single atom at its lattice point. Since the two sets are independent the 
partition function for the complete set of states of the crystal is as in § 2*7 


K(z)/(z)] p . (537) 

These arguments are of course only another aspect of those of Chapter iv, 

less accurate in form, but giving greater insight into the physical origin of 
the terms. 

Now let us suppose that we have a crystal made up of P massive points of 
mass m and P others of mass m' arranged in some definite manner among 
the P + P lattice points. There is then just one linearly independent wave- 
function for the crystal in a state in which the oscillations in each of the 
acoustical modes have given quantum numbers — just one whether we 
ignore symmetry properties or whether we make the wave-function have 
the proper symmetry by permuting the points of mass m over their own P 
lattice points and the points of mass m' separately over their own P' other 
lattice points. If, however, we interchange any one of the masses rrt with a 
mass m , we shall obtain a significantly different crystal with slightly 
different normal modes and energy levels. If mixing of the m, m' mass- 
points can occur indifferently in all fashions, there will be (P + P')!/(P! P'l) 
different crystals possible each with slightly different normal modes and 
energies. In general therefore there will be a different partition function 
for each of these crystals, differing in internal arrangement of the masses, 
which we shall denote by K s (z) [j= 1 , 2, ..., (P + P')\/(P\ P'!)]. It follows 


that 


(538) 


Epj>'(z) = .... 

When the masses m , m! are nearly equal and the forces exerted on each 
other by systems of the two types are also the same or nearly the same, then 
no matter how the two sets of particles are mixed the normal modes and 
energies of the crystal in any arrangement will be very nearly equal and we 
shall have 

K j (z) = K(z) = [K a (z)] p ^ 
to a close approximation. It follows then that 


Kp f p'(z) — 


(p+py. 

PIP'! 


[*a( 2 )J 


P+P' 


(539) 


Now suppose finally that the two sets of systems have different sets of 
possible states of internal motions and nuclear orientation, giving rise to 
the partition functions f(z), f f (z) respectively. If as before these internal 
motions may be assumed to be effectively independent of the acoustical 
modes, then to every one of the states enumerated in (539) there corresponds 
a set of internal states which are those of P localized systems with partition 
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function f(z) and P' with/'(z). The total internal motions therefore have a 

partition function [f(z)] F [f'(z)] p ' and the complete partition function for 
the whole mixed crystal (perfect mixing) is given by 



(P + P')! 

P\ P'\ 


[/W] f [/'(2)] ? k(^)] fTf '. 


(540) 


Still more general mixed crystals are considered in § 2T2. 


§5-62. A simple illustration of (540). It may be desirable before going 
further to illustrate the enumeration of complexions summarized in (540) 
by a simple example. Equation (540) for example asserts that a crystal of 
3 molecules at lattice points a , b, c, two of one kind A and one of another 
kind B, in a given vibrational state, when the ^4’s possess a unique internal 
state and the P’s one of weight 2, possesses 



122 ! = 6 


complexions, symmetrical (or antisymmetrical) in the systems .4, and 

separately in the systems B. This is easily verified in this simple case by 

explicit construction of the wave-functions which are, in an obvious notation, 
just the six functions 


{A a (l)A b (2) + A a (2)A b (l)}Bf(3), 

{A a (l)A b (2) + A a (2)A b (l)}Bf(3), 

{-*lf>(l) A c (2) + A b (2) A c (l)}B a H3), 

{A b (l)A c (2) + A b (2) A c (l)}B a *(3), 

{A c (l)A a (2) + A c (2)A a (l)}B b \3), 

Me(l) A <t (2) + A c (2) A a (l)}B b *(3). 

In this counting the crystal wave-function is symmetrized separately in 
the ^’s and B's here regarded as distinct systems. In certain other cases 
such as when the -4’s and B's represent non-combining sets of states of the 
same molecule— e.g. ortho- and para-hydrogen, the crystal wave-functions 
may need to be symmetrized over the whole of the A’s and B's, exchanges 
being allowed between all the systems. It is easily verified that’this makes 
no difference to the enumeration of complexions. We still obtain in this 
example just six wave-functions which are then the permanents 


^ 6 ( 1 ) 


A a ( 2) 
A b ( 2) 


A a ( 3) 

A 6 (3) 


^„(1) ... 
^,(1) ... 

y 

9 1 

A a (l) ... 

V ' / 

y 

A a (\) ... 
B b 2 ( 1) ... 

c \ 

y 

ii 

A,X 1) ... 

y 

B a 2 ( I)- 
^ 6 (1) -. 
A c ( 1) ... 

B c (>i ... 


-4 C (1) ... 


A c ( I) ... 


-4 C (1) ... 
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§5 63. Properties of an ideal mixed crystal of two components. We have 
now shown that for an ideal mixed crystal we can use the expression (535) 
in which K PP .(z) is evaluated by (540). On evaluating C PrP . we now find 

^p t p' P\P'\ \xyx'§£ Hr Sa™* r ) 

xn ' ? ' <A '» v »[,-^ +0 (i«)] < 541 > 

where A, A' and & are determined by the usual equations and A is a slowly 
varying function as in (506) whose variations with P, P' will be neglected. 
Since P and P' are both large for a significant mixed crystal we may employ 
Stirling’s theorem and find with sufficient accuracy 

log C Pr = (P + P') log[(P + P') « a (S)] + P log X Jp + P' log®} 

+ S r log < 7 (A$ € r) + 2 r log g'(\'& € r) — X log A — X' log A ' — E log & + 0(log X), 

(542) 

Applying Rule C we find that equations (536) characterize the equilibrium 
state of the assembly and reduce to 

vm «.(»)- — . */'<»>«.<»>- =^= (543) 

so that {A/($) + Ay'(£)}* a (£)=l. (544) 

This last equation is the analogue of (512) and the remaining independent 
eq uation — 

(545) 

A'/'W P' 1 ' 

gives the equilibrium ratio of the constituents in the mixed crystal. 

The density of the mixed vapour phase in equilibrium is given by the 
equations 

N = A 1 Z r log g(\»<r), N' = A' ^ log g'(A'& € *). 

where A, A' and & are determined by the three equations which result from 
(544), (545) and the three equations fixing the saddle point of (541) when P 
and P' have been eliminated. It is found that the vapour can always be 
regarded as classical. Then the last equations reduce as usual to 

A = A /,($), ^ = A '//(*), (546) 

where /„(!>), //(•&) are the partition functions for the systems in the vapour 
phase. 

„ /,(») JAV 

11 /(&) /'(*)’ 


( 547 ) 
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then 

N P X 

N'-p~X'> 

...(548) 

and 

if | AJ 7 _ fr(^) __ fr W 

/(»)*„(*) /'(&)*„(»)' 

...(549) 


The equilibrium ratio of the constituents is then the same in both phases and 
the total vapour density is the same for any mixed crystal as for a simple 
crystal of either component . When (547) does not hold, the vapour density 
depends essentially on the abundance ratio D:D' (D+ D'=l). Since in 

general the overwhelming majority of the systems will be in the crystal, we 
shall have _ 

P^^X D 
p~'~ X'~ D'’ 


We then find N + N' = — — D _i — p f 

/(»)«„(») /'(&)«„(*>> * 


(550) 


This equation can easily be generalized to a mixed crystal of any number of 
components. It asserts that the equilibrium vapour density of the mixed 
crystal is equal to the mean value of the vapour densities in equilibrium 
with the simple crystals, weighted in proportion to the abundance ratios in 
the mixed crystal. 


§5-64. Crystals with imperfect mixing. We have already discussed the 
limiting case of perfect mixing. In the other limiting case we must assume 
that the components are so antagonistic that all the states of a mixed crystal 
have energies much greater than states in which each component forms a 
separate simple crystal. In such a case only the simple crystals will form in 
the assembly. Between these two extremes every intermediate degree of 
mixability is possible, and it is convenient, if only in a rough and ready 

way, to be able to construct partition functions for models which might 

imitate such crystals. 

%/ 

The simplest way in which a limitation of mixing can be specified is to 
require that the first type of system must be grouped together in blocks of 
n systems each and the other type in blocks of n the blocks being then able 
to mix perfectly. This is a possibility that might well be realized in real 
crystals. The total number of possible arrangements is then 

(P/n -f P'/n')\ 

(P/n)\ (P'/n')\ 

instead of (P+ P’)\ '(P! P’\) for a crystal of P, P’ systems respectively. 
This number of arrangements is the same as the number for a crystal in 
which 1/m of the systems of the first type and 1/m' of the others mix in all 
fashions while the remaining systems of both types remain permanently 
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attached to their own lattice points, and take no part in the mixing. It is 

therefore convenient to introduce two mixing coefficients a, a' so defined that 

the number of effectively possible arrangements of the systems over the 
lattice points is 


(ocP -f <x.'P')l/(<xP)l (a'P')!. 


(551) 


I f/( 2 )>/ ( 2 ) are the partition functions for the internal motions, etc. of the 
systems in the crystal and if the systems are still sufficiently alike for the 
approximate form of the partition function for the acoustical modes to be 
independent of the mixing and of the form [k q (z)Y^ p \ then the partition 
function for the whole mixed crystal will be of the form 


(aP + a'P')! 


[fwrwhwr''. 


(aP)! (cl P')\ 

The succeeding arguments determining C PJ >> and tl 
perties of the assembly follow the usual course. We find 


(552) 




A 



a P \ a 

* + a'P7 

a'P 7 y 
> + a'P7 /' 


1 


/(») *«(*) ’ 


(553) 


(»)"«(*)’ 


(554) 


and therefore, with the classical approximation for the vapour and the 
assumption that P/P’^X/X', 

olX 


N = 


N' = 


/v(») 


clX + 

a'JT 


<C y 

a 'X'J ’ 


(555) 


ST' \«' 
ol’X') * 


(556) 


When at least one a is zero there is no mixing, and equations (555) and 

(556) both reduce to an equation of the ordinary type N=f v (&)/f(&)*aW 
for the vapour density of a simple crystal. The total vapour density is then 
the sum of the two vapour densities for the separate crystals and has 
approximately twice the value of the vapour density when a = a'= 1, when 
there is perfect mixing. 

§5*7. Internal stresses. We have so far defined the pressure only in such 
a way that pdSdn is the average work done by the boundary field on the 
assembly when an element dS of the boundary is moved a distance dn normal 
to itself. Then the pressure (or other stress) so far refers entirely to the re- 
lationship of the assembly to the outside world. The general formula for such 
a stress for an assembly containing a vapour and a crystal phase has the form 
_ i ( 7\ — c . d 

Y = 


log 1/& 


Z u M u log /„(&) + X V N„ f y log f v (&) + P f y log *(4» 


( 557 ) 




Internal Stresses 



the classical approximation being used as in (483) for the vapour phase. 
Pressures at points or across areas inside the assembly, or in general internal 
stresses are as yet undefined. Definitions of these quantities will often be 
required. 

The average stress per unit area across any imaginary surface inside the 
assembly is defined to be the resultant force per unit area exerted by systems on 
side A on systems on side B } together with the momentum transferred per unit 
area per second from A to B by systems crossing the surface from A to B and 
B to A. The stress exerted by side A on side B is necessarily equal and 
opposite to the stress exerted by B on A so long as the forces obey Newton’s 
third law. 

The stress so defined is of course in general a symmetrical tensor of the 
second rank of nine components p xx , p uu . p„, p v , (=p zy ), p zx (=p xz ), 
Pxy ( = P V t)- For any gas (or fluid) in equilibrium it reduces necessarily to the 
simple form p xx = p vy =p zz , P yz =P zx = P xv = 0. This simple isotropic stress per 
unit area, always normal to the surface across which it acts, is defined to be 
the pressure. The verification of this simplification and the explicit calcula- 
tion of the pressure across any internal surface is immediate for perfect gases. 
The forces between the systems are negligible, so that, for example, p XI is 
the rate of transfer of x-momentum across a unit surface normal to the 
x-axis. Molecules with the 2 -component of velocity between u and u + du 
carry 2 -momentum mu across the surface, and the number of such molecules 
crossing unit area in time dt is the number of such molecules in a volume udt. 
Both other velocity components are entirely irrelevant, merely fixing the 
shape of the volume udt. Thus by Maxwell’s law the number is 


Nudt 1 m . ... _ , 

I I e~* mu kT dv 

V \2i rkTj e . au ’ 


and 


Nm[ m \* f + °° 

Pxx ~~T\2^kr) 


w 2 e -lmu*,'*r du, 


Nm( m N 

V \2tt1cT) \ m ) 


= — JcT 
2 V 

Similar values are found for p yy and p zz . For p zx , which is the rate of transfer 
of z-momentum across unit area normal to the z-axis, we find similarly 

Nm m 


Pzx — 


V 2irkT 


r.r;r 


oc 


00 


u W e-»' n <“ J +«’ 2 )/*7 du die. 


= 0 . 


This calculation is of course merely one version of the classical pressure 
calculation of the Kinetic Theory. 

We have so far considered the case of a single set of systems and calculated 
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the “partial ’ stress which they cause. Obviously for perfect gases the 
stresses are additive, and reduce as above to an isotropic pressure given by 


the equation 



kT 

V 


{Z U M U + X V N V }. 


( 558 ) 


In (558) the values of M n and N v are local values in the neighbourhood of 
the internal point considered. If there are only boundary fields, then the 
pressure is constant throughout the gas and equal to the pressure on the 
boundary previously otherwise defined. This result of course continues to 
hold generally, e.g. for imperfect gases, in which connection we return to it 
in Chapter ix. 

The surface across which we calculate the stress may be an interface 
between two phases. It follows at once that the pressure on a solid phase is 
equal to the pressure in the surrounding gas phase evaluated at its surface. 

We are now in a position to examine the form of (557) for boundary fields. 
By definition of the external pressure p, Y dy = pdV f and from the geometry 
of the assembly dV = dV 8 + dV g) where V s , V g are the volumes of the solid 
and gaseous phases. Hence 

Ydy=pdV 8 -\-pdV g . 

But by (557) Ydy =p 8 dV 8 + p g dV g9 

where p s and p g are the expressions obtained by applying the general pres- 
sure formulae of §§ 2*8, 4*8 to the two phases in their average state as if they 
were separate assemblies. Such an application will therefore always give 
the correct equal pressures in the various phases. 

We may notice also that the equilibrium state of statistical mechanics as 
calculated on our general hypotheses is a state of mechanical equilibrium of 
the matter in the assembly. No element of it has any mass motion relative 
to the enclosure containing the assembly, and in the absence of external 
fields the pressure is everywhere constant. 

The final result of these paragraphs may be expressed by saying that 
the stresses on any volume element or any phase of the assembly 
may be calculated by applying the general laws to this element or phase 
with its average constitution and energy as if it were itself a separate 
assembly. 

It is possibly more significant to start by postulating that the general laws 
of statistical mechanics apply not merely to the assembly as a whole but also 
to its constituent elements and phases as if they were separate assemblies 
with their average constitution and energy. We can then work backwards 
and deduce the constanc}' of the pressure and the existence of mechanical 
equilibrium. 
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§5*8. Dissociative equilibrium in an external field of force. The formulae 
of the preceding sections refer to gaseous (and other) assemblies subject to 
no external fields of force, except the local boundary fields. This restriction 
can easily be removed for the gaseous part of the assembly, for which alone 
it is of importance. \\ e will suppose for simplicity that all the gaseous com- 
ponents are confined to the same volume V, and that classical statistics 
may be used. Then the l -factor in the partition functions must be replaced 
b y K( T )> where , 

Kx(^)=JJJ e~ w - kT dq x dq 2 dq z \ (559) 

is the potential energy of the atom or molecule of species a in the external 
field. The equilibrium laws for the whole gaseous part of the assembly are 
then unaltered in form. It is however now necessary to consider also the 

V 

equilibrium laws for any physically small element SI' of the assembly, 
since the distributions are no longer uniform in space. 

The function T^T) is strictly the partition function for the potential 
energy, and has all the properties of a partition function (see Chapter vm), 

If n x u , n x v are the average numbers of the atoms u or molecules v in the 
volume element 81*, then, by general formulae such as (477) and (478), 


n x" = M u e~ ,r “ kT 8 V X /VJ T), (560) 

* r 8T^ VJT). (561) 


Besides being obtainable directlyfrom the properties of ! a ( T), these formulae 
can of course be obtained from (477) and (478) by summing or integrating 
for all variables except the positional coordinates q l .q 2 ,q 3 . For the whole 
gaseous part of the assembly the laws of mass-action (479) take the form 

. K(T) , 

n u (M u )«' u n u {F„(r)}«.“ x ‘n„{F„(7’)}^ -••?')• 


1002 ) 


m which the F' s are the partition functions without their volume factors 
For the volume element Si; they take the form, after reduction by (562), 


V78 K _ F r (T) 


n B {n x “/sr x }«r« n, I {F ll (7 i )}9." 


e-W'-WWT (®=i , 2 j). 


\ ^ W V / 


In general, therefore, the equilibrium constant might be expected to be 

a function of position in the gas. varying from place to place according to the 

equation (o63). In actual fact there is no such variation in any known con- 
ditions. For there will be no variation provided 

K ~ 2 . q v " K = 0 , 


(564) 
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that is, provided the potential energy of any system or group of systems in the 
field is unaltered by dissociation and recombination. But this proviso is in 
general satisfied in actual conditions. Actual fields are usually combinations 
of gravitational (including inertial) and electrostatic fields. Let 0 be the 
gravitational and Y the electrostatio potential. Then 

W v = m w 4> + T, W u = m 14 <D + e u T\ (565) 

where m 0 , m u and e v , e u are the masses and charges of the systems v , u. But 
total mass and total charge are conserved by dissociation and recombination. 
Therefore v „ 

W v - S„ q" W u = - 2„ q“m u } <t> + {*„ - 2„ g r '‘€„} Y = 0. 

Thus in all such cases 

_ F r (T) 


and 


n//8V 3 


(566) 


n U {n//8F>' W n M {^(T)}^ ? 

and the equilibrium constants for all volume elements of the gas are the 
same, and the same as that for the whole gas, without external fields.* The 
total amount of dissociation, however, in the whole gas will in general have 
been altered by the external field. 

This constancy does not necessarily hold for magnetic systems in magnetic 
fields, which require further consideration (see § 12*8). 

It is interesting to verify that the equilibrium laws of the assembly still 
contain the laws of mechanical equilibrium under the influence of external 
fields (gravitational, inertial, or electrostatic). Equation (558) still gives the 

pressure in the gas if MJV is replaced by n x u /8V x and NJV by n x v l8V x . As 
functions of position n x u and n x v are given by (560) and (561) and W u and 
W v by (565). Hence 

kT 


p = ^(S M n x « + S,,n/), 

3C 


d# = - sSt & u n*dW u + 2 n x 'dW v ), 


*V X 


= - {(2 U m u n x u + m v n x v ) d<b + (Z„ e„ n x u + 2„ f v n x v ) <PV}, 


(567) 


= — pdO— <t(P¥. — 

Since p and a are the density of mass and charge in the gas, equation ( 567 ) 
is the usual equation for fluid equilibrium. 

* For the independence of gravitational forces see Gibbs, Collected Papers , Thermodynamics 
pp. 144, 171 ; for the extension to electrostatic forces, Milne, Proc. Camb. Phil. Soc.v -- » P- 

(1924). 



CHAPTER VI 


THE RELATIONSHIP OF THE EQUILIBRIUM THEORY 

TO CLASSICAL THERMODYNAMICS 

§6-1. In the preceding chapters we have obtained all the distribution 
laws of the equilibrium state of any assembly for which we can construct 
partition functions. Except for the extension to imperfect gases which is 
the subject of Chapter vm, this includes all types of assembly commonly 
treated in statistical mechanics. We have obtained all these distribution laws 
without any reference to thermodynamical ideas except to specify the exact 
relation between and the absolute temperature, where it will be seen that 
such an appeal is logically essential. It is fair to claim this feature for a 
merit in the present method of exposition. The ideas of thermodynamics are 
entirely foreign to the foundations of statistical mechanics which are mainly 
dynamical. The proper course is to prove that the laws of thermodynamics 
are true for the assemblies of statistical mechanics if we use suitable analogies 
to interpret their properties.* Such proofs are given in the succeeding 
sections, and it will be seen that the direct introduction of the laws of 
thermodynamics in this way is satisfactorily simple. We definitely discard 
Boltzmann’s hypothesis relating entropy to a probability too often ill- 
defined, and introduce the entropy in just the classical way in which it is 
introduced into ordinary thermodynamics. 

When the true relationship between the equilibrium theory of statistical 
mechanics and thermodynamics has thus been made apparent by showing 
that our assemblies in equilibrium are thermodynamic systems, it is natural 
to enquire into other methods of exposition in which an early introduction 
°f entropy plays a leading part. This is the more natural, since many writers 
have contributed such expositions, and it cannot be maintained that logical 
clarity has often been achieved. Detailed criticism is out of place, but for 
completeness a short survey is included. 

§6-2. Temperature. We have already in anticipation identified & with 
the temperature on some empirical scale, but we may conveniently re- 
capitulate the argument here. The legitimacy of the identification depends 
solely on the possession by & of properties strictly analogous to those 
assigned to the “empirical temperature” in a rational formulation of the 
foundations of thermodynamics.! The basic fact of thermodynamics is that 
the parameters specifying the state of any body can be so chosen that when- 

ehl rnd^n- abUnd8ntly Cl6ar by Gibb8 ’ E ‘^ry Principles in Statistical Mechanics, 

t See, for instance. Max Bom, Phyaikal . Zeit. vol. 22, pp. 218, 249, 282 (1921) 
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ever any two bodies are in equilibrium in thermal contact one of the para- 
meters for each body has a common value for both. This parameter is defined 
to be the empirical temperature, but of course on an arbitrary scale, and 
any convenient body may be chosen for thermometer. On the statistical 
side we have shown in Chapters ii-v that when two assemblies or sets of 
systems in an assembly can exchange energy, so that there is one common 
energy total for the whole, then their equilibrium states are defined in terms 
of a common value of a parameter The analogy is exact, and we are 
therefore logically justified in identifying $ with the empirical temperature 
as defined in thermodynamics. 

It was shown further that it was possible to prove that & = e~ 1,kT by 
postulating the properties of perfect gases, using a perfect gas for thermo- 
meter, and asserting that the temperature shall be proportional to the 
pressure of the perfect gas at a constant volume; but this appeal to the 
properties of an ideal substance is illogical (though often convenient) and 
inessential. In thermodynamical theory the absolute temperature is defined 
in connection with the second law, and can only be defined in this way. We 
wish to show that the assemblies of statistical mechanics obey the laws of 
thermodynamics (or from our assumptions to prove the laws of thermo- 
dynamics), and so we must not postulate a knowledge of the absolute 
temperature but define it in connection with entropy, just as we do in 
classical thermodynamics. 


§ 6*3. Entropy and absolute temperature . In classical thermodynamics the 
“heat” dQ taken in in any small change is defined to be the increase in 
internal energy plus the external work done by the assembly.* Thus for our 

general assembly d Q, d E + ^Y,iy,. (568) 

The second law of thermodynamics asserts that there exist functions T and S 
of the state of the assembly such that T=f(&), where $ is the empirical tem- 
perature, and dQ= TdS. (569) 

Except for a certain arbitrarily assignable constant multiplier and an 
additive constant these functions are unique. 

For the assemblies contemplated in § 5-3 Y and E are given by (482) and 
(472). These equations, written explicitly, give 


£ = 3 


dZ 


X —X — 


iogi/$y,= 


dz 


(570) 


03- ’ " J 0A/ dyf 

where Z is given as a function of 3, the A^’s and implicitly of the y t ’s by (474) 
Consider the function £ given by (473) in the form 

£ = Z — £y X } log — E log 3. (571) 

* Born, loc. cit. 
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Then using (570) 


dZ 




dX 


dz 

ao 


-blog 1 /&dE, 


oZ 


= 'Z l ~^ d yi+l°gll&dE i 
= logl /&[I, l Y t dy t + dE] t 

= log 1 /&dQ. 

Thus log 1 l&dQ is a perfect differential and our assembly obeys the second 
law of thermodynamics. The postulated functions T and S exist and are 
defined by the equations , ihT _ . 1 /a 


1/XT = log l/$, 
S-S Q = kZ. 


(572) 

(573) 


The constant k, Boltzmann’s constant, is of course fixed by fixing the scale 
interval between two standard temperatures, and S 0 is essentially un- 
determined. It is almost always convenient to put S 0 = 0. 

We may note here that S is closely connected to C, the total number of 
complexions which represent accessible states of the assembly. It is easy to 
show further that this total number of complexions does not differ signi- 
ficantly from the number of complexions which represent nearly average 
states of the assembly. The value of C for the general dissociating assembly 
defined by (471) can be evaluated at once by Theorem 2-42, Corollary 2 and 
is then found to satisfy i og C = 2 + 0(log Xy 


(574) 


Terms of order log X are negligible compared with the main terms of order 
X in E. Combining (573) and (574) with S 0 = 0 we obtain the fundamental 
relationship S-klogC, 


(575) 


where k is Boltzmann’s constant. We may describe this relation by saying 
that the entropy is equal to k times the logarithm of the integrand of C evaluated 
at the saddle point (A,&). We may also express it by saying that the entropy is 
equal to k times the logarithm of the number of complexions belonging to states 
which differ only insignificantly from the equilibrium state. 

We have so far considered only a gaseous phase, but the same results hold 
true for a crystalline assembly or for one containing both a gaseous and 
crystalline phase. To begin with a simple crystal of P molecules the equa- 
tions (350) and (373) of Chapter iv show that equations (570) for E and Y 
continue to hold for a Z given bv 1 


Z = PlogK(&). 

It follows that (572) and (573) remain true if now 

S = P log «:($•) - E log 0. 


(576) 


(577) 
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Finally for the most general mixed assemblies considered at the close of 
Chapter v we can apply Rule C of § 5-41 and evaluate all their equilibrium 
properties (including the enumeration of the complexions belonging to 
states insignificantly different from the average state) after first fixing the 

number of molecules in each crystal at its equilibrium value and the 

number of each type of atom (free or combined) in the gaseous phase at . 
Though we have not yet given them explicitly, it is easy to verify that for 
such an assembly equations (570) hold good in the form 


E = % 


dz 


171 _ A ^ 


iogi/$7;= 


dZ 




(578) 


where 


= ±u 2 r W r U log 9v(K& €r ' 1 ) + lo g <7*( V 1 '*- • • V^*’) 

+ 2 T log K\pj(&). 


(579) 


In (579) 2 T denotes summation over the different species of crystal present 
and K t (p~)(&) the partition function for the rth species containing its 

equilibrium number P T of molecules, or if a mixed crystal its equilibrium 

number P r9 P T ', ... of all the molecules it contains. It follows at once that 
(572) and (573) are true with 

2 = Z — 2 — Plog&. (580) 

U=1 


It will be recalled that P T and M are determined by equations of the form 

92/3P T = 0 so that they need not be varied in forming d2. 

It is evident by inspection of (571), (577) and (580) that the contributions 
to 2 of the gaseous and the crystalline phases are additive. This is further 
true of the different components of the gaseous phase. For 


MJ = M u + 'L v q*N V9 


and therefore the free atoms of type u contribute to 2 

Z r w r u log g u (X u »*r“) -MJogXv- E u log & (581) 

and free molecules of type v 

2 r w r v log g v (fi& € r v ) —N v log \l-E v log & (/x = A^. . . \ Qvl ) ( 582 ) 

These forms hold whether or not there are crystalline phases present. They 
contain redundant variables and either M u or may be eliminated by 
means of (47 5) and (476); E u may also be eliminated by expression in terms 
of & and or . 

On account of their importance we now summarize these results in the 
form of contributions to the entropy in the following theorem, assembling 
therein the various important forms. 
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Theorem 6-3. The entropy defined by (573) with S 0 = 0 of an assembly 
consisting of (ideal) gaseous and crystalline phases is the sum of the following 
contributions made by each component in the gaseous phase and by each crystal- 
line phase: 

For each gaseous component, with partition function /($), present to the 
average number M with average energy content E and parameter y 


&[E r m r log g(p&*r) - M log p - E log &], (583) 

which can be expressed, in the classical limit, in either form 

*[/(&) ~ M log h}~E log &], (584) 

k[Mlog{f(&)IM} + M - E log &]. (585) 


F or each pure crystal present with an average number of molecules P, partition 
function per molecule k(&), and average energy E 


k[P log *(»)- .Slog &]. (586) 

For each ideal mixed crystal of two components present to the average numbers 
P, P' with partition functions per molecule /($)*„($), /'(&)*•„($), and 
average energy E 


k[P\ogm K a (%) + P‘ log /'(&) K a (») - E log & 

+ (P + P') log(P + P') - Plog P - P' log P']. ...(587) 

(588) 

Formulae for S are so important that we shall record here for reference 

further forms obtained by elimination of E and substitution of T for It 
will be observed that (583)-(588) and all the succeeding forms are homo- 
geneous functions of degree unity in the extensive variables V, J/, P and P. 
Alternative forms for the contributions to the entropy S. Gaseous component. 


k^Z — p log y. $log$^ 

ifj (Z = T. r VJ r logg(^$<r)); 

...(589) 

t[z-^iog/» s ^ + r ar ] 

(Z = T 0 r log g(pe- ( ri kT )) ; 

...(590) 


For radiation 


= k ■ 


or in the classical limit , 


*[/( lo g u} + yT ; 


kM^ log® 


+l+T d J?imi 

dT I* 


(591) 

(592) 
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Pure crystal. fcP^log k(£) - & log & '» (593) 

^pj^log k(T)+T — |^ ( T) ] . (594) 

Formulae (593) and (594) hold also for the contribution by any set of 

N localized systems of partition function k(&) if P is replaced by N . 

It is to be particularly noticed that Theorem 6-3 determines explicitly 
the dependence on M .* This is because, for the assemblies discussed, M can 
be made (by dissociation, etc.) to vary reversibly — that is, a sequence of 
natural equilibrium states can be found, in which M varies. A great part of 
the controversies about entropy in statistical mechanics has centred round 
the determination of the variation of S with M, ignoring just this point, 
that such variations can only be relevant, and therefore determinable, 
when M can change reversibly. This has naturally led to great confusion of 
thought,! only avoidable in some way equivalent to the foregoing. 

The forms of (583), (58G) and (587) suggest at once that the connection 
between partition functions and the functions of thermodynamics can be 
simplified by the use of Planck's characteristic function as the primary 
thermodynamic quantity. T’ is defined in thermodynamics by the equation 

(595) 

it is thus merely a modification of the Helmholtz’s free energy! F . It has 

the properties 3 vl»' svl* pu/ 

E-T 2 — S = 'l'+T — Y,= T — (596) 

dT’ dT' 1 dy, V 

In terms of T the foregoing theorem can be rewritten as follows: 

Theorem 6-31. Any 'particular species of free molecule contributes to the 

characteristic function kM{log[f(T),'M] +1}; (597) 

any pure crystal kP\ogt<(T). (598) 

Any one of the equivalent forms (58 3)-(594) has an analogue here. 

We may conveniently recall here the further property of T as a thermo- 
dynamic potential, that for any assembly at given temperature and given 
volume (or generally given parameters y t ) the equilibrium state is deter 

mined by the equation dT' = 0 (599) 

for all relevant variations. It is easily verified by differentiation of 4- that 

* Strictly If . But since it never matters whether we are dealing with a fixed M or an average 

~M we shall usually omit the bar in future over symbols representing numbers of systems o 

given type unless the context requires it for clarity. 

t See Ehrenfest and Trkal, loc. cit ., for a critical exposition of this confusion. .. 

J See Planck, Wdrmestrahlung, ed. 5, p. 127 (1923). This function is also called the work lunc 

and sometimes denoted by A . 
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the general laws of mass-action, etc., which we have determined directly in 
Chapter v are equivalent to this equation. 


§6-4. The increasing property of entropy. We are now in a position to 
complete our account of the thermodynamic properties of our assemblies 
by showing that the function S which we have identified with the entropy 
possesses the characteristic increasing property . We have to show that, with 
such conventions for the arbitrary constants that S' -f- S" = S when an 
assembly in equilibrium is separated into two by an ideal workless process 
such as the closing of an ideal door, then on junction by a similar process 

S' + S"^S; (600) 

S' and S" are the entropies of the two assemblies before junction or after 
separation and S the entropy of the combined assembly. Since the joining 
together of two gaseous assemblies is essentially irreversible, only a conven- 
tion can settle the values of the various entropy constants. A sufficient 
convention is to take *S 0 = 0 in (573) — that is, to take £ as given com- 
pletely by Theorem 6-3. 

To establish (600) it will be sufficient to consider a single type of assembly, 
for example the most general gaseous one. The proof for other types is 
similar. If then we distinguish all quantities referring to the two separate 
assemblies by single and double primes, we have 

S' Ik = Z( ^',0',^', . . . , V) - Z, AY log A/ - E ' log O', 

S"jk= Z(F , ',0' , ,A 1 /, ,...,A/ / ) — A ; " log A ; #/ — i?"log0", 

S/k — Z(V -f V jOjAj,...^) — Zy (AT ; ' + Xj") log A ; . — (E' + E") logO. 

In formulating the terms in Z in these expressions we have used the fact 
(see (163) or (221)) that each of the terms in Z contributed by the states of 
each type of free system depends on the particular enclosure only through 
the volume V which enters as a multiplying factor. Thus 

Z(V' + V’ /, ,0,A 1 ,...,A / ) = Z(F',0,A 1 ,...,A / ) + Z(F",0,A 1 ,...,A / ). 

But io was shown in Theorem 2-42 that O', A/, A 2 ', ..., A/ define the unique 
minimum of the function S', so that 

S'(»',V 

equality being only possible when 

»' = »> a 1 '*a 1 ,...,v=V 

Similarly «"(*", A,",...,^") < A ( ), 

equality being only possible when 

V'-a^.^v-V 

We see therefore at once that + 5" < S, equality being only possible when 

A,' = A," = A, A/ = A," = A, . 
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Since 0* and the A’s as determined by (472) are intensive parameters, the 
necessary and sufficient conditions are 

A/ = A/', . . . , V = A/', (601) 

which are equivalent to asserting that, if there is no change of entropy on 
junction, the separate assemblies must have had equal temperatures and 
concentrations, or rather temperatures and partial potentials (§6-5). 

§ 6*5. The physical meaning of the A 's. The parameters A x , . . . , A,, which we 
have been led to introduce by the nature of the mathematics, play such a 
natural part in the preceding discussions that one is led to expect them to 
possess a natural physical interpretation, just as 0 may be interpreted as 
the temperature. This is the case, and we can relate them in a simple way 
to the partial potentials of the various constituents in the assembly, as is in 
fact already obvious from the form (591). Just as 0 was identified with the 
temperature because it is a parameter which has the same value for every 
component part of the assembly, so A u must be equivalent to the partial 
potential of the wth constituent because it is a parameter which has the 
same value for every component part of the assembly in which the nth 
constituent occurs. 

Thermodynamic partial potentials /z u may be defined by the equationf 

dE + ^ t Y t dy t = TdS + p u dM u * ; (602) 

in forming this variation we are to suppose that the total massesj M u * of 
the various constituents in our assembly or in any phase or part of it are 
varied, as well as the temperature and the geometrical parameters y t . If 
we form the variations of (571) in this manner we obtain 

TdS = dQ-'L u kT log A u dX u . 

Now X u is the total number of atoms of type u and M u * is the mass of the 
uth. independent constituent in gram-molecules. Therefore 

X u = RM u *Jk , 

and n u =RTl ogA u . (603) 

This is the desired relation between A^ and the corresponding partial poten- 
tial. If we evaluate A^ by means of (166) for a structureless particle in the 

classical limit we find 

h JR T . log - i tog T + log ^- T . (604) 

which is consistent with the usual value of p u for a perfect gas.§ 

t Bryan, Thermodynamics, p. 152. 

$ The masses are here denoted by J/ tt * to avoid confusion with the numbers of free atoms - u or 

the total in the gaseous phase Af u t of $ 0-3. 

§ Bryan, loc. cit. p. 120. 
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If in a similar manner we imagine an addition to the assembly not of free 
atoms, but of dN v * gram-molecules of the molecule v, then 

dX u = Rq v u dN v *lk f 

and the partial potential y v of the vth molecule is given by 

H v = RTI, u q v “ log An, 

Ml J RT = lo g ^ - lo g {fv(&)l V }> ( 605 ) 

which is also consistent with the usual thermodynamic value. We can thus 
see that the partial potential of the molecule v in the equilibrium state is 
equal to the sum of the partial potentials of its constituent atoms. This is 
the usual relation between partial potentials necessitated by the existence 
of a chemical reaction.! It is another aspect of the usual theorem that the 
partial potential of any constituent must be the same in all phases in which 
it occurs. 

Finally let us consider the more general case of an assembly containing 
a mixed crystal dealt with in § 5-6. The contribution to the entropy by the 
m.xed crystal is ^ = fc[ , og ^ log ^ 

It follows at once that 

TdS K = dQ K + kT^j^dP + ^l^ di>'] ; 

by equations (536) this reduces to 

TdS K = dQ K - kT\\og\dP + log A' dP'], 

where A and A' are the partial potentials of the constituents in the gaseous 
phase in equilibrium with the crystal. The relationship between the A’s and 
the thermodynamic /a’s is thus repeated. 

§6*6. Thermodynamic necessity for the invariance of the weights. The 
preceding discussion, establishing the existence of S, has proceeded on the 
assumption that 

1 dZ 

= i^iT 7&^;- (606) 

This however is only true because the weights m r u , m r v do not depend upon 
the y's and are therefore what are called adiabatic invariants. Since in the 
present theory the weights are by definition integers specifying the number 
of solutions of Schrodinger’s equation for a given characteristic energy they 
must vary discontinuously if at all, and in fact can never vary. Equation 
(606) is therefore justified. But in earlier presentations of the subject this 

t Gibbs, Scientific Papers , “ Equilibrium of Heterogeneous Substances”, pp. 67-70. 
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was not yet clear and it was of some importance to establish the invariance 
of the weights by showing that such invariance was also necessary for the 
existence of the entropy.* On account of its historical importance the 
argument is reproduced here for a classical gaseous assembly in dissociative 
equilibrium. 

When the weights depend on the y' s (606) fails and (classically) must be 
replaced by 


Yt = 


1 


log 1/9- CIJ 


~ [X u S r A u ^ $«r“ -f S e 2 r ^ . 

CIJ T log 1/a- L Zy T cy r J 


Therefore the general form of log l/&dQ will be 


where 


dS(& f A i, . . . y • • >\,y v - • • ) dy x 


• • 


(607) 


. • ) = 2 U s r A u ^ »«r“ + 2, Aj*. 1 . . . V' ^ • 


Q/l 


c */i 


We may suppose that the independent parameters that define the state of 

the assembly are S, y Xi y 2f Then the conditions that (607) should be a 

perfect differential contain the equations 



(608) 


for all values of S (or 9) and the y s. They must also hold for all X's and 
however many types of atom or molecule are present in the assembly. 

Consider first the simplest case in which only the uth. type of atom is 
present in number X u . Then 

/ u (9) 

and (608) reduces to 0/z 1 /c9 = 0. Now fj. x is of the form Ea n 9 n /£6 n 9 n , and 
therefore if it is a function of the y's only we must have 


S(6 n ^ 1 -a n )^ n = 0 ( all 9) 


or fj>i — /^x(2/i> — ) — ^nl^n (all 7i,y X y...). 

That is to sav, we must have 


dw r u 


K U W r H y 



(609) 


where k u depends only on the y’s. Thus the w r u may have a common factoi 
a> u (y lf ...)*nd the resulting change in S would be — X u \ogw u . This would not 
affect any physical result for such assemblies. Similar arguments hold for 
assemblies of a single type of molecule. 


* Bohr, Proc. Cnmb. Phil. Soc. Suppl. p. 17, and previously Ehrenfest, Physihil. Zeif. 
p. 660 (1914), have attempted to show that the weights must be adiabatic invariants, t W1 
appear in the course of this section that, though their results are effectively correct, their argumen 
hardly went sufficiently deep. 
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Invariance of the Weights 


Returning now to the general gaseous assembly we should have 

Mi = -u K Jrr lo g V pl - • • \ qv %(&) 57 r lo g . 


c Vi 

and the extra terms in log 1 ; 9 dQ reduce to 


? Vi 


Kfu(&) d log a> u - A^ 1 . . . d log o> v 


or - -u x u d l °g - -r V‘ l - • • \ 9vt f v (&) d lo g fj — Hu • 

[[ u^u Ql 

The cu M , cu v being functions of y lt y 2 > •••> these extra terms can in general 
only be a perfect differential if 



For the extra terms are of the form 


(all v). 


(610) 


'—‘v d ^ v (y i’* * • ) 

and can only be a perfect differential if for ?/ 3 , ?/ 2 , ... 



d_A v ?B v 

cf> ?y x 



Since dAJc&^O and the Afs have in general no special relations between 
them, these relations can only be satisfied if cB v lcy l = 0 which are the 
equations (610). It follows, therefore, that the weights can contain factors 
dependent on the y l >y 2 , ••• provided that 


^ v = a v n M a> u 9 f M , 

where the a’s are absolute constants. Thus the non-invariant factors w ui if 
they exist, must persist with the atom through every combination into which 
the atom can enter. They are therefore without significance in any physical 
problem and can be omitted without loss of generality, and apart from these 
trivial factors the adiabatic invariance of the weights is established. The 
conclusion holds good for the most general assemblies so far discussed. 


§ 6*7. The inverse relation between specific heats or average energies and the 
weights and energies of the states of an individual system. In the foregoing 
chapters we have shown how to determine the average energy and specific 
heats of any system or set of systems, when the weights and energies of the 
permitted states of one system are known so that the partition function may 
be constructed. We have had in fact the relations (classical statistics) 

E = MlcT^ f \ogf(T) y 

C v = Mk^T*±logf { T), (611) 

f(T) = X r m r e-<rixr. 


where 
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It is desirable at- some stage to pause and attempt to answer the question 
whether given E or C v , and so the form of the function /(2 1 ), we can deduce 
the w r and e r , and in particular whether such values, if they can be derived, 
are unique. It appears that the theoretical answer is “yes”. The m r and * r 
can be derived and are unique, with the exception of trivial constant 
factors, which arise as the constants of integration in determining f(T) from 
(611). The practical importance of this answer is (as will be seen) limited, 
but its theoretical importance is still considerable. 

The most convenient variable to work with here is r where r = 1 /k T. Then 


Crr = MkT 2 


dr 


) 1( >g f(r), 


E= -M 


d 


Tr l ° S /(T) ’ 


00 


f(T) = 'Ew r e~ € r T . 

o 


A knowledge of C v determines /(r) except for trivial constants of integration ; 
the problem is to derive from this /(r) the w r and e r . For this purpose we 


express /(r) as a 


Stieltjes’ integral in the for 


«i 


/( T )=J o e- T€ dw(e), (612) 

where dw(e) represents the weight corresponding to the energy e or the 
range e, e + rfe, and it is indifferent whether we are concerned with quantized 
systems or with classical. In all cases w(e), the integrated weight, is an 
increasing function in the wider sense, which has simple isolated dis- 
continuities if the system is quantized or contains a quantized part. 

Now it has been shown that (612) can be inverted so as to express w(e) as 
an integral of /(r).* It may be supposed that w(e) is a monotonic increasing 
function of e for all values of € considered, which has only a finite number of 
simple discontinuities or steps in any finite interval. The function w'(€), 
derived from w(e) by the removal of the discontinuities, has a differential 
coefficient Q which exists and is continuous, except perhaps at a finite 
number of points in any finite range, and is bounded in any finite range. 
These conditions will be referred to as conditions W . Then we have the 
following 

00 C 00 j 

Theorem 6*7. If w(e) satisfies conditions W, and if £ e~ T€i and e~ T€ 0.dc 
converge for r = y 0 , and if 

/( T )=J e^dwfi r), (613) 

* For a proof see R. H. Fowler, Proc. Roy. Soc. A, vol. 99, p. 464 (1921). A deeper version of the 
same theorem has been given by Burkill, Proc. Camb. Phil. Soc. vol. 23, p. 356 (1926); Proc. Lond. 
Math. Soc. vol. 25, p. 513 (1926). 
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then /(r) is a holomorphic function of r in the half -plane R{t) > y 0 , and 

l{u>(e + 0) + w(e - 0)} - w( - a) = f /(r)e tT — , (614) 

Z7TZ J y — j) ao T 

where y > y 0 , y > 0, aiid the infinite integral in (614) is evaluated as 


Lt 

r-*oo J y-iY 

It is clear that the theorem theoretically must apply to the physical 
problem in hand, and therefore, given /(r), the w r and € r (and any classical 
part) are uniquely determinate. But it is not practically applicable unless 
our knowledge of f(r) is so precise that we know it not merely numerically 
but formally, as a function of the complex variable r. This difficulty can be 
turned by a method due to Schwarzschild,* but as it is still doubtful 
whether even so the method would give results of practical interest, we 
shall not pursue it further. 

In the case, however, of radiation (or the linear harmonic oscillator) we 
believe that we do know the exact form of f(r). It is then of interest to see 
that the weights must be of the form assigned. For if we demand that 


E = M 


hv 

gji v;k T 



so that 


then 


Now 


/(r) = C(1 — e~ hvT )~ l (C constant ), 

C fy+ Vco p €T (It 

+ o) + u- (e - o)} = j — - . 


(615) 


( 1 _ e -W)-l _ l + e -hvr + . . . + e -ph V T + e ~ip+l)hvT I _ e -hvry 

Choose p so that p<e/hv<p+ 1. Then 

i{w(e + 0) + w(e - 0)} 


= c 


£_L r y+<C ° e (c-^>r^ + _L 

, o 2niJ y-i<x> T 2t n) ioo l~ e ~ hvr T 


= C(p+l+J). (616) 

By an application of Cauchy’s theorem it is easily shown that J = 0. It 
follows that the weights must be C for e = rhv and zero for all other 6. No 
other scheme of weights can be admitted. 

If alternatively we demand the average energy 

hv 

4* ihv 


E 


then by simple integration 


= j/l 


y e hv,kT __ i 


Ce** 


ivr 


fu) = y_ „„ T (C constant). 


( 617 ) 


* See Fowler, lor. cit. p. 470. 
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The w eight function can be evaluated by the same arguments and we find 

that the only admissible weights are weights C for e = (r + \ ) hv and zero for 
all other e. 

If we accept the general basis from which we have developed the equili- 
brium theory of statistical mechanics in this monograph, then the experi- 
mental laws of temperature radiation may be taken as demanding that/(r) 
for a simple linear harmonic oscillator shall be given by (6 1 5). It then follows 
that the weight function must be determined by (616), that is, must be that 
assumed by Planck. It is of course possible to call in question the general 
basis, but not, accepting this basis, Planck’s assumption.* 

A direct analysis of the Stefan-Boltzmann law by this method is also not 
without interest; the value of /(r) is 


f(r) = Cex p(crF/r 3 ). 

From this it follows by further applications of Cauchy’s theorem that 


w( — 0 ) = 0, 


w(e) = C\ 1 + 


aVe 3 (aV) 2 e 6 
1! 3! + 2! 6! 




The weight function therefore must have a discontinuity C at e = 0. 7'he state 
of zero energy must have a non-zero weight. For other energies the function is 
too complicated to give us much information, but the non-classical naturef 
of the weight function is already evident. 


§6*8. Entropy and thermodynamic probability. It is not in general our 
purpose in this monograph to attempt critical discussions of alternative 
presentations of statistical mechanics, but rather to develop the theory on 
a single consistent plan in a manner as logical as possible. It is not, however, 
possible at this point to pass b} r entirely in silence other methods of intro- 
ducing entropy into statistical mechanics, without giving some indication 
of why the very strict analogy to classical thermodynamics has been 
preferred here. 

Entropy is usually introduced into statistical mechanics by means of 
Boltzmann’s hypothesis relating it to probability. We cannot do more than 
abstract the various arguments here; for the best systematic account the 
reader should refer to Planck. { It will be assumed that he is familiar with 
Planck’s account. Boltzmann s hypothesis is based in general on the fact 

* This discussion contains the whole substance of Poincare, J . de Physique, vol. 2, p. 5 (1912), 
but much simplified and rendered more rigorous by the use of the machinery of the present 
methods. The hypothesis and conclusion* are essentially the same. 

| See the classical paper by Ehrenfcst, Ann. d. Physi/c, vol. 36, p. 103 (1911), where just this 
point is established by reasoning essentially the same. The present methods again allow of great 
simplification. 

\ Planck, W armestrahlung , 3rd Abschnitt, ed. 5 (or later). 
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that on the one hand the assembly tends to get into its most probable state 
(which is equivalent to the average state with which we work here), while 
on the other hand its entropy tends to increase, so that a functional relation 
between the entropy and the probability W of a state 

S=f(W) 

may be postulated by a legitimate analogy. The analogy is of the same type 
as that by which we have postulated functional relationships between 0 and 
T and the A’s and the p’s. The argument then proceeds somewhat as follows. 
Suppose we can assign the numerical value of W for the probability of the 
state of any assembly. If therefore we have two such assemblies which are 
entirely independent, then by a fundamental principle of probability the 
joint probability is the product of the two separate probabilities or 

W 12 =]]\\V 2 . (618) 

On the other hand, by the second law of thermodynamics the joint entropy 

is the sum of the separate entropies (with suitable adjustments of the 

additive constants) and so g — g + g (619) 

1 2 1 2 ' • 

The functional relationship must then be 

S = k\ogW, (620) 

k being a universal constant. We have still to assign a definite way of 
specifying W for any statistical state of any assembly. For use as W in this 
connection the quantity “ thermodynamic probability” is introduced and 
defined to be equal to the number of complexions corresponding to the 
specified state. This number W is then made a maximum subject to the 
condition of constant energy — the assembly is then in its most probable 
state — and the maximum value of k log W so obtained is equated to the 
entropy S. The entropy S so defined has been shown in § 6-3* to agree with 
the entropy of classical thermodynamics, and in general possesses the 
fundamental increasing property. It should be observed that there are two 
quite distinct steps in the argument after W has been equated to the 
thermodynamic probability. In the first the determination of the maximum 
fixes the most probable state of the assembly by itself. In the second the 
assembly is related to the outside world by determining its entropy by (620). 
Finally, the absolute temperature scale is introduced by the relation 

as/3js?=i/r.t 

Unfortunately, there is much to be criticized in this argument. In the 
first place there is some vagueness as to what precisely is happening in the 

* A slight extension of § 6-3 is required to show that H' nmx and W r , ot are effectively the same. 
The correctness of S is easily verified directly in simple cases. 

t This abstract is intended to do proper justice to the argument described, which is in any case 
elegant and attractive. The reader should supplement it by reference to Planck ( loc . cit.) at least. 
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building up of one assembly out of two to yield equations (618) and (619). 
The addition of entropies can usually only be realized by some form of 
thermal contact, and is then true in general only when the temperatures are 
equal. But both these conditions require that the assemblies shall not be 
independent. So it is only possible to give a meaning to (619) by making (618) 
invalid or at best not necessarily valid, which destroys the a priori nature of 
the argument. For example, it is argued that S 12 = S x + S 2 follows directly 
from the second law. It is hard to see how this can be derived except from 
the equation dQ l2 = dQ x + dQ 2 which is true neglecting surface interactions. 
This then leads to dS l2 = dS 1 +dS 2 , and so to (619), only if the temperatures 
are equal.* It is not maintained that this criticism could not be turned, but 
it disposes at least of Planck’s example of a composite assembly consisting 
of any body on the Earth’s surface and an enclosure of temperature radiation 
on Sirius. 

In the second place, the probability W of any statistical state of an 
assembly requires of course precise and careful definition in such a way that 
(618) holds a priori . The definition of W actually used, thermodynamic 
probability or number of complexions, makes W a large integer and not a 
probability at all (which must be a proper fraction); thus (618) cannot be 
maintained by any appeal to the theory of probability, for, frankly, that 
theory is irrelevant. On the other hand, genuine probabilities such as the 
ratio of the number of complexions representing any statistical state to the 
total number of complexions do not lead (straightforwardly) to the right 
result. 

It is well known that actually the “thermodynamic probability” does 
lead to the right value of the entropy, and it is perhaps worth while to pause 
and enquire how the criticism just formulated is to be satisfied. If we take 
the genuine probability, in so far as we have to calculate the most probable 
state for given energy the total number of complexions C is constant, we 
are concerned only with the equation 

S' — S" = k log( W'/W”), ( 621 ) 

i.e. with ratios of W, and so the argument is unaffected. But when in the 
second step we attempt to determine the value of the entropy itself from 
(620) with W m&x , we find in all cases the trivial result S = 0. It is a simple 
consequence of the arguments leading to (575) that W m&x /C or 

JF(average state)/ C 

is always effectively unity, expressing the fact that the possession of the 
average or most probable state is a normal property of the assembly. 

* It is just at this step that an important logical obscurity enters. We have no right to 
S lt =S 1 + S t from dS lt = dS l + dS t without an explicit recognition that we have made a spe 

choice of the additive constants in the entropies. 
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It is thus clear that the straightforward process is useless, and if we are 
to retain a relation between entropy and probability we must find a way of 
justifying the omission of the denominator C. As long as we consider the 
assembly as a whole this is impossible, for C depends on T and cannot be 
ignored when variations of temperature are contemplated. In fact the 
usual arguments are attempting an impossibility, for they attempt to 
determine the entropy of an assembly, which determines its relation to the 
outside world, by consideration of the assembly by itself. The difficulty can 
be overcome, therefore, only by considering the assembly in question as part 
of a much larger assembly. Consider, for example, a group of M localized 
systems immersed in a bath of a very much larger number N of other 
localized systems. The statistical state of the whole is specified as usual by 

a o » a i > • • • > 6 0 » ^1 » • • • , the numbers of systems in the permitted states or cells. 
The probability of the statistical state specified by a 0 , a x , ... is 




where E b denotes summation over all 6’s such that D.-n = E - E r e r a r . 

o /o o / r r 

Comparing C and we see at once that 



Since N is very large compared to M, Theorem 2-31 shows that approxi- 

matel y 


5 * 

c 


& E a 

(/(»))” ’ 


where $ is fixed by 


d (g(b)) N 


Thus 


a 0 . flj . • • • 


{TwF' 


(622) 


Equation (622) shows that the true probability IV is proportional to the 
thermodynamic probability provided E a , the total energy of the M systems, 
is fixed, but even now not otherwise unless the temperature of the large 
assembly is practically infinite, * = 1. If we wish to maintain the relation 
between the entropy and probability, it seems as if we can only justify the 
use of “ thermodynamic probability” by considering a group of systems as 
part of a very large assembly at a very great temperature. If we do 
this, then it is easily verified that W 12 = W,W 2 for any two parts of such 
an assembly (whether or no the temperature is very great) and the first 
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difficulty is also turned. This treatment would be perhaps artificial but 
not illogical. 

We can cast (622) into an alternative, more illuminating form. For the 
natural contribution of the M systems to the entropy of the assembly in 

equilibrium is k{M\ogf(Z)-E a \ogZ}, 

which we may call $ max . Therefore 


W . . ) — 


M\w 


g — Smo/ k 


(623) 


' 11 ' a 0 !aj! ... ’ ' ' 

which shows at once that lT max = 1 as before, and that, defining entropy via 
probability, we arrive at 

W/W m&x =W = e<s-Wk. (624) 

It is only in some such sense as this that a meaning can be assigned to 
Boltzmann’s hypothesis, but then it must be noted that it survives in 

Boltzmann’s own form S-S' = k\og W/W'. (625) 


The whole development has thus become rather clumsy, for the entropy 
itself is a function only of the group and its temperature, but has to be 


derived for the group in relation to an infinite assembly at infinite tempera- 
ture. It would appear to be much better, if a direct definition of entropy is 
required in terms of complexions and not via the classical form dQ = TdS, 
to abandon all reference to the theory of probability and define the entropy 
simply as k times the logarithm of the number of complexions, that is by 
(575). This definition must then of course be justified by direct comparison 
with classical thermodynamics, not by the a prior i arguments which we have 
been criticizing here. It is a definition which has much to recommend it, 
especially as it enables the definition of entropy to be extended to cover 


non-equilibrium states. 

As yet no reason has been given against the introduction of entropy by 
(625) or in the more general way j ust suggested, if such a way is still preferred. 
It must be observed, however, that there is no hope of a logical definition o 
absolute entropy by such an equation as (625). This is as it should be. Muc 
has been written of absolute entropy in the belief that in this way a basis 
could be found for Nernst’s heat theorem. We shall show in the next chapter 
that this theorem takes its natural place in the equilibrium theory of pure 
statistical mechanics, and can be formulated without reference to entropy 
at all, still less to absolute entropy.* Even if entropy is defined by (575) 

* Even in the 5th edition (p. 119) of his W drmtslrahlung Planck says: “As opposed to [Bolte- 
mann’s hypothesis (625)] we assign to the entropy S a quite definite absolute value. T P 

of essential import, which can only be justified by the verification of itsconsequcnces ltleads, 
as we shall see later, of necessity to the quantum hypothesis and thereby °“ theoneh ^ 1 
radiant heat, to a definite law of distribution of energy for black radiation » ^ 

the heat of solids to Nemst’s heat theorem.” It should be remembered that Planck is thinking 
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there is still nothing really absolute about it. We can never know whether 
our analysis of complexions is really complete. At one stage we may omit 
all reference to nuclear spin and its orientation. Then we generalize the count 
to include it. But why should this be the last step? 

There is, however, yet a further difficulty in the introduction of entropy 
in this way, logically founded on its increasing property. The identification 
of S and k log W is based on an analogy, correct enough so far as it goes, but 
insufficiently deep. For it is tacitly assumed that the entropy is the only 
function of the state of the assembly which has this increasing property. 
This, however, is untrue, for 2 ) = S + bE, where b is any constant, also has 
the same increasing property, and we have no a priori reason for preferring 
one value of b to any other. If we take the general value 2 for the entropy 
we find for the relation between T and & 


1 32 , , , m , 

y = g2j = *logl l& + b, 

which does not determine a unique temperature scale. In fact we can only 
see that b = 0 by a direct appeal to the second law dQ = TdS , which will only 
hold with 6 = 0. The use of functions with the increasing property can 
apparently never lead to precise results without an appeal to dQ. If this 
appeal has to be made in any case, the method of approach by the increasing 
property loses any possible advantage over the classical method adopted in 
this monograph. 

The difficulties pointed out above occur f6r the simplest non-dissociating 
assemblies, and render unsatisfactory, even for these, the introduction of 
entropy via Boltzmann’s hypothesis. When we come to general dissociating 
assemblies the difficulties become still more pronounced, because the logical 
determination of the proper dependence of the entropy on the number of 
systems of any type present is almost impossible by this method. These 
difficulties have been pointed out by Ehrenfest and Trkal* and we need not 
stress them here. They again arise in what is virtually an attempt to deter- 
mine the dependence of S on N or M without reference to any reversible 

method by which N or M may be supposed to be varied, and as such are 
doomed to failure. 


§6*9. Position of Boltzmann s hypothesis in the present theory. The very 
general form of (624) or (625) makes these equations important instruments 
of investigation especially in complicated assemblies for which explicit 

primarily of the fact that in the classical theory the entropy of a solid would not remain finite 
“ 1 T* 0 ’ and the requirement that it should remain finite demands the quantum theory. Even 
allowing for this, it is impossible to accept his statement fully. It will be maintained in this 

monograph that whatever the practical convenience of the idea of absolute entropy (often great) 
it is of no theoretical importance whatever. e ' 

Ehrenfest and Trkal, loc. cit .; Fowler, Phil. Mag. vol. 45, p. 497 (1923). 
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forms for the partition function may be difficult or impossible to construct. 
It is important, therefore, to fix their position in the theory as here developed, 
a position of course not that of a fundamental hypothesis but of a general 
theorem, when our definition of the entropy S is suitably extended. We have 
shown in equation (575) that for the whole assembly S = k log C. We can 
extend our definition of S , in conformity with the usages of classical thermo- 
dynamics, so as to apply to any physically separable part of the assembly 
by the convention that the entropy of the part may be calculated as in 
§ 0*3 as if the part were a separate assembly with specified energy and con- 
figuration. This convention is obviously self-consistent. Special adjustments 
of S 0 are of course implied to make the entropy additive in equilibrium. We 
then recover (G25) as a general theorem, valid at least for any small part of a 
large assembly, if ratio of probabilities means simply ratio of representative 
complexions. 

In order to provide a priori for a connection between entropy and pro- 
bability we were logically compelled to discuss a part of a very much larger 
assembly, and have formulated (625) in this connection. The large assembly, 
however, is irrelevant to the truth of (625) as a general theorem in statistical 
mechanics. It is easy to verify that (625) applies at once to any specified 
configurations of the whole assembly or of the whole of any parts into which 
we choose to divide it. We can calculate the entropy of each part as specified, * 
and it follows at once by (575) that for each part S = k log C' . The total 
number of weighted complexions representing the specification is therefore 
n (C") taken over each part and therefore the probability is proportional to 
exp(£ S/k). When the specified state is the equilibrium state for the whole 
assembly 2S reduces to the usual S and II (C') effectively to C. For the 
ratio of the probabilities of two such specifications we have therefore 
exp{(E S — E S')/k} which is (625). We summarize this conclusion in the 


following 

Theorem 6-9 (Boltzmann* s hypothesis). If the entropy S of any assembly or 
its part is defined as in § 6-3 (with suitable additive constants ), and if as usual 
the probability W of any specification of the assembly is proportional to the 
number of representative complexions , then 

S-S' = klogW/W'. ( 626 ) 


The theorem as proved refers only to specifications of the assembly or its 
parts in which molar variables alone are concerned. If the specifications 
become so detailed as to be molecular, then our S ceases to have a meaning. 
We shall not be concerned to use S in such cases, but if an extended definition 
to cover such cases is required it can obviously be provided by the equation 


• Subject to the conditions specified each part will be in its own equilibrium state. 
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S = k log C y which we have already seen to be valid in all cases in which a 
thermodynamic S exists. 

Problems arising in complicated systems such as liquids or far-from- 
perfect gases, particularly in connection with fluctuations, can sometimes be 
handled with the help of (626) and the theorems of classical thermodynamics, 
when a direct treatment would fail for lack of power to construct or handle 
the complicated partition function. A well-known example is the theory of 
density fluctuations and the opalescence of liquids near their critical point. * 
A formula is required for the relative frequency of volume fluctuations of 
specified range in a given small element of volume. This frequency is given 
of course by the W of (626), which can be used in the form 


W = xe- ( ^ S),k (a constant). 


(627) 


If, however, the volume fluctuations may be thought of as isothermal 

legitimate certainly for a small element of volume out of the large assembly 
— this can be cast in a form which is easier to use. For then, since 

S = (E — F)/Ty 

where F is Helmholtz’s free energy (work function), and since for the 
volume element and the rest of the fluid E (A E) = 0, we have 


»' = a c-=<->*W 


(628) 


where E(AF) denotes the maximum work that the assembly can be made 

to do in returning isothermally and reversibly to its equilibrium state. 

We should not close this chapter without a reference to the ideas 

put forward by G. N. Lewis,! with the help of which he propounds a 

generalized form of thermodynamics incorporating the laws of fluctuations 

which are more usually regarded as a deduction only from statistical 

mechanics. It would however take us too far afield to describe his 
arguments here. 


* Einstein, Ann. d. Physik , vol. 33, p. 1275 (1910). See also Chapter xx. 
t G. N. Lewis, J. Amer. Chem. Soc. vol. 53, p. 2578 (1931). 



CHAPTER VII 


NERNST’S HEAT THEOREM AND THE CHEMICAL CONSTANTS 


§7-1. The vapour pressure equation of classical thermodynamics. As an 
introduction to the main subject of this chapter we must compare the 
formulae of classical thermodynamics and statistical mechanics for the 
vapour pressure equation (§5*42). Later on we must do the same for the 
reaction isochore (§ 5*3). For convenience of reference we start by giving the 
thermodynamical formula for the vapour pressure and its deduction, which 
enables us to make clear the necessary assumptions and approximations. 

Consider an assembly containing originally a gram-molecule of a con- 
densed substance, at a temperature T 2 and pressure p 2 which is its natural 
vapour pressure. The vapour is assumed to be an ideal gas so that for one 
gram-molecule of vapour pV = RT. (i) Allow the condensed phase to 
evaporate completely at temperature T 2 and pressure p 2 . This is a reversible 
process in which the energy absorbed is A 2 and the gain of entropy A 2 /T 2 . 
(ii) Now expand the vapour isothermally and reversibly, doing work, to 
pressure p x . The heat absorbed is RT 2 \og(p 2 jp x ), equal to the work done; 
the energy does not change and the gain of entropy is R \og( p 2 jp x ). (iii) Lower 
the temperature at constant pressure p x until condensation starts, super- 

f r. 

cooling not being allowed to occur. The assembly loses energy c Pl dT ' 


J 


r 

constant pressure p y , but since the vapour is ideal C Pi is independent of p y 
and may be written simply C p . (iv) Compress the vapour isothermally 
until it is entirely condensed at temperature T y and pressure p y . The 
assembly loses energy A y and entropy A y /T y . (v) Heat up the condensed 
phase from T x , p y to T 2 , p 2 keeping the pressure at its equilibrium value for 
each oemperature, so that evaporation is always just unable to occur. The 

assembly gains energy J* \C p ) aoX dT' and entropy f (C p ) ao idT’ /T' . In 

this integral (C p ) aol is the specific heat of the condensed phase under the 
conditions specified, that is at a pressure always equal to the vapour pressure 
for the temperature, and the integral must include all the heats of transition 
(melting is one such transition) if any transition points occur in the range. 
The cycle is reversible and the entropy change vanishes so that 


A .4 ;+ *,„ g a-J 


T t 
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This expression obviously reduces to an equality between two expressions 
one depending only on T l9 the other only on T 2 \ each must therefore be 
constant and we find, dropping suffixes, that 

iogp=-~ + j T ^^^dr + i", (629) 

where i" is some constant. The energy changes also must vanish so that 

A 2 -A 1 =f \C p -(C p ) sol ]dT. (630) 

J T x 

Classical thermodynamics has nothing to say as to whether the integral in 
(630) should converge as 0. But in fact it does so converge since 
(Cp)soi = 0(T 3 ) and C p = 0(1). It follows that, letting Tj->0, 

A(T)= Io t C *~( C P ) °°^ dT ' + A v (631) 

On using this value of A(T) in (629) we obtain 

lQ g P= - (^)so.] dT' + J : r - p -f^ )eoX dT’ + i". 

On rearranging the integrals by integration by parts this becomes 

A C T dT’ C T 

logp R T^ 1 J ( ~ (^p)soi] df +i" (632) 

It is convenient to break up the specific heat of the vapour into two parts 
(C p ) o and (C p ) l of which (C p ) 0 is a constant part (constant over the tem- 
perature range which may be in question) and (C p ) x a variable part. It is a 
quantum result that this can always be arranged so that the double integral 
converges when the outer lower limit is zero, and the inner integrand is 
( C p)i~( C p ) sol - The term (6>) 0 integrates and gives 

^-° log T 

besides contributions to We are therefore finally left with 

>ogp ~ - ZJ > + ^ l0 * T + 1<C ' ' - KU)dT" + i. 

(033) 

The constant i is commonly known as the chemical constant, but for reasons 
that will appear would be better known as the vapour pressure constant of 
the vapour in question. In deriving (633) we have assumed, besides the first 
and second laws of thermodynamics, merely that the vapour is an ideal gas 
The trivial differences between (G^) sol at zero pressure or one atmosphere 
or for the sequence of natural vapour pressures can also be ignored so that 
throughout our analysis of vapour pressures we shall use for (C ) th 
specific heat of the condensed phase at some standard pressure, usually one 
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atmosphere. With these assumptions together with the quantum assump- 
tions of convergence of the integrals at the lower limit equation (633) is a 
classical thermodynamic relation. About the actual values of A 0 and i 
classical thermodynamics has nothing to say. The value of i will differ 
according to the value assigned to (C p ) 09 the constant part of C p \ this may 
be conveniently varied according to the temperature range, and in all 
statements about i (C p ) 0 must be specified. 


§7*11. The vapour pressure equation of statistical mechanics. In §5*42 we 
obtained the corresponding statistical formula (equation (520)) which can 
be written in the form 


p = 


JcTf(T) 
V k(T)' 


(634) 


From this we derived equation (523) which is repeated here for reference: 


v C T dT' f r 

log P= -j^ + flog T-J o ^r 2 J u (C p ) eol dT" + log 


(2nm)ltf 


h 3 


(523) 


This equation is the expanded form of (634) when the systems in both gas 
and crystal are effectively structureless massive points so that for example 
k( 0) = 1 . We see at once that (523) and (633) are equivalent, since for atoms 
representable by such systems 

(C p ) 0 = iR, (<?,),- 0. 

The essentially new contribution made by the statistical treatment is the 
evaluation of i : 


i = log 


(2tt m)*i* 


h 3 


(C P ) 0 = §R 


(635) 


{structureless monatomic systems in both vapour and gas). 

In establishing this interpretation of (634) we have made use of the 

relationship pr j/tv ct > 

logK(T) = J o |^- 2 J o (C p ) BOl dT'' [kt(0) = 1], (636) 

an equation which requires a more exact study, now to be undertaken. The 
volume V of the crystal containing a fixed number of atoms is not itself 
fixed, but is a function of the temperature. In order to construct k{T) we 
have to suppose that V has been given an assigned value, and the value 
chosen must be specified before (636) has a precise meaning. The necessary 

precision is provided by the following 

Lemma 7*11. Let the state of zero energy of a crystal (containing one gram- 
molecule or P atoms) be defined to be its state at zero temperature and pressure. 
Let the exact partition function for the crystal , [k(V,T)] p , be a function of 
and T only . Let the specific heat of the crystal C p be measured in such a way 
that at each temperature of measurement the pressure p acting on the ciysta 
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is constant during measurement and has a definite value p(T) subject to the 
restriction that p( 0) = 0. Then 


,_k[V(T),T) f 

g K(V(0),0) J 


v r T 
— C 

T'2 '-j 

J 0 


T dT' rT 
0 BT 


p(T ')dT 


"+JLT 

PTj 0 


T /> dV(T') 


P(T') 


dT' 


dT'. 


(037) 


In this equation V{T) is the volume which the crystal must have at temperature 
T u-hen the pressure acting on it is p(T). 

l'he proof is as follows. From the thermodynamic definition of C 


p(T) 


t'jA r) — ( 


dH\ / dE(V(T),T)\ ( dV(T)\ 

0 \ dT ' + J> 


dT 


dT // 

It follows easily by integration and use of (350) that 

3 \og K {V,T) = E{V{T),T) = [ T C Jt(r) dT' — \ T }> (T') d ^~>dT' . 

JO Jo (11 


RT 2 


dT 


Moreover by (375) 

J? '“8 «< |'( n T) - c 4 log «( K T) + vrn dvo) 

Combining these equations and simplifying the p, F terms, we find 
d 


dT 


Winn- f 'c„ { „ 


dTRTj o"'" ' dT' 

On integrating this equation we obtain (637). 

An immediate consequence of this theorem is that 


log 


k(V(T),T) I* dT' rr 


*(F(0) 


RT 


dT". 


(638) 


It is easily verified that if C p , measured at some pressure or pressures other 
than zero is used in (638) in place of (C p ) p . 0 the error committed will be 
trivial so long as the work done in the expansion of the crystal against this 
pressure is small compared with RT. This error is entirely trivial in vapour 
pressure applications, and equation (523) is justified. 

Lemma 7-11 is more useful in the following extended form: 

Lemma 7-11 ( extension ). Let the partition function for a mixed crystal of 
molecules in all (P is the number of molecules in one gram-molecule) be 

N r\.-a(V,T) {/ l( T))°> {/ 2 ( T)}°2 ...y (D 1 + D 3 +... = l ). 

In this form N P is independent of V and T. x n (V,T) is the partition function 
for the acoustical modes of the crystal, and f l( T), f 2 (T), ... are the partition 
f unctions for the orientations and internal energies of the various molecules in 
the lattice. Let the reference state of zero energy be chosen so that K l V(0) 0) = 1 
Let the molecular states of lowest energy in ffiT), f,(T), ... have weights and 
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energies Wq 1 , tu 0 2 , e 0 l , e 0 2 , ... respectively. Then if (C p ) 80l is the specific heat 
of the crystal measured always at the pressure of its own vapour and the trivial 
work term is neglected 



dT ' C T ' 

^T 7 * J 0 ( ^ ,p ) 8 <) 1 dT" = log{K a (K T) [f x ( T)] D i [f 2 (T )] D * . . .} 


+ 


1 -) 1 ^ O 1 ^2 € O 2 • 

kT 


- D x log w 0 l - D 2 log w 0 


2 


• • 


(639) 


The proof is simple and will be omitted. The extension shows that if the 
crystalline partition function in its most general form is [H(T)] F then 

rr ff'T' rv 

J 0 ^p)so\dT" = log H(T) + (terms in A 0 , i). ...(640) 

It remains to evaluate explicitly the contributions to logp arising from 
log f(T). In all cases there must be the terms given in (521) fora structureless 

system, namely 

log 


\(2irmkT)lV\ 


h 3 


X _ 

kT‘ 


To this a term log f r (T) must be added when there is any structure, where 
f v (T) is the partition function for any rotational, vibrational, orientational 
or electronic states of the system that may be relevant in the vapour phase. 
If we choose to regard only the translational motion as contributing to 
(Cj,) 0 then, by arguments similar to those of Lemma 7-11, 

UT) rdT'T 

loe m~loirT' 3 i 0 (C ^ dl • 

The definition of x is such that f v (T) always starts with a constant term. 
The partition function /,.(?') can often be analysed further (at least approxi- 
mately) into rotational and vibrational parts. When any one of these factors 
is effectively classical, the contribution to log/ v (T) takes the form 
s log T + const., where 2s is the number of square terms in the classical part 
of the energy. We can absorb these terms into [(C p )JR] log T by a new 
choice of (C’ 3 ,) 0 and the extra constant into i. The rest of f v (T), n v (T) say, 
necessarily continues to satisfy 

, n r (T) [ T dT r 
l0g « r (0) ( P ‘ 

The principal results are summarized below. Of course A 0 /R and xM are 
identical. 

Vapour Pressure Formulae: Pure Crystals 


dT 


A„ . (( 


log P= ~T7f + 


R 


C T d T’ f 
Jo RT'-J 




(633) 


Crystalline partition function, [ x u (T)f(T)] r [u a (0) - l,f(0) rn 0 ]. 
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Vapour Pressure Formulae 
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I. Monatomic vapours and crystals. Atoms with internal structure 
arising from nuclear orientations and electronic multiplets 


Gaseous partition function, 

(2 nmkT)i 


h 3 

(Cp)o 

Jt 


Ve~x lkT f v (T) [/,(0) = Po ]; 


l; ±!a 


h 3 


ZD 


(641) 


o 


If ( C p ) l is neglected in (633), then i is slightly variable, 


i = log 


(2nm)ik i -f,.(T) 


h 3 


ZD 


(642) 


0 


II. Diatomic molecules in vapours and crystals 

(a) Non-classical rotations in vapour — as above , equation (641) 

(b) Classical rotations in vapour. 

Gaseous partition function , 


(27rmk'T)l 8 tt 2 AI:T 


h 3 


oh 2 


Ve~xi kT n r (T) 0,(0) = u 0 ], 


where A is the transverse moment of inertia and o — 1 for molecules X Y, o = 
MX ° : <%>-•-}; <643, 


R 


oh 2 


0 


III. Polyatomic molecules in vapours and crystals 

(a) Linear molecules — as for 11(b). 

(b) N on-linear molecules. 


Gaseous partition function , 

(2rrmJcT)^ 8tt 2 (8tt 3 ABC)^0 


h 3 


oh 3 


Ve~x lkT n v (T) O„(0) = v 0 ], 


whereA, B, C are the principal moments of inertia, and a, the symmetry number , 
can be evaluated by a study of the symmetry requirements of the atomic nuclei; 


p>° a -_ ]nr (2Tnn)i^ STT 2 (8rr 3 ABC)H-i v a 

it ’ g h 3 ifh 3 • 


(<?p)o 


m 


(644) 


o 


Iff vibrational degrees of freedom in the gaseous molecules of frequencies 

v x ,...,v, with 2/ square terms are effectively classical, their contribution may be 
extracted from (C p ) l . We must then add 


1 ° /> f() log 


V 


h / v l ^ * 


(645) 
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§7-12. The vapour pressure equations concluded. Mixed crystals. It 
remains to discuss mixed crystals but we shall confine attention to ideal 
ones in which the components mix perfectly. It has been shown in equation 
(550) for two components forming such a crystal in the abundance ratio 

D x : D 2 , D x + D 2 = l y that 

WfN+m-Wrn f ' (T) ■ f' {T) 1 HUM 

V y (^1 + ^*) y |_ Dl K a (T)P(T) + Di K a (T)P(T)S '“ { ) 

Equation (646) is easily generalized to any number of components. We find 


p v L-i 3 x a mnT) J- 

It follows at once from the definitions of f,f v and K a that 


(647) 


P=XD sPs , (648) 

' 8=1 

where p 8 is the vapour pressure of a pure crystal consisting of the 5th com- 
ponent only. 

Equation (648) is exact (under the rather stringent assumptions we have 
used for ideal mixed crystals). It is however inconvenient to use, and since 
in any application made where the components are different isotopes the 
differences of the p’s among themselves are only of the order of one part in 
seven, we can replace (648) by the approximation 


r 

log p= £ D s \ogp e 

8-1 


(649) 


with an error of not more than 1 per cent, inp.* We shall therefore use (649) 
as the statistical result for mixed crystals. 

Equation (649) gives us at once 

logp _ log {[mj'[mp...} 

-log {x a (T)[P(T)]^[P(T)]^...}. 

Lemma 7-11 (extension) evaluates the second term. The first term can be 
similarly evaluated, for we can cast log{JcTf v a (T)/V } into the form 

- + ^^log T +j s + log «/( T), 

where is the heat of evaporation of a molecule of the sth type at the 
absolute zero, (C/) 0 the constant part of the specific heat at constan 
pressure, j„ a constant and »/(T) the partition function factor for the rest 

* \ +«,), E ^,*. = 0 and /> = exp(E D,\ogp,) instead ofp = p, then the error Ap satis 
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of the (non-classical) energy— all for the 5th type of molecule. This can then 
be still further reduced to 


v (C s ) C T dT' C T " 

kT + ~E ^ l ° gT + J n Itf 7 * | 0 ( C p‘h dT " +js + l °g n 0 K W- 


Now consider the (ideal) mixed vapour. We have at once S s Z).(C/) 0 = (C ,) 0 . 

= (C p )i , where (C p ) 0 and (C yj ), refer to the mixture at the given 
(fixed) composition. The y 3 ’s are unlikely to differ much among themselves, 
but if we write 2)-0 3 x s = y, then y is the mean heat of evaporation for the 
mixture of the assigned composition. Absorbing the 1/T terms from the 
crystalline partition functions in y we thus find as before 


lo g V = ~ W + { ^IT l ° g T + SI WF* / - (^ )so i\dT" + i, 


where now i = S.^k + log^} . (050) 

T, • V r (^0/si 

It is obvious from the form that 

* = (651) 


where i s would be the vapour pressure constant in the equation for a pure 
crystal of the sth type of molecule, in equilibrium with its own pure vapour. 
We can summarize this discussion in the following statement. 


V a'pour pressure formulae. Ideal mixed crystals 

Calculate the specific heats (<?/)„, (C p *) lt (C/) eol , and the vapour pressure 
constants i s for each type of system, forming separately a pure crystal and 
vapour. Then for the mixed crystal 

(C p )o = S s Z) 8 (C p »)o, (C p ) sol = Z,Z) g (C/) sol , i = 2 S D s i s , 

where the abundances of the types are given by the D ,2 D = 1. ^ 652 ^ 


§ 7 - 13 . Basis of the comparison between theory and experiment, (i) Use of 
diatomic or polyatomic formulae for i. Formulae (633) and (641)-(645) allow 
us considerable latitude in the manner in which a comparison between 
observed and theoretical values of i may be made for other than monatomic 
vapours. For monatomic vapours the only choice lies between the exact 
(641) and the approximate (642) which can be used when (C^ is small and 
f v {T) does not vary much over the temperature range used. For other gases 
the monatomic formulae can always be used so long as we retain the whole 
rotational vibrational and electronic energy in (C^ and use observed 

values for (C^. We can obtain in this way further direct tests of the mon- 
atomic formula for t unaffected by specific heat theory 

This procedure is however often impracticable or inconvenient and we 
use one of the other formulae with (C p ) 0 >ftf. It must be remembered 
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however in comparing such forms with experiment that they are no longer 
independent of specific heat theory, and errors in that theory will reveal 
themselves as errors in i. Consider for example the rotational term. The 
formula (633) for log p strictly contains a term which we may write 

< 663 » . 

reducible exactly to [loglr^TJ/r^O)}]^ , where r'(T) is the “observed 
partition function exactly reproducing the observed specific heats. But 
when for example we take the rotations as classical for T > T 0 and use (643) 
for i we replace this by a theoretical expression which of course varies with 
T in very nearly the correct manner for T > T 0 but which may not exactly 
reproduce the residual constant in (653). Assuming that the monatomic 
formula for i is correct we are by such a comparison testing specific heat 
theory rather than the theory of vapour pressure constants. 

(ii) Changes of phase in the condensed form. Changes of phase in the con- 
densed form may be regarded as automatically allowed for by equation 
(633) when we use proper observed values of C 80l . Where the term 


o 


(Cp) S o\dT 


occurs, the inclusion of any latent heat terms must be understood. In 
terms of what are normally called specific heats, this integral must be in- 
terpreted to mean * T 

\(C p ) eol dT' (T< 7J), 


i 


(T>T t ), 


where T, is a transition temperature and A, is the latent heat of transition, 

which will usually be positive as written above. 

Trouble, however, will arise if we have extrapolated back to zero an 

apparently well-determined curve of specific heats through an unknown 

transition point. This can of course only happen at low temperatures a 

which, apart from changes of phase, (C p ) e0 \dT' will be given sufficiently 

closely by AT*. If, however, there was really a transition point (A,) at T„ 
then the correct value of the integral for T>T t is not A T* but 

AT* + A,+ (A’-A)T t *. 

In this A'T* is the form of the integral for T < T t . We may assume that 
A. > 0 and perhaps that A' < A, since the transition is likely to be to a mo 
stable and therefore more rigid form. It seems to be the case. owever 
A’ and A, or more generally the specific heats on either side of the transit 
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point are very nearly equal, and therefore that the sign of the error, which 
we will call fi t , is the same as that of . Instead of the correct value of 

T dT > 


T 


0 


RT 


)soi dT" 


p) sol 


we shall therefore be using 

t dT > 


RT 


)aol dT 


M< 


dT' 


RT' 2 ' 


The right-hand side of our formula for log p is therefore too large by 

T 

The term in l/T does not matter. It is absorbed in A 0 , which is in practice 
an adjustable constant. The observed value of i will therefore be too small 
by Mi/ RT , , which may be expected to be positive.* 

(in) Monatomic vapour pressure constants via dissociation equilibria. To 
obtain as many examples of monatomic vapour pressure constants as 
possible, it is important to recognize that a knowledge of vapour pressures 
and dissociation equilibria for diatomic gases such as the halogens provides 
us at once with a direct determination of the vapour pressure constant 
of the atom into which theoretical uncertainties as to the structure of the 
free molecule do not enter. Expressed in partition functions we have 


fiiCH W A 2 (T) 

fn(T)’ 


N - 

11 k(T) ’ 


and therefore 


^i=MT)/{K(T)}i, 

an expression into which no reference to the molecular form enters. Since 

E ~ 

V ~ 


.Ayr] 

t 

* ~ - 

\KrP\ 

(iVar/F n/ j 


i kT 


h 


where K ;) ,s the equilibrium constant, and p the diatomic pressure M/V 
can be “observed” and the monatomic vapour pressure constant directly 
determined. In practice vapour pressures and equilibrium constants are not 
observed for the same temperatures and an extrapolation of one or other is 
needed by the theoretical formula. This will involve a knowledge of the 

iivol th , 116 m ° leC “ le over the ran g e of extrapolation but will 

involve the molecule in no other way. The same result can easily be obtained 
from the thermodynamical forms. In practice the analysis will be carried 

r ;:r These are ,h ™ ,dded ^ ■«> “Xitr- 1 


2 
in 


• For this discussion see Cox, Proc. Camb. Phil. Sac. vol. 22, p. 541 (1923). 
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§7*2. Comparison of observed and theoretical monatomic vapour pressure 
constants. For numerical comparisons it is usual to rewrite (633) so that p 
is measured in atmospheres and the log’s are log 10 . In that case the mon- 
atomic (641) becomes 

i= -l-587 + flog 10 m* + log 10 p 0 /tij 0> (654) 

where m* is the chemical atomic weight, defined by taking the value of m* 
for the (average) oxygen atom to be 16*000. The following table contains all 
the reliable comparisons of which I am aware. The table is followed by 
comments explaining and justifying the values of p 0 and w 0 adopted for 
each class of atom; accepting these values the agreement between theory 
and observation is all that could be desired. 

Table 11. 


Monatomic vapour pressure constants. 


Vapour 

Atomic 

weight 

Pol™o 

• 

t 

calculated 

i observed 
and range 

Authorities 
for i obs. 

Hg 

200*6 

1 

1*866 

1*83 + 0*03 

(i) 

Cd 

112-4 

1 

1*488 

f 1*45 + 0-1 
\ 1*57 

a) 

(6) 

Zn 

65*37 

1 

1*135 

1*21 +0-15 

(9) 

Pb 

207*2 

1 

1-887 

/ 1*8 ±0-2 
\2-27 + 0-36 

(1) 

(7) 

Mg 

24-32 

1 

0*49 

0-47 + 0-2 

(9) 

No 

20-20 

1 

0-37 

0-39 + 0-04 

(10) 

A 

39-88 

1 

0-813 

0-79 + 0-04 

(1) 

H a (T<40°) 

2-015 

1 

- 1-132 

- 1-09 ± 0-02 

(2) 





f 0-63 

(3) 

Na 

23-0 

2 

0-756 

-JO-78 ±0-1 

(8) 





10-97 

(4) 

K 

39-1 

2 

1-10 

f 0-92 
\ 1-13 

(3) 

(4) 

T1 

204-4 

2 

2-18 

2-37 ±0-3 

(9) 

Cl 

35-46 

4 

1*44 

1-53 + 0-2 

(5) 

Br 

79-92 

4 

1-87 

2-00 + 0-2 

(5) 

I 

126-9 

4 

2-17 

2-19 ±0-2 

(5) 


(1) Egerton, Proc. Phys. Soc. London, vol. 37, p. 75 (1925). 

(2) Eucken. Zeit.f. Physik , vol. 29, p. 1 (1924). 

(3) Edmonson and Egerton, Proc. Roy. Soc. A, vol. 113, p. 533 (1927). 

(4) Zeidler, Zeit.f. physikal. Chem. vol. 123, p. 383 (1926). , 

(5) These values have been obtained as explained in the preceding section from the o serve 

values of 2 i(X) -i(X t ) in Table 14 and of i(X ,) in Table 13. 

(6) Lange and Simon, Zeit.f. physikal. Chem. vol. 134, p. 374 (1928). 

(7) Harteck, Zeit.f. physikal. Chem. vol. 134, p. 1 (1928). 

(8) Ladenburg and Thiele, Zeit.f. physikal. Chem. B, vol. 7, p. 161 (1930). 

(9) Coleman and Egerton, Phil. Trans. A, vol. 234, p. 177 (1935). 

(10) Clusius, Zeit.f. physikal. Chem. B, vol. 4, p. 1 (1929). 

The errors given in the table must be used with caution in estimating the 
reliability of the observed values. For instance for Hg the experimenta 






7 * 2 ] Monatomic Vapour Pressure Constants 219 

evidence indicates that i probably lies between 1*80 and 1-86 apart from 

concealed errors in the extrapolated specific heats used. Owing to difficulties 

of extrapolation the real uncertainty in i may well be greater than the 
range given. 

We proceed now to justify the values of p 0 jw 0 used. 

For Hg, Cd, Zn, Pb, Mg and A the lattices of the crystals are atomic, and 

the atoms themselves in their vapour phase in l S states. All other states 

lie so high that they do not contribute to the partition function at the 

relevant temperatures. No weight factors other than unity can then arise 

except from nuclear spins. Nuclear spin will introduce an equal weight factor 

into both p Q and w 0 and can therefore be ignored. Isotopic mixtures have 

strictly to be considered, but since the foregoing remarks hold for each pure 

species no weight factors enter when equations (G52) are applied to the 
mixture. 

h 2 is a special case. Below 40° K. all its molecules are in their lowest 
possible rotational states, so that in spite of its form it is effectively mon- 
atomic both in the vapour and the solid phase. Its possible rotational states 
owing to its high degree of external symmetry may be assumed to be effec- 
tively the same both in the vapour and the solid. It possesses however a 
mixture of almost non-combining ortho- and para-states, so that it must be 
treated here as usual as a mixture of two gases, parahydrogen in a 
electronic state, rotation quantum number zero and weight 1, and ortho- 
hydrogen in a *£ state with rotational quantum number 1 and weight 9. 
Since however these weights apply equally to both phases, pjw 0 = 1. It is 
important to observe that the resulting low temperature value for i is 
independent of the relative concentrations of the ortho- and para-species 
and is therefore unaffected by transitions from one form to the other, 
provided that such transitions affect both phases equally. 

For Na and K we must take Po /w 0 = 2. The free atoms have a normal 
state 2 S of weight 2 and no other states of importance, so that neglecting 
nuclear spins Po = 2. To see what value w 0 must have we observe that both 
Na and K crystals are metallic conductors, and that we should apply to 
them the electron theory of metals developed in Chapter xi. We may think 
of the atoms in the metal as dissociated into electrons and positive ions 
(Na+, K+); the ions are in a 1 S state of weight unity (nuclear weights being 
still neglected), and therefore contribute only a factor unity to m 0 . The 
electrons may be considered to form an electron gas obeying the Fermi- 
Dirac statistics in an enclosure at nearly constant potential. This gas is 
almost perfectly degenerate at ordinary temperatures. At the absolute 
zero there exists only one state for the gas— that in which the P electrons 
occupy the P states of lowest energy, represented by one assembly wave- 
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function. Thus ttj 0 = 1 , p 0 !w 0 = 2 . The nuclear spin weights cancel if inserted. 
In thallium vapour the atoms are in a 2 P state for which the lower com- 
ponent is 2 P* of weight 2. The upper state 2 Pj of weight 4 lies so high above it 
that it contributes nothing to f v (T) at the relevant temperatures so that 
f r (T) is effectively constant and p 0 = 2. In the metallic solid we must take 
w 0 = 1 as for the alkalis. 

For the monatomic halogen vapours f v (T) is not strictly constant. The 
only relevant state of a free halogen is an inverted 2 P term, so that the 
normal state is 2 Pj of weight 4 while the other term of the doublet, 2 P\ of 
weight 2, lies slightly higher. If the nuclear spin weight is r, then 

f v (T) = t(± 4- 2e~* p,kT ), (655) 

where AP is the difference of the energies of the two states of the inverted 
doublet. To determine w 0 convincingly we need the analysis of the molecular 
halogen crystal given in § 7-31. Anticipating this section we find that a crystal 
composed of P atoms of a halogen has as one would expect a lowest state re- 
presented by r p independent wave-functions so that vj 0 = t. It follows that 

/ v ( T)/m 0 = 4: + 2e~* PlkT (656) 

for any pure halogen assembly. For isotopic mixtures the same result 
continues to hold, since it holds for each species. The values of the function 
(656) and its logarithm are given in Table 12 for the relevant temperatures. 
In Table 1 1 the mean value 0*7 was used for Cl and 0*6 for Br and I. 

Table 12. 

Effective weights of free halogen atoms. 
f v (T)lrn 0 = ± + 2e-* PlkT - 


Atom 

A P volts* 

Mean 
temp. ° K. 

A P/kT 

/„( T)/ro 0 

Cl 

Oil 


1-28 

4-56 




0-752 

4-94 

Br 

0-45 


3-88 


I 

0-94 


9-1 

4 


log 10 f v (T)lv > 0 


0-66 

0-69 

0-6 

0-6 


* Electron volts: values from Turner, Phya. Rev. vol. 27, p. 397 (1926). 

§7*3. Comparison of observed and theoretical diatomic vapour pressure 
constants. The calculation of diatomic vapour pressure constants allowing 
for isotopic mixtures requires us to evaluate i for each molecular species in 
the mixture using equation (643); it is the term log {u 0 /crtz7 0 } which requires 

delicate study. 

For this it is necessary to know how the crystals concerned are con 
structed — that is whether they should be regarded as built up of atomic, 
molecular (diatomic) or even of multimolecular units. For example t e 
normal electronic states of the free halogen atoms have weight 4 apart from 
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nuclear factors, but it does not follow and it is not in fact true that the normal 

state of a halogen crystal of P molecules (2 P atoms) has a weight 4 2i \ 

Primary subgroupings can and do occur w hich form states of less weight and 

of significantly lower energy than the other states derived from the same 

atomic states, I 1 or example two halogen atoms form a halogen molecule in 

a 1 2 electronic state of w eight 1, the other 15 states corresponding to the 16 

states of the dissociated atoms lie higher and make no contribution at least 

at low temperatures to the enumeration of the states of the crystal, which 

may be regarded as built up out of molecules. Again the normal state of 

the free NO molecules is a 2 Ilj electronic state of weight 2. If all the wave- 

functions corresponding to these states could be used indiscriminately to 

form crystal wave-functions, the weight of the lowest state of the crystal of 

P molecules would be 2 P . This however appears to be incorrect (see §7-31 

(vi)). There is evidence of prior formation of N 2 0 2 complexes of weight 2 

not 4, whose wave-functions can be used indifferently to form the crystal 

wave-functions. The lowest state of a crystal of P NO molecules therefore 
has a weight 2* p . 

It is further necessary to know whether or not the molecules can still 
rotate freely in the crystal at the lowest temperatures at which its specific 
heats are measured. 

It is not yet possible to choose between these and similar alternatives 
a priori, and in fact the correct choice depends on the lowest temperatures 
to which accurate measurements of specific heats have been carried, from 
which temperatures they have to be extrapolated to zero. None of the sets 
of states that we treat as degenerate need be absolutely so, but so long as 
their energy differences are small compared with lcT it is correct to ignore 
these differences and treat the set as a simple degenerate state with the 
corresponding extra weight factor. If the observations stop at temperatures 
sufficiently high, no effect of the ignored separations will be seen in the specific 
heats and we must include the weight factors in the theory. If however 
observations are pushed lower (kT~ Ae), we reach temperatures at which 
the upper states of the set are gradually emptied and finally may reach still 
lower temperatures (kT< Ae) where the upper states can be ignored and the 
effective states are no longer degenerate or at least not so highly degenerate. 
During the change over the specific heat will show temporarily exceptionally 
large values (see §§ 3-7, 21-4) and the extra weight factors removed from w 
are replaced by an equivalent contribution from the double integral. ° 

These questions must be discussed more deeply in connection with 
Nernst’s Heat Theorem in §7-5. For the present it is sufficient to have 
pointed out that the proper specification of w 0 is not absolute but requires 
us to specify from what temperature the observations of specific heat have 
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been extrapolated to zoro, and then to estimate what degeneracy survives 
in the crystalline wave-functions there. It is not yet always possible to 
make these specifications a priori. 


The following table contains all the reliable comparisons of theory and 

observations for diatomic molecules of which I am aware, followed as 

before by comments explaining and justifying the adopted values of 

^°%{ v ol crw o}' ^ or numerical work, with p in atmospheres and logarithms 
log 10 , the diatomic (643) becomes 


i = 36* 8 1 5 + f log 10 m* + log 10 A + log 10 {i; 0 /cna 0 } (657) 

The general agreement is excellent, but the chosen values of vjow 0 for 0 2 
and NO cannot be unambiguously laid down. 


§7*31. Notes on Table 13. (i) Hydrogen. We have already had occasion 
to point out that hydrogen as ordinarily experimented on must be regarded 
as a 3 : 1 mixture of effectively distinct gases ortho- and para-hydrogen. The 
ratio 3 : 1 arises from the ratio of the weights of the nuclear states for the 
two types. In the vapour u 0 = 3, 1 for the ortho- and para-forms respectively, 
and ct=2. In the solid down to 1 1° K. there are no anomalies in the specific 
heat and we must assume that the molecules can rotate freely. Anomalies 
occur at lower temperatures* which correspond to the freezing out of these 
rotations.! The double integral has been calculated by extrapolating the 
normal specific heat curve to zero from above 11°K. The weights w 0 are 
therefore the weights of the lowest states of rotation including the nuclear 
weights, so that to 0 =9, 1 for the ortho- and para-molecules respectively. 
We are left with an abnormal term £ log 3 in the vapour pressure constant 
which would be absorbed into the double integral if less extrapolated specific 
heats could be used. 

(ii) Other molecules of type X 2 in states. All molecules other than H 2 
have ceased rotating at comparatively high temperatures and the extra- 
polations proceed from temperatures at which A" 2 is free only to oscillate 
about a direction of equilibrium, which may be supposed to be unique. Such 
a unique direction however corresponds to two possible positions of the 
molecule, for owing to its symmetry it must still be in equilibrium if it is 
reversed end for end. There are thus two wave-functicns for the lowest 
state of oscillation, but from these just one oscillatory wave-function can 
be constructed which is symmetrical in the nuclei and one which is anti- 
symmetrical. If the number of possible distinct nuclear orientations allowed 
by the nuclear spin is p, then as in § 5*31 

™o = i p(p+ l )> ip(p— 1) 

* Simon, Mendelssohn and Ruhemann, Naturimss. vol. 18, p. 34 (1930). 
f Pauling, Phys. Rev. vol. 34, p. 430 (1930). 
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Diatomic vapour pressure constants. 
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according as the nuclei require symmetry or antisymmetry in the spin 

wave-functions. These same factors occur in v 0 . For both ortho- and para- 
molecules therefore 

- u JL = i 

<7tD 0 

and it now makes no difference whether we consider that the ortho- and 
para-molecules are distinct or not, or whether the complete wave-functions 
for each molecule have to be symmetrical or antisymmetrical in the nuclei. 

(iii) Molecules of type X«XP in states. Besides the molecules X 2 (ortho- 
or para-) there are also molecules X^XP in the isotopic mixture whose nuclei 
are distinct so that they have no symmetry requirements. For these there 
must be two oscillatory wave-functions for the lowest state, for they can 
still be reversed end for end, so that w 0 = 2pip 2 . For the vapour molecules 
of this type u 0 = p 1 p 2 but a= 1. Hence as before 


OT&o 

v 0 l(TW 0 is therefore \ for every type of molecule in the mixture. The only 
factors which vary for the different types are the masses and moments of 
inertia for which mean values have to be taken according to (652). 

(iv) Molecules of type XY in 1 2 states. In general we must expect these 
molecules to have a dipole moment so that they can only have one unique 
direction of stable equilibrium — in the direction of the resultant electro- 
static field — and cannot be reversed end for end. Hence for every one of 
these isotopic species v 0 = p 1 p 2 , zo 0 = p x p 2 , a= 1 and v 0 /crw 0 = 1. 

(v) Oxygen. Oxygen in the vapour is in a 3 2 state which can be regarded 
normally as degenerate and of weight 3; also a =2. The entry in the table 
shows ra 0 = 1. This means that we assume that at very low temperatures in 
the solid supermolecules are formed so that 0 2 loses its extra weight 3 due 
to electronic spins. This might be expected from the analogy of sulphur 
which forms freely molecules such as S 4 . It agrees also with direct measure- 
ments of entropy.* 

(vi) Nitric oxide. We have already seen in §3-71 that this gas must be 
considered to have the extra factor 2(1 + e~ 170fT ) in the partition function 
for its vapour. If the resulting variable specific heat of the vapour is not 
corrected for, as it usually is not, then this factor survives in place of v 0 , and 

* Giauque and Johnston, J. Amer. Chem. Soc. vol. 51, p. 2300 (1929). It should be remembered 
that this comparison of entropies is not an independent check, but merely an equivalent form of 
the comparison of vapour pressure constants. Solid oxygen at higher temperatures and liquid 
oxygen arc strongly paramagnetic, so that the spins do not lose their weight factor by coupling 
up between neighbouring molecules until liquid hydrogen temperatures are reached. It is perhaps 
therefore better to consider this coupling as due to the crystalline field rather than to the 
formation of 0 4 as in the text. 
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o- = 1 . The factor y 2 in the denominator is inserted because it has been assumed 
that the crystal can be regarded as effectively constructed of supermolecules 
N 2 0 2 each of weight 2. This assumption is reasonable but cannot be held to 
be demanded a priori by independent evidence. However it fits the facts.* 

§ 7-32. Vapour pressures of polyatomic gases. Similar studies of polyatomic 
gases (C0 2 , NH 3 , CH 4 ) are perfectly possible and have been started by 
Sterne, f but we shall not include his discussions here. No new questions of 
principle are involved, merely questions of complication. It is of interest to 
record the results for the vapour pressure constants. The theoretical formula 
in (044) and the whole of the elaboration necessary is concerned with the 
proper evaluation of the factor vjcrm 0 or rather its mean value for different 
types of non-combining states. Sterne finds 

* (NH 3 ) = — 1-55, i (CH 4 ) = — 1-94. 

The observed values given by EuckenJ are 

i(NH 3 )= -1-50 ±0-04, i (CH 4 ) = — 1-97 ± 0-05 
in excellent agreement. 


§7-4. The reaction isobar in thermodynamics and statistical mechanics. 
Let us consider the homogeneous gas reaction £,y,^4 ( = 0. If K p is the equi- 
librium constant of this reaction, then it is easy to show by classical thermo- 
dynamic arguments similar to those used in § 71 that 


lo g K P = log{Il ( p / «<}, 


r T dT' f 

Jo RT'* I 


(658) 


In this equation q, is again the number of gram-molecules of the <th species 
reacting, with a negative sign for those that disappear when the reaction 
takes place in a specified direction, andp, is the partial pressure of the tth 
species. (Q p ) 0 is the heatevolved when the reaction goes to completion at the 
absolute zero and (C p %, (C p % are the constant and variable parts of the 
specific heat at constant pressure for the <th species. / is a constant of 
integration, about which classical thermodynamics has nothing to sav it 

must not be confused with moments of inertia. * ’ 

The essential part of the corresponding formula of statistical mechanics 
is given in equation (532). Converting this to partial pressures we find 

log K p = Iog{n,p f *i} = 'Z ( q l \og\ kT 


f,(T) 

' / 

* Johnston and (iiauque, J. Amrr. Chen. Sor. vol. 51, p. 3194 / 1 qoo\ 
t Sterno, NU,, Phyt. Ren. vol. 39, p. 993 (1932). CH Phut rf 
t Kuckcn, Physical. Zeit. vol. 31, p 3.il (193oj V ° l 42 ' 


(659) 


p. 550 (1932). 
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If we now expand log f t (T) in terms of the specific heats as in the preceding 
sections, we reproduce (658) but also evaluate I in terms of i ( , finding 

1 = Z/ q t {i t + log(tu 0 )t} = Z ( qtjt. (660) 

It is evident on reference to the vapour pressure formulae that t/ + log(in 0 ), 
depends (as it should) only on the properties of the vapour and makes no 
reference to the solid states, as the term log(tu 0 ), removes the corresponding 
term from i t . 

The discussion so far does not apply to mixtures of isotopes; this restric- 
tion is removed below. Homonuclear molecules do not however separate 
into ortho- and para-varieties, since ortho-para transitions can always take 
place via the reaction that is occurring. If we take the high temperature 
asymptotic form for all rotational partition functions, then it follows from 
(490) and (491) that v 0 = p 2 , cr=2 for all homonuclear, and v 0 = p 1 p 2 , <r=l 
for all heteronuclear, molecules. 

To include the effect of isotopic mixtures it will be sufficient to consider 
a simple example as illustration — e.g. the equilibrium* XX +YY — 2X Y = 0 
in which Y is simple but X consists of the two isotopes X 1 , X 2 , the relative 
abundance of these atoms being D lt D 2 , D 1 + D 2 = 1. With an obvious 
notation the total partial pressure p xx of the molecules XX of all isotopic 


types is given by p„- Pl ,„ + j (661) 

Similarly Pxy = Px 1 y + Px*y- (662) 


We require to evaluate the general equilibrium constant K p , where 


_ PxxPyy 
P (Pxy) 2 ’ 

Now the equilibrium constants for the similar reactions, in which specified 
isotopes are concerned, can be immediately written down. We have 

Px'X'PYY _ rr 11 _ fx l X l /YY 

(Px'y) 2 p (/x>y) 2 9 

Px*X>PyY _ 22 = f x*x*/yy 

(Px*y) 2 p (Ix*y) 2 9 

Px x X % PyY _ 12 _ f x^x^Syy 
Px'yPx'y P fx'yfx*Y 9 

where the /’ 8 are the partition functions for the species specified by the 
suffix. On evaluating K p u , K p 22 and iK p 12 we find at once that they differ 
only by small factors arising from differences of mass and moments of 
inertia. If therefore we write 

KK^AV + OLn), K p 12 = 2^4(1 + a 12 ), K p 22 = ^(l + a 22 ), 

* It avoids a confusing notation temporarily to drop here the usual molecular notation A, 
for XX. 
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the a’s are small and we find 


^ a ll) ( Px 1 y)~ -t- 2 ( 1 -f a i 2 ) Px l rPx*Y + ( 1 + a 22 ) (-Pa'-t ) 2 
P (Px'Y + Px 1 y ) 2 


...(6G3) 


Since the a’s are small correcting terms we may use approximate values of 

thep’s in their coefficients and as in § 5-31 a sufficient approximation in these 
coefficients is 

Px 1 y : Px*y — -^i : -^ 2 • (664) 

Using this ratio we find after a simple reduction that 

K p = ZVV 1 + 2D MW) + ^2 2 K p 22 , (665) 

an equation that may equally well be taken in the form 

log K p = ZV log Kp 1 1 + 2D , D 2 log( lKp 12 ) + Z) 2 2 logKp 22 . ...(666) 

The important part of equation (666) concerns only the constant terms in 
the K’s. Taking the relevant example of (660) in the forms 


Ai ~jx 1 x l +7r f — 2 Jx l r > (667) 

Iii —Jx'x? +7rr ~ 2 jx 2 Y > (668) 

„ Il2 = jx 1 X 1 +jYY~jx l Y~jx i Y> (669) 

we find that 


/ = D^I n + 2D, D 2 (I 12 - log 2) + Z) 2 2 / 22 , (670) 

= [DiJx'x' + 2D 1 D 2 (j x i x2 — log 2) + Dfj^^] +j Y7 — 2 [D 1 j x , r + D 2 j xty ]. 

(671) 

These equations show at once how I is to be calculated for a mixture of 
isotopes, owing to the term -logo- (a =2) in I n and 1 22 the term log(v 0 /a) 
is the same for all the isotopic types except for the nuclear spin factors p\ 
but the p’s cancel completely from (671) because 

Z>i 2 log Pl 2 + 2D, D 2 log p,p 2 + Z) 2 2 log p 2 2 - 2D, log p, - 2 D 2 log p 2 = 0. 

(672) 

Thus nuclear spins and isotopic mixtures have no effect on the value of / 
except that the mass and moment of inertia terms must have a mean value 
taken for the different isotopic species concerned according to (671). 

The extension to more complicated cases of isotopic mixtures is immediate 
and conforms of course to the rule just stated. 

Table 14 gives a comparison of theory and observation for those simple 

gaseous reactions involving only diatomic molecules for which all the 
relevant data are known. 

The agreement is thoroughly satisfactory. 

Similar calculations can be made of course for heterogeneous gas reactions 
in which solids take part in the chemical equation, but as these involve a 
knowledge of ni 0 for the solid phases concerned they are not capable of such 
unambiguous treatment and we shall not attempt to discuss examples 
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Table 14. 

Comparison of observed and calculated values of /, 
equation (658) for homogeneous gas reactions . 


I calculated, by ( 660 ) [or ( 671 )] and ( 657 ) 



(1) Eucken, Physical. Zeit. vol. 30, p. 818 (1929). 

(2) These values refer to high temperatures at which e~ 

(3) Cox, Proc. Comb. Phil. Soc. vol. 21, p. 541 (1923). 

(4) Farkas, Light and Heavy Hydrogen , p. 178, Cambridge (1935). Data from Rittenberg, 
Bleakney and Urey, J. Chem. Physics, vol. 2, p. 48 (1934). 


§7-5. NernsVs Heat Theorem , or the third law of thermodynamics * The 
relationship (660) between / and the i s is of very great importance. It was 
first formulated by Nernst in the form 

I = Y* l q l i l (Nernst), (673) 

which .if it were generally valid would justify the name chemical constant 
which he gave to i , but whioh belongs as (660) shows more properly to j. 
Nernst’s formula (673) is true if and only if 

2<?<log(®o)i = 0- < 674 ) 

Nernst derived this relationship from his celebrated Heat Theorem or 
third law of thermodynamics which can be enunciated in various ways. 
The cofnmonest are: 

(a) For any condensed system and any reversible isothermal process 


d&A 

dT 


0 (T-> 0), 


where &A is the maximum work that the reaction can be made to do. 


(6) For any condensed system and any reversible isothermal process 

AS-*0 (T-> 0). 

(c) ( Less precisely.) At T = 0 all reactions in condensed systems take place 
without change of entropy. 

♦ For an account of this theorem see Nernst, Die theoretischen und earperimentellen Grundlcgen 
des neuen Wdrmesalzes (1918). For a more recent analysis, Lewis and Randall, Thermodynami 

esp. chap, xxxi (1924). 
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The theorem as thus enunciated is a generalization from experimental 
data on specific heats, heats of combination, and the electromotive force of 
reversible cells. The body of evidence in its favour is great, but the general- 
izations as given above were too hastily made. A very careful rediscussion 
of the law has been given by Lewis and Randall.* They conclude that its 
original enunciation, as applying to condensed systems other than solids 
or even rather other than pure crystals, is probably fallacious and that the 
theorem may be more properly enunciated thus: 

(d) “ The entropy of each dement in some crystalline state can be taken to 
be zero at the absolute zero of temperature. Every substance then has a finite 
positive entropy , but at the absolute zero of temperature the entropy may 
become zero and does so become zero in the case of perfect crystalline substances , 
including compounds ” 

By this enunciation the behaviour of the entropy of supercooled liquids 
and solutions is properly left open. It will be observed that Lewis and 
Randall have been careful so to formulate the theorem that the idea of 
absolute entropy is not introduced. We can really (if the theorem is true) 
leave arbitrary the constant S 0 which denotes the entropy of any element in 
a specified crystalline form at T = 0 and then the constant Sf for any com- 
pound will be the sum of the Sfs for the elements implicated. The content 
of the theorem is rendered more striking and practical convenience is 
furthered by putting S 0 = 0 for all elements; so long as this is not taken 
to imply the existence of an absolute entropy no harm but only good 
is done. 

Equation (673) was derived by Nernst from his theorem by considering 
the following reversible cycle: 

(i) Condense a unit set of reactants to solid form isothermally. The work 
done and the change of entropy are known in terms of the vapour-pressure 
equation and involve the i’s. [For initial temperatures above a certain 
limit, a preliminary cooling of the gaseous reactants will be required in- 
volving their specific heats. Preliminary expansions will in general also be 
necessary to adjust pressures to equality with the vapour pressures of the 
solids.] 

(ii) Cool the condensed form to the absolute zero. The entropy change is 
again known in terms of the specific heats of the solids. 

(iii) Allow the reaction to proceed completely at the absolute zero. This 
may be supposed ideally possible, and by the theorem there is no change of 
entropy. 

(iv) Heat up the condensed resultants again as in (ii). 

* Lewis and Randall, loc. cit . 
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(v) Evaporate the resultants to gases again as in (i) and adjust pressures 
and temperatures. 

(vi) Let the reaction go back again isothermally in the gas phase, so that 

the assembly returns to its initial state. The entropy change here will 
depend on I. 

The change of entropy for the cycle must vanish, and it is easily proved 
that the condition for this is (673). 

Nernst’s Heat Theorem thus formulated rested on a purely empirical 
basis which became in fact none too secure as the facts became better 
known, especially for reactions involving hydrogen.* Its theoretical basis 
however has now become completely clear when it is regarded as a theorem 
in statistical mechanics. The precise formulation (d) presented as such a 
theorem can be made to run as follows: 


(d ) For any reversible isothermal reaction between perfect crystalline sub - 
stances 

A S/R -> E, q ( log(rz7 0 ) / (T-> 0). (675) 

If and only if 2/5 f /log(tn 0 ) < = 0, NernsVs Heat Theorem holds for this reaction. 

We return later to verify the identification (675). Accepting it we see that 
Nernst s Heat Theorem is a general law of nature (as Nemst believed), if 
and only if (674) is true without exception. 

It is now necessary to proceed with extreme caution. If by [(tz 7 0 )J p we 
mean the weight of the absolutely lowest state of the £th pure crystal of P 
molecules when all separations no matter how small are regarded as signi- 
ficant, then it is almost certain though not rigorously proved that (n 7 0 )/ = L 
With this interpretation Nemst’s Heat Theorem is probably true generally. 
But in order to make this interpretation significant it is necessary to be 
able to observe the specific heat curve for the crystal down to temperatures 
for which kT is small compared with the smallest energy separations among 
the states of the crystal — even those arising from different arrangements 
of isotopic molecules or different orientations of nuclear spins. Some of 
these separations are doubtless excessively small and the necessary tem- 
peratures probably far less than 0*001° K. This interpretation therefore of 
Nemst’s Heat Theorem though probably true is of little practical import- 
ance. As a practical theorem we wish to apply it with quite another inter- 
pretation of the (t& 0 )j , namely when our observations stop at temperatures 


of the order of a few degrees Kelvin and we ignore all energy separations 
small compared with say 5k, or 10k, in particular all those arising from nuclear 
spins and isotopic rearrangements. Applied in this practical way Nemst’s 
Heat Theorem is definitely untrue in certain cases, notably for any reaction 
in which hydrogen is a constituent, but it is then untrue only for rather 


• Eacken, Zeit.f. Physilc, vol. 29, p. 12 (1924). 
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special reasons. For example, as we shall see in greater detail later, it is 
untrue for hydrogen only because of the surviving rotational weight of the 
ortho-hydrogen molecules. If the specific heat observations could be carried 
to a temperature small compared with that at which molecular rotations 
cease in the solid, or if they could be made on hydrogen properly catalysed 
to its true equilibrium state instead of on a metastable mixture, this failure 
of Nernst’s theorem would not occur. It fails for reactions containing NO 
because N 2 0 2 apparently survives in the crystal with an electronic weight 2 
down to very low temperatures. Apart from such special reasons which 
appear to be rather exceptional Nernst’s Heat Theorem is true in this 
practical sense. But the mere fact that it does fail sometimes in its natural 
interpretation means that it must be applied with caution to any reaction 
not yet studied. It is no disparagement to Nernst’s great idea to recognize 
now its limited or idealized generality. The part that it has played in 
stimulating a deeper understanding of all these constants and its reaction 
on the development of the quantum theory itself cannot be overrated. 

§7*51. Absolute entropy. Another aspect of the same failure is that it is 
no longer possible to assert that the entropies even of perfect crystals of pure 
substances can all be assumed to be zero in the idealized state for zero 
temperature which we reach by extrapolation from accessible temperatures. 
We may of course assign if we please the value zero to the entropy of any 
perfect crystal of a pure isotope of a single element in its idealized state at 
the absolute zero of temperature. But even this will seldom be convenient 
theoretically on account of nuclear spin. For the purpose of tabulating 
experimental results some conventional zero must be chosen and the above 
choice is then often convenient. But its conventional character will no 
longer be so likely to be overlooked that any importance in the future will 
be attached to absolute entropy , an idea which has caused much confusion 
and been of very little assistance in the development of the subject. 

§7-52. Entropy limits for idealized states at zero temperatures. We now 
return to the detailed verification of the limiting values of S and hence of 
AS specified by (675). It is to be remembered that the whole discussion 
concerns primarily idealized states at zero temperature, by which we mean 
states reached by extrapolation from say 10° K. which would be actual states 

if all energy separations, small compared with 10&, were really identicallv 
zero. 

From the general formula S = k\ogC or from the limits of (586) or 
(587) as T->0 the entropy of one gram-molecule of a crystal of a pure 
species has the limit R log w 0 and of a mixed crystal of several species 
in proportions D ri 2 r Z> r = 1, the limit R^ r T> r \og(wf jD r ). It will be con- 
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venient to analyse to 0 into the factors prj , where p is due to nuclear spins 
and 77 to any other surviving weight factor (e.g. rotations of H 2 , electronic 
weight of 2(N0)). 

Consider first a pure species with ortho- and para-separations (such as 
H 2 ), for which the nuclear spin weight is p . For such molecules 


n _ 1 ) n 1 ) i / i\ i / ,i\ 

— : — » n 2 = — - — » ™i = $p(p- l )yi> ^ 2 = 4p(p + i)*? 2 > 


so that 


S 0 (X 2 ) = i ?[2 log p + log Vl + log,,]. ... (676) 


If = 7^2 = 1 (as for an oscillating molecule such as Cl 2 35 ) this result is the 
same as that obtained directly by treating the lattice as atomic, with nuclear 
spin weights alone surviving. If the ortho-para separation is 

irrelevant but we retain the extra entropy It log rj 1 for the electronic factor, 
besides the entropy calculated for an atomic lattice as above. 

Consider now the more general case of a mixed crystal with ortho- and 
para-separations (such as Cl 2 ), for which the atoms are present in proportions 
a i> °2 K + « 2 = 1) with nuclear spin weights p x and p 2 . There are then five 
species of molecule in the crystal, ortho and para X 2 l , X 2 X l , and ortho 
and para X 2 2 . These species are present (see §5*31) in the proportions 


I> i=[i(Pi~ 1 )/Pi]a 1 2 , £>2 = Q(p 1 +l)/p 1 ]a 1 2 , D 3 = 2a 1 a 2 , 

A = WiPz ~ 1 )/p 2 ] « 2 2 . A = [\{Pz + 1 )/Pz] a 2 2 - 

Their nuclear spin weights are 

( W o)l = hplipl- *)> (^o)2=ipl(pl+ i), (™o)3= 2 PlP2> 

(^0)4 = \p2kpQ. (^0)5 = \p2ip2 "t !)• 

The factor 2 in (tt7 0 ) 3 arises of course from the possibility of turning the 
unsymmetrical X 1 X 2 end for end and not from nuclear spin, but it is part 
of the symmetry effect and must be included here. Besides these spin and 
symmetry weights there may be other factors rj lf ..., rj 5 . After some reduc- 
tion we find that 

5 

S 0 (X 2 ) = R[2a 1 log pja l + 2a 2 log p 2 /a 2 ] + E D 5 log t? 5 . . . .(677) 

1 

The first set of terms is again exactly the entropy we should derive for an 
atomic lattice of two gram -atoms in which the atoms have only their nuclear 
spin weights as before. The other terms if they exist are extra. They are 
zero for all molecules such as Cl 2 w hich start to solidify in states, and are 
oscillating in the crystal. 
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The case of a crystal of molecules such as X Y is very simple. Assuming 
that only X is a mixture a x , a 2 (a x + a 2 = 1 ) 

S 0 (X Y) = R[a x log p 1 p Y ‘a l + a 2 log p 2 p Y /a 2 4- log 77 ] (678) 

In the absence of symmetry restrictions the rj factors will be the same for 
all molecules in the crystal. 

§7-53. Entropy changes in reactions between idealized states at zero tem- 
perature. The formulae of § 7-52 can be at once employed to calculate A$ 0 . 
We find that for any reaction q t X t = 0 between diatomic molecules X t 


AS^S^logifc. (679) 

If more than one value of rj is concerned for a single constituent , the proper 
mean value rj t must be taken according to the equation 

log rj t = Y.D r log (rj r ) t . (680) 

l 


Thus neither nuclear spins, isotopic mixtures nor ortho-para separations 
contribute in themselves anything to A S 0 , which can only be different from 
zero if some of the 77 ’s are greater than unity. In particular for any reactions 
between diatomic molecules all in states in which all the molecules are oscil- 
lating about directions of equilibrium in the lattice near the absolute zero 

A & 0 = 0. 

On the contrary whenever the rotational or electronic 77 factors do occur 
they are unlikely to cancel and we must expect non-zero values of AaS 0 . 
Some typical ones are given in Table 15. 

Table 15. 

Some non-zero entropy changes for reactions between 
idealized crystalline phases at zero temperature. 


Reaction 

±S 0 /R 

H 2 + C1 2 -2HC1 =0 

i log 3 

H 2 -f Br 2 — 2HBr=0 

i log 3 

H 2 + 1 2 — 2HI =0 

J log 3 

2NO — N 2 — 0 2 =0 

log 2 


Similar calculations can be made for polyatomic molecules but they are 

considerably more complicated when the symmetry properties of systems 

containing more than two similar nuclei must be taken into account, and 

we shall not discuss them here. It remains generally true however' that 

nuclear spins and isotopic mixtures never give rise to non-zero values of 

A£ 0 . which arise only from the somewhat accidental survival of 77 -factors 
such as we have already discussed. 
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§7-54. Direct comparisons of observed and theoretical entropies . We have 
followed in this chapter the conventional method of comparing observed 
and theoretical vapour pressure and reaction constants i and I. It has 
become increasingly common of recent years, following the example of 
G. N. Lewis and his school, to record and to compare the entropies them- 
selves, or rather entropy differences, instead of these constants. There is 
much to be said for this procedure as entropies are then directly available 
for the construction of free energies and the application to other thermo- 
dynamic problems. We shall therefore close this chapter bv recording a few 
specimen comparisons of this type. The method adopted is to assign by 
convention the entropy zero to the entropy of the stable crystalline form 
of the substance ideally extrapolated to the absolute zero, and with this 
zero to compute from calorimetric observations the entropy of the gas 
phase at some standard temperature and pressure (reducing this value if 


Table 16 . 


Observed and theoretical entropies in calories per mole per degree for various 
gases ( reduced to perfect gases) at one atmosphere pressure and various 
temperatures. [ The probable error in the observed values is ± OT unit.] 
All nuclear spin and mixing contributions are omitted. 


A S 


Gas Temp. °K. , , L °° .. . S n + &S 

r observed 1 ( 77 -correction) 


H 2 

NO 

o 2 

HC1 

HBr 

HI 

CO 


298-1 

121-36 

90-13 

188-07 

206-38 

237-75 

81-61 


29-7 

43-0 

40*7 

41-3 

45-0 

47-9 


IR 



7 

H 


g3 
g 1 2 3 4 5 6 7 


31-34 

43-69 

40 - 7 

41 - 3 
45-0 
47-9 


S 

calculated 


31-23 

43 - 75 

40 - 68 

41 - 45 

44 - 92 
47 -8 
38-3 


Authority 


(1) Giauque, J. Amer. Chcm. Soc. vol. 52, p. 4816 (1930). See also Giauquc anil Johnston, 
J. Amer. Chem. Soc. vol. 50, p. 3221 (1928) and MacGillavry, Phtjs. Per. vol. 36, p. 1398 (1930). 

(2) Johnston and Giauque, J. Amer. Chem. Sor. vol. 51, p. 3194 (1929). 

(3) Giauque and Johnston, J. Amer. Chem. Soc. vol. 51, p. 2300 (1929). 

(4) Giauque and Wiebe, J. Amer. Chem. Soc. vol. 50, p. 101 (1928). 

(5) Giauque and Wiebe, J. Amer. Chem. Soc. vol. 50, p. 2193 (1928). 

(6) Giauque and Wiebe, J. Amer. Chem. Soc. vol. 51, p. 1441 (1929). 

(7) Clayton and Giauque, J. Amer. Chem. Soc. vol. 54, p. 2610 (1932). 


necessary to the corresponding perfect gas value at the same pressure by a 
suitable equation of state). This entropy difference is perfectly unambiguous 
once the idealized extrapolation to zero has been properly specified. We 
then calculate theoretically by equation (592) the entropy of the gas phase. 
In order to be comparable all contributions of nuclear spin and isotopic 
mixtures must be omitted in this calculation and a correction made if 
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necessary for any contribution by 77-factors omitted in the idealized extra- 
polation. Table 16 shows a selection of such results based on the work of 
Giauque and his collaborators. The only discrepancy outstanding is for CO. 
It should be recorded that the elimination of the spin and mixing terms and 
the residual 77-factors, particularly for H 2 , can be done in several ways and 
the combined terms grouped together in different ways so that the different 
groups have apparently entirely different meanings. None the less these 
different groupings are all completely equivalent. 



CHAPTER VIII 

THE THEORY OF IMPERFECT GASES 


§ 8*1 . General gaseous assemblies with molecules not fully independent . We 
have so far only considered assemblies of “isolated” or effectively isolated 
systems, which almost never interfere with each other. It is only in such 
assemblies that the energy can be assigned to individual systems rather than 
to the assembly as a whole, and it is on this partition of the energy among the 
systems that the foregoing analysis is based. When this independence 
breaks down between the separate atoms as in a molecule or a crystal, we 
take the whole complex (molecule or crystal) to be the system. In the worst 
case the whole assembly must be one system in this sense — the analysis will 
then apply, but progress is difficult (except by special devices in specially 
simple cases), unless the wave equation for the whole complex (assembly) 
can be approximately solved. The essential step is, as always, to evaluate 
the partition function. 

The assemblies which we are now contemplating differ essentially from 
perfect gases only because there is in the energy of the assembly as a whole 
a general term W which is a function at least of the positional coordinates of 
all the constituent systems. The justification for regarding the extra energy 
W as a, potential energy depending only on positional coordinates merits close 
scrutiny. Let us suppose that two simple systems (atoms or molecules) of 
types a and p have energies E a , Ep when they are very far apart. These 
energies will then be functions only of the Hamiltonian coordinates of the 
systems a and p respectively and each will be independent of the co- 


ordinates of the other. The internal 


energies will be specified by quantum con 


ditions. When however they approach each other this independence must 
sooner or later cease. The energy of the pair will no longer be E a + Ep but 
E a + Ep + E a p , say, where E a p is a correcting term, at first small, depending 
on the coordinates, and perhaps velocities, of both systems. We assume as 
a first approximation that the effect of a on any P can be expressed by saying 
that a is surrounded by a constant field of force. This must of course be 
derived from the mean fields of the moving electric charges in a. The electric 
charges in /? will then have a mean potential energy in the field of a depending 
on the relative positions of a and p. This, however, is not the whole of the 
effect, for the field of a may alter the internal energy of P and p that of a. 
A simple example is polarization in the field of the other body. Such changes 
of energy are a proper part of E a p. If a and p approach each other slowly 
then all the effects must be adiabatic in Ehrenfest’s sense, and will depend 
only on relative coordinates, being independent of velocities. In this case 
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8 * 2 ] Inter molecular Forces in an Imperfect Gas 

the complete E a p, derived from all the sources specified, may legitimately 
be expected to behave like a potential energy depending only on the relative 
coordinates, whose derivates give the forces. Moreover in actual applica- 
tions nearly all molecular encounters are slow compared with the velocities 
of electrons in atoms and molecules, and will therefore be adiabatic in the 
required sense. This is the assumption as to the nature of tacitly made 
in all discussions of molecular interactions. 

The function E a p so specified must in general depend on the quantum 
states of the systems a and ft. It is obvious that for atoms and molecules 
changes of electronic orbits must affect E a ^. It is usual, however, and not 
unreasonable to assume (at least as an approximation) that E a p will be 
independent of molecular states of rotation and perhaps vibration.* As it 
is almost universal in gas problems for only one electronic state of atom or 
molecule to be relevant, the usual approximation should apply. If it does 
not then, as we shall see, it is only necessary to treat different electronic or 
vibrational states of atom or molecule as different systems. 

We shall proceed throughout on the assumption that classical statistics 
can be used for the gas. The errors so committed are in general entirely 
negligible. To the same approximation the entire translatory and potential 
energy of the gas molecules can be handled classically. 


§ 8-2. Partition functions for the potential energy of the whole gas. We can 

at once proceed to construct a partition function for the potential energy of 

the whole gas, which in conjunction with previous results will determine all 
the equilibrium properties. 

Let us start by considering a jierfect gas mixture and examine how to con- 
struct a partition function for the whole classical energy of translation of its 
molecules. The internal energies of the molecules are independent of their 
translations and will be accounted for as usual by separate partition 
functions. Let there be N a , , . . . free atoms and molecules of types a, £, . . . , 

internal partition functions j 0L (T)J^(T) i ..., and masses m a , ...’, sup- 
posed for the moment not to dissociate or combine. If * a , y a , , u a , v , w 

are the position and velocity components of a system of type a, then a 
standard element of phase space for the whole gas has the extension 


(m 


-V Q 


and the weight 


v N a Nfi 

V s -) 3 ri (< ix a ...dw a ) r ri (dx fj ...dw f) ) s ..., 

r ~ 1 8=1 


up 


( ra a *" m 0 * v X ..) 3 

“ W (dx (X ...dw cl ) r if (dxp...dwf> s ( 681 ) 

1 


* If this is not true, then of course E 


a*> is a mean value taken in a way not vet specified. 
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The classical partition function H(T) for the translatory motion is therefore 
given by 


TJ{ r F\ — ( W <*‘^ a f f 


.V, 


iV/3 


“[^2 ^m a (u a , + r a , + t^a*)r+ 4- Vff + wf ) ,+ ...] j kT 


N a Np 

x FI {dx (X ...dw 0L ) r II (dxo...dwo) 

r = 1 a=l 


8 


• • • 


(682) 


It is assumed that there are no external fields of force except local boundary 
fields. All the space and velocity integrations in (682) are independent and 
can be carried out one by one, and we find 


H(T) = |~ (2t rm a kT)i F J 


N. 


(2tt mp/cT)* F - ]^ 


h 3 


• • 


= IK(T)] n « (683) 

In equation (683) h a (T ), hp(T ), ... are the ordinary partition functions for 
the translatory motion of single molecules of types a, ..., and we recover, 
as we must, the ordinary result. For the complete partition function we 
have of course to add to H(T) the factor 


DW-W.... 


(684) 


The extension to a classical imperfect gas is immediate. Under the 
specified conditions j a (T), jp(T), ... are still separable factors. The function 
H(T) is altered only by the addition of a term W to the energy, where W, 
the potential energy of the whole assembly, is a function of all the positional 
coordinates (z a ,y a ,z a ) r , (zp,yp,zp) 8i ..., built up to a first approximation out 
of the functions E a p which we have already specified. The addition of W 
will not affect the velocity integrations, which can be carried out as before. 
We therefore find in general 


H(T) 



(2tt m a kT)i-] N < 


A 3 


( 27 mi 

A 3 


x 


B(T), ...(685) 


where 


B(T)=f.^ e ~ w l kT lf(dx a ...dz a ) r if (dxp...dzp) 3 (686) 

The integrals in B(T) are extended over the whole positional phase space 
accessible to the gas. It is therefore assumed that in no case can W-> — c o, 
but that ultimately there must be repulsive fields between any two particles 
so that W -> + oo when they approach sufficiently closely. No other assump- 
tion would be physically consistent with the continued existence of ordinary 
matter. When W = 0, B(T)= V n * +n p + — 9 and H(T) reduces to (683). 

From the form of (685) it is clear that classical potential and kinetic 
energies in a gas can always be handled with separate partition functions. 
The kinetic energy can be dealt with in the ordinary way, as if the gas were 
perfect, by ordinary partition functions without the F-factor. The potential 
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energy is accounted for by B(T). It should be observed also that (685) and 
(686) are perfectly general, so long as all the particles are free to move 
individually, and apply to classical assemblies in which the imperfections are 
of any degree and the intermolecular forces of any range, and whether or no 
there are external fields of force. It is not, of course, true for higher degrees 
of imperfection that W can be regarded as built up entirely of terms such as 
F a py that is, terms arising from binary encounters. Ternary encounters 
must next be considered in which three molecules are concerned with a total 
energy (E a + Ep + E y + Ep y + E yoc + E a p) + E a p yi where E a p y depends essen- 
tially on the coordinates of all three systems. At higher concentrations 
encounters of all orders must be successively taken into account. But, 
assuming W can be constructed, equation (686) continues to give B{T). 
If there are no external fields of force, W will be a function only of the 
relative coordinates of the molecules. If there are local boundary fields 
representing walls of the enclosure, this will still be true in the limit when the 

whole volume is very large compared with the volume affected by the local 
fields. 

The partition function B(T) refers to what is strictly a single system, the 
whole gas. It therefore appears by itself, not raised to a high power, in the 
complex integrals which give the properties of the equilibrium state, resem- 
bling in this the partition functions for radiation and for crystals. Some 
average values derived in the usual way from B(T) may be small; they will 
none the less be true averages, but will merely be subject to relatively large 
fluctuations. But any derived average number of molecules which is itself 
large, like the average values of the theory of the perfect gas, will have its 

usual validity and its usual insignificant fluctuation which guarantees 
normality. 

In specifying, for example, a statistical state of the assembly in order to 
derive average values from B(T ) it is necessary strictly to specify the posi- 
tions of all molecules. There is also only one system, the whole gas. In 
Chapter n, for example, we proved with the help of a partition function /( T) 

that the average number a of systems satisfying certain conditions repre- 
sented by part oif(T), Bf(T) say, was given by 

a = N8f(T)/f(T). (68V) 

Here, however, 1^=1; the meaning of (687) is unaltered, but is better 
appreciated if we say that 8/(T)//(T) is the fraction of time during which 
the gas is in the specified state, or if we like the frequency ratio or probability 
of that state. Equation (687) still describes a genuine equilibrium property 

of the assembly, but only those mean values derived from (687), which have 
insignificant fluctuations, are physically significant. 
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The potential energy W will contain terms which depend on the values 
of the parameters which fix the position of bodies producing external 
fields. The generalized reaction Y w of the whole gas arising from W in any 
configuration is therefore -dW/dy, and 

v- Iff/ 3JF\ N « *f) 

Yw ~B(T))-) Jl^dx a ...dzj r n^ (dxp...dzp) s ..., 

a ,=1 (688) 

= kT^]°gB(T). ( 68 9) 

The average value of the potential energy is 

W = k T2 ~l°gB(T). (690) 

The former result is, of course, the exact analogue of § 2-8. From it, it follows 
at once, as in Chapter vi, that the more general assemblies here contem- 
plated obey the laws of thermodynamics, and that B(T) contributes 

A; log B(T) 

to the characteristic function T, and 

klogB(T)+W/T 

to the entropy. 

It is, of course, necessarily true, and becomes particularly obvious in this 
section, that the partition functions of our theory are identical with the 
separable factors in the phase integrals of Gibbs. The further developments 
will therefore hardly differ at all, whether one starts from the canonical 
ensemble of Gibbs or the conservative dynamical system of Boltzmann. 
We shall continue for consistency and practical convenience to use the 
terminology of partition functions. 

In applications it is convenient to use an abbreviated notation. We write 
dw ar for ( dx 0L dy 0L dz 0i ) r and contract 

N a Nfj 

II doj^ n da>p s . . . 

r — 1 8=1 

into n a (do)J N *. 

Thus B{T)= J...J e- w/kT n a (doj a y''>. (691) 

We shall similarly write N a for N a 4 -Np 4 - . . . . 


§ 8*3. A first approximation for imperfect gases. Short range forces. We 
shall now suppose that the field of an a or ft, in which E is sensible, is of 
strictly limited range, so that there is a certain small volume v a p round a in 
which /? (or round /? in which a) must lie so that E a p 4= 0. Otherwise E a p = 0. 
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For the present we neglect external fields of force. We suppose also that 
ternary and higher complexes may be neglected, so that W consists only of 
terms such as E a o . It can be shown that in so doing we neglect terms in 
logjB(T) of order at most N 0L (2 l pNpv a p/V) 2 . We therefore suppose that 
2^ NpVafl/V is small and that terms of higher order than the first in this ratio 
are to be neglected compared with unity. The terms to be neglected in any 
step require, however, the most careful scrutiny.* 

To evaluate B(T) retaining only binary complexes we consider first an 
assembly with only one type of molecule. The argument extends at once to 
any number of types, but the algebra is complicated enough to postpone for 
the moment. If one a, a pair lies in v aa (shortly v ), then W = E a(x (more 
shortly E) and is otherwise zero. Let us first take W = 0 everywhere. We 
obtain the contribution V s . The rest of B(T) comes from integrating 
e -w/kT _ j over the whole phase space. This is zero unless at least one v is 
occupied. Let us put W = E and integrate for the relative coordinates of 
one pair over v and for the other coordinates over V . We obtain 



where 2 is the sum over all pairs, which reduces to 


F* V -MW-1)J (e~ E ' kT - 1) dcu 


This contribution is exact so long as only one v is occupied. If two are 
occupied simultaneously the proper contribution to B(T) — V N comes from 
integrating e ~ {E + E ' ),kT _ l over v , v' for two sets of relative coordinates, and 
the others over V. The integrand we have actually used above is, however, 
(e~ E, kr — 1) + (e~ E ' lkT - 1). It remains, therefore, to integrate in this manner 

e -iE+E ),kT _ I _ ( e -E/kT _ 1) _ ( c -*'/*r _ 1) = (g-£/W _ l ) ( e -E'/kT _ 

Using this integrand the next contribution is 


V y ~ 2 . (i) 2 


N(N — 1) (N — 2) (N — 3) 

2! 



(e~ E ' kT - 1) daj 


The numerical coefficient is the number of sets of two pairs. This con- 
tribution is again exact so long as there are no sets of three pairs. The correct 
integrand is then e~ {E ■ E '+ L kT - 1 taken over v, r', v" for three sets of relative 
coordinates and the others over V . The complete integrand we have used 

so tar ls £ (e- ElkT - 1) {c ~ K!kT - 1) + £ (e- £ '* r - 1), 

♦ The following presentation is due to Ursell, Proc. Camb. Phil. Sor. vol. 23, p. G85 (1927) 
Many current analyses of this type are completely fallacious, e.g. Jeans, Dynamical Theory of 
C lasrs, ed. 2, § 218; Fowler, Proc. Camb. Phil. Sor. vol. 22, p. 861 (1925). J 
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(e (E+E’+E")ikT _ 1 ) _ 2 ( e -MT _ ! ) ( e -£7 kT _ 1 ) _ 2 (e-mr _ i ) = n (e~ EtkT - 1 ). 

Using this integrand the contribution is 


U A '- 3 .(*) 3 


N\ 


3\(N 


(e 


-E/kT __ 


l)dcu 


The generality of the method may be established by a simple induction, and 
the full form of B(T) is therefore 


*A’ 


Nl 


B( T) = V s X — x r 

r -or\(N-2r)\N r ’ 


(692) 


where 


x 


=-f 

21 


(e 


-E/kT __ 


l)dco, 


(693) 


and is therefore small. 

It is obvious that the form of B(T), at least for the earlier terms, is 
approximately given by 


V y (l+x) y =V N X 


A ' Nl 


r.oH(xV-r)! 


z r , 


(694) 


and one is led to expect (as is in fact true) that 

B(T)=V*{l+x + 0(x 2 )}'\ 

which is an approximation of the desired accuracy. It is not sufficient, in 
order to derive (694), to retain only the first two terms in (692), as is com- 
monly done, and assume that the second is small compared with the first and 
so on. For the ratio of the first two terms is (N — 1) x, and it is only x which 
we are entitled to assume small ! We proceed, therefore, as follows, using 
an argument adapted to the generalizations required in § 8*31. 

Consider the function F(x,y) defined by the equation 




r 2 r 


(695) 


By partial differentiation this function obviously satisfies the equation 


N ?x \Ncy) 


(090) 


Put 


F = e'v. 


Then this equation reduces to 


/ 3? \ 

a.r \dy) 


2 1 3 2 !7 


N dy > ’ 


(097) 


and g is uniquely defined as that solution of (697) which is equal to log y for 
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x = 0 . Since N is very large the last term can be neglected. Since also 

F = y s f(x!y 2 )> 


or 


dF ?F 

*Tx + ±y^ NF ’ 

yf= i-2xS. 

cy cx 


Substituting this in (697) we find the approximate equation for g 


5s -i/l-2x 89 


dx 


y 


dx 



The actual value of cj required is g(x,l); which is that solution of 

cx \ dx 


(698) 


which is 0 for x = 0, terms of order 1/N being neglected. This is easily verified 
directly without the introduction of the auxiliary variable y. 

Equation (698) can be solved in finite terms, but of course no physical 
importance attaches to any terms other than the lowest in x since we have 
only hitherto included binary complexes. We find formally 

dg _ l + 4x-yj(l + 8x ) 
dx 


8x 2 


0 = 1 °g 


l-V(l + 8s) l + 4z-<J(l + 8x) 


4x 


and the significant terms 


8x 


g = x+ 0(x 2 ). 


Thus 


log B( T) = iV{log V + x+ 0(x 2 )}, 


(699) 


which is equivalent to (684) and contains all the relevant information. 
Our result therefore is for a simple gas 


log^(2 1 ) = iV'log 


V + 


(e 


-E/kT _ 


1 )d 


CO 


(700) 


and for the general mixture, to which we devote part of § 8-31, 


log B(T) = E a i\ T a log 


V + Np f ( e ~ E °e kT — 1 )dojp 


, ...(701) 


= S a A;iogF + 2 a o 




(e-^e/fcr -i)dwp. ...(702) 


J V 

In this equation a^=l («*0), a aa = 2, and Z af3 means summation over 
every pair of types a and 0. In every case the terms omitted are of order 
smaller by the factor 2 Np v a p/ V than those retained. 

The other partition functions for our assembly are normal, those for the 
translator motion being without their F-factors. When therefore we add 
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log B(T) to '¥/k we restore the F-factors to the translatory partition func- 
tions and add to ^Y/k the new term 


ocP 




txB 


V 


f (e~ E ^ kT -l )du> p . 

J ®afi 


(703) 


The integral in (703) is more commonly expressed in polar coordinates, 
for by ignoring coordinates defining the orientation of molecules we have 
tacitly assumed that E a p is a function of r alone, or may be replaced by a 
mean value for all orientations. Expressed thus (703) becomes 


<xB 




v 


4tt (e E *pJ kT — 1) r 2 dr. 


(704) 


~ P' ^ v a p 

The method can easily be extended to systems for which orientations are 
relevant, and the potential a general function of relative position, but we 
shall not take up such extensions here. 

We have hitherto assumed that E a p is due to forces of finite range. It is 
more usual and convenient in practice to represent molecular forces by 
forces which fall off like some inverse 5th power of the distance. If s > 4, the 
integral in (704) will converge when extended over all space. Any such 
integral, if sufficiently rapidly convergent, can be substituted for the finite 
integral in (704) and elsewhere, without modification of the argument, for 
the integral over all space differs negligibly from the integral over a v a p of 
atomic dimensions. We thus find for the extra terms 


N a Np r co 

Zj^p — 477 


ocp 


a^pV 


OlP 



(e~ Ea 0 /kT — 1 ) r 2 dr. 


(705) 


By (690) the average potential energy of the assembly is 






W = X a p 4tt I E a o e~^ T r 2 dr. 

a aP V 


(706) 


If F a is the complete partition function for the system of type a without its 
F -factor, then the complete x Vj k is given by 


Tjk = X a N a 


VF 

log^+l 


N 


oc 




N a Np rc O 


a p -47 (e- E ^ kT -l )r*dr. 

Jo 


Since p=T d*¥/dV, we find at once 


fZ N 1 iV 

P= kT \fv- a -v^t 


N a Np -- 

- 477 


P 



( e -E a pjkT _ ijr^dr 


J . ... 


(707) 


(708) 


This is the well-known formula of van der Waals, correct to terms in 1/F 2 , 
for a mixture of imperfect gases. 

In concluding this section let us include an external field of force in which 
the potential energy of the molecule of type a is . This must not be. so 
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large that the approximations we have made become invalid in any part of 
the assembly. At the densest point ternary encounters must still be negli- 
gible. The condition for this is, of course, that if the densest element of the 

gas in its average state is treated as a separate assembly, then T, B N B v B IV 
must still be small there. P P 

The extended form of log B(T ) is easily written down. Wherever before 

we obtained a factor V by integrating dcu a over the whole volume, we now 
obtain instead the factor 


= I e~^ kT daj. 

v 


(709) 


Wherever before we had to deal with an a , p pair we integrated their 
relative coordinates over v afl and the coordinates of their centre of mass over 

P 


instead 


(e E * 0 lkT — l) dtup. Now, however, we have 


J e~< n «+ n *»'* r dw.J 


In place of the old V in this connection we obtain now the factor 


(710) 


= g— (fi 0 +n^)/ir^ 

■ • • • • 

V 

There are no other alterations and the argument is unaffected. Therefore 


log B(T) = 'E a N a log{ A a (T)+^ p j (e~ E “* lkT - 1 )d*, p 


= Z a N a \ogA a (T) + Z af} ^ 


N-Np A ^(T) 


a oifl A 


l 


(711) 


(712) 


w 

***■ The geUeral theory °f B W* In attempting a more general theory 
than that expounded in § 8-3, it is best to make a fresh start with assemblies 

of N molecules represented by rigid elastic spheres of one type. For such 

assemblies B(T) is independent of T and is the volume of 3iV-dimensional 

C n ta, r n r, d in f VX f ° r WhiCh n ° ° ne ° f a set of conditions in number 

AiV(i\ - 1), of the form 


(*r - *.) 2 + (y r - 2/J 2 + (Z r - Z s )2 ^ D 2 } 


. . - • — - (713) 

is violated. Suppose we choose a set of these conditions in number k and 
calculate the volume of that part of V* in which they are all violated and 

ditiorlr Then 60016 ^ ^ V ° lumeS for a]1 P^sible sets of k con- 


B (T)-B 0 -B l + B 2 -... + (-)kB k + 


* I’rsell, loc. cit. 


(714) 
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This identity follows from the fact that an element of 32V-space in which s 
conditions are violated is counted 6 C k times in B k if 0 ^ k ^ s and otherwise 
not counted; and 

Z(-)*A = ( 1-1)* = 0 (s> 0), 

k— 0 

= 1 (s = 0). 

Thus the sum on the right of (714) is precisely that part of SiV-space in 
which no conditions are violated, that is, B(T). The approximation of § 8*3 
follows immediately. ' 

To evaluate B(T) in general we must expand each B k . Consider a group 
of t molecules whose positions can be represented in 3^-space. At any 
particular point of this space a certain set of conditions (713) are violated, 
and there is a surrounding region in which the same conditions are all 
broken. We can enumerate all the sets of broken conditions (713) in such a 
way that each set binds the molecules it involves into a single connected 
group, the connecting links being the broken conditions (713). For any such 
group there is a symmetry number o which is defined as the number of 
permutations of the molecules among themselves which leave the set of 
defining conditions unaltered. In 3/-space there is a definite region in which 
these conditions (and possibly others as well) are violated; by permuting 
the molecules among themselves we get tl/cr such regions, which may of 
course overlap. We now enumerate the types of such sets of conditions in 
any convenient order, and specify the rth type as follows: the number of 
molecules involved is t r with a symmetry number o ri and the number of 
conditions violated is p r \ the extension of 3^-space corresponding to these 
conditions is r ) r . We find it convenient later on to use a symbol £ r defined by 

the equation £.= (_ )p r N'r- 1^/(7^). 

Following the definition of B k we now choose any conditions (713) and 
calculate the volume of 32V-space in which they at least are violated. Any 
such set resolves into a number of sets of the types defined above, the 
corresponding groups of molecules being disconnected and mutually 
exclusive. Let there be v r sets of the rth type so that 

lc = ^ r v rVr . ( 715 ) 

The number of sets of conditions for which the v r have assigned values is 

N\ 

(N-^ r t r v r )\u r (v r \a;ry 



N\ F- V - 2 r'r»V 

(N-^ r t r v r )\U r (v r \afI) 


Hence 


n r v>, 
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the summation being over all positive integral values of the v r satisfying 
(715). Thus on introducing the 

B( T) = Y k ( - )k R =■ yx y ^l n '~ i r v '^~ ZrV ’ (,r ~ 1) . g) 

* (N-X r t r v r y.n r v r \ (/lb) 

the summation being over all positive integral v r . It is obvious that if 6 is 
four times the volume of all the molecules (van der Waals’ b). 


= 0 


b\'r-l 

V 


We have now to find a means of summing (716). Write 

F = rte - v (yN)^r n r (CNyrN'. N~» 
^ II, *V! 


V \Ndy) 


Then 

Nd{ r \N?y 

and F is defined completely by these equations together with the condition 

that it is regular in the £. at the origin and takes the value y- v there. Further, 

if l r = t,, that is, if the number of molecules concerned in the rth and 5 th 
type of connected group is the same, then 

dF dF 

and F is therefore a function of the sums 


only. We therefore have 


X 8 ~ (^r 


On substituting from (719) we find 
Let us now write, as before, F = e N ° 


N dx 



(Ar-S s 5, s )!n s „ s ! 

(717) 

together with 

i dF / iay 

N dx 3 ~ fv Ty) F - 

(718) 

Let us now write 

y~ e *< s=s,5x s A. 

3 

• 

Then from (717) 
and from (718) 

(l + S 

(719) 

1 dF , 

Ndx~ e ( 

'11 8 ~ 1 \ [ 1 3 1 \ 1 0 „ 

> Ndz N )"‘\Ndz n)nTz F ' 



N 
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and put y — 1 or z = 0. Then after reduction 


2H' 


5-1 

~N~ 


A r )"*( 1 N ^ iv) ^ 


in which the free S’s are to operate on everything to the right of them. This 
is exact. Making N -> oo we get 


fa. 

dx r 


= ( 1-3 9 ) 8 - 


(720) 


If we write h for 1 — 8<7, then in virtue of the definition of 8 


h= 1 — T, s sx s h 8 . 


(721) 


The summation begins for 5 = 2. It is easily verified that subject to (721) the 
partial differential equations ^ 


dx„ 


= h* 


(722) 


are integrable. The method of evaluating g in series is now clear. We solve 
(721) for h in series and so form g from (722), putting <7 = 0 for x 8 = 0. We 
then have ^ ^ _ y^^ 0 

The method extends at once to a gas of any number of kinds of molecules; 
it is sufficient to discuss a mixture of two kinds only, in number N a and Np. 
We must now define the £ r so that the volume of 3(J r + < r ')-space corre- 
sponding to the rth type of group, composed of t r molecules of the first kind 

and t r ' of the second, is ^ __ )Pr£ r F^ + ^V r /A 0 ^ + * r “' 1 . 

Here N 0 is supposed to be a number of the order of magnitude of N a and 
Np\ it may with advantage be taken to be an absolute constant such as 
Avogadro’s number, or else proportional to V . We now find 


where 


B(T) = V»*+»*F(€ r9 1,1), 


(723) 


F( { vz) = s N 0 -Wr’-^rNJNp\. 

2 '(i^-S r « r v r )!(^-S r </v r )!n r v r ! 0 ° P 


From this it follows that 


L*L-(±l\'(±l\ v r 

N 0 d{ r \N 0 dy) \N 0 dz) • 


(724) 


We therefore put 


X rjB ~~ £q)lq-r,tq'-s > 


so that F is a function of the x rj8 only, and F = e N ° ff . We find eventually, by 
the same reduction and approximation as before, 

srGWGW-w 

h at = ’'a “ 8 oc9 = 

^3 = v /3 — 3 p9 =v p — sx r j 


where 


(725) 

(726) 

(727) 
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We have written ^ and Vp here for NjN 0 and N p ,N 0 , and have to solve these 

equations for g with the boundary condition g = u for .r rs = 0. It should be 

noted that the summations lack the terms r= 1, s = 0 and r = 0, s= 1. These 

terms are precisely the h a and h p on the left of the equations, which take a 

fully symmetrical form if transposed. But they must be used in the form 
in which they are written. 

We shall now calculate the terms of the first three orders in h and g, 

remembering that x r is 0(6/F) r - 1 . For a pure gas we obtain successively 
from (721) and (722) 


h=l, 

= 1 -2*2. 

— 1 — 2 x ,( 1 — 4x 2 ) — 3x 3 , 
giving g = X2< 

= x 2 -2x 2 2 + x 3 , l ( 728 ) 

= ** + ( x 3 - 2x 2 ) + (x 4 - 6x 2 x 3 + ytx 2 *). I 

for a mixture 

h « =v *> h p=vp, 

= r a {l-2x 2fiVa -x llVp ), =^( 1 - 2 * 0 .*^-*!,^), 

h « = •'a - 2x 2 ,orJ( 1 - 4x afiVa - 2x lilVp ) 

- - 2x 2 , 0 v a - x hl [v a + vp ] - 2x 0 2 v p ) - 3x 3 , 0 r a 3 _ 2x 2 ' lV J Vp - x l 2 v a v p \ 

with a corresponding last formula for h p . The terms in g of the first two orders 
are therefore 

9 = ^ X2 ’° + v « v P x ^ + v f x 0 .*} + - 2x 2 2 } + ^{x 03 - 2x 0 /} 

+ b, 2 V p{ X 2 ,l - 2x 2 , 0 X l.l - ki.i 2 } + r a v p 2 {oc 12 - 2x 0i2 x ltl - U'n 2 }. 

( 729 ) 

For the terms of the next higher order the coefficients of „ « and can be 
written down from those for a pure gas. The coefficient of „ a 2 Vp is P 

~ {4x ™ + *«> * 2 4 + + 2x 2,o x i,i 2 + Sa^ 2 *, (-30) 

V if Can be ' Vritten d °" n fr ° m this The 

x 2,2 ~ 2x 21 (x 0f2 + x hl ) - 2 x 12 (x 2 0 + Xl l ) + (3x 2 Q + x t l + 3x 0 2 ) x hl 2 

+ ^* 2,0 * 1 , 1 * 0 , 2 - (731) 

rT W T CU ! ate ) hert '-- tequired for the terms of the first two orders 
Hen “e 8P m ** ° r have . single f , nd p , , , „ 

x 2 = - 2 Y 2 • v . tD 3 = _ %NnD 3 /V, 


(732) 
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D being the diameter of the molecule. Similarly, 

‘ r 2 ,o == “t^o 7r ^a 3 /^ x o ,2 = § ^nD^/V, x xl = — fiV 0 7ri) a ^ 3 /K (733) 

D a , Dp being the respective diameters, and D a p the sum of the radii. 

Again, x 3 is the sum of two different £’s. For one £ one molecule overlaps 
two others, but these do not necessarily overlap. Hence p — 2, a =2, and 

^=V(frD*) 2 , € = 2 x 2 2 . 

For the other £ each pair of molecules must overlap and p = 3, a = 6. When 
the first two have their centres at a distance r less than D , the volume in 
which the centre of the third molecule must lie is 


Hence 


K(r) = 2 f 7 t(D 2 — x 2 ) dx = 2tt(\D 2 — \D 2 r -I- -far 3 ) 

Jir 


-6£F 3 


N 2 



= V I 4t7rr 2 K(r)dr , 




— A 2 

W 2 " 



8tt 2 r 2 (f Z) 3 — 4- ^r 3 ) dr, 


6-2 

l£ x 2 • 


Thus 

and for a mixture 


a: 3=( 2 ~l^) a; 2 2 . 
*3,0 = (2— l^) x 2,0 2 - 


(734) 

(735) 


The next x, x 21 , is the sum of three terms. For the first one the /3-molecule 
overlaps each of the a-molecules which do not themselves necessarily 
overlap. We have p = 2, a = 2, and therefore 

€ = Ki 2 - 

For the second, one of the a-molecules overlaps each of the others and 


P = 2, <7=1, 


£ — 2 * 2 , 0 * 1 , 1 * 


For the third each pair of molecules must overlap and p = 3, <7 = 2. When 
the a-centres are at a distance r, less than D a , the centre of the ^-molecule 

must lie in a volume 


K(r) = 


Hence 




rDo.0 

2 J n(D a p 2 — x 2 ) dx. 

— v* r-o. 

§-j <inr 2 K(r)dr, 


2V 2 , o 

- 4 n*N 0 *D a » 
V 2 


[fAt/J 3 ~ \ D aP<x? + TTTA. 3 ] 
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On substituting in g the second order terms simplify very greatly and we find 


<7= ~ 


%7tKD* 

2 3 o a , 3 u~ap . 2 

V OL T? + V n Vfl 77— 1 — + V 


V 


a Vfi y + Vf, —y^-J 


~^ 3 ( ** w - WD a + 


\ 




A 7 0 A 3 \ 2 a;, 2 /). 3 

"f ) - 477 b* — FT- (tA./s 3 - lA/Ajs + TT4-^ 3 } 


The value of log -B(T’) is then, with this g , 

(^ a +^)logF+iV 0 ^ 

In terms of A T a and Np we therefore have 


(736) 


log B( T) = (N a +Np) log V-~ {NJ(^rDJ) +NJttfnD afi *) +Nf&nDf)} 


~ y [*AJ*< W>„»)» + - lD afi W a + T yo a 


'} 


+ AA > 3 (|-^ 3 ) 2 + 4 ^ i )^3 - lD ^ D p + t l /^ 3 } J (737) 


The method of calculating B(T) for a gas of rigid spheres extends at once 
to any gas, B(T) being given formally by (691). In the integrand e ~ wlkT , 
W is of course the complete potential energy of the gaseous assembly, which 
will, speaking roughly, be a sum of terms corresponding to the various 
groups of molecules engaged in the various elements of 3iV-space in a close 
encounter. We can make successive approximations to W in any element 
of 3 A -space by making the groups of molecules which we regard as in- 
dependent more and more all-inclusive. We shall still obtain for a pure gas 
in the absence of an external field of force 


B(T) = V"e-y (738) 

where g is the same function of the x r as before, but the x r are now defined 

so that x r V r r\/N r ~ 1 is the integral taken over 3r-space of a certain quantity 

which we shall denote by u r . These quantities u r must be such that 1 

and that u r , together with all the contributions from preceding u r . (r' <r), 

builds up the correct integrand or A r for short, for the group of r 

molecules considered by themselves. This w r is then to be integrated over 
3r-space. It is obvious that 


&2 U 2 — $ 2 — 

^3 = U 3 + 2 U 2 U ± + U X U X U X , 

in which 2 is the sum over all pairs selected from the three molecules. Thus 

^3 = ^3 ~ ’ Og + 2. 

In general we must have $ n = £ n u (i , , 


( 739 ) 
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where the suffixes (i r ) denote any partition of the group of n molecules into 

(say) 5 subgroups containing i lf i 2 , ..., i s molecules respectively, and the 

summation is taken over all possible distinct partitions into any number s 

ot subgroups. If we fix attention on a particular molecule, the nth, we can 

sum first in (739) all the terms in which the group containing this molecule 
is the same. This leads to 


T 2 + 2 U n _2&2 "b . . ., 


(740) 


where the u’s refer to the various possible subgroups which include the nth 

molecule and the $’s to the complementary subgroups, with -& 1= 1. If, then, 
we denote by 

the coefficient of ^ $ fj ... & tj in u n we find by equating coefficients in (740), 
"w hen the 7ith molecule is in the 5th group, 

0 = (h> V • • • >is) + (h,i 3 >- • • >*«) + (h ,i 3 > • • • >*«) + • • • + (h , . . . ,V 2 ^s)* 

In the special case of one group this fails and is replaced by 

l = (n). 

By varying the group in which the nth molecule lies we show at once that, 
for example, . . 

^s-l) — \ 1 2>H >•••>*«)> 

so that all the (5—1) group coefficients must be equal. Thence by induction 

(h,i 2 ,...,is) = ( ~ ) s ~ x (s - 1) !. 

Therefore, finally, u n = 2 ( - )•-* ( 5 - 1 )! ...& t , 

12 3 


(741) 


the summation being taken over every distinct partition of the n molecules 
into subgroups. For example, 


n 4 = # 4 -(Z$ 3 -E& 2 $ 2 ,) + 22$ 2 -6, 
in which S^ 3 = e~ E ™ ,kT + e“ E ™ ,kT + e~ E **i lkT + e~ E *i* /kT , 


(742) 


2 $ 2 0 - 2 , = e -< E i2 +E *J lkT + e-' E i* +E *Ji kT + e -iE l4 +E 29 )/kT f 


2 & 2 = e~ E ^ kT 4- e~ E d kT -f e~ E sii kl 4- er E ul kT 4- e~ E ^ kT 4 - e~ E *^ kT • 

When the gas is in a field of force, (741) remains true, but & 1 is no longer 1, 
and the first term of the series is no longer V N but [A(T)~\ N , where 


■ 


e-°' kT daj, 


£1 being the potential energy of a single molecule in the external field. It is 
necessary to redefine x r using A(T) in place of V. For a mixture we have a 
V a and Vp in general different and 

B(T) = V a N °Vp»0e N 0 * 
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where, in g, x is such that 


x,*K r Vffr'.s\ 

;v +r - x 


— u 


( r+s ) 


d(o 


r* * 


The formal connection of the us with the &’s is unchanged by distinctions 

between molecules of different types, but the &’s themselves are changed. 

In this extended theory we no longer can say positively a priori what the 

relative orders of x r and x ra must be; we can only say that x T varies as the 

rth power of the molecular density and that in the general case x r . occurs in 
g with a coefficient (NjV a ) r (Np/Vp) s . 

§ 8 4. Molecular distribution laws. The ordinary uniform space distri- 
bution law may be derived at once for a gas of any degree of imperfection 
when there are no external fields, and no long range forces. The frequency 

ratio for the presence of a selected a molecule in a given element 8V is 
oB(T)/B(T), where 




just one dw a integration over V being omitted. If there are no long ranee 

forces or external fields, then W depends only on the relative coordinates of 
the molecules, and 

must be a constant Q independent of the coordinates of the selected « 
Iherefore 8B(T)=Q8V, and obviously B(T)=QV. Hence the frequency 
ratio is S 1 / 1 , and since there are N a such a’s J 


a^NJV/V, 


(744) 


hich is the usual formula. If there are long range forces these may , as we 
shall see, build up the equivalent of external fields from the point of view of 
any specified element of the assembly. If there are any external fields II 
then of course (744) is no longer true of the whole assembly but only of an 

anc e with Gibbs' analysis showing that the laws of therm^amics rnTde 
the laws of mechanical equilibrium it is possible to deduce from (701) the 
distribution law in the field offeree and the existence of mechanical equifi 
brium the equation dp =- vd Q being satisfied to the accuracy of the 
rmuJae. The investigation, however, is not elegant, and it is better in 
andling imperfect gases in external fields to apply the laws of • i 

^ «„, ,. d 

mechanical equilibrium, or general thermodynamic theorems Sin™ fh 
■neclia'ucal laws can be derived from the characteristic function for Z 
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" hole assembly and lead by themselves to a unique equilibrium state for an 
assembly at uniform temperature, they must, together with the character- 
istic functions for the volume elements, be equivalent to the characteristic 
function for the complete assembly. 

By a similar argument we see that the average number afp of a, /? pairs 
simultaneously present in selected da> a , da>p must be given by the formula 


— 


afi 


_N a Npdu) a du>p 


B(T) 


/ -J 


r'^n K "(da> K )"« (745) 


When no effective long range* or external forces are present, the integral in 
(745) must be a function only of the relative coordinates of the selected dco a 
and dcop . We may then write it in the form 


Q e -H\0.'kr 


(746) 


where W a p is defined so that l^->0 at infinite separation and Q is a con- 
stant. So defined , W a p may be called the average potential energy of ft in the 
specified position in the field of a. It may depend on the average positions 
of a large number of other molecules and may therefore itself be a function 
of T. Again, ~ * 

B(T) = Qe- w ^dcv a dcop = QV 2 , 


provided only that W a p-+0 rapidly for large separations, as in practice it 
always does. Thus the average number of pairs is 

~a^p=N (X Np dw^dcop/ V 2 . (747) 

After integration with respect to dtu a the average number of /?’s in a selected 
region near any a anywhere in the assembly is 

Npe- w ^ kT dajp!V. (748) 

The factor 1 ja^p is not required in the formulae until we integrate dcop over 
the whole of v a p round a. It is not until we do this that we count twice over 
each a, a pair. 

Formulae (747) and (748) are forms of Boltzmann’s theorem. It is im- 
portant to realize, however, the precise meaning of W a p for which the 
theorem is true. In accordance with the discussion in §6*9 W a p may be 
loosely called the free energy of a ft in the field of an a, and it may be that 
W a p + E a p. In the case of short range forces with ternary and higher 
complexes neglected it is, however, true that W a p = E a p to the first approxi- 
mation. For 

e -w^ikT = e -E^kT f ... [e-i.w-n^.kT U K "(doj K ) NK > 

*>(!■) JiV) J 

* We shall see that this allows of the consideration of electrostatic forces in ionic media of zero 
6 pace charge. 
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and it is obvious that the first approximation to the coefficient of e~ E ^ lkT is 

unity. Thus for short range forces in assemblies of not too high concentration 
(747) and (748) take the more familiar forms 


and 


« kT dco a dcop/ V 2 , 

y p e-*** T du,pl V . 


(749) 

(750) 


■ ^ W 

It is clear, however, that W afl * E afj even for short range forces at higher 
concentrations as in a liquid, and that the distribution may then be more 
uniform than is indicated by Boltzmann’s law (750). 

§8-5. Generalities on dissociative equilibria in imperfect gases, and the use 

of the thermodynamic function T. We can construct a general theory of 

dissociating imperfect gases as a direct extension of the theory of Chapter v. 

We will consider for simplicity the theory of § 5-2 which we will here extend 

to imperfect gases. We there started (for perfect gases) by constructing the 

generating function (439) which for classical ^-functions (<7 = exp) is equi- 
valent to 


^ (ro^aqz^ ) a » ... (m 1 2 x i z i S) a i\ . . ( Pl x l x 2 z r h) b 1 ... 

“' b a 1 1 ! ...aj 2 ! ...bj ... ’ 

This can be partially summed when Z r a. 1 =a,, Z, a 2 = a 0 £ b 

are fixed to the form 


= 6, where 


a,b 


(*i VF^z)}^ {x 2 VF 2 (z)}°> {x^V F 12 (z)}» 


a,! 


Qo! 


(751) 


When the gases are perfect, (751) sums again, of course, to the familiar form 


expfoFi^z) + x 2 VF 2 (z)+ x v x 2 VF 12 (z)]. 


(752) 


When, however, the gases are imperfect the summation to (751) can still 
be carried out, but the factor V^a i+b in the terms of (751) musfc be kced 

by B{z), assumed to depend only on a,, a 2 and b, which can be put in the 
approximate form 

+ ai (a x ,a 2 , 6 )}"i{l + a 2 (a x ,a 2 , 6 )} a *{l + P{a v a 2i b)} b (753) 

The correcting terms «„ « 2 , p are also functions of z and are, of course the 

extra terms of (701). They are supposed small, and only their first powers 

retained. We therefore replace the generating function (752) by 0 sav 
whose approximate form is y ’ 


h +«i)) n > {x 2 VF 2 (z) (1 + {xiX 2 V F 12 ( Z ) (\ + p)}h 

• a i ! « 2 ! b\ 


a 2 \ 


and operate with Q throughout. Thus, nearly enough, 


(754) 


C = — L- fff dx i 

(27n') 3 JJJa: 1 i i+ 1 j 


\dx 2 dz 

x 2 x *+'z e + i V ' 


( 755 ) 
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The critical point of the integrand is determined as usual by the equations 

X x = x x d log Q/dx x , X 2 = x 2 d log Q\ dx 2 , E = zdlog Q/dz, (756) 

which will have a unique root A x , A 2 , &. The equilibrium state is specified 
by equations like 


N x = [F x dlog Q/dF x ] x 


(757) 


and similar equations. The proof that the assembly obeys the laws of 
thermodynamics remains valid. 

By comparison with the case of a perfect gas the root X x , A 2 , & is suchi that 
the arguments, X x VF x (&), etc., of Q are all large. We therefore study the 
asymptotic forms of the function 


a,b 


{A 2 (l + a 2 )}° 2 {5(1 + p)}» 


a x \ 


a 2 \ 


b\ 


for large A , B y the a, /? being functions of the a, b which are small compared 
with unity. To this end we pick out the maximum term of the multiple series 
by making the first order partial differential coefficients of 


a 


, A x (\ 4- a*) 
log — ^ 4- 1 


a 


-ha 


2 ) 


1 A 2 ( 1-fOCo) . 

log — ^ 4- 1 


a 




.og^ + .j 


with respect to a x , a 2> b vanish. It can easily be shown by the usual argu- 
ments that the value of the complete multiple series is practically determined 
by the maximum term, and that the summations may be formally replaced 
by integrations from — oo to 4-oo on either side of the maximum term. We 
find after simple reductions that, to the first order in a, /?, 

log £-^{14- a X (A V A 2 ,B)} 4- A 2 {1 4- oc 2 (A Xf A 2> B)} 4- B{ 1 4- p(A v A 2f B)}. 

(758) 

We find also that this asymptotic relation can be differentiated. The equi- 
librium conditions such as (757) are therefore 

N i = A i d log Q/dA ly 


etc., in which A x , ... are to be replaced by A x VF Xf ... after differentiation. 
Thus 




(759) 


= A 1 VF 1 [1+x 1 (N 1 ,N 2 


■H l+N 'k 


3a, 


+N~-=1 + M?i~ 1 ...(760) 

2 azvi dNj 


• 0 • 

to the approximation to which we are working. The law of mass -action is 
obtained, by eliminating X x , A 2 , in the form 




F x F 2 


iog--^a-io g '-£-* + [i 


0 


VM 


12 


dN 


.-^{N^+N^ + Mp} ( 701 ) 

, oM J 
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A similar formula can be given correcting the vapour-pressure equation 
for imperfection of the vapour phase. We obtain obviously in place of (761) 

N Fd—~ 

log-^ = log- + ^{Aa(A)}, (762) 

where k or k(T) is the partition function for the crystal. At the same time 

v N d — — 

Jcf = ~V + d y{ Na -( N fi> 


so that the equilibrium vapour pressure is given by 


, . kTF r a F SI _ _ 

log , - log — + + y - I {Jr «( A')} (763) 


In the usual first approximation 

Aa(A) = ® 2tt 



00 


0 


{ e E *& ltcT ~ 1 j r 2 dr y 


so that 


, . kTF N 

lOg V = lOg — - -+ y 


27rJ {e~ E °0 lkT - l}r 2 dr (764) 


The foregoing arguments could easily be generalized, but the general 
method for imperfect gases in problems of dissociation or of external fields 
is not particularly convenient. It is of interest to have shown that the com- 
plete laws are given as they should be by the properties of C. In practice a 
more convenient working method can be developed based on the fact that 

our assemblies are thermodynamic systems, so that thermodynamic 
theorems may be applied. 

Consider an assembly in which the dissociation is fixed, so that it contains 

Aj, A 2 and M free atoms and molecules. For such an assembly we can at 
once construct T. By (707) it has the form 


T/A = Ai(log ^ + 1 ) + A 2 (log ^ + 1 j + lf(iog YL *. + i j 

+A l a 1 +A 2 a 2 + A/£, (765) 

the a, p being the same functions of the A, if as in the foregoing argument 
This must hold for any fixed values of A 2 , A 2 , M, whether or not they happen 
to agree with the true equilibrium values when dissociation is able to occur 
Now suppose that the dissociation, temporarily fixed, is again allowed to 
proceed in either direction. It is a general thermodynamical principle* that 
in the final equilibrium state AT = 0 for any variation of the dissociation 
(or any other variation consistent with the given temperature and volume). 

* See, for example, Planck, Thermodynamik , ed. 6, § 151. 
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Thus the condition of dissociative equilibrium can be at once obtained 
from the equation 


+ 


a 


dK 


(766) 


or 


VF, 


VF 


log + log ~ log 


VF. 


12 


Ni 


M 


+ 


+ 


a 


dK 


-1 

dM\ 


which is equation (761) as obtained before. 

The foregoing paragraph shows clearly the advantage to be gained in 
brevity by using thermodynamic arguments at suitable places for these 
more complicated assemblies. There is the same advantage in discussing 
imperfect gases in a field of force in this way, as compared with the general 
statistical method. We apply the general statistical arguments only to 
construct 8 X Y for each volume element 8V and determine the complete 
equilibrium by making A(S8 X F) = 0 

for all relevant variations of numbers of particles between the different 
volume elements. 

§ 8-6. Dissociative equilibria for molecules of finite extension . The formulae 
of this chapter take a specially simple form when the constituent systems 
are of a definite size, without further fields of force. In such a case E a p -> + °o 
inside v a p and is zero elsewhere, and 


VF 

'¥/k = X a N a jlog-^+1 


-Is .jkffilaP (767) 

o af} 

Equation (767) forms the best starting point for discussing the equilibrium 
state of an assembly in which one of the systems has a sequence of possible 

states of definite sizes which differ from state to state. 

Suppose there are present in the assembly systems of a certain type in a 
number of different stationary states of different sizes; these will be initially 
regarded as distinct systems, specified by different a’s. Systems not belong- 
ing to this set will be specified by yet other a’s. To determine the complete 
equilibrium state, we construct 'F as above and vary the N a among the 
states of the special systems until (PY = 0 for all such possible variations. 
A typical variation is to increase N 0 and decrease N y by equal amounts. 

We must therefore have _ ~ a n 

[arid*-*- 


or, in equilibrium, 


N y Fye-Zp*** V0 JV 

F o e-Z0 N P v oP lV 


(768) 


N t 


o 


The necessary and sufficient conditions for (PY = 0 for all possible variations 
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of this kind is that (768) should hold for all y s which specify the different 
states of the special systems. Now if we were to ignore the differences in 
size of the various states of the special systems, we should treat them all 
together and construct a partition function 

b(T) -- Y. y m y e~*y lkT 

to take account of the distribution of their internal energy. Here we tem- 
porarily treat each state separately and their separate partition functions 
are connected by the equations 

F y /F 0 = w y e~ c y ,kT l m 0 e~ e <y' kT . (769) 

Inserting this ratio in (768) and putting N = Y, y N y for the total number of 
special systems, we have* 


N y = Nm y e- ( y lkT e-^e V y^ v ju( T), 


(770) 

where u(T) = I ly w y e- e yi kT e-^ ir fi'’y^ ir . ( 771 ) 

The y-summation is of course only over all states of the special systems. 

In all calculations we have therefore only to replace b{T) and its terms by 
u{T) and its terms in order to take full account of the excluded volumes. 
If we use u(T) thus, we may group all the separate states of the special 
systems together as before. To reconstruct 'V/k in terms of u(T) we have 


VF Y e-*f*t*yHv Vu(T)h(T) VF(T) 

W y N W~ 

where VF(T) is the complete modified partition function. The terms under 
in (767) which belong to the special systems become 


N- 


> VF(T) 

Jog — ' + 1 


+ y'Z y N y ('LpN^ jv y p). 

When every system has been treated in this way we find 


r/*=z r w r |io g i^ + i 


i 

V 


r + v; Z a p 


Kfyv af} 


r *B 


(772) 


where 2 r is a summation over the separate systems and as before a 

summation over every pair of states of all the separate systems. It can be 
verified at once that in the equilibrium state 

ay 

dW y ~° (all ' Y) ' (773) 

Thus the T y of the separate states are only apparent variables in Ylk. 
Ihey do not affect the determination of dissociative equilibrium, which is 
to be earned out by varying theIV r in (772), without explicit notice of the 

a P high «»<>. 

vol. 20, p. 54 (1924). ’ P ' ( ) ' &nd lnd «ently by Fermi, Zeil. J. Pkysik, 
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N y . The usual equilibrium laws will be at once obtained in terms of FIT) 
or {u(T)h(T)} r . 

It must be remembered that all the foregoing formulae are necessarily 
only correct to the first power of 1/V, so that the exponential correcting 
factors are largely illusory. At the same time the use of the formulae seems 
to be justifiable for rough quantitative work, right outside the range in 
which the corrections are small, in fact for all orders. It will be remembered 
that states for which the correcting factors are large will ipso facto be scarce 
and therefore affect but little the equilibrium state. A closer examination 
of this point will, moreover, explain a numerical discrepancy from Urey’s 
work. - ) - Equation (767) may equally well be written in the form 


v//c = z a iv a f log 


+ 1 


(774) 


which has exactly the same validity so far as terms to the order 1/V are 
concerned. Equation (774), however, is the exact form of i * * * * * * * * x ¥/k for a mixture 
of gases which obeys exactly van der Waals’ equation in the form} 


N. 


P = kT *«V\ (,b a = b'£pNpv a p). 


(775) 


arying the T \k of (774) 




N. 


N. 


(776) 


which to the first order in b/V reduces to (768). If the differences b< 
V — b 0 and the V — b y are ignored, we can cast (776) into Urey’s form 


N* 


_p 
kT 


F.. 


= _>'e 

N.. 


kT 


( 111 ) 


i 

where v 0 * and v y * are mean excluded volumes for the states 0 and y, and 
p is the total pressure. This form, as we have seen, is incorrect (by the 

factor \ in the exponential) for small values of b/V. This difference is of no 

importance as the formulae cannot anyhow be exact. What is important is 

that the approximate agreement of (777) and (768) justifies to some extent 

the use of the latter for all values of b/V in rough numerical calculations. 

It may be noted in conclusion that formulae of exactly the same validity 

can be obtained for the general assembly in which T* is given by (707), so 
that the excluded volumes are functions of the temperature and may in 
fact be negative. 

§8-7. Inverse square law forces. Large scale effects. The only important 
long range forces (s ^ 4) which appear to act between actual atoms and mole- 
cules are gravitational and electrostatic forces, following the inverse square 

t Urey, loc. cit. X See equation (848) of Chapter ix, of which this is an obvious generalization. 
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law (s = 2). When such forces or external fields are acting, the analysis of 
§ 8*4 must be revised. In equation (743) W must be held to include the long 
range forces and external fields, and is no longer a function only of the 
relative coordinates of the systems. Thus 

f -'fer wlkT n K ’(du, K Y'* 

is no longer necessarily a constant Q independent of the coordinates of the 
selected a. Instead, we must define a function w by the equation 


Q e -w,kT _ f .. .fe-^ r n/(da)J^, (778) 

J(V) J 

where Q is a constant adjusted so that w takes any convenient value at an 
assigned point. We then have 

a^=N a Qe- u ' kT 8VlB(T), (779) 


where Qj e -^ kT dV = B(T). 

Thus (779) reduces at once to 



p Q e~< w t~ u ^ ,kT j 


(780) 


where v t and v 0 are the average concentrations of the a-molecules in different 

volume elements 8V t and 81^. The average potential energy defined by 

(778) is the potential energy for which alone Boltzmann’s theorem (780) is 

strictly true. The boundary field of an imperfect gas, which is investigated 

by a special method in § 9-8, is an example of a field such as is considered here 

—effectively equivalent to an external field though built up from short 
range forces. 

It is desirable to investigate more closely the average potential energy w 
of this section and the W afi of § 8-4, for it does not follow without further 
investigation that they agree with their values calculated when the rest of 
the assembly is in its average state. For most purposes of calculation it is 
almost essential to make this identification owing to the extreme complica- 
tion of (778). It can easily be seen that the method of § 9*8 for boundary 
fields is based on this identification. 

If we differentiate (778) with respect to the coordinates x, y , 2 of 8 V we find 



and two similar equations. In (781 ) W is of course the total potential energy 
of the gas phase in any configuration, and therefore -dW/dx, etc. are the 
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xorce components acting on the selected a-molecule in 8 V. The function w 

has therefore been so defined that its partial derivatives are the average 
values, with a fixed, of the partial derivatives of W, or 


dw dW 

( 782 ) 


and two similar equations. Thus if w is derived by calculating dw/dx as the 
average value of the forces acting on the a-molecule— that is, as the force 
acting on the a-molecule when the rest of the assembly is in its average 
distribution— such a w is identical with the w of (778). This is the method to 
be used in § 9*8, which is hereby justified. 


In (781) or (782) it is sometimes convenient to distinguish between the 
parts of dW/dx which arise from forces of long and short range. If these are 
distinguished by suffixes l and s so that W =W l +W 3 , it may happen that 


dx dx 



(783) 


This will always hold except near a boundary when W/= 0, and will continue 
to hold with the same exception when W l =$= 0 so long as the alterations in 
v t introduced by W t are insufficient to affect the perfection of the gas laws. 
When these imperfections begin to matter, W 8 must make just such a 
contribution as to account for the difference between (780), which may be 


written 



(784) 


and the laws of hydrostatic equilibrium, 



It is an interesting and easy exercise to check the equivalence of (784) and 
(785) for first order deviations from the perfect gas laws. 

Returning to conditions in which (783) is true, we find that 


dw 

dx 



rwn; (da> K y*. 


...(786) 


If we differentiate (786) we find 






( 787 ) 
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and two similar 





(788) 


In (788) we shall take W t to be a potential energy due to inverse square law 
forces, and obeying Poisson’s equation 



(789) 


where v is the smoothed local concentration of systems in 8 V in any con- 
figuration. The value of fx will depend on the precise mixture of gravitational 
and electrostatic forces concerned. We find therefore that w satisfies the 
equation 


* s. 



(790) 


The right-hand side is the mean square fluctuation of the resultant force on 
the system in 8F, divided by ( - kT). The mean density"!^ is an average of 
v for all configurations in which the a-molecule is fixed at the point con- 
cerned (but not counted in v). The suffix is inserted to distinguish v~~ from 
v of equation (780), which is an average for all positions of the a-molecule as 
well as of the others. In practice, we replace V a by v and omit the fluctuation 
terms, so that (790) reduces to 


V 2 u>- M k = 0. (791) 

The equilibrium state of the assembly may then be calculated by the com- 
bined use of Boltzmann’s and Poisson’s equations, (780) and (791), a fertile 
procedure in frequent use. 

There are, however, three points which require critical examination : the 
smoothing employed in (789), the replacement of IT by V, and the neglect of 
the fluctuation terms on the right-hand side of (790). 

In dealing with point charges! smoothing of some sort is essential to 
mathematical simplicity; if the charges are spread over finite volumes, each 
defined in position by the coordinates of its centre, the “smoothing” is 
automatic and inevitable. Thus for point charges we define the smoothed 
density at any point by some such formula as 


v{x) = Y. a € a f(x-x a ), 


(792) 


* It ia assumed that not only is aW',/3: r=0 but also Iwjdx 3ir,/ax = 0 
excluded C ° nVt:nient t0 Write in th ° lan S ua f? e of electrostatics, but other fields of force are not 
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where a; is short for x, y, z, e a is the charge on an a-molecule, /(x) diminishes 
rapidly with increasing distance from the origin, and 

J(j/(x)dw= 1. (793) 

In the case of charges spread over finite volumes, (792) necessarily holds 
good, and ej(x) is the actual density in a single particle with its centre at 
the origin. The possibility of interpenetration is not excluded. The corre- 
sponding smoothed function F*(x), derived from anv function of position 
F(x), is 

^*( X ) = J( (794) 

If F(x j,.r 2 ,...) is a function of many points, the smoothing is to be carried 
out for all of them, so that 


F *( x i’ x 2 > ■■■)- J • • -j F (x f,xf, . . . )f(x 1 - x 1 ')f(x 2 - x 2 ') . . . dojfdoi 


• • • 


(795) 

In the case of charged particles of finite size, this smoothing is again auto- 
matic, provided that F is linear in each of the charges concerned — e.g. a 
potential, or a mutual potential energy. 

Equation (789) requires that W t shall be equal to W*, the smoothed 
electrostatic potential energy. It appears to be simplest to replace W by 
W* throughout the argument. Thus w would be defined by 


Qe~ ulkT = 



(compare (778)); and in (780) 


(796) 


v(x) = y i(X N a 



This is not our ordinary equation for the average density; nor is it precisely 
the smoothed average density, nor even the average smoothed density. In 
all probability, however, it does not differ considerably from any of these. 
The difficulties introduced by smoothing are mostly of this kind, and are 
not likely to be important. 

On the other hand, thorough smoothing, when it can be employed, gives 
the greatest assistance in answering the other two points of criticism. 
Consider first the relation between v a and v. Their difference depends on the 
difference between the value of v at the position of the a-molecule and its 
more normal values. Now the a-molecule induces a considerable excess or 
deficiency of charge in its immediate neighbourhood; but its effect at some 
little distance is negligible. If the smoothing function f(x) is appreciable 
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only at very small distances, the effect of the a-molecule’s field is an important 
feature in v. If, however, f(x) is appreciable also in a considerable volume 
in which the field of the a-molecule is negligible, the local excess or deficiency 
has comparatively little effect upon v. In other words, slight smoothing 
retains a large part of the difference between and v y but a more thorough 
smoothing decreases the divergence. 

So long, then, as we are concerned only with smoothed space charges (as 
in the problem, mentioned below, of a gravitating gas and in the theory of 
an electron atmosphere, developed in Chapter xi), it is permissible and 
advantageous to smooth thoroughly, with a function which is effective over 
a volume large compared with molecular dimensions; may then be 
replaced by v. When, however, our whole concern is with concentrations on 
a molecular scale, as in formula (746) and the Debye-Hiickel theory described 
below, any but the slightest smoothing is impossible, and v a and v may be 
widely different. 

For the validity of the neglect of the fluctuation terms no general con- 
ditions have yet been obtained. At present it seems possible to proceed only 
by verification a posteriori. 

As an example, consider the equilibrium state of an isothermal gravitating 
gas of which each small element is effectively perfect.* This is of course a 
special case of the equilibria of such gaseous masses handled by Emden.f 
There is no explicit solution for w or for p, the mass density at an}" point, 
but it is found that if r is the distance from the centre of the gravitating mass 


2 (IcT\ 1 
P r 2 \ m ) 47 tG’ 


where G is the constant of gravitation. It follows that to the same approxi- 
mation 

w = 2/cT log r + const. 


If we then compare one of the ignored terms (dw/dr) 2 /kT with a term re- 
tained such as d 2 w/dr 2 , we find that the numerical ratio is 2. If therefore 
the fluctuation in the resultant force at any point is small compared with 

the force itself, the neglect of all the terms on the right in (790) is at once 
justified. 

A similar example is the electron atmosphere in equilibrium with a metal 
at high temperature. If the form of the atmosphere is effectively that of the 


In order to discuss such an assembly completely from the point of view of statistical mechanics 
it is necessary to idealize the problem so that the mass of gas is contained in a reHectiim enclosure 
so large that molecular impacts on the walls do not effectively alter the position of the centre of 
gravity of the mass of gas or its total momentum which must he fixed by the conditions of the 
problem This is not strictly realizable. Such conditions can be formally accounted for by add 
tional selector variables both for momenta and positional coordinates. ^ 

t Emden, Cuskugeln; see also for this. Milne, Trans. Camb. Phil. Soc. vol. 22, p. 483 (1923) 
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gap between the parallel plates of an infinite condenser, the problem admits 
of the exact solution (see (1069)) 

e wl2kT = A cos , 

y/(2kT) ’ 

where A and B are constants of which B depends on the electron density at 
a standard potential. Here again the numerical ratio of the ignored term 
(dw/dx) 2 /kT to the term retained dhu/dx 2 is less than 2, and the same con- 
clusions can be drawn if the same hypothesis is admitted. 

The problem of the ignorability of the fluctuation term can be formulated 
as follows. Let — d£l r /dx be the x-component of the force at x due to a single 
molecule in the rth cell of the assembly. Then 


dw,_ dn r 

dx r ° r dx ’ 


dw _dW, ^ — dfi r 
dx~ dx ~ 2jr<lr ~dx' 


aw ;\ 2 


dx 


-**■(§) 


* v — sn r dn 

+ 2S rig a r a 


3 


s dx dx' 




?x 


(s)‘- * & - SW (' g )’ + “ 


dx dx ’ 


A complete solution requires a knowledge of a r 2 -(a r ) 2 and a r a s -a r a 8 for 
these complicated assemblies. On general grounds, however, it is quite 
certain that these quantities will be all positive and very small compared 

with ( d r ) 2 and d r a s provided that the cells need not be taken too small t that is, 
provided that smoothing is sufficiently macroscopic. It must be remembered 
that we are dealing with smoothed functions. The appropriate cell is that 
volume in which the smoothing function is effective. A thorough smoothing 
is again what we require, in order to make the cells conveniently large. In 
evaluating long range large scale effects this is possible, and the above 
condition can be satisfied. It is not possible to conclude at once that 



for the terms dCl r /dx are not all positive. Their signs depend on the sign of 
x — x'. We can, however, conclude that 


i 



where civ' /dx is the force component at x, y , z due to all the matter in the 
assembly on that side of the plane £ = x^ which gives the greater value of 
dw'/dx. It is therefore sufficient to verify a posteriori that dhvjdx 2 and 
similar terms are of the same order as (dw' jdx) 2 \kT and similar terms. The 
neglect of the fluctuation terms is then in general justified. 
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§8*8. Contributions by inter molecular forces to the free energy of Helmholtz, 
or the characteristic function. A similar investigation to that of the last section 
can be attempted for the local field W a p of formula (746). The real purpose 
of such investigations in equilibrium theory is merely to find a roundabout 
way of calculating B(T) when a direct attack seems hopeless; for a know- 
ledge of B(T) determines all the equilibrium properties of the assembly. 
It therefore seems desirable to start with a general study of the relationship 
of quantities such as W a p to B(T ) and in particular of how to calculate the 
corresponding part of the free energy or characteristic function. 

The energy W a p is defined by the equation 


e - w *fi/ kT 




(798) 


On differentiating this equation with respect to Xq we find that 


Thus just as for w , equation (782), 




9lV a p d\V 

dxp-dxp' (799) 

This equation states that the average value of the force acting on the /?- molecule 
at the specified distance from the a - molecule may be derived by differentiating 
W a p defined by (798). 

Let us now suppose that the fields of force which give rise to w or W a8 are 
gradually built up from zero by differential additions to the various force 
centres, the assembly being at a constant temperature {but not necessarily 
constant volume) during each successive stage and in the equilibrium state 
appropriate to the force centres already present. The only external work done 
in the rearrangement of the assembly into its equilibrium state at the given 
temperature in between the “stages” is the work done by the pressure if 
there is any change of volume. This is of course an ideal process requiring 
the treatment of individual molecules, but it is a conceivable isothermal 
reversible thermodynamic process, and the work done on the assembly in 
the process, including both work of “charging up” and work done by the 
external pressure, must on general principles be the increase in Helmholtzs 
free energy due to the establishment of the intermodular fields. It is 
analogous to the familiar method of calculating the contribution of such 
forces to the potential energy, when we suppose that the fields of force are 
gradually built up from zero, the various sy steins of the assembly being fixed in 
their average final positions. This is the origin of the familiar \\pW dV of the 
theory of attractions. It is sometimes convenient to keep the volume fixed 
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during the charging process; in that case the work of charging up is the total 
work and equal to the change of Helmholtz’s free energy. If on the other 
hand the pressure is kept fixed and the work done by the external pressure 
omitted, the work of charging up is equal to the increase in Gibbs’ free 
energy G. A direct statistical proof may be given as follows when the 
volume is kept constant. 

Suppose that every intermolecular energy term is at a fraction a of its 
final value. Then the partition function is B a (T), say, given by 

B a ( T) = J . . . J e -oWjkT {d OJ K )^, 

and the energy of this force system in its equilibrium state 


kT 2 


0 

dT 


l°g B a (T) 



Keeping the distribution laws unaltered and increasing each energy term 
from a to a + da requires an increase in the energy of the force system equal to 



This increase of energy must be the work necessary to strengthen the force 
centres from a fraction a to a + da of their final values, the assembly being 
in the equilibrium state corresponding to the fraction a already present. 
The total work required to build up the final force system by a reversible 
isothermal process is therefore 


. f ... f W e~ aWlkT fl^ (dw K ) N « 
do kp- 


0 


I "J 


e -aW/kT fl {dw ) n k 




'A 

ndcr 


{log B a (T)}d<T, 


= -kT\og{B(T)IV^-}. ...( 800 ) 

But this expression is just —kT times the increase in ^Y/k due to the estab- 
lishment of the intermolecular fields, and — TW = F. 

The theorem can obviously be extended to cover the case in which new 
forces of a given type are established, e.g. electrostatic. We then introduce 


£,(T)=J . . . Je-or + Tr f )/AT (dw K ) N * ( 800 - 1 ) 


and — kT\og{B l (T)jB (i (T)} = AF = F € is the work necessary to charge up 
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the ions in a reversible isothermal process, the sizes and other intermolecular 
forces of the ions retaining their standard values. 

The restriction to constant volume can be removed by allowing the com- 
plete volume change to take place when the charging process has been corn- 
er, 

pleted. The work done by the pressure on the assembly is then — pdV 

J V\ 

which is equal to — lcT log{B 1 (T y V 2 )/ On adding this to the former 
work term we see that — kTlog{B 1 (T i V 2 )JB 0 (T,Vi)} is the total work done on 
the assembly, so that — TAT = Ai* 7 . 

This result can be applied to an electrolyte in the following form. Suppose 
the electrolyte (volume V) contains N K ions of type k (#c = 1 whose 
final charge is and charge at any stage of the charging process r] K . Let 
0#cO?i>* ••>*?/) be the average potential at the centre of an ion of type k due to 
the charges on all the ions including its own charge. This definition requires 
us to regard an ion as an electrified sphere of diameter a. This is sufficiently 
general for our purposes. Then by the preceding theorem 


dF e = I,N K <Ji K (r) 1 ,...,r ll )dr ]K , (801) 

K= 1 

and >fr K (yi, • • ■ ,Vt) dv K ■ (802) 

K= 1 JO 


This charging process can presumably, since F e must be a definite function 
of the final charges, be carried out in any manner, subject to the condition, 


t 


K= 1 


that the total charge in the electrolyte is zero. Subject to this condition 
dF € must be a perfect differential, from which it follows, the restrictive 
condition making no difference, that* 






(803) 


Any proposed method of calculating F € by means of approximate calcula- 
tions of must conform to (803). 


§8-81. The theory of Debye and Hiickel for strong electrolytes. General 
foundations. We have seen in §8-8 that if we can calculate the ljT K we can 
calculate F € and thereby obtain the necessary thermodynamic potential to 
give us all the equilibrium properties of a strong electrolyte. A method of 
carrying through this calculation has been proposed by Debye and Hiickel. | 


* Onsagcr, Chemical Review*, vol. 13, p. 73 (1033). 
t Debye and Hiickel, Physical. Zcil. vol. 24, pp. 1S5, « 0 f> (1923). 
Chapter xm. Sec also Falkenhagcn, Electrolytes , Oxford (1934). 


For later references, see 
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It is empirically very successful and has been developed and applied in 
great detail. We shall therefore study here its position as a deduction from 
general statistical theory. 


In equations (746)-(748) we have shown how to define an energy W a p such 
that the average number of /3-systems in a selected volume element near 
any a-system is 

Npe- w «e lkT dtoJV, 


so that the average density of the /3-systems is 


N p e- w ^ kT /V; 

Kp is a function of r. It necessarily satisfies the equation 

W a s = % • (804) 

The first step in the method of Debye and Hiickel is to define a function 
ip K (€ x ,...,e p r), for short *p K (r), the average electrostatic potential due to all 

the other charges, at a distance r from any ion of type k. The functions if* K 
used above are now replaced by j/f K (e 1 ,...,€ / .0). The definition is 

<£>)f -..[e~ wlkT D K ' (daj K ) w «= f ...L K (r)e-' v,kT n K '(du> K r« (805) 

J (v) J J(r) J 

Since r is not the coordinate of a system, W is independent of r and therefore 


"-fe- wlkT n K ’(dw K ) lf *= f ...{v 2 iP K (r)e- w ' kT U K ' (daj K ) N «, 
J (v) J J (V) J 

= fp(r)e-"'”n K '(da> K )''*, 


(SOG) 


where D is the dielectric constant of the medium and p(r) is the space charge 
density at r in the given configuration. The precise meaning of D in equation 
(806) raises difficulties which we shall not examine here. For the moment 
we may assume D to be the dielectric constant of some medium independent 
of the distribution laws of the assembly. A deeper discussion is given in 
§13*61 and saturation effects are considered in § 12*6. The function 
therefore satisfies Poisson’s equation 

V^(, ) = - inpJD, (806-1) 

where 



(806*2) 


Thus p K is the average charge density at a distance r from an ion of type k- 
Therefore p K can be calculated in terms of the W a p , by means of the equation 



€ P 


e -W^kT 


(807) 
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Poisson’s equation (806-1) therefore reduces to 


47 T 1 iV 

D £ T ^ 


V 2 tfj K H — — S €ae~ w «* lkT = 0. 


(807-1) 


The essential approximation in Debye and Huckel’s theory is now to put 


W *P = *{S'Pk> 

which yields for ip K the differential equation 


(808) 


47T JL iVJ 


+ ~^ €p e-^ kT = 0 


(808-1) 


an equation which has the same form for all k s. The approximation (808) 
requires it to be true that 

e p'P K --=e K 'P) 3- (809) 


It asserts also that the electrostatic forces are the only forces controlling 
the distribution of 0-systems near /^-systems or rather that up to absolute 
contact the distribution is uniform when the charges are zero. This is of 
course untrue as the short range forces are thus neglected, but (808) should 
be a good approximation at moderate or large distances, so far as the 
neglect of short range forces is concerned. Besides (809) the </T must satisfy 
the conditions (803). 


By this method of approach it is difficult to see what range of validity may 
be expected for the formulae resulting from (808-1). Certain upper limits 
for their validity have been laid down in (803) and (809). So soon as these 
conditions are infringed, the results are illusory if used to such an order of 
accuracy that the infringing terms are significant. But these conditions are 
only necessaiy and the failure might occur earlier, due to the failure of the 
approximation (808). 

One may now attempt to fill this gap by an investigation similar to that 
of § 8-7. The analysis will not be given in detail since the discussion cannot 
be made sufficiently rigorous. One may conclude that W t a/3 , like u\ satisfies 
Poisson’s equation, at least on the average for the neighbourhoods of a 
number of ions if not near a single ion, provided that we may ignore fluctua- 
tions and short range forces. The volume elements near any one ion to which 
this process must be applied are, however, now small on the molecular scale 
and it is impossible to conclude with certainty by the smoothing arguments 
used above that the fluctuations are negligible when (dW^/dx^IkT is of the 

same order as the terms retained. The utmost it is safe to conclude is that 
satisfies Poisson’s equation so loruj as 
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is itself small compared with terms retained in the equation and so long as the 
effect of short range forces on the electrostatic terms is negligible . This conclusion 
is made slightly less restrictive by remembering that any non-fluctuating 
part of W a p may be removed before applying this test. 


§ 8*82. The theory of Debye and Hiickel. Explicit formulae. In illustration 
of the foregoing argument we shall now derive Debye and Hiickel’s explicit 
results for solutions so dilute that the size and shapes of the ions are irrele- 
vant. This investigation and others similar will be essential to us in Chapters 
xi, xm and xiv. 

Equation (808* 1) is soluble in principle as it stands, but requires elaborate 

treatment, and an explicit recognition of the fact that ions have sizes.* 

The approximation made by Debye and Hiickel which renders (808*1) 

soluble in finite terms is to assume that for all the important values of r 

tp'PJkT is small. Since ip K is spherically symmetrical, the equation then 
becomes 


r 2 dr \ 


dr 




2 47T6 2 ' 


DkTpZ 


A 

P y • 


(810) 


We have here replaced €p by zp e where Zp is the valency, positive or negative, 
of the ion. The leading term in the expansion of the exponentials in (808*1), 


4776 

~D 


V 

^ Z P y * 


j9=l 


vanishes when the average space charge is zero, a condition which may 
usually be assumed to be satisfied in applications. If it is not fulfilled, the 
proper solution of (V 2 — k 2 ) ip lX = const, must be added to i/j a so as to satisfy 
the boundary conditions. The solution of (810) which satisfies the obvious 
conditions at r 0 and r oo is 


The corresponding value of W a p is 




- e~ Kr (k > 0). 
r 

(811) 

Z « Z P* 2 1 

D r e ‘ 

(811*1) 


In considering the legitimacy of ignoring a fluctuation term we remember 
that the portion z a zp€ 2 IDr of W a p is non-fluctuating, being due to the a-ion 
itself. We may therefore be content to consider 





2 


lJ 


- (e~ KT 
r 



and to examine whether (dW a p /dr) 2 / kT is or is not small compared with a 


* For a more exact treatment, see Chapter xm. 
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term retained such as 2 (dlV a p jdr)/r or 3 2 H r a p'/dr 2 or K 2 W a f. The comparison 
with the first of these is simple. VVe find a ratio 


z a zpe 2 K ri — (1 + Kr) e 


— Kr 


2DIcT 


Kr 


Since for all positive x 


e x ^ 1 + x 4- xe JC 1 


it follows that the term in [ ] never exceeds unity, and the omission of the 
fluctuations may be expected to be legitimate if 


2DkT 


< 1 . 


(811-2) 


This condition is equivalent to W a f jkT being small. 

We now consider the other necessary tests of the legitimacy of the theory. 
The value of </r a obtained does not depend on molecular sizes. To the extent 
therefore to which it m ay be used, molecular sizes are unimportant and the 
identification of and W a p should be legitimate. The values of 
moreover satisfy the condition (809) that = 

Before we apply the test (803) we must extract from the field of the 

a-ion itself. The self-energy or energy of charging the ion against its own 

charge can only be introduced when the ion has a definite non-zero size. 

It is moreover unimportant to F € so long as the dielectric constant of the 

solvent is not altered at constant temperature. The potential at the centre 

of an a-ion due to the charges of all the other ions is therefore to be derived 
from 

Z„€ 1 

"I) 


— - (e 
D r K 


— Kr 


and is therefore 


— Z^ckJD. 


(811-3) 


Since 3 k*. is proportional to it is easily verified that the condition 

(803) is satisfied^aiid therefore that the proposed solution provides a self- 

consistent set of ip a for which the essential values at the centres of the a-ions 
are given by (811-3). 

We can now calculate the electrostatic free energy by integrating (801) 

or (802) in any convenient manner. If all tl a charges are reduced to the 

fraction A of their final values, then the potentials (811-3) are reduced to the 
fraction A 2 since k varies as e. We find therefore that 




The prime to F ' denotes that the self-energy of the various ions has been 
omitted from the calculation. Therefore 


o / 

3 L>\ 




(812) 
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which is the standard result. It satisfies all the tests of consistency and 
should be valid at least over such a range of concentration that 


F ' 

€ <kT. 




The standard result (812) can hardly be reached by any argument less 
deep than the foregoing. At this stage any variation of D is excluded, but it 
will be observed that all questions of temperature variation of D are irre- 
levant in forming the contribution to Ff , But in deducing E (1 the extra 
internal energy, from Ff the temperature variation of D when admitted 
would be relevant and important, and the value of E € was wrongly given 
in the earlier work on this theory. 

The first attack on the theory of electrostatic effects in gases or solutions 
was due to Milner.* The various difficulties in the way of a successful 
calculation were clearly presented by him, but as he did not use Poisson’s 
equation these were not the difficulties which we have encountered here. 
Another method has been proposed by Kramers. f Both these methods 
for evaluating B(T) are correct in principle, with difficulties of their own. 
Both methods confirm the limiting form of Debye's result at great dilutions. 
But the interest of Debye’s result lies in regions where theoretical basis is 
lacking, and we shall develop the theory further and tentatively use it in 
later chapters on account of its empirical importance. 


* Milner, Phil, Mag. vol. 23, p. 551 (1912), vol. 25, p. 743 (1913). 
f Kramers, Proc. Sect. Sei. Amsterdam , vol. 30, p. 145 (1927). 



CHAPTER IX 


THE THEORY OF IMPERFECT GASES ( cont .) 

§9-1. Applications of the theory to simple imperfect gases and binary 
mixtures. The number of empirical or semi-empirical equations of state in 
common use as interpolation formulae or as working digests of tabulated 
data is very large.* It is only possible here to discuss three of the simplest in 
relation to the theoretical results of the preceding chapter. For the purposes 
of this chapter readers who do not wish to follow the theory of Chapter v r m 
in detail can be content with any one of the three elementary discussions 
given in §§ 9-6, 9-7, 9-8. Any one of these methods gives for a simple gas, 
correct to terms in 1 jV, 

V V = NkT -/( T)/V, f(T) = 2n N*kT j % 2 (e~ EkT - 1 ) dr (813) 

The best known practical equation of state is that of van der Waals, 
namely, , , 

(p + pi) (V~b) = NkT, (814) 

where a cc N 2 and bcc N, and are otherwise constants. To the first power of 
1/V this is equivalent to 

pV = NkT + * kl ° a . (815) 

It is therefore equivalent, as a first order equation, to the approximation 

f(T) = 2nN 2 kT j ^ r 2 (e~ EkT — l)dr = — NkTb+a (816) 

Though obviously incomplete this is useful from its simplicity and a suffi- 
cient analogy to the true form. For if the molecules are almost rigid spheres 
without external fields, then E = +00 (r < a), and E = 0 (r > a), so that 

f(T)= -§ 7 rN*kTo*. 

Thus for such a model b = %nNa 2 (four times the volume of all the molecules) 
and a = 0. Historically, van der Waals’ formula was derived by superposing 
on this volume effect b the independent effect of weak attractive fields in 
creating a boundary field (see § 9-8) and thereby diminishing the pressure. 
In asserting that the effect of this boundary field could be represented by a 
constant a added as in (815) to the unaltered volume effect, two mistakes 
are made. One is that the boundary field is calculated ignoring the effects 
of the intermolecular attractions on the distribution of molecular pairs 

* See, for example, Partington and Shilling, The specific heals of gases (1924)- Kamerlinch 
Onnes and Keesom, "Die Zustandsgleichungen ”, Encyk. Math. Wiss. Bd. v No 10- Joan* 

loc. cit. chaps, vi, VII. * • 
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which is equivalent to replacing by - E/kT in (816). The other is 

that the effect of the attractions on the volume effect itself is forgotten. 
When these mistakes are corrected, formulae (813) and (816) are recovered.* 
The value of (814) as a substitute for (815) rests entirely on its simplicity in 
applications, but its success is strictly limited. 

The equation of state of D. Berthelothas an appreciably greater range of 
validity since it gives a closer representation of the theoretical first order 
terms. It is used empirically in either of the forms 


pV = NkT 1- 


p l a' 

NkT \ NkT* 


b 



(817) 


[p + fyMv~b) = Nk T , 


(818) 


where a' ccN 2 and 6cc N and are otherwise constants. Either of these is 
equivalent to the first order form 


T/ „ irr NIcTb-a'/T 
pV = NkT + — 


(819) 


so that they are based on the approximation 


f(T)= — NkTb + a'/T. (820) 

If we contemplate a molecular model of an elastic sphere surrounded by an 
attractive field of force, of potential energy — P, we have 


f(T) = 2-nN 2 kT -\v *+J°V{ 


Thus as before 6 = §77 Nor 3 , and 


00 


a' = 2irN 2 kT 2 


p/kT_ l}rfrj . 

(821) 

— 1 )dr. 

(822) 


The assumption that a' is independent of T may be expected to be fairly 
near the truth in suitable regions of temperature. For the extra T-factor 
makes it possible for da /dT = 0 for some T , whereas for a we have always 
da/dT < 0. It would perhaps be better still to use a' IT S instead of a' /T in 
(817) with the corresponding changes elsewhere, and adjust s to bring the 
zero of da' j dT into the most important temperature range. 

Another equation of state of considerable importance is that of Dieterici. 


It is used empirically in the forms 

p(V-b) = NkTe-« NkTV i (823) 

p( V - b) = NkTe~ a,NkT * v y (824) 


in which a, a'oc N 2 , bcc N and s is a constant. The value of s (other than 1) 


* Fowler,. Phil. Mag. vol. 43, p. 785 (1922). 
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most often used is §. To the first order in 1/V these equations have still the 

same form NkTb-a'IT— 1 

V T =yi-T+ iT -' , (825) 


and the same first order validity. They are. however, empirically very much 
more successful at reproducing observed facts, and this is undoubtedly due 
to the exponential instead of the additive form of the a-correction. Though 
we have really only studied first order corrections here, it is not difficult 
to see that Dieterici’s form ought theoretically to be successful over a wider 
range than van der Waals’ or Berthelot’s. For we shall show in § 9-8, by a 
discussion of the boundary field, that approximately 





(826) 


The discussion on which this is based is admittedly inadequate, since only 

first order accuracy was aimed at in the intermolecular distribution law, 

and there are other approximations. But we may expect qualitative accuracy 

in the form of these approximations, and the rest of the argument inevitably 

leads to an equation of the form (826). Dieterici’s form is derived by 
approximating to N 

-y-Jo r 2 {e- ElkT ~ l}dr 


with the usual —b/V + a/NkT s V, and replacing Ve~ b r by V — b. 

For practical use the a, a' and b of these and similar equations are adjusted 

to give the best fit with the facts over some particular temperature and 

pressure range, or to reproduce exactly some particular phenomenon such 

as the critical conditions (see below). It must be remembered that the 

constants so determined have no direct connection with the interatomic 

fields of force and cannot be used for anything more than a rough qualitative 

estimate of these fields or of the sizes of molecules. The mistake of using data 

from the critical point, for example, for quantitative estimates of molecular 

diameters has frequently been made. The only correct course is to reduce the 
observed equation of state to the form* 


pV = NkT-f(T)!V + 0(\;V n -), (827) 

and thus determine the observational value o ff(T), often called the second 
vinal coefficient. Thus determined. f(T) can be directly equated to its 
theoretical value. We give an account in the next chapter of work of this 
nature which has succeeded in coordinating into one fairlv consistent scheme 
the requirements of interatomic fields both in gases and in crystals 


r * J ThiS iS , *, he me,ho<i followe<1 b y Kamerlingh-Onncs and Kcesom and thei 
Leiden, ami first correctly applied to the study of atomic fields by Keesom. 


r collaborators at 
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§ 9*2. Critical points and reduced equations of state. The semi-empirical 
equations of this section agree in predicting the existence of two types of 
isothermal separated by a critical isothermal for which T=T C . When 
T>T C , dp/dV < 0 for all V . When T <T C , dp/dV vanishes twice and is 
positive between these roots. This behaviour can be regarded as a satis- 
factory description of the observed facts that for any substance there exists 
a critical temperature above which the substance can exist only in a single 
phase — the gaseous state, while below there are two possible phases, the 
gaseous or vapour state and the liquid state, which can co-exist in equili- 
brium together. Mathematically, the critical isothermal must be determined 
by the condition that on it the two roots of dp/dV = 0 which are real for 
T <T C coalesce to form a single double root. This condition is obviously that 
the critical isothermal is that on which there exists a point, called the 

critical point, at which dp/dV = d*p/dV 2 = 0. (828) 

Combined with the equation of state these equations suffice in general to 
fix the values of p, V and T for the critical point. These values are usually 
denoted by p c , V c and T c . At this point the properties of the liquid and 
vapour phase finally become identical and the two phases fuse into one. The 
position of the critical point predicted by some of the equations is as follows: 


vanderWaals — V C = S 6, p c = a/276 2 , T c =Sa/27Nkb (829) 

Dieterici— V c =2 6, p c = a/4e 2 b 2 , T c = a/4Nkb (830) 

Dieterici’s equation reproduces the position of the critical point with 
considerable success for many gases. The predicted relation 

NkT c /p r V c = \e 2 — 3*695 

is particularly successful. The reader should refer to Jeans* for a further 
discussion. Some typical isothermals for carbon dioxide are shown in 
Fig. 13, reproduced from Partington and Shilling. f 

The equations of state discussed here are alike in possessing only two 
adjustable constants. In each case, and in all similar cases, these two 
constants and Nk can be eliminated by introducing instead p c , V c and T c . 
The equation of state then takes the form 



where /is a function which is the same for all a and 6, that is, to this approxi- 
mation the same for all gases. This can easily be verified directly, or alter- 
natively deduced by a dimensional argument. It is usual to introduce new 
variables n, v , &, called reduced variables , defined by the relations 


P = ”Pc> 


V = vV c , T=*T C . 


t Partington and Shilling, tor. cit. p. 37. 


* Jeans, loc. cit. 
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The equation of state then takes an absolute form called the reduced equation 
of state. As examples: 

(n + 3/v 2 ) (3u— 1) = 8H. 

( 77 + 3/w 2 &) (3i>— 1) = 80. 


van der Waals 
Berthelot — 


(832) 

(833) 



<0 

Fig. 13. Isothcrmals of CO,. The critical point is at C. The shaded portion represents liquid 

states and the part within the dotted curve liquid-vapour mixtures. 


modified 


(ir+16/3«,»fr) („-$)=. j>, 

J 


(834) 


7ru = TT^ 


1 + 


(835) 


i2«a \ a 2 /j - 

These of course do not give the critical point 1, 1, 1 as a reduced equation 

should but are more successful in the region of moderate deviations 
from the perfect gas laws.* 

Dieterici tt(2u - 1) = <«*«>. (836) 

p.*i 0924)*° Henning ' Tem >* ralurm '** u ’>9. Braunschweig (1915); Eueken, Zcit.f. PhyM, vol. 29, 



280 


The Theory of Imperfect Gases [ 9*2 

Equal values of the reduced variables are said to be corresponding values of 
the ordinary variables for different gases. The suggestion of these equations 
that for corresponding temperatures and volumes the pressures have corre- 
sponding values for all substances is called the law of corresponding states . 
This law is approximately true over wide ranges of the variables for not too 
dissimilar molecules, but is by no means true in general. 

§9*3. Inversion points in the Thomson-Joule effect. The thermodynamic 
theory of the Thomson-Joule effect is well known* and need not be repeated 
here. Gas is allowed to stream through a valve, porous plug or other 
throttling device under a steady pressure difference which maintains the 
flow against frictional resistances. In the steady state there is a tempera- 
ture difference on* the two sides of the plug or valve for an imperfect gas. 

____ # 

For a differential pressure drop Ap this temperature difference A T is given by 

It (837) 

Since necessarily Ap<0, AT has the sign of V — T(dV/dT) p . The effect 
may therefore be either a heating or cooling of the gas. The heating and 
cooling regions in the p, V orp, T planes are divided from one another by 
the curve of inversion points, whose equation is obtained by eliminating one 
variable from the equation of state by means of the equation 


T ^)- v -o- (838 > 

In reduced variables the curve of inversion points has the following forms : 
van der Wools — (12& + n — 81) 2 + 216(4& + 7t — 27) = 0. (839) 

2s4-3 _ £ 

Dieterici— ttS*- 1 = {4(s + 1 ) - &>} e '+ 1 ( 840) 

A diagrammatic presentation of these curves and observed inversion points 


is shown in Fig. 14 taken from Lewis.* It will be seen at once that Dieterici s 
equation with s = § gives a very faithful representation of the properties of 
these gases in the neighbourhood of the curve of inversion points. This is a 

somewhat severe test of any practicable equation of state. 

It will be seen on inspection of Fig. 14 that the cooling region is limited in 
area, the main portion of the p, T plane being the heating region. At the 
same time for the commoner gases the cooling region practically covers the 
range of ordinary temperatures and pressures. Hydrogen, helium and neon 
are exceptions. The limitation of the cooling region is of great importance 
in liquefaction practice by Linde’s process, which is based on the Thomson - 

* W. C. M c C. Lewis, A System of Physical Chemistry , vol. 2, Thermodynamics , ed. p. 67 ' 
Planck, Thermodynamik , ed. 6, § 70; Birtwistle, Thermodynamics , chap. vni. 
t W. C. M c C. Lewis, loc. cit. p. 71. 
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Joule effect to obtain the reduction of temperature in each cycle. Unless the 

temperature is low enough for the greater part of the designed pressure drop 

to lie in the cooling region, the gas will not cool but heat and the liquefaction 

process cannot be carried out. In the manufacture of liquid hydrogen and 

helium by Linde's process efficient cooling will not occur unless the hydrogen 

used has been already cooled with liquid air, and the helium used with 
liquid hydrogen. 

All these aspects of the theory of simple gases have long been fully 

appreciated, except the precise determination of intermolecular forces to 

which we devote the following chapter. It therefore seems unnecessary to 
give further space to them here. 



Fig. 14. The curves of inversion points in the Thomson-Joule effect. 


§9-4. Binary mixtures. Except for the variation of their properties with 
composition binary (and higher) mixtures of gases which do not react 
chemically behave like simple gases and no further discussion is required. 

oes, however, appear desirable to examine the theory of the variation 
with composition, as curiously erroneous statements have been current 
For a binary mixture equation (708) gives us 


where 


P - - A {J Pll N* + Pu A\N 2 + \p 22 A 2 2}J , 

P*S = 4tt- {e-^e'kT _ i j r 2 dr 


(841) 

(842) 


If we write 


A\ = xN, X 2 = (l-x) A, 


so that x is the fraction of the first constituent in numbers of molecules and 
~ X1 '" ately the volume fraction at standard temperature and pressure 


rw j 

P 2 F* ,Pn 1 ~ " r ~ x ) + / 3 22(1 ~ • r ) 2 lJ (843) 

It is at once obvious that a linear dependence on * must be the exception 
rather than the rule. The second virial coefficient must in general fc* a 
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quadratic function of z, and it is obvious without explicit calculation that 
the nth virial coefficient must in general be a polynomial of the nth degree 
m x. The condition for linearity of the second virial coefficient in a; is 

P n + Pz2 = 2 Pl2 . ( 844 ) 

There is obviously no reason why this should be satisfied in general, but it is 
clear that it is likely to be true or nearly true when the molecular fields are 
very closely similar, for the condition states in a sense that the inter- 
molecular forces between molecules 1 and 2 are the mean of those between 
1 and 1 and between 2 and 2. This appears to hold for oxygen -nitrogen 
mixtures with very considerable accuracy,* and was once assumed to hold 
for helium-neon mixtures for the purpose of deducing the isotherms of pure 
neon, an assumption shown to be invalid by later work on pure neon. 

In an interesting paper, Verschoylef has established a case of marked 



hydrogen-nitrogen mixtures. 


• Hoi bom and Otto, Zeit.f. Physik, vol. 10, p. 367 (1922), vol. 23, p. 77 (1924). 
t Verschoyle, Proc. Boy. Soc. A, vol. Ill, p. 552 (1926). 
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failure of (844) by the study of hydrogen-nitrogen mixtures, which has been 

discussed theoretically by Lennard -Jones and Cook.* Fig. 15 is taken from 

their paper and shows the variation with composition of the second virial 

coefficient, proportional to their B p . The observed points can be fitted 

reasonably well by a parabola of the theoretical form, though the fit is 

hardly as good as might have been expected. These mixture curves may be 

taken as determining p l2 when p n and p 22 are already known, and therefore 

as determining E l2 , that is, the law of force between unlike molecules. 

A detailed experimental study of inert gas mixtures in various proportions 

would provide information of great value in the further development of the 
theories of Chapter x. 


§9 5. The construction of T* Ik. For the logical completion of the elemen- 
tary methods of § 9*7 and § 9*8 for the study of imperfect gases it is necessary 
to have a means of deriving the correction to Y/jfe corresponding to the 
directly calculated correction to the pressure. Such a method is also applic- 
able to the semi-empirical pressure corrections of the preceding sections. 

We start from the thermodynamic relation 


p=TdHTjdV. 


(845) 


In general a knowledge of the equation of state, p , does not suffice to deter- 
mine T* by integration, for the integration constant, which is unfixed, is an 
unknown function of N and T . But if we already know completely the exact 
form of T in the limit F->oo, then (845) is sufficient: and in fact T. is 
known, for the assembly becomes a perfect gas. Owing to the linear form of 
(845) the corresponding corrections to p and T must be additive. If we 

denote the imperfect gas correction to p by p w and to Y by ^V w we obtain 
from (845) 


X V 


V 


W 


W 


By (813) the general correction is 


T 


dV. 


(846) 


Therefore 



1 N 2 k f°° 

2 ~V* 477 J o r2 ( e ~ ElkT - l )dr. 

1 N 2 C 00 

= 2 ~Y 4n J 0 r2 ( e ~ ElkT “I )dr y 


(847) 


which agrees with (707). 

In connection with any semi-empirical equation of state we use this 
method to determine T*, and so 'V, and to deduce from T by the usual 
thermodynamic equations the corrections to C v and C p . In this way 
observed values of p, C v and C p can be corrected for deviations from the 

♦ Lennard- Jones and Cook, Proc. Roy. Soc. A, vol. 115, p. 334 (1927). 
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perfect gas laws, and the corresponding Pco , ( C v )„, and (C p )„ deter; 
For the foregoing empirical equations we have 


[9-5 

ined. 


van dvr Waals 


x V = Ni t 


Berthelot (F -form)— T = Nk 


, (V-b)F , 

lQ g — N + 1 

, (V-b)F 
log ~KT- + 1 




a 


+ 


TV 

a' 

TW 


(848) 


(849) 


Berthelot (p-form)— - NiS i^ c b + afNkT 2 ) F 


- + 1 


(850) 


Dieterici — 1 Y = l I 


00 




(851) 


The last formula cannot be given in finite terms. Equation (850) is of 

greater value when we form the other characteristic function 4> in terms of 

p and T* based on Gibbs’ free energy instead of on Helmholtz’s. The 
relation is 


and we find 
Berthelot ( p-form ) — (J) = A r £< 


O = x V-pV/T, 
, kTF p 

log + 


(852) 


p NkT 


NkT^NkT 2 6 )} (8 ° 3) 


From l F we can at once deduce C v and so the correction to (C , F ) 00 by the 
equation 


and, similarly, from <£> 


‘ arl 

p dT\ 


P 2 


]H 2 


? X F 

dr 

dd> 

dT 



(854) 



(855) 


§9*6. Alternative methods of calculation . Method (i). As a problem in 
dissociation. The results of this chapter can be reached in a variety of other 
ways, some of which will be considered in the following sections. Since we 
need no longer attempt maximum generality we shall be content to consider 
the case of a simple imperfect gas of N molecules. . 

The results for a perfect gas can be extended at once to an imperfect gas 
(short range forces) bv the devicef of regarding any pair of molecules within 
each other’s field of force as a system to be discussed as a whole. Any single 
molecule outside the fields of force remains a system as before. The equili’ 
brium state of the assembly can then at once be studied as a problem in the 
dissociation of perfect gases. We consider only interactions in pairs. Let 


* Planck, Thermodynamik, cd. 0, § 283 (1922). 

t Jeans, Joe. cit. p. 91. The discussion of dissociation and aggregation there given on a classical 
basis is inadmissible in general. The phenomena are essentially phenomena of the quantum theory. 
The device is, however, admirably adapted to the discussion of classical systems required here. It 
is essentially equivalent to Boltzmann’s discussion of dissociation, Vorlesungen iiber Gastheone , ir, 
Abschnitt vi. 
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fi(T), equal to h^T) j(T), as_before be the partition function for the free 
systems of average number ^ . Let f 2 (T) be the partition function for 
systems which are pairs of molecules in interaction, of average number^. 
The function f 2 ( T) will contain the factor j*{T) dealing with the internal 

energies. It remains to construct the classical part. The element of phase 

space for the pair is R , , 

m b dx x ... du\dx 2 ... dw 2 

in rectangular Cartesian coordinates and velocities. This can be trans- 
formed to coordinates and velocities of the centre of gravity of the pair 
a. - *, ..., w* and coordinates and velocities of 1 relative to 2. f w The 
Jacobian of the transformation is 1 and the element of phase space is 

m 6 dx* ...dw*d£ ...dw, 

of effective weight * - dx * •" dw * d t ... dw 

& 1 2 h 6 ’ (o5o) 

the symmetry number being 2. The corresponding energy is 

I(2m) (2 a* 2 ) + (2 w 2 ) + Etf, v £) (857) 

Thus in the classical limit this factor of the partition function is 

2 h*j •••j e ~ e ' kT d x * ... dw*d£ ... dw, (858) 

where e t is given by (857). This reduces at once to 

h ( 2 t T\mk T)l 

2 ^ h? A ( T )> (859) 

where h 2 ( T) is the ordinary partition function for the motion of the aggregate 
as a whole, of mass 2m, and 6 s 

A ( T ) = i je-*t.\^r d £ d7]d £. (860) 

A (T) is obviously the partition function for the potential energy of the pair 
and v is the volume in which E is sensible. F ’ 

The gas here considered of “free” molecules and aggregates obeys the 
dissociation theory and in particular equation (462). We therefore find 

_5_ JH T) h 2 ( T) (2n\mkT)* A(T) 

To the first approximation the F-factors are just V in both hJT) and h (T\ 
so that approximately — 2K ’ 

N 2 /(N^ = A(T)iV. (861) 

In calculating first order corrections v/V and therefore A (T)/V will be small 
so that will be small and (861 ) is correct to the order required. JI will 
differ from N only by first order terms. If we ask for (a 2 )„ the average 
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number of aggregates with given ranges of relative positional coordinates, 
we find on adapting (456) that 


(a 2 ), = \N 2 e- E * T (d£dr) dC),/A ( T), 
and therefore to a sufficient approximation 


(«.)# = m) 2 e~ ElkT (d£d v dO t jV. (862) 

The velocity distribution laws can similarly be shown to be unaltered by 
the forces. 

We can derive at once any of the laws previously established, but it will 
suffice as an example to calculate the form of'V/k. By Theorem 6-31 


'Vlk=N l ( log 


/l(T) +lWiV 2 (log 




/ 


h(T) 


+ 1 



(863) 


We require here a more exact evaluation of the F-factor in f x (T). It is no 
longer F exactly, because if any one molecule is in the field of another the 
pair rank as a system and not as free molecules. Thus in f x (T) the F-factor 
is approximately apparently 


V - Nv. 


(864) 


This, however, would not be correct, as it would lead to counting the whole 
of each excluded volume twice over, once for each member of the pair. 
Thus in f x (T) the F-factor should be taken to be F — \Nv , and to a sufficient 
approximation 


'Vlk =N X { log (1 + 1 1 +N 2 . 

N\ ) 


io e m + , 

N. 


This is most satisfactorily expressed as perfect gas terms plus corrections 
Remembering that N x = N — 2N 2 we find after an easy reduction that 



which agrees exactly with (707). 

This method is really much simpler to handle than the general method 
and easily extended to mixtures. It might extend conveniently to the 
calculation of higher order corrections, though hardly so effectively as the 
general method of § 8-31. 

§9-7. Method (ii). The use of the virial of Clausius. The general method 
and the method of aggregations evaluate the complete equilibrium laws 
without the aid of additional theorems. Two other methods of some import- 
ance can be used to obtain the equation of state with the aid of the distribu- 
tion law (750). The first of these to be considered is the use of the virial of 
Clausius. We give the underlying theorem in a general form due to Milne. 

• Milne, Phil. Mag. vol. 50, p. 409 (1925). 
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The equations of motion of a particle of mass m at x, y , z, moving under a 
force whose components are X, Y , Z and subject to frictional resistances of 
the form - K (x,y,z), are mi = X - K ± (866) 

and two similar equations. When this is multiplied by ia: it mav be written 

i Jt 2 ^ mx 2 ) + ~ = - Xx ' (867) 

Hence, on adding the two similar equations, 

Id 2 Id 

4dt 2 (mrZ) + 4 Jt = h™ v * + h(Xx + Yy+Zz) (868) 


Now sum this expression over all the systems in an assembly, and integrate 
over a long time r. W T e find 



d 

dt 


(£ mr 2 ) + JZ #cr* = JZ mv 2 + i Z A\r + Yy + 


(869) 


The bars denote time averages from 0 to r. Now if the state of the assembly 
is steady, the values of the expression in [ ] must be of the same order at 
0 and r, and will at least display no secular change with r. Hence the left- 
hand side of (869) is effectively zero, and we have 


|Ewir a = — Yy + Zz. (870) 

This is the theorem of Clausius, who named the expression on the right the 

virial. Provided frictional forces permit of an effectively steady state they 

do not alter the form of the theorem. We may note also that, provided the 

forces in the virial include all stresses due to bodies other than the systems 

to which 2 refers, the theorem is true for any collection of systems not 
necessarily the whole assembly. 

Let us now apply (870) to an assembly consisting of an imperfect gas or to 
any portion of such assembly enclosed by an imaginary geometrical boun- 
dary. In either case the virial is made up of the forces between the molecules 
and the stresses across the physical or geometrical boundary. This stress 
per unit area is of course the pressure, and we may insist once again that the 
pressures on any boundary or across any internal surface are always equal 
in the absence of surface tension and external fields of force. If dS is a 
surface element of the boundary and l, m, n the direction cosines of its 
outward normal, the stress components are -IpdS, - jnpdS , -npdS 
which contribute to the virial 



(lx + iny + nz)dS. 


By Green’s theorem this is equal to 



ar 

dx cy dz 



( 871 ) 
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VVe have supposed above that the force between two molecules is radial 
and equal to - cE/cr. Continuing on this basis, if the centres of a pair of 
molecules are at x, y, z, x' , y', z' and the force components are X, Y, Z, 
X', Y’, Z then 

v _ dEx — x' v , dEx' — x 

dr~r~’ ■ 

xX + x'X'= - ffl*-*') 2 . 

or r 

Thus the contribution of the force between this pair of molecules to the 
virial is g ™ 

and the total contributions of all intermolecular forces 

(872) 

summed over all pairs of molecules. Combining (871) and (872) with (870) 
we obtain finally 

= (873) 

This is the general form of the equation of state derived from the virial. To 
interpret it further we need to use distribution laws. For the mean kinetic 
energy of translation we have 

£2 mv 2 = NkT. (874) 

For the average number of pairs of molecules at a distance apart between 
r and r + dr we find by (750) 

\N 2 e~ E,kT — • (S' 75 ) 

The factor \ must be introduced when (750) is integrated over all relative 
directions. Using (874) and (875) we find 

pV = N kT 4tt f ™ r 3 e~ E,kT dr. 

6 V Jo dr 

On integrating this by parts in such a way that the conditions of convergence 
at infinity are satisfied, we find 

pV = 1 y 4tt J “ r*(e-*i* T - 1) drj , (876) 

which agrees with (708). 

The argument must be completed by an appeal to (846) to derive T. 

§9*8. Method (iii). A direct calculation of the stress per unit area. It is 
easily seen that the main conclusions of the calculation of stress in § 5-7 are 
unaffected by intermolecular forces. The internal stress is necessarily an 
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isotropic pressure, everyw here equal in the absence of external fields to the 
boundary pressure. It consists of a term arising from the rate of transfer of 
momentum, which is absolutely unaltered by the forces, together with a 

new term the average stress per unit area due to the intennolecular forces 
themselves. To calculate this extra term we have 
merely to calculate the average force per unit area 
exerted by all the molecules on one side of a 
geometrical interface on those on the other This 
requires a use of the distribution law (750). 

Let us consider an infinite plane slab of thick- 
ness df and calculate the average force d F exerted 
by all the molecules in this slab on a molecule at P, 
distant z from the slab. Our molecules are of course 
regarded here as point centres of force. The cal- 
culation is a generalization of the classical cal- 
culation in Laplace’s theory of surface tension, generalized so as to apply 

directly to a molecular structure.* The average number of molecules in 
the slab per unit area at a distance r from P isf 

p df e- Eir)lkT . 



It is safer in this section to show explicitly the argument of E. The average 
number in the annulus at distances between r and r + dr from P is 

2t rr sin 6 . ^ dfe~ E ^' k T 

sin 6 V ’ 

and their resultant repulsion along PO is 

(8 77} 

To obtain the average repulsion of the whole slab we must integrate 1877 i 
for all values of r from 2 to infinity. This gives 

dF= _^kT zdf{e ^ mT _ l} (87g) 

The average repulsion per unit area on the molecules in a slab of thickness 
dz is therefore, since there are Ndz/V such molecules, 

2-rrN^kT , , , 

yT~ zdzdf{e-«M k T 1 }. (879) 

We now replace * by £ +/, the distance apart of any two slabs, and integrate 

* See Rayleigh, Scientific Papers , vol. 3, pp. 397, 513 (1890 1892) 

t More generally E(r) must of eourse be replaced by the rrman W^r) of formula (740). 
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with respect to both 2 and / from zero to infinity. We thus obtain the total 
stress per unit area due to the molecular forces, that is, 

c 30 f°° 

(z+f){e-*‘ +,)lkT -l}dzdf (880) 

Jo Jo 


or 


1*2 


2ttN 2 IcT f°° 



x{e 


—E(x)tk 


:T - 1 } dx dy, 


or 


2ttN 2 /cT f 00 ... _ . , 

— I x 2 {e~ L(J ‘ ),kT — 1 }dx t 


(881) 


which agrees with (876). 

The differential formulae (878) and (879) can also be used in a number 
of other ways. To obtain the work dw(f) done by the repulsions when a 
molecule is removed from a distance / from the slab to infinity we have 
to integrate (878) with respect to 2 . Thus 


^ 2tt NkT r 

dw(f) = ~ —y — dfj 1 z{e 


—E(z),kT 


1} dz. 


(882) 


The work w(f) done when the molecule is removed from a distance/ fro 
the plane boundary of a large mass of gas to infinity is 

VttNI'T r 00 C 00 

-J df' J z {e- E ^ kT - 1 }dz, 


or w(f) = - 


2t rNkT 



00 


z 2 {e 


—E(z)/k T 


-ljdz-fj” z{e~ E(z)/kT - 1 } dzj . 


(883) 


The average work done when one molecule is taken from the plane boundary 
to infinity is z^(0). 

Again, it is obvious that dw( — f) = dw(f)> for the work done in taking the 
molecule from a distance /on one side of the slab to a distance/ on the other 
is zero. Hence the work w( — f) done by the repulsions when a molecule is 
removed to infinity from a depth / inside the plane boundary is equal to 
w(0) together with the work done by the repulsions when the molecule 
leaves the surface of a finite slab of thickness /. This latter part is of course 


w(0)-w(f). Thus 


w( -f) = 2w(0)-w(f), 


(884) 

(885) 


w( — 00 ) = 2w(0). 

The work done when the molecule comes from right inside to the surface is 
therefore equal to w( -cc)-w(0) or w( 0), which is also the work done when 
the molecule goes from the surface to infinity. These calculations of work 

terms are of course all work done in reversible isothermal processes i n whic 

0 

equilibrium conditions are maintained throughout. 

The foregoing formulae take no account of changes of the average density 

of the molecules near the boundary of the gas. There must in fact be sue 
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changes, as a consequence of Boltzmann’s theorem. The reversible isothermal 
work done by the forces on a molecule when it is brought from deep in the 
gas to a depth / is by the preceding argument w(— oo) — w( — f), or w(f) as 
given in (883). Hence by (745) and the following paragraphs -w(f) is just 
exactly the energy term to be inserted in Boltzmann’s theorem, and 



N 

V 


e wV)lkT, 


( 886 ) 


where v(f) is the equilibrium density at a depth / inside the boundary. 
A more accurate investigation must proceed by constructing an integral 
equation for u>(f) instead of using (883).* 

This calculation of the boundary density and the boundary field can be 
made to give at once the value of the boundary pressure, and is in fact the 
correct form of the classical calculations by which van der Waals derived his 
famous equation. For by (886) the density at the boundary itself is 

„( 0 ) = ^ e ^‘ kT , 

N r 2nN f 00 1 

= j 7 ex p[_ V~\ 0 z 2{ e -E(z)/kT _ i}dz\, (887) 

and by the usual bombardment argument the pressure is kTv( 0). Therefore 


pV = NIcTex p 


2t tN 
V 



—E(z)/k T 



( 888 ) 


which to the order of accuracy agrees with (876). 

Further developments of these ideas belong more properly to the theory 
of surface tension. 


* Fowler, Phil. Mag. vol. 43, p. 785 (1922). 



CHAPTER X 

INTERATOMIC FORCES* 

§ 10*1 . Classification of interatomic energies. The work of the two previous 
chapters proceeds on the assumption that the forces between molecules and 
therefore the energy terms such as E a p are known, but even now little is 
known exactly a priori about the magnitude of the energies except in the 
simplest cases of hydrogen (H 2 ) and helium. It will some day be possible, 
thanks to the work initiated by Heitler and London, f to derive the inter- 
atomic energy and so the forces for any atoms or molecules from their 
electronic structure. But though no difficulties of principle remain, the day 
is far distant when such calculations will be a practical possibility. At 
present we must still rely mainly on indirect methods for such knowledge 
as we have of intermolecular fields. 

The tendency of all molecules to aggregate at low temperatures is sufficient 
indication of the existence of forces of cohesion between molecules, and the 
very existence of matter leads of necessity to the conclusion that the forces 
between molecules become repulsive at short distances. Any adequate 
representations of an intermolecular energy must therefore satisfy these 
elementary requirements that its gradient should be positive at great 
distances and negative at small. Such a priori calculations^ as have yet 
been completed naturally confirm this general conclusion. The simplest 
picture of this kind is that molecules consist of hard impenetrable surfaces 
surrounded by an attractive field. This picture we owe to van der Waals. 
It leads to the equation of state discussed in Chapter ix and has also had 
other successes. It is however inadequate to explain the observed com- 
pressibility of matter and for this and other reasons must be discarded 
(apart altogether from requirements of quantum theory). It is convenient, 
if somewhat artificial, to represent interatomic energies by the superposition 
of two terms, one yielding an attraction and the other a repulsion, such that 
the former dominates at large distances. The former we shall refer to as the 
van der Waals energy , and the latter as the overlap energy. It is convenient to 
label the energies in some such way as this, so that they may be more easily 

differentiated from the energy of the electrostatic repulsions and attractions, 

# 

* This chapter was contributed to the first edition by J. E. Lennard- Jones. It has been freely 
revised for this edition and the calculations repeated with the help of R. A. Buckingham to whom 
I am greatly indebted. 

| Heitler and London, Zeit.J. Physik , vol. 44, p. 455 (1927). 

% Slater and Kirkwood, Phys. Rev. vol. 37, p. 682 (1931); Slater, Phya. Rev. vol. 32, p. 349 
(1928); Kirkwood and Keyes, Phya. Rev. vol. 37, p. 832 (1931). 
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of Coulomb type, between ions with net charges. All interatomic energies 
are of course ultimately of electrostatic or electromagnetic origin, but it is 
best to reserve the name electrostatic for the familiar terms ee'/r composing 
the potential energy of small charged bodies. 

These names may be regarded here merely as convenient empirical labels. 
As we now know from quantum theory the van der Waals energy is due to 
the polarization of each atom or molecule by the charges of the other. The 
other energy term which gives dominating repulsions at short distances is 
non-classical. The overlap energy in general can lead either to strong attrac- 

in many cases the attractive 
state is inaccessible owing to Pauli’s exclusion principle. When it is not so 

excluded we have the extra possibility of a state of strong binding-the 

quantum explanation of chemical combination. In studying intermolecular 

energies in this chapter we are usually concerned with systems in which all 

possible chemical bonds have already been formed, systems for which the 

overlap energy gives uniquely the necessary repulsions. 

W here atoms in matter exist permanently in an ionized state, and the 
work of Arrhenius, of Kossel and others has shown that they often do, the 
electrostatic energy plays an important part in determining the physical 
properties of matter in bulk. This energy may be regarded as superimposed 
on the other energy terms already discussed, though not without modifica- 
tion. Owing to the deformation of the electronic systems of the atoms and 
ions by the presence of charged ions, or in any other electric field, another 
energy term comes in which may be called the energy of primary polarization 
We use this description to distinguish it from the polarization energy of van 

der Waals’ type which might be called the energy of secondary polarization 

since it is due to the polarization of one neutral system by another neutral 
system. Finally, some molecules are known to possess a permanent electric 
moment, even in the absence of an electric field. The magnitudes of these 
moments can often be deduced from a study of the dielectric properties of 
gases and perhaps liquids (Chapters xii, xxi), and the corresponding inter- 
molecular energy (the dipole energy) is then known. 

We may thus summarize our classification of interatomic energies under 

the following headings, arranged in order of simplicity and probably of 
range : J 

(1) Electrostatic energy between atoms (or ions) with net charges. 

(2) Electrostatic energy between permanent dipoles. 

(3) Energy of primary polarization. 

(4) van der Waals energy (due to secondary polarization). 

(5) Overlap energy. 
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We shall not, however, discuss the energies in this (the natural) order, as it is 
more convenient to deal first with the terms of more complex origin but 
shorter range. 


§10*2. Dependence of the intermodular forces on orientation. In general, 
the forces between molecules depend on their relative orientation as well as 
on their distance apart, but the mathematical difficulties of dealing with 
such laws of force in theories of the properties of matter are considerable. 
Keesom has given a method of deriving the equation of state of a gas of 
un8ymmetrical molecules, though he has only applied it to solid ellipsoids 
of revolution,* and the expression obtained is not in very good agreement 
with observation. He has made no attempt to deduce any information of 
a quantitative character from a comparison of theoretical and observed 
results. The general method given by Ursellf (see Chapter viii) is applicable, 
but has never yet been applied to an unsymmetrical model. RankineJ has 
tried to represent the fields of polyatomic gases by aggregates of over- 
lapping spheres, the sizes of which were fixed by observations of the vis- 
cosity of simple gases, but it is difficult to verify these proposed structures 
from the viscosity of the actual polyatomic gas, as Rankine has tried to do, 
seeing that no theoretical formula has yet been produced for the viscosity 
of a gas of unsymmetrical molecules. 

We shall therefore confine our attention to those structures which may 
with reason be regarded as spherically symmetrical; this group naturally 
includes the inert gases and ions of similar structure. It also includes 
hydrogen (H 2 ) which is approximately spherical, and the same analysis can 
be legitimately applied as a rough approximation to less spherical molecules 
such as nitrogen (N 2 ). It is natural that such structures of spherical sym- 
metry should at first have been represented by rigid spheres, for the field, 
apart from the attractive field, is then completely determined by one 
parameter — the diameter. This simplicity accounts for its popularity as a 
molecular model, § but a conglomeration of such rigid spheres in close 
packing would be incompressible and fail to possess the observed properties 
of ordinary solids, and, as we now know a priori from quantum theory, 
rigid spheres (with attractive fields outside them) are not a very good 
approximation to the actual forces. 


* Keesom, Proc. Sect. Sci. Amsterdam , vol. 15 (1), p. 240 (1912). 
t Ursell, loc. cit. 


j urseu, toe. c*r. qaq /1Q211* 

% Rankine, Phil. Mag. vol. 40, p. 516 (1920); Proc. Roy. Soc. A, vol. 98 , pp. 360, 3«M h 
Proc. Phys. Soc. London, vol. 33, p. 362 (1921); Phil. Mag. vol. 42, pp. 601, 615 (1921), 

Soc. vol. 17, p. 1 (1922). . . *-. rt f mP thod 9 

§ For a discussion of the diameters of such model molecules, determined by a variety » 

see Jeans, loc. cit.; Herzfeld, Kinetische Theorie der Wdrme, Braunschweig (1925); Grosse 

der Molekiile. Handbuch der Physik. vol. 22, ed. 2, Berlin (1934). 
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§ 10-21. Form of the overlap energy. We now know from quantum theory 
that the overlap energy at great distances can be represented accurately by 
a formula of the type P(r) e~ r,p , where P(r) is a polynomial containing positive 
and negative powers of r. This form can be derived by a perturbation method 
in the usual way. It would be natural therefore to use some such form to 
represent the potential energy of the repulsions if such a form were amenable 
to calculation both for gases and solids. It is however known that this 
asymptotic form is not necessarily a particularly good approximation to the 
true form at the smaller distances at which the repulsions matter, and that 
at the distances at which it is a good approximation the overlap terms are 
unimportant compared with the van der Waals energy. Such calculations 
as have been made for closer distances give forms of great complication. In 
spite therefore of these recent developments of quantum theory there is no 
compelling theoretical reason to prefer any simple form for the overlap 
energy to the familiar empirical A r~ 8 which is amenable to calculation for 
both gases and crystals. As we shall see later the form Ae~ r!p has been shown 
by Born and Mayer* to be empirically rather more successful than A r~ 8 in 
coordinating the properties of crystals. Since, however, it is our main pur- 
pose in this chapter to coordinate the properties of both gases and crystals 
using a single representation of the interatomic energy and since the form 
of Born and Mayer has not yet been applied and is not easily applicable to 
the analysis of the second virial coefficient, we have been content here to 
obtain the best analysis of both gases and crystals that seems possible 
using the most recent data and the empirical form A r~ 8 for the overlap 
energy. Such an analysis can achieve as we shall see a considerable 
modicum of success. The model chosen includes the simple model of the 
rigid sphere as a special case when s-» oo with a suitable variation of A. 
It must of course be remembered that the form A r~ s for the overlap 
energy obtained by analysis of the data in the manner to be shown here is 
only a valid representation of this energy term over a restricted range of 
values of r. 

§10-22. Form of the van der Waals energy. It is equally convenient to 
represent the van der Waals energy yielding the attractions at greater 
distances by a similar function — /xr - ', as Keesom was the first to do empiric- 
ally, though he superimposed these attractions on the rigid sphere model. 
Here convenience and theoretical accuracy march hand-in-hand. The 
leading term in the van der Waals energy must theoretically be of the form 
-pr~ 6 . This result is general, f and for a pair of ideal atoms consisting of 

* Bom and Mayer, Zeit.f. Phyaik , voJ. 75, p. 1 (1932).. 

t Lennard- Jones, Proc. Phya. Soc. London , vol. 43, p. 461 (1931), where references to other 
work will be found. 
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electrons free to execute linear simple harmonic oscillations about a fixed 
positive charge it can be easily established as below.* 

Let the two “atoms ” be at a distance r apart along the 2 -axis and free to 
oscillate in this same line, the displacements of their electrons being z lf z 2 . 
At any instant they form dipoles of moment z x e , z 2 e, with mutual potential 
energy (when z l9 z 2 <^r) given by 

2c 2 z 1 z 2 
^ 3 — * 

The complete wave equation for the pair is 


3 2 ip 3 2 i/r S7T 2 m 


2 ~y=o, 


(889) 

r oz 2 “ n* \ - - - - r* j 

where k is the constant of the elastic restoring forces. By the substitution 

£1 = ( 2 i + 2 2 )/\/ 2 > £ 2 = ( 2 i - z 2 )/V 2 

(889) is reduced to the equation 


d 2 ^ 3 2 0 Sirhn . Y 2 . Y 2 . 

+ 7^ + T7TT (E-\k ± - \k 2 £g 2 ) 0 = 0, 


3£i 2 a^ 2 


h 2 


(890) 


where 


k x = k — 2 e 2 /r 3 , k 2 = k + 2 € 2 / r *. 

The characteristic values of the energy are therefore 

E = (n x + £) hv x -f (n 2 + £) hv 2i 


where 


, _JL In 

1 2n /sj m ’ 


= - /*. 
2tt \\ m’ 


For the state of lowest energy we find 


E 0 = P(*'i + v 2 ) = j ( 1 ~ 



where v 0 is the frequency and hv 0 the lowest energy of the oscillations when 
unperturbed. Expanding the square roots we see that the dominant term 

in the interaction energy is » 4 1 

wp* 1 (891) 

4/c 2 r 6 * 

If the oscillators are isotropic three-dimensional, situated as before, the 
perturbing potential is € 2 (x 1 x 2 + y 1 y 2 — 2z l z 2 )lr* and the final term in the 

interaction energy _ 3h v 0 e* _1 (892 ) 

8 #c 2 r 6 * 

A rough theoretical method of extending (892) to actual atoms is quoted 
later. 

In view of the foregoing discussion we shall represent the complete inter- 
molecular potential energy (electrostatic terms omitted) by two inverse 

• London, Zeit.f. physikal. Chem. vol. 11» p* 222 (1930). 
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power terms, A r~ 8 — pr~ l (t = 6), and the complete specification of the field 
requires a determination of three more parameters. In order that the field 
may be effectively attractive at large distances and repulsive at small it is 
necessary that s > 6. Though such a simple function of the distance cannot 
adequately represent actual intermolecular fields over all distances, it is 
the most general that has yet yielded to mathematical treatment and as we 
shall see far from inadequate in applications. The methods of determining 
the constants which have proved most successful are based on the physical 
properties of gases and these we now proceed to analyse, taking first the 
equation of state and then the viscosity. In general where possible we shall 
complete the mathematical analysis before substituting t = 6. 

§ 10 - 3 . The equation of state of gases. The empirical representation of 
observed isothermals. In Chapter ix it has been shown that for gases at 
moderately large dilution 

pV = NkT{\+y+o{±-^\, (893) 

where B is a function of the temperature and of the interatomic energy. 
Kamerlingh-Onnes* has shown that the observations require in general a 
similar expansion, and he has expressed the results in the form of an 
empirical equation of state of the type 

By Cy Dy Ey Fy 

pV -A v +yr+y 2 + yi + y6 + ya’ ( 894 ) 

where the coefficients A , B, ... are functions of the temperature, usually 
called first, second , ... virial coefficients. 

There is some divergence in the units used in the observational equation 
(894). Kamerlingh-Onnes and other workers at Leiden have adopted the 
international atmosphere as the unit of pressure, the volume being regarded 
as unity under this unit pressure at 0° C. When this system of units is em- 
ployed, we shall distinguish the coefficients of (894) by writing them 
A v , By , — Workers at Berlin,! on the other hand, have taken the unit of 
pressure to be equivalent to a column of mercury 1 metre long (under 
standard conditions) with a corresponding change in the unit of volume. In 
this case we shall write 21 F , 93 F , 

Again, it has proved convenient both at Leiden and at Berlin to express 
the value of p V, not in powers of 1 / F, but in powers of p , so that then we have 


pV = A p + B p p + C p p 2 + .... (895) 

an d pV = ‘% p + ‘!8 p p + & p p 2 + .... (896) 


* Kamerlingh-Onnes, Comm. Phya. Lab. Leiden , No. 71, or Proc. Sect. Sci. Amsterdam vol 4 
p. 125 (1902). ’ ‘ ' 

t Holborn and Otto, Zeit.j. Physik , vol. 23, p. 77 (1924), vol. 30, p. 320 (1924) vol 33 d 1 
(1925), vol. 38, p. 359 (1926). ’ ' 
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respectively. The various coefficients are easily related to each other. Thus 
we have 

= = i (897) 


(2l p )o + («p)o^ + (e p )o^ 2 ’ 


D By 

-D„ = —7— = 


m 


V 


V 


Ay (Syo + ^pV + ^o* 1 ’ 


(898) 


where l is the pressure of one atmosphere in the Berlin units, and the suffix 
0 refers to the isothermal 0° C. It is thus possible without difficulty to pass 
from one system of units to another. 

For comparison with the theoretical work, the Leiden method of pre- 
senting the results is preferable, as the units refer to the normal conditions 
under which Avogadro’s number for the molecular concentration is applic- 
able. We shall regard the Leiden equations, therefore, as the standard 
experimental equations to which all others are to be converted. 


§ 10*31. Theoretical expressions for the second virial coefficient. If we write 
equation (893) in terms of molecular concentration, thus 


p = vkT(\ + B'v), (899) 

we have* v 0 lcT = A v , B'v 0 = B v IA v , (900) 

where, by (813) for a spherically symmetrical field, 



B' = 2tt |r 2 { 1 — e~ E(r),kT } dr, 

J o 

(901) 

or 

B' - f “r 3 ( d f) e~ E ^ kT dr. 

3kT ) o \ dr) 

(902) 

A 


The condition that B' shall remain finite places a restriction on the molecular 
models which are possible. For instance, if 


E(r) = Xr~ 8 — pr~ l , 

the condition requires that s > 3, t > 3. Equation (900) provides a criterion 
for any assumed form for E(r). 

Although equation (901) gives a formal solution for B' for any field of a 
spherically symmetrical type, the actual evaluation of the integral has been 
effected in only three cases, viz. (1) for molecules with a positive interaction 
energy A r~ 8 , which thus repel according to an inverse (s-f l)th power law, 
(2) for molecules behaving like rigid spheres of diameter a with a negative 
interaction energy — pr~ l for r > a which thus attract each other according 
to an inverse (t-f l)th power law at greater distances; (3) for molecules wit 
an interaction energy A r~ 8 — pr~ l . The first of these was given by Jeans, 1 1 e 

* On the Leiden conventions v 0 19 a standard concentration equal to Avogadro s 

2*70 x 10 I# . 

t Jeans, loc. cit. p. 134. 
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second by Keesom,* and the third by Lennard -Jones. | For E(r) = Xr~ 8 — pr 1 
it is found that 


/A \ 3/(s— /) 

*'-hj *<*>• 


(903) 


where 


F(y) = y 


— ?/3 i(s — 


"i r ( 


s-3 




(904) 


and y is a function of temperature given by 

LL /kTY* 

y = kT\-\ ) 

The coefficients c n are given by 


(905) 


3r 


/nt 4- s — 3 


3T 


nt — 3 




n\(nt — 3) 


n\s 


(906) 


The formulae for the first two models can be deduced as special cases. Thus 
for E(r) = A r~ 9 and no negative energy term 


B 


- 3^1 


A \ 3/s _ /s-3 

kfj 



(907) 


For the rigid sphere with a negative energy E(r) = — fir~‘ ( r > a), 


B' = § TTO 3 * 


GO 

1- s 

71 = 1 


n\(nt 


—l~Y\ 

-3 )\kT) j’ 


(908) 


where 


u = y.jo t 1 


(909) 


which is the negative potential energy of two molecules in contact . X 


§ 10 - 32 . Comparison of theory and observation . Equations (903), (907) and 
(908) express B' in various ways as a function of the temperature, ready for 
comparison according to equation (900) with the observed value of B v /A v . 
The comparison may be carried out as follows. § Introduce the new variables 
X and Y defined by 

X = (A /m) 3/(8 “°, Y = (fjL*/ A0 1/( ®-°, 

* Keesom, Comm. Phys. Lab. Leiden , Suppl. 24b, p. 32 (1912). 

t Lennard- Jones, Proc. Roy. Soc. A, vol. 106, p. 463 ( 1924). For the case 8 = 9, t = 8 see Zwicky, 
Phyeikal. Zeit. vol. 22, p. 449 (1921), but he evaluates the integrals only by quadrature. 

X Keesom, Proc. Sect. Sci. Amsterdam , vol. 15 (1), p. 256 (1912); Comm. Phys. Lab. Leiden , 
Suppl. 24b; Physikal. Zeit. vol. 22, pp. 129, 643 (1921) has evaluated B' for rigid spheres carrying 
a permanent electric dipole or a permanent electric quadripole, and has also allowed for 
polarization of each molecule by the other, as suggested by Debye, Physikal . Zeit. vol. 21, 
p. 178 (1920). 

§ The method given here is a modification of that used by Lennard- Jones, Proc. Roy. Soc. A 
vol. 106, p. 463 ( 1924), and has the slight advantage that the resulting values of A and y. vary very 
smoothly as s is given different values, thus permitting accurate interpolation. Equal weight can 
also be given to values of Bv/Av over the whole temperature range. We only consider equation 
(903) but the method can easily be adapted to the simpler cases. 



300 Interatomic Forces [10-32 

and rewrite equations (903) and (904) in the form 

Jog X = log ~ B' - log F(y), (910) 

log Y = -^—\ogy + \ogkT. (911) 

8 l 

By definition log X and log Y are also related to log A and log \x by the 

equations log A = i* log X + log Y, (912) 

log [x, = log X + log Y. (913) 

For a given value of the temperature T, B V IA V and therefore B' is taken 
from the observations, and inserted in (910). Equations (910) and (911) 
then determine a relation between log X and log Y in parametric form 
(parameter y), since F is a known function, s and t being given. This relation 
can be shown as a curve in the (log X, log F) plane. The intersection of two 
such curves for observed values of B' at two temperatures determines log A" 
and log Y and therefore A and /i uniquely. In practice one takes nine or ten 
values of B' at regular temperature intervals over the widest possible range 
of temperature and plots (log X , log Y) curves for each. If the form \r~ s — \xr~ { 
for the chosen values of s and t were an adequate representation of E(r) 
and if the observed values of B ' contained no experimental errors, all the 
curves would pass through a point; actually most of the intersections can 



Fig. 17. Theoretical curves from which can be derived the second virial 

coefficient as a function of T, for £(r)=Ar-* -pr"*. 



301 


10 - 32 ] Comparison of Theory and Observation 

be made to lie within a fairly well-defined area. By taking the median 
values of the ordinates and abscissae of all the intersections suitable final 
values for log X and log Y are found, and A, /x are then derived from (912) 
and (913). 



0 100 200 300 400 500 600 700 800— -T°Abs. 

Fig. 17-1. The second viriai coefficient as a function of T, with observed 

values for He, for E(r) = Ar~~ 12 — /xr -6 . 


In order to illustrate the differences in the theoretical curves for B ' for 
various values of s and t four curves are given for log F(y) as a function 
of logy in Fig. 17* for the same t and different values of s , and three in Fig. 
18 for the same 8 and different values of t. The curves have been superim- 
posed (with their axes parallel) so that approximately the “Boyle points” 

* In this and other figures the left-hand portion of the curves corresponds to negative values of 
F(y); log |F(y)| is plotted. 



Interatomic Forces [10*32 

coincide, tfrat is, the points for which B' = F(y) = 0. Fig. 17*1 shows a 
specimen curve for B ' itself as a function of T . 

It is to be noted that all the curves show a maximum except that for s = oo, 
which corresponds to the rigid sphere, and this curve tends to an asymptote 
for infinite y. The physical interpretation of this is that for hard impene- 
trable molecules there is always an “excluded volume” however high the 
temperature, whereas for “compressible” molecules (Ar _s ) there is an 
ever-growing interpenetration of the molecular fields as the temperature 
increases, and since the interatomic energies at any given compression are 



Fig. 18. Theoretical curves from which can be derived the second virial coefficient 

as a function of T, for E(r) =A r~ 9 - /zr~* (t =4, 5, 6). 

finite, the gas tends to become more and more like an ideal gas. Again, all the 
curves shown cross the logy axis and thus have a Boyle point. This is not 
true, however, of the curve corresponding to equation (907) (for a repulsive 
field alone). For this reason, the latter curve need not be further considered, 
as all gases show a reversal in sign of B v /A v at low temperatures. The curve 
for the rigid sphere plus permanent electric dipole, like the curves for all 
models which comprise hard impenetrable shells, does not possess a maxi- 
mum. As will be shown presently, the observations of B v IA v for helium and 
neon do exhibit a maximum and thus discount any rigid molecular model. 
It may be regarded as certain that all other gases would show the same 
maximum property if the observations could be carried to a high enough 

temperature. 

§10*33. The observed values of the second virial coefficient: inter molecular 
energies . Although observations on the isothermals of gases have been 
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accumulating since the classical experiments of Andrews on carbon dioxide,* 
a strict comparison of theory and experiment has only been possible since 
the elaborate analysis of the observational material made by Kamerlingh- 
Onnes.f His method, or slight modifications of it, has since then been 
adopted by many subsequent workers, and especially by Hoi born and 
Otto,J who have carried out a series of accurate observations on the inert 
gases and have presented their results in a form comparable with theory. 
Their experiments cover a wide range of temperature, as is shown in the 
following table where their results for several gases are summarized. The 


Table 17. 

The observed values of log l0 (B y /A v ). 


1 

Temp. 

°C. 

Helium 

Neon 

Argon 

Hvdrogen 

~(H 2 ) 

Nitrogen 

(N 2 ) 

(i) 

(2) 

(3) 

(2) 

(2) 

(2) 

(2) 

-258 0 
-252-8 
-216-56 
-208-0 
-207-9 

4-6664 

4-7823 (n) 
4-0961 (n) 

4-6216 

— 

4-9707 (n) 

— 

4-9129 (n) 

— 

- 183 0 

- 182-75 

- 182-5 

- 150-0 

- 130-0 

4-7261 

4-6750 

— 

4-5618 (n) 
6-6440 

— 

4-3925 (n) 

4-1187 

3-5513 (n) 

- 103-57 

- 100 
- 50 

0 

20 

4-7350 

4-7094 

4-6970 

4-7231 

4-7233 

4-4588 

4-6089 

4-6770 

3-458 (»i) 

3- 227 (n) 

4- 1)939 (n) 

4-6106 

4-7319 

4-7949 

3-3642 (n) 

3- 0706 (n) 

4- 6638 (n) 

50 

100 

100-35 

150 

200 

4-6923 

4-7190 

4-7057 

4-6934 

4-7185 

4-7099 

4-6931 

4 7232 

4 7648 

4-6920 (n ) 

4- 2826 (n) 

5- 7159 
4-3191 

4-8300 

4-8416 

4-8452 

5-0606 (n) 

4 4374 

4-7112 

4-8353 

300 

400 


4-6704 

4-6550 

4-6719 

4-6599 

4-7880 

4-7869 

4-6997 

4-8344 

i 

— 

4-9642 

3-0206 


For entries marked (n) S' or F(y) is negative. 

(1) Kamerlingh-Onnes, C'omm. Phys. Lab. Leiden , No. 102a (1908). 

(2) and (3) Holborn and Otto (lor. rit.). 


* For a full account of the earlier literature on equations of state, see Kamerlingh-Onnes and 
Keesom, “ Die Zustandsgleichung ”, Encyk. der math. M iss. vol. 5, p. 015 (1912). 

t Kamerlingh-Onnes, Comm. Phys. Lab. Leiden , No. 71, or Proc. Sect. Sci. Amsterdam , vol 4 
p. 125(1902). 

x Hoi horn and Otto, Zeit. /. Physik , vol. 23, p. 77 (1924), vol. 30, p. 320 (1924), vol. 33 p 1 
(1925), vol. 38, p. 359 (1920). ’ * * ’ 
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values of B V IA V , or rather of log(j B v /A v ), are given after the conversion of 
the results to the standard form (894) in the usual units. Three sets of results 
for helium are given in adjacent columns, one set due to Kamerlingh-Onnes 
and the other two to Holborn and Otto, deduced from their observations by 
different methods. The results of Kamerlingh-Onnes are inconsistent with 
those of Holborn and Otto at low temperatures. The latter are, however, 
consistent among themselves and, being the more recent observations, have 
been chosen for comparison with theory. 



Fig. 19. Showing the determination of the energy constants from the second 

virial coefficient of He. 


Even when by reference to quantum theory we have fixed t at 6 it does 
not seem possible to determine s, A and ft uniquely from the equation of 
state. A good fit can be obtained over a range of values of s (or t for that 
matter), but when s and t are fixed the equation of state determines A and fi 
with some precision. Thus theoretical curves for ( s,t ) equal to (8,4), (10,4), 
(10,5), (13^,4), (9,6), (10,6) and (12,6) can all be made to fit the observations 

adequately though some are better than others. This is illustrated in Fig. 19 
which shows the fit obtainable for helium with (s,t) equal to ( 1 3^,4) and (12, ), 
which is nearly as perfect as can be expected. To limit this indeterminacy 
it is necessary to adduce other considerations, either results of quantum 

theory or properties of crystals. , r »* tA 

A rough theoretical formula for the van der Waals energy c,-r ot two iiKe 
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atoms taking into account only the dipole-dipole term in the interaction has 
been proposed by Slater and Kirk wood, f namely 

C = -f E 0 a 0 lZ*lyi= - 1-24 x 10 ~ 23 Z*M, (914) 


where a is the observed atomic polarizability derived from the refractive 
index of the gas, Z* the number of extranuclear electrons, a 0 the radius and 
E 0 the negative energy of the first Bohr orbit in hydrogen. The experi- 
mental values of a for the inert gases and the corresponding values of c are 
given in Table 18 for the inert gases. If we compare these values of c with 


Table 18. 


Polarizability and van der Waals energy constant (after 
Slater and Kirkwood) for the inert gases. 


Atom 

Polarizability 
a x 10 24 

van der Waals 
energy constant 
— c x 10 60 

He 

0-204 

1-62 

Ne 

0-392 

9-62 

A 

1-63 

109-5 

Kr 

2-465 

288 

Xe 

4-008 

731 


Observed values of a from C. and M. Cuthbertson, Proc. Roy. Soc. A, vol. 84, p. 13 (1910) 


the values of /x obtained below from the equation of state, and remember 
that more accurate calculation is likely still further to increase the polar- 
izability by including for example dipole-quadripole interactions, it is 
clear that s lies between 8 and 10. If we bring still further evidence 
into count, and consider the requirements of the compressibility of the 
alkali halides discussed below, we can still further limit s to values between 
8-5 and 9-5. Since, however, our form for E(r) is admittedly not exact, we 
cannot hope that all applications will agree in indicating a single value of s 

The direct results of the analysis of the equation of state are given in 
Table 19. This table shows the best values of the energy constants A and p 
for the forms E(r) = Xr~ s - pr~ 6 for integral values of s from 8 to 14. All these 
values give fair representations of the second virial coefficient. 

The intermolecular energy so determined is shown as a function of r for 
the five gases in Fig. 20. The actual curves are there drawn for (s,t) = (12 6) 
It is interesting to compare the curve for He with the a priori calculations 
of Slater and Kirkwoodf which are shown by the dotted curve. The derived 
energies are in excellent agreement with the calculated ones. 


t Slater and Kirkwood, Phys. Rev. vol. 37, p. 082 (1931); Kirkwood, PhyMul. Zeit vol 33 
p. 57 (1932). Their formula is certainly a better approximation than that of London but it has 
been criticized by Heilman, Acta Physicochim ., U.S.S.R. vol. 2, p. 273 (1935), who suggests that 
Z* should denote only the number of electrons in the outermost shell. 

X Slater and Kirkwood, loc. cit. 
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Potential energy constants for gases, calculated from the equation of state. 

The intermolecular energy is E(r) = A r~ 9 — ^r -6 . 




A (repulsive) 

/x (attractive) 

Helium 

s= 

8 

0 00276 x lO" 72 

34-0 x 10- 61 



9 

0 00476 x 10" 80 

22-6 



10 

0-00897 x 10- 88 

17-0 



12 

0-0360 s 

x 10- 104 

11-7 



14 

0-155 

x lO" 120 

9-19 

Neon 

s= 

8 

0-0183 

x 10- 72 

20-7 x lO" 60 



9 

0-0350 

x 10- 80 

14-4? 



10 

0-0732 s 

x 10" 88 

11-4 



12 

0-354 6 

x 10- 104 

8-32 



14 

1-82 

x 10- 120 

6-78 s | 

Argon 

s = 

8 

0-314 4 

x 10" 72 

23-7 x lO" 69 



9 

0-768 

x lO" 80 

17-0 



10 

2 04 6 

x 10- 88 

13-7 



12 

16-2 

x 10- 104 

10-3 4 



14 

136-6 - 

x 10" 120 

8-67 | 

Hydrogen 

s= 

9 

0-051 

x 10- 80 

1-78 x lO” 69 

H, 


10 

0-116 

x 10- 88 

1-42 



12 

0-649 

x lO" 104 

1-05 

Nitrogen 

s = 

9 

1-32 

x 10- 80 

22-7 x lO' 59 

N, 


10 

3-93 

x 10- 88 

18-5 



12 

37-0 

x 10" 104 

14-0 


Values for He, Ne, A were obtained by the method described in the text. 

Values for H 2 , N 2 taken from Lennard* Jones, Proc. Phys. Soc. London , vol. 43, p. 461 (1931). 


§10-34. Gaseous mixtures. The energy constants just given define the 
field between two atoms or molecules of the same kind. To extend the work 
to atoms of different kinds it is necessary to analyse the equation of state 
for gaseous mixtures. For a binary mixture instead of (899) we have 

p = kT{(v ! + v 2 ) + v x 2 B' 11 4 - 2v x v 2 B\ 2 + v 2 2 B' 22 }> ( 91 ®) 


where 


B 


'W.' 


r 2 { 1 — e~ E *P (r),kT } dr. 


The observed isothermals are to be expressed as before by 

pV = A v + B r /V = A p + B p p, 


( 916 ) 

(917) 


and then by comparison we have 

A v =u 0 kT, < 918) 

By! Ay = B p = v 0 (B' lx xff + 2B' li x 1 x i + B' 22 x*), ( 919 ) 

or Bn x i + 2B iz x i x 2 + B 22 x 2 = B rl A v ^ 92 °^ 

In (919) v 0 denotes the concentration of the mixture under standard con 

and B a p=v 0 B' a p, x^vjv, x 2 =v 2 /v, x x + x 2 =l (921) 
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The dependence of B y IA v on the relative concentrations has been studied 
experimentally by Verschoyle* at temperatures of 0° C. and 20° C. for 
mixtures of hydrogen and nitrogen, and his values were shown in Fig. 15. 
That figure shows two curves, quadratic in i ' 1 l(v 1 + i/ 2 ), which are drawn so 



Fig. 20. The potential energies of pairs of inert gas atoms as a function 

of their distance apart. 

that the mean square distances of the observed points from them is a 
minimum. It is clear that a quadratic function of this kind satisfactorily 
accounts for the facts, and hence we may deduce from the observations the 
numerical values of each of the coefficients B llt B 12 and B 22 in equation 
(920). 

This process, if continued for a number of temperatures, would determine 

* Verschoyle, Proc. Roy. Soc. A, vol. Ill, p. 552 (1926). 
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the variation of B n , B 12 and B 22 with temperature. Each of these functions 
could then be dealt with separately, just as the B V \A V for a single gas, 
leading to the evaluation of the four constants of the fields between like and 
unlike atoms. Unfortunately, there does not appear to be any experimental 
data so extensive as this for any pair of gases. The work of Verschoyle refers 
only to two temperatures 0° and 20° C. and is thus scarcely adequate. 
Tentative calculations have been carried out on the basis of this work, but 
the results cannot be regarded as final.* 

A series of experiments has been carried out by Holborn and Ottof on a 
mixture of helium and neon of fixed concentration (72-39 per cent, neon and 
27-61 per cent, helium) as well as on the single gases, over a temperature 
range 0° to 400° C. This provides just the minimum information necessary 
for the determination of B n , B 12 and B 22 as functions of temperature and 
so of the interatomic fields. * An extension of this work to lower temperatures 
and to mixtures of other concentrations is desirable. The numerical results 
suggest a simple relation between the energy constants of the fields between 
like and unlike atoms. It appears that 


+ (M2) 

approximately. This means physically that the closest distance of approach 
of two unlike atoms in a direct encounter with a given relative kinetic energy 
is equal to the mean of the corresponding distances in the encounter of two 
pairs of like atoms with the same energy. 


§ 10*4. The viscosity of a gas. Another method of determining interatomic 
energies is to compare the observed and calculated viscosity of the gas at 
pressures low enough for the gas to be practically perfect. The theory of 
transport phenomena lies outside the range of this monograph, and we shall 
only mention in passing such results as have been or might be used to provide 
information on interatomic energies. The classical theory of transport 
phenomena is itself so complicated that accurate formulae have only been 
obtained for certain special spherically symmetrical fields. The quantum 
theory seriously modifies these results for atoms or molecules so light as 
helium or hydrogen. At present the conclusion must be drawn that viscosities 
have scarcely yet been used effectively in accurate determinations of inter- 
atomic fields. New investigations are feasible which would enable viscosities 
to be used again for this purpose and it is much to be hoped that they will 

be undertaken. 

The original investigation by Maxwell* applied only to classical atoms 

• Lennard-Jones and Cook, Proc. Roy. Soc . A, vol. 115, p. 334 (1927). 

f Holborn and Otto, Zeit.f. Physik , vol. 23, p. 77 (1924). 

% Maxwell, Scientific Papers , vol. 2, p. 26. 



309 


10 - 4 ] Formulae for Viscosity 

repelling as the inverse fifth power of the distance \_E(r) = Ar~ 4 ]. This was 
later generalized by Chapman* * * § and Enskogt to any inverse power law. 
These authors have also given rigorous calculations for classical atoms 
behaving on collision like rigid elastic spheres with a weak attractive field 
surrounding them. Their calculations confirmed the general form of the 
formula first given by Sutherland for this model. 

Another law of interaction for which exact classical calculations can be 
made is represented byj 

E(r)=\r-°- f jLr- 2 . (923) 

This special form has little physical significance and cannot continue to 
represent the interaction at great distances. The corresponding coefficient 
of viscosity rj varies with the temperature according to the form 



( T \ (8+i)!2a 

tJ 


1 + £ S r T 0 -«'- 2)/® 

r°l 

1 + 2 S r T -«*-»>* 

r = 1 


(924) 


The S r are functions of /x/A 2/s only. When /x = 0 the S r all vanish and the 
formula reduces to that given by Chapman and Enskog for the model 
E(r) = A r -8 , of which the full form is 





y ( a+4)/2* } 


(925) 


where tyi is the mass of the molecules, e c a number differing only trivially 
from unity and B t a coefficient depending only on 8 given by 



57r*#*+4)/2s 

4 1 2 (s - 1) T(4 - 2/s) 2<«- 2 )/« # 


(926) 


In this expression k is Boltzmann’s constant and I 2 (s - 1) a function of s 
which has been tabulated. § 

If the attractive field is weak so that /x/A 2 ^ is small, the first term only of 

the summation in (924) need be retained. The full form of (924) then reduces, 
in the notation of (925), to 

_B s m * T* 

^ ~ \2/s T(8-2)/8 _f_ £ * (927) 


• Chapman .Phil. Trans . A yol 211, p. 433 (1912); vol. 216, p. 279 (1915); Mem. Manchester 
Lit. and Phil. Soc. vol. 66, p. 7 (1922). 

t Enskog, Kinetische Theorie der Vorgdnge in massig verdiinnten Gasen t Inauc Dias TWl«t 

(1917); B.\aoArkivf. Mat Astro och Fys. vol. 16, No. 16 (1921); Kungl. SvLka VeUnslaL 
akademxens Handlingar , vol. 63, No. 4 (1922). * 


X Lennard -Jones, Proc. Roy. Soc. A, vol. 106, p. 441 (1924). 

§ Chapman, loc. cit. (1922); Lennard-Jones, loc. cit. 
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The well-known formula of Sutherland is obtained from this by letting s->oo 
while the molecular diameter. We then find 

T* 

7 ? = - 


where 


Boo = 


cr 2 T + S,’ 

5M 


(928) 


48/ 2 (oo) • 


(929) 


Formulae (927) and (928) apply only to weak attractive fields. The 
restriction to weak fields has been removed by Hasse and Cook,* for the 
rigid sphere model surrounded by the field E(r) = — /xr -4 , but their results 
cannot be expressed by an explicit formula for rj. 

The above survey shows that even these classical results are somewhat 
incomplete though they have been used with considerable success to analyse 
observed viscosities and to show that the interatomic fields so derived are 


in general agreement with those derived from the equation of state. Owing 
to their incompleteness they can at present only be used for such confirma- 
tory calculations. Moreover, the work of Massey and Mohrf has shown that 
all classical calculations of transport phenomena are inadequate for helium 
and hydrogen, because for such systems moving at velocities of the order 
(JcT/m)l the de Broglie wave length is comparable with the molecular dia- 
meter and the quantum theory of collisions must be used. 

One may sum up the present situation as follows. For fairly heavy atoms 
a classical analysis of the viscosity would be adequate, but it can only be 
carried out accurately for the model used by Hasse and Cook, a model 
which is known to be inadequate, or for still less adequate models. If 
nevertheless we make the best anatysis possible of the second virial coefficient 
using this model, the resulting interatomic energies should be in fair agree- 
ment. Table 20 shows that this expectation is confirmed. 


Table 20. 


Diameters a and energy constants /x, E(r) = — y.r~ A ,for certain gases (rigid sphere 
model), from comparable analyses of the viscosity and the equation of state. 


Gas 

Viscosity 
(Sutherland). 
Formula (928) 

Viscosity 
(Hass6 and Cook) 

Equation of 
state 

ox 10 8 

4,x x 10 43 

ox 10 8 

4 M x 10 43 

ox 10 8 

4 n x 1 0« 

Argon 

2-90 

2-94 

2*98 

1-29 

313 


Nitrogen 

315 

2-96 

3-28 

1-27 

3-38 

KXZZH 

Carbon dioxide 

3-36 

817 

3-55 

3*40 

— 

■ — 

Air 

310 

2-88 

3-22 

1*27 

— 



* Hasse and Cook, Phil. Mag. vol. 3, p. 977 (1927). 

f Massey and Mohr, Proc. Roy. Soc. A, vol. 141, p. 434 (1933), vol. 144, p. 188 (1934). 
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The use of the accurate formula of Hasse and Cook in place of the weak 
field approximation (928) considerably improves the agreement with the 
equation of state, and one might expect agreement if accurate calculations 
could be made for a more suitable model. 

We now turn to. hydrogen and helium. For helium the experiments of 
Kamerlingh-Onnes and Weber* show that an excellent representation of 
the viscosity over the whole range from 15° K. to 457° K. is given by the 



Fig. 21. The observed and theoretical viscosity of A helium, B hydrogen; 

rigid sphere model in quantum theory. 

classical formula (925) if 5= 13-6, v oc T° ™. An almost equally good repre- 
sentation of the viscosity of hydrogen (H 2 ) determined by the same workers 
is given by (925) if a = 10, v oc It has been shown however, by Massey 

and Mohrj that, when the viscosity for the rigid sphere model ( s = oc) with 
no attractive field is calculated according to the quantum theory of 


Table 21 . 

The viscosity of helium at various temperatures 
(numerical values in micropoise). 


Temp. ° K. 

Observed rj 
(Onnesand W eber) 

294-5 

199-4 

203 1 

1 56-4 

88-8 

91-8 

20-2 

35-03 

15-0 

29-46 


Calculated 77 

Quantum theory 
Slater's E{r) 


213 

165 

98 

43 

36 


scattering, a temperature variation is obtained very similar to that observed 
instead of the classical variation 7 , 0 c T* for this model. In this calculation 
the proper boundary conditions and the symmetry of the colliding systems 
must be allowed for. The agreement is shown in Fig 21 The radius of the 
model has of course been chosen to give the best fit; the actual values chosen 

* Kamerlingh-Onnes and Weber, Conor,. Phye. Lab. Leiden. No. 134 A B c 
t Massey and Mohr, loc. cit. (1933). 4 ’ B * ° **13). 
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ZT ^ He) f 210 A- ; 2) “ 2-75 A ’ This result at once shows that for these 

gases no information about interatomic forces can be derived from the 

viscosity by classical methods. No calculations have been made for any of 

"h m t ^ nVed ’ * S ln thls cha Pter, from the equation of state, but Massey 
nd Mohr have calculated the viscosity using Slater’s interaction energy 


E( r ) = [7-le-™' a o - O68(a 0 /r) 6 ] x 10~ 10 . 


(930) 


The derived values are somewhat too large especially at low temperatures, 
but the agreement is quite fair as is shown in Table 21. The agreement could 
be improved by decreasing the attractive part of Slaters field. 


§10*5. Crystalline salts and similar solids. The physical properties of 
certain solids indicate that the main attractions between the constituents 
are of an entirely different order from those derived from van der Waals 
energies. The difference in the melting points of rock-salt and solid argon 
may be quoted as an example. It is necessary to account for this change 
before the intermodular forces in gases and solids can be successfully 
correlated. It may be regarded as established that a solid such as rock-salt 
consists of an array of closed electronic systems of the inert gas type formed 
by the transfer of the valency electron from the alkali to the halogen. The 
structural units differ therefore from the corresponding inert gas atoms first 
of all by possessing a resultant charge. The electrostatic energy of this 
charge distribution gives rise to the main part of the cohesion of the crystal 
and makes it altogether stronger. f X-ray analysis reveals to us the pattern 
on which the crystals are built. For many substances this information, 
together with the assumption of the electrostatic energy of the ionic charges 
and the other energies derived from gas data suitably modified, suffices for 
a theoretical calculation of their physical properties. The comparison of 
these calculations with observation provides a stringent test of the assumed 
interatomic energies. 

Long before the nature of the overlap energy leading to the main repulsive 
terms was properly understood, Born proposed to represent this part of the 
interionic energy in a salt crystal by the function Xr~ 8 and to discuss the 
equilibrium structure of the crystal using this term and the electrostatic 
energy, but neglecting in the first instance the heat motion, the van der 
Waals energy and the zero-point vibrational energy. For such a discussion 
as we saw in § 4-9 the important quantity is the potential energy of the crystal , 
here most conveniently used in the form of the potential energy per unit 

* Massey and Mohr, loc. cit. (1934). 

f For a full account of the older electron theory of valency one may refer to Kossel, Valenz • 
krdfte und Ronlgenspektrum , ed. 2, Berlin (1914); G. N. Lewis, Valence (1916); Sidgwick, The 
electron theory of valency , Oxford (1927). 
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cell* This potential energy may be regarded as made up of two parts (or 
three if the van der Waals energy is included) 

<£ = <£ (e) + <£ (8) + <£ (/) ; (931) 

4> {e \ ft 6) and </> (0 are respectively the energies per unit cell resulting from the 
electrostatic, A r~ s and terms. 

For a crystal like rock-salt which consists of two interpenetrating face- 
centred cubic lattices only one parameter r (the closest distance between the 
ions) can appear in <f>, and the equilibrium value r = a is determined by 

[d<f>l Sr ]r-a = 0. (932) 

This gives strictly the value of a for zero temperature, zero-point vibrational 

energy neglected. Assuming that a is known and negligible, t his equation 

was used by Born to determine A for given s. Finally s was determined from 

the measured compressibility #c, which by equations (384) and (385) satisfies 
the equation ! / ? 

P (933) 

where A is the volume of the unit cell. For the rock-salt type the unit cell 
may be taken to be a cube of edge 2 a so that A = 8a 3 and thenf 

1 = J_ 

* 72a l_3r 2 _U a ‘ 

Equation (934) determines s, but strictly it should be used only with the 
compressibility at zero temperature. Using values of k for room temperature 
Bornf obtained the values of s given in Table 22. 

Table 22. 

Index 3 of the repulsive energy term (Bom). 




(934) 


Salt 


NaCl 

NaBr 

Nal 

KC1 


KI 


k x 10 1 * obs. 


4 13 

51 

6-9 

5 - 62 

6 - 2 
8-6 


8 


7 - 84 
8 61 

8 - 45 
8-86 

9 - 78 
9-31 


inn „?n, at C °n fU8 T C , a " arise rr Care i8 taken 40 di3tin « uish ' x ' twee n the potential energy of an 
ion or of a cell in the lattice and the potential energy per ion or per unit cell. Since in calculating 

the potential energy of the whole system (which is then reduced to ion or cell) every term if 

reckoned twice over, the potential energy per unit cell is half the potential energy of the unit cel in 

the crystal. In giving numerical formulae it is also essential to specify exactly the'unit cell W I! „ 

attempt to he consistent and use only jntential energies of thV ■ys'tem per atom or ion or un.^ell 

t Formula (934) is frequently given in the form J = , but is then the potentjaI 

energy of a pair of ions in the lattice; thus <J>' = 26" where j 

4> = H" since there are four pairs of ions for the unit cell chosen in the text ^ ° f 10118 ' &nd 

53 1 ® 9 °™^ nn - * V °‘- 6 *’ P - 87 < 1919 ^ V «*- * Deutsche Physikal. Ges. vol. 21, pp. 190 , 
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Assuming an average value 5 = 9 for all crystals of this type, Bom then 
derived other properties such as the elastic constants, the total energy, etc . 
Later more accurate calculations* were made with the values of s in Table 22. 
Our object in this chapter however is to correlate the intermolecular energies 
for crystals and gases and we shall proceed differently. 


In the earlier work it was assumed that all the ions in one crystal, whether 
like or unlike, repel according to the same law so that for instance the Cl 
ions in NaCl were assigned a very different overlap energy from those in 
KC1. It seems more reasonable to assume that two K+ or two Cl - ions, of the 
same electronic structure as argon, possess overlap energy (and van der 
Waals energy) following a law with the same r - variation as for two argon 
atoms, that is with the same s but different A (and /l l). The change in A (and p) 
is a secondary result of the ionic charge which changes the scale of the elec- 
tronic orbits. It will be necessary in later sections to propose rules for relating 
A and p for an ion to A and p for the corresponding inert gas. Here it is 
sufficient to observe that interionic energies in salt crystals may be assumed 
to be of the form 2 \ 

r,/ . A LL 

m „ ± + * 


The next step is to devise methods for calculating the resulting value of <f>. 

§ 10*6. Calculation of<f > (€) , the electrostatic potential energy of an ionic crystal . 
In the notation of §§4*9, 4-91 the electrostatic potential at any point in 
space r not occupied by a charge is 

^(r) = S,S tT -^- (935) 

l r A- “ r l 

where € k is the charge on the kt\i ion in the basic r unit cell. It follows that 
the electrostatic potential energy of all the charges in a unit cell is given by 



where ^ denotes as usual that those terms are omitted for which k — k 
1 = 0. The potential energy per unit cell is therefore given by 


4P - iS,2' ** 



(937) 


The evaluation of (f> (e) with special reference to a crystal was first made by 
Madelung,t though, unknown to him, a method of evaluation had already 
been given by RiemannJ and by Appell.§ Madelung first considered a one 


* Born and Brody, Zeit.f. Physik , vol. 11, p. 327 (1922). 
t Madelung, Physikal. Ztit. vol. 19, p. 524 (1918). 

j Riemann, Schwere , Electrizitat und Magnetismus , edited by Hattendorf, ed. para. 
Hanover (1880). 

§ Appell, Acta Math. vol. 4, p. 313 (1884), vol. 8, p. 265 (1886); J. dc Math. (4), vol. 3, p. 5 ( 
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dimensional crystal of lattice constant 8. His method consists in replacing 
the electric density by a Fourier expansion, and deducing a corresponding 
Fourier expansion for the potential at a point outside it. (The potential 
must have the same periodicity as the electric density.) This potential 
expansion must satisfy Laplace’s equation at any point and Gauss’ theorem 
near the line charge. These conditions, together with the fact that the 
potential must vanish at infinity, determine all the constants in the expres- 
sion for the potential. For a series of discrete charges e k (jfc = 1, 2, .... s) on 
the unit strip at points x k , which on the whole are electrically neutral, the 
potential at a point in space distant td from the line proves to be 

<f>(x,w) = ^J, 'L k e k e inin<x-x k ):h^ (938) 

where K 0 (z) is the function tabulated by Jahnke and Emde* as U-nH 0 m (iz). 
From the potential of a line charge, that of a plane array of charges and 
finally that of a space lattice can be deduced. 

Improved methods have, however, been given by Ewaldf for dealing with 
three-dimensional lattices. In this case the electric densit}' has a threefold 
periodicity with respect to the vectors 5, , 5, and 8 3 . If Pl , p 2 and p 3 are the 
lengths of the perpendiculars between consecutive planes containing the 
pairs of vectors (5 2 ,8 3 ), (8 3 ,8 1 ) and (8 1 ,8 2 ), then the density can be expressed 
in terms of a threefold Fourier expansion 

p = S / /> / e l ^* r) , (939) 

where r, as usual, is the vector ( x,y,z ), p t is a coefficient depending on l x , Z 2 , / 3 , 

and q* = 2w(/ x b 1 + / 2 b 2 4- Z 3 b 3 ). (940) 

In this expression b, . b 2 and b 3 are vectors in the directions of p 3 , p 2 and p 3 , 
with magnitudes l/p 1 , 1 /p 2 and 1 jp 3 . 

The potential <£(r) must have the same periodicity and must be expressible 
in a series similar to p, that is, 

<£(r) = S ( c,e'«>'- r >. (941) 

Poisson’s equation determines c t in terms of p ly giving 

4 7Tpi 

C ' = j^pp- (942) 

If the system is electrically neutral and consists of discrete charges e* 
(k = 1 , 2, . . . , 5) at positions r^. , then 

J^ e -«> , ')du = J S rPl .e«* l '-* , »dv = p l A, (943) 

* Jahnke and Emde F unktionentafeln , p. 135, Leipzig (1909). See also Watson, Bessel's Func 
tions 9 p. and Table II, p. 698. 

PhySik ’ V01 ' 64 ’ P ' 253 (1921): See aIS ° B ° rn ’ Al0mth '™ desfesten Zu.tandes, 
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the other terms in S r vanishing when the integral is taken over the unit cell 
of volume A. We then get 

] r 2 

Pi = ^ J = - Z* € k e- iiql ' r ti . (944) 

The term for which = l 2 = / 3 = 0 vanishes. We thus find 

(945) 

= r-r*), 

' vhere (946) 

The solution of the problem depends on the evaluation of this summation 
and therefore of its transformation into a more rapidly converging form. 

Smce 11 [V 

-= e-^+ e-*td£, (947) 

u a jo 

A c x(q*.r)— T7lQ*|* ( 'tj 

we can write — </-(r) = S,' — — + J (948) 

The second integral can be transformed in terms of Gauss’ error function 

0(x) = 1 -F(x) = ^- f °° e-“Wa, (949) 

y 77 J x 

which is a known tabulated function; in fact, it can be shown that 

/ 1 r 7 — rf 

47 t e i(a, * r) “ 7 7 |Q/| * \ 2 tj* / 4tt7) 

^ - i s ‘ "w- + s ' -pV - % <950, 

By a suitable choice of 77 the function ip is thus divided into two parts, each 
of which is readily calculable. In practice on£ or two different values of rj are 
chosen, and from the resulting values of ip the actual value can be inferred 
to a high degree of accuracy. 

In calculating the potential at a lattice point k , the term e*/(r — r k ) must 
be omitted from the summation, and so we have 

^( r fc) = ^ V € k ,l P( T k ~ T fc / ) + € k*p*( 0)* (951) 

where ^*(0)= ~Lt\ip(r) — -i. (952) 

r=ol r ) 

It can be shown that / 1 ^1 \ 

1 4 ”1 , 053 ) 

* (0)_ A s ' W + ,_ Pi A <9 ’ 

In this way Ewald calculated the potential energy of cubic crystals of the 
NaCl and CaF 2 types. 
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The calculations can be extended to other cubic types, though the work 
may be shortened by improved methods due to Born* and Emerslebenf 
which need not concern us here. It will be sufficient to record the results. 
It is clear that the electrostatic energy per unit cell or per molecule or unit 
set of ions can be expressed in the form 



(954) 


where e is the electronic charge, d any convenient linear scale parameter 
and $ a numerical coefficient. This energy term for the complete crystal is 
then merely obtained from (954) by multiplying by N, the number of such 
units in the crystal. The numerical values for $ given in Table 23 are based 
on the following specifications. The three tetragonal axes are chosen as 
axes of reference and d is taken to be the shortest distance between ions of 
opposite sign resolved along any one of the tetragonal axes. It is better 
denoted by a ( . The unit group is one molecule. 


Table 23. 


Values of 6 for various types of cubic crystal. The electrostatic energy of the 


crystal per molecule is 




if a , is the component along the tetragonal axes of the shortest distance 
between ions of opposite sign. 


Type 

NaCl 

MgO 

ZnS 

CaF 2 

CsCl 

Cu z O + 

s 

3*495,1 1 J 

13-980, 4gg 

7-565, 8J 

5-818, 

2-035, 3JS 

5-129 


t Corrected by Hund, Zeit.f. Physik, vol. 94, p. 11 (1935). The remaining values from Emers- 
lcben, loc. cit. 


§10-61. The potential energies and per unit cell or per molecule. 
The potential energy per unit cell, derived from interionic terms of the 
form A r 3 can be calculated comparatively easily. If an ion situated at r ^ 
and an ion at r k . in the basic unit cell contribute the term 


\.k' I T ic — r *- 1 -* > 

the interaction of the selected ion at r k . and all other ions at r k l contributes 
<f>k.k- w say, where 


4>k,k- (s) — A fct . 1 r*/ — r 
and Sj converges if s > 3. 
of <fl 8) we have at once 


kr 


"®> ^k.k-^ = fk\k M , (955) 

If £ = k' the term l = 0 is omitted. With our definition 


<f> w - is* 4> k k {a) + z***, 


* Born, Zeit.f. Phyaik , vol. 7, p. 124 (1921). 
t Emersleben, Phyaikal. Zeit. vol. 24, pp. 73, 97 (1923). 


( 956 ) 
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where the second summation is taken over all pairs. For large values of 8 
these summations can be evaluated well enough by direct summation. A 
better method is to use a formula given by Lennard -Jones and Ingham,* 
which is analogous in principle to the use of the Euler-Maclaurin sum 
foimula for the Riemann zeta-function. This method has been used to 
evaluate the expressions (055) appropriate to the three cubic structures 
simple , body -centred, and face-centred. 

(i) Simple cubic. YVe take a unit cell of edge S containing one atom so that 
k = 1* If « is the shortest distance between atoms, then a = a, = S. We have 


(957) 

wh ere A s = S /(l, 2 + l 2 + l 3 2 )~i 8 . (958) 


■A s may conveniently be called a potential energy constant. 

(ii) Body -centred cubic. We take a unit cell of edge 8 containing two atoms 
(k= 1,2) at the cube corners and centres, so that a the shortest distance 


between atoms is V3S/2, and a t = £8. Then 

<t> {8) = Pn AsJ&n + + \X 22 A 8 Jh 8 ^ (959) 

where A s has the same meaning as before and 

Bf = S , {(h + i) 2 4- (l 2 + £) 2 + (Z 3 + m~ i9 (960) 


For a body-centred cubic crystal consisting of atoms of only one kind so 
that A n = A 12 = A 22 and s lx = s 12 = s 22 , we have 


where 



(961) 

(962) 


(iii) Face-centred cubic. For a face -centred cubic lattice of one sort of 
atom we take a unit cell of edge 8 containing four atoms in all, so that a the 
shortest distance between the atoms is 8/^/2, and a t = £8. In this case all the 
sets of summations can be reduced to a single one and we may write for the 
potential energy per unit cell of four atoms 


<f> (8) =2\CJa 8 , (963) 

where C„ = 2** S/{(J 2 + 1 3 ) 2 + ( l 3 + ZJ 2 + (Z, + Z 2 ) 2 }-*» (964) 

For two interpenetrating face -centred cubic lattices as in NaCl the 
complete array of atoms is simple cubic and if a is the short distance between 
neighbours, a = a t =\8, and the potential energy per molecule is 

r ) =h\ l A\Ja°n+\ 12 A\Ja>»+\\ i A’' a Ja°» (965) 


* Lennard- Jones and Ingham, Proc. Roy. Soc. A, vol. 107, p. 636 (1925). 
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where 


*;= 


s (f 1 *+/ l *+i 3 *r K 


(966) 


h +1.+ 1, 

odd 


and 


^ s ”= S' (/,* + V + / 3 « r *' f 

/i t /?-r- ij 

even 

A s '+A 8 " = A 8 . 


(967) 


(968) 


Exactly similar contributions are made by the van der Waals energies. 

The functions A s) A s ', A s ", B s and C s have been evaluated for integral 
values of s from 4 to 30, and a selection of values is given in Table 24. 

Table 24. 

Potential energy constants for cubic crystals. 


s 

A. 

4 

16-5323 fj 

5 

10-37752$ 

6 

8*40192$ 

7 

7-4670?* 

8 

6* 94580 ^ 

9 

6-6288? } 

10 

6-4261?<J 

11 

6-29229Z 

12 

6-202152 

13 

6-140J8* 

14 

6-09818J 

15 

6-06876$ 


a: 

A/' 

; b. 

10- 197752 

6-33457? 

22*63872* 

7*3780$ J 

2-99946? 

1 4*7585* ? 

6-59518$ 

1-806740 

12*2533, $2 

6-28624? 

1- 18081 i 

11-05424? 

6-14568)! 1 

0*800121 

10-3 55?22 

6 0767?* 

0 55209? 

9-894522 

6-04139* 

0-38472* 

9-564*2 o 

6-02262 7 

0-26960? 

9-31326? 

6-01252V 

0-1 8956 J 

9*1 1418 J 

6*00705 1 

0-13355? 

8-951802 

6-00397:] 

0-0942*8 

8-8167*2 

6*002252 

0-06651? 

8-70298$ 


C . 


25-338302 
16-967 5?jj 
14*4539? jj 

13-359322 
12-801932 
12-49254? 
1 2-31 124 j 
12*2009?* 
12-1318§2 
12-08772? 
12-05899J 
12-040022 


With the help of this table it has been shown that atoms, whose inter- 
atomic potential energy can be represented by \r~ 9 — fir- 1 , will take up the 
form of a face-centred cubic lattice in preference to a body -centred, and a 
body -centred in preference to a simple cubic.* 

§ 10-7. Applications of gas data to crystals of the inert gases . The apparatus 
for study of the properties of crystals just prepared can be used quite simply 
for the inert gases ; when these equations of state have been analysed their 
crystalline forms can be derived at once for any selected form of E(r). The 
results are given in Table 25 for neon and argon. Corresponding comparisons 
cannot safely be made for hydrogen and helium for which, especially helium, 
zero-point vibrational energy is all-important, nor for krypton or xenon for 
which the equations of state are lacking. The observed crystalline form is 
face-centred cubic, in agreement with theory for the central forces assumed. 
From equation (963) for a face-centred cubic lattice it follows that, when 

JL ( ^( S > + pv) = o, 

* Lennard- Jones and Ingham, loc. cit. When electrostatic energies are also present, the stable 
form can change from NaCl type to the CsCl type according to the relative importance of 
van der Waals energy. Born and Mayer, Ze.it. f. Physik, vol. 75, p. 1 (1932). ^ 


aJ ~ 6 = 
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The values for « = 9 for neon and for * = 10 + for argon are in fair agreement 

witi the observations, but for the correct lattice constant the calculated 
energies are undoubtedly somewhat too small. 


Table 25. 

Crystal spacing and energies of neon and argon derived from 

the E(r) of Table 19. ( Cubic close packing .) 



The calculated values of the potential energy must be compared with observed heats of evapora- 
tion plus the zero-point vibrational energy calculated from equation (353-3). [0/> (Ne) = 63, 
(A) = 85.) 

(1) Clusius, Zeit.f. physical. Chem. B, vol. 4, p. 1 (1929). 

(2) F. Bom, Ann. d. Physilc, vol. 69, p. 473 (1922). 

§10*71. Overlap and van der Waals energy constants for atomic ions in 
crystals . Before we can proceed further it is necessary to obtain values for 
A and /z suitable for the atomic ions in crystals by proper modifications of 
the values for inert gas atoms. If atoms and ions could really be adequately 
represented by spherical shells the method of passing from an inert gas atom 
to the neighbouring ions would be simple. From the refractive indices of 
crystals or solutions it is possible, as was first shown by Wasastjerna,* to 
deduce the refractivities of their ions and therefrom (see § 10*72) the relative 
sizes of atoms and ions of similar structure. The ratios so obtained depend 
on the average extension of the outer electronic orbits from the nucleus, 
which depends on the nuclear charge. Now the overlap energy (causing the 
repulsion) between these closed electronic systems equally depends on the 


* Wasaatjema, Soc. Scient. Fennicae , Comm. Phys. Math. vol. 1, No. 38 (1923). 
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extension of the outer orbits, since it is controlled by the degree of over- 
lapping of their wave-functions. Thus when the repulsions are represented 
by hard impenetrable shells the diameter of the shell may be taken to be 
directly proportional to the scale of the outer orbits. When the overlap 
energy is expressed in the form X s r~ s the quantity 

<*8=[KIW] l!a (970) 

replaces the rigid diameter or a of the elementary kinetic theory, W being 
any convenient energy value. This a s is then the classical closest distance of 
approach when two such molecules collide with a kinetic energy of their 
relative motion equal to W. It therefore seems reasonable to assume that 
cr s is proportional to the extension of the outer orbits. We therefore write 


°a+ = (p+/p)°s> (971) 

where p + /p is the ratio of the orbital extension of the ion and atom deduced 
from the refractivity. It follows at once from this that 

V=(^)\, (972) 

a result independent of W. Similar formulae are used for negative ions and 
for ions of higher valency : 

a ' ++= (t ± ) *•••••• < 973 ) 

Combined with (922) these formulae determine all the A’s required in terms 


of X 8 for the inert gases and ratios of the p s derived from the refractivities. 
Very similar considerations apply to the p/s, but these may be treated less 
superficially and we return to them in § 10-73. 

§ 10 - 72 . Use of ionic refractivities. The ratios of the p’s can be derived 
from the refractivities as follows, the method given here being somewhat 
more refined than that used by Wasastjerna. Kirkwood* has shown that the 
atomic polarizability is proportional to (E p r^ 2 ) 2 , where r^ 2 is the mean square 
distance from the nucleus of the pth electron in the atom and the sum- 
mation extends over all electrons. The greater part of the sum, usually more 
than 90 per cent, in an atom of rare gas structure, is contributed by the 
electrons of the outer shell and we may infer that the polarizability of atoms 
of the same electronic structure varies approximately as the fourth power 
of the extension of the outer electronic orbits from the nucleus. Since the 
refractivity R is related to the atomic polarizability by the equation 
R = |7ma (see § 12-2), we have 



* Kirkwood, Physikal. Zeit. vol. 33, p. 57 (1932). 


( 974 ) 
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if R + and R are the mole refractivities for the univalent positive ion and the 
rare gas atom of the same structure. Similar formulae hold for other ions. 

Now the measurement of the refractive index of a crystal does not give 
directly the refractivities of the ions that compose it, but only their combined 
refractivity. Moreover, the experiments of Spangenbergt show that the 
refractivity, especially of negative ions, is not a constant property of the ion 
but depends on the positive ions with which it is associated. It appears 
therefore safest to assume that the compact positive ion has a structure not 
greatly deformed by inclusion in a crystal and therefore to assume for the 
ratios p+/p or p++/p the values calculated by Slater J for free atoms and 
positive ions from wave-functions of the type r w * _1 e~ <z_s)r/n *. In this 
expression n * is an effective quantum number, s a screening constant and 
Z the nuclear charge. The value of R for the inert gas is known accurately 
and given in Table 18. The values of R + and then follow at once from 
(1)74). These values are given in Table 26, with values derived in other ways 
for comparison. 

Table 26. 


Values of p + /p and p++lp from Slater's wave-functions , and 
mole refractivities for positive ions derived from them. 

[The mole refractivity R is \nNy., where N is Avogadro’s number.] 


Ion 

Pion/P 

-^lon 

■^ion 

Rlon 

(Slater) 

(Heydweiller) 

(Pauling) 

Na+ 

0-850 

0-52 

0-65 

0-46 

K+ 

0-877 

2-45 

2-71 

2-12 

Rb+ 

0-891 

3-95 

4-10 

3-57 

Cs+ 

0-894 

6-50 

6-71 

6-15 

Mg++ 

0-74 

0-30 


0-24 

Ca++ 

0-77 

1-45 

1-60 

1*19 

Sr++ 

. 0-80 

2-57 

2-56 

2-18 

Ba++ 

0-80 6 

4-28 

5-00 

3-94 


The values of p[ on /p and R[ on are those adopted in the following calculations. The values given by 
Hcydweiller [ Physilcal . Zeit. vol. 26, p. 526 ( 1925)] are obtained from ions in dilute solution; those 
by Pauling [Proc. Roy. Soc. A, vol. 1 14, p. 181 (1927)] from calculations; these values are inserted 
for comparison. 


The refractivity R of the negative ion in a given crystal may now be 
obtained by subtracting from the observed total refractivity the contribu- 
tion R + of the positive ion computed above, and p_/p then follows from (974). 
The values of p__/p derived in this way vary from crystal to crystal and in 
general the smaller the positive ion the greater the deformation of the 
negative ion and the smaller p_/p. The values given in Table 27 were derived 

f Spangcnberg, Zeit.f. Kristal. vol. 57, p. 494 (1923). 

J Slater, Phys. Rev . vol. 36, p. 57 (1930). 
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in this way from Spangenberg’s measurements. At the end of the table 

values are also given for R and p /p. Measurements of the refractivities 

of bivalent ions are scarce and no attempt to estimate the variation of 

p Ip from crystal to crystal is yet possible. The values given for O — and 

S are those originally given by Wasastjerna* and the values for Se — and 
Te are extrapolated from them. 

We are now in a position to complete the determination of the energy 
constants A and p for all the pairs of ions covered by these tables. 

Table 27. 


Values of p_/p and R_for negative ions derived from Spangenberg's 
measurements . Values of p jpand R from Wasastjerna. 


Salt 

X R 

(Spangenberg) 

XR-R+ 

R_ 

adopted 

p-Ip 

NaF 

2-97 

2 45 

2-45 

1-253 

KF 

500 

2-55 

2-55 

1-265 

RbF 

6-58 

2-63 

2-60 

1-272 

CsF 

9 14 

2-64 

2-60 

1-272 

NaCl 

8-30 

7-78 

7-78 

1-171 

KC1 

10-5 

8-05 

805 

1-181 

RbCl 

120 

805 

8-05 

1-181 

CsCl 

14-5 

8-00 

8-05 

1-181 

NaBr 

111 

10-58 

10-60 

1-141 

KBr 

13-5 

11-05 

11-15 

1-155 

RbBr 

151 

1115 

11-15 

1-155 

CsBr 

17-8 

11-30 

11-15 

1-155 

Nal 

161 5 

15-6 

15-60 

1-113 

KI 

18-8 

16-3 5 

16-35 

1-126 

Rbl 

20-7 

16-7 s 

16-75 

1-133 

Csl 

23-2 

16-7 

16-75 

1-133 


The values of E R - R + are derived as described in the text and smoothed values are entered 
as /?_ and used in the calculations. 


Ion 

P—lp 


R__ 

(Pauling) 

o— 

1-45 

4-38 

9-88 

s— 

1-38 

16-4 

26-0 

Se~~ 

1-30 

17-9 

26-8 

Te— 

1-29 

28-6 

35-6 


§10-73. The van der Waals energy. In evaluating constants such as 
for the van der Waals energy of a pair of like positive ions we can make 
direct appeal to Kirkwood’s formula (914). According to (914) will be 
related to p for the corresponding pair of atoms by the equation 

/4/M = (“+/“)*• 

P 

* Wasastjerna, loc. cit. 


( 975 ) 
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p+Ip- = (p+/p)*. 
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(976) 


which is the same as the semi-empirical (972) for the A’s. In the same way 


P++/p = (p++/p) 6 , P-Zhx = {p_lp)\ 


(977) 


* w 

When the values of p have not been directly determined, as for Kr and Xe, 
the theoretical values of c given by Kirkwood’s formula are used instead, 
increased by 20 per cent, to allow for the dipole-quadripole term. The 
values adopted are shown in Table 29 below. 

We require also the van der Waals energy of two unlike atoms or ions. 
Kirkwood has ffiven the formula. 


c 12 3 E 0 a 0 i (ai/Zi * )4 + {a j Z 


(978) 


as a companion to (914), namely 


C 11 = c 22 = %E 0 a 0 iZ 2 *ioiS. 


We can then express c 12 in terms of c n and c 22 in the form 

c,,_ ■ 2 ( w)7l(^) ,+ ( v*)*} (979) 

or if Z x * = Z 2 * 9 c 12 = 2(c 11 a c 22 a )*/{c 11 * + c 22 *}. (980) 

On the basis of these formulae and the values of p summarized in Table 29 
and of pioJp in Tables 26 and 27 values of /xj, /x I, /x+, ... for various pairs of 
ions have been prepared; they are set out in Table 31. 


§ 10*74. The correlation of the properties of salt crystals and overlap energies. 
The choice of s. We have seen that the gas data do not suffice to fix 8 precisely 
and it is hardly worth while to carry out sets of calculations such as those of 
§10*7 for various salts and various values of s with the values of A and /a of 
Table 19 appropriately modified according to the rules just laid down. It is 
sufficient to adopt some crystal property which can be used to fix s sharply 
before elaborate calculations need be undertaken, and then to complete the 
study with the selected value of s. The method chosen should be as far as 
possible independent of the various semi-empirical methods we have had to 
introduce for fixing AJ..., yxj.... The method we shall adopt is due to 

Hildebrand, t 

We start with the thermodynamic formula 



If k is the compressibility and a the coefficient of (linear) thermal expansion, 



We may now assume that the change of the vibrational energy with volume 


+ Hildebrand, Zeit.f. Physik, vol. 67, p. 127 (1931). 
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at any temperature not too high is only a small fraction of the total change 
in E with volume, so that we may substitute N<f> for E. We may further 
consider only small pressures of the order of an atmosphere and put p = 0. 
We thus have 3a T ^ d(/> 

k ~ N dv~c\' 


or 9aAaT//c = a 2 ?^/ca. (982) 

For a crystal of the NaCl type the potential energy (f> per molecule is given by 

*22 n ir 

<£=-£(3-495)— +___, (983) 

where 

O = i(AJ + Al) A s " + A +A S ', W = + /O A 6 " 4* p+A 6 ' (984) 

The valency of the ions is 2 and for simplicity it is assumed that s is the same 
for all ions. For a = a 0 , its value at zero temperature, d<f> / da 0 = 0 . If we 
combine equations (982) and (983), we obtain 

9aAaT 1/o , 9 sO 6\V 

= £(3-495 z 2 e 2 - — + _ . (985) 

k a 8 1 a 5 


With this <f> the volume per molecule is A. If we eliminate O by means of 
d<f>/da 0 = Q, we find 

The van der Waals energy term, W, is of the nature of a correcting term, and 
the values of the /x’s from Table 31 may be safely used in it as s will not differ 
much from 9. All the other quantities are observed quantities except s , so 
that s is thereby determined. The method requires that reliable values of 
a 0 shall have been obtained by extrapolation to the absolute zero. The 
results for six alkali halides for which a 0 has been determined by Henglein* 
are given in Table 28. On the evidence of this table it is clear that s ~ 9 and 
we shall be content for the rest of our calculations of interatomic energies 
to assume that 5 = 9. Similar calculations could be made for body-centred 
structures. 

Table 28. 


Values of 3 for alkali halide crystals derived by Hildebrand's method. 


[The values of a differ from those given by Hildebrand 
because the van der Waals energy has been included here.] 


Substance 

8 

Substance 

5 

NaCl 

8-8 

KC1 

91 

NaBr 

8-7 

KBr 

8*6 

Nal 

8-6 

KI 

8-6 


Henglein, Zeit.f. Elcktrochem. vol. 31, p. 424 (1925). 
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Table 29. 

Adopted values of ran der Waals energy constants p for inert gas 
atoms u-ith the interaction energy E (r) = Ar ~ 9 — pr ~ 6 

/x x 1 0 60 


He 2-26 

i 

Ne 14-47 

A 170-2 

Kr 346 

Xe 877 


Table 30. 

Adopted values of the overlap energy constants A for inert gas atoms with the 

interaction energy E(r ) = Xr ~ 9 — pr~ 6 . Values of A from gas data are in- 
cluded for comparison. 


Gas 

Ax 10 82 

From crystals 

From gases 

Ne 

4-00 

3-50 

A 

79-5 

76-8 

Kr 

193-6 

# 

Xe 

583 



Table 31. 

Adopted values of van der Waals energy constants p for ion pairs in crystals. 

[ E (r) = ± + £ - £] 


/x X 10«° 
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Table 32. 


Adopted values of overlap energy constants A for ion pairs in crystals. 




A x 10 82 


(i) Pairs of like ions 


Na+ 

0-927 

Mg++ 

0-266 

O" 

K+ 

24-4 

Ca++ 

7-55 

s— 

Rb + 

68-7 

Sr++ 

26-0 

Se— 

Cs+ 

212-5 

• 

Ba ++ 

82-7 

Te— 


Ion pair 


F- 

ci- 

Br- 

I- 


Associated positive ion 


Na+ 


30-4 

329 

633 

1525 


K+ 


33-2 

355 

708 

1695 


Rb+ 


34-9 

355 

708 

1790 


Cs+ 


34-9 

355 

708 

1790 


(ii) Pairs of unlike ions of opposite sign 


Ion 

Na + 

K+ I 

Rb + 

Cs + 

Mg++ 

Ca+ + 

Sr^ + 

Ba ++ 

F- 

6-29 

28-4 

49-4 

90-3 

4-04 

16-9 

30-1 

55-6 

ci- 

27-9 5 

103 

162 

276- 5 

18-2 

62-1 

106 

182 

Br- 

43 3 

154 

237- 5 

396 

30-1 

99-0 

159 

266 

I- 

78-9 

260- 5 

406 

657-5 

55-6 

170-0 

275 

433 

o — 

14-1 

54 4 

88-5 

156 

9-06 

32-5 

55-6 

99-0 

s — 

75-9 

235-5 

358 

583 

52 3 

154 

242 

385 

Sc 

97-2 

293 

441 

714-5 

68-3 

192 

299 

473 

To" 

202 

561 

821 

1285 

144 

385 

580 

884 


§ 10-75. The determination of the X's. If all the equations of state of the 
inert gases had been analysed we could now proceed to derive crystal data 
from the analysed gas data and compare the results with observation. But 
since gas data are missing for Kr and Xe, this cannot be done for the corre- 
sponding crystals. For the sake of a uniform procedure in all cases we shall 
therefore not adopt any of the A’s of Table 19 but use instead the crystal 
spacings of NaF, KC1, RbBr and Csl to determine all the A’s, which can then 
be used for other crystals, and compared with gas data for Ne and A. Only 
these four spacings need be assumed a priori. For NaF, KC1 and RbBr it 
is only necessary to substitute observed values of a, A, a and k for any one 
temperature into (985), to put s = 9 and to calculate W from the p’s of 
Table 31. The equation then determines O. But for these crystals, in which 

both ions have the same inert gas structure, we can apply equations (972) 
and (922) and find 

( 987 ) 
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so that O fixes A for the corresponding inert gas and therefore the derived 

At, A_, .... For the body-centred structure of Csl we must use instead of 
(985) the equation 


where 


98AaT 


= 8 2 



d<b 

88 


2-035 z 2 e 2 


sO' 6W' 
8 °-i + ~8*~ ’ 


(988) 


°' = 4(A+ + + A + B S \ W = \(p% + fxZ)A 6 + n+B s '. . . .(989) 

The rest of the work is unaltered. Values of A derived in this way are given in 
Table 30, and a complete set of values of A+, Al, ... derived from them by 
means of (972), (922) and the tables of p+jp, p_/p, ... are given in Table 32. 


§10-8. Theoretical calculation of crystal properties, (i) Lattice constants. 

For any alkali halide crystal or similar crystal with bivalent ions which is 
of the rock-salt type the lattice constant a at any temperature can be 
calculated at once from (985) and (984) using the tabulated A’s and p’s and 
5== 9. The term 9aAa3 r1 //<■ is a correcting term in which experimental values 
may be used for any selected temperature. Similar calculations for the CsCl 
type of crystal use equations (988) and (989) instead. The equations can be 
solved for a (or 8) by any convenient method of successive approximation 
in which the term in W (W f ) is regarded as a small correction. The con- 
vergence of the approximations is rapid. 

The observed and calculated values of a and 8 are given in Tables 33, 34. 
For the alkali halides all values refer to 15° C. For fhe bivalent salts the 
calculations are much rougher, the thermal expansion term has been 
neglected and the calculations refer to 0° K. 

(ii) Crystal energies. We can also calculate the work U 0 required (neglect- 
ing zero-point vibrational energy) to disperse completely at zero temperature 
all the ions contained in (say) one mole of any one of these salts. If <f> (f1) is 
defined by (970) or (976), U 0 is given in terms of <f> by 

U 0 = — N<f> ergs = — N<f>/J calories. 

For the NaCl type we have therefore, when N is Avogadro’s number, 


For the CsCl type 



3-495z 2 € 2 
2 a 


\ 



2-035 2 2 € 2 
8 


O W 
a 9 + o 6 


cal. /mole. 


O' w '\ , , i 

8» + 8M CaL/mole 


(990) 

(991) 


The values of the crystal energies so calculated are given in Tables 33, 34. 
They are uniformly slightly larger than those calculated by Born and 
Mayer* using an exponential repulsive field; the difference may arise 
because the greater extension of the r~ 9 law field demands too great a 


* Born and Mayer, loc. cit. 
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van der Waals term to compensate it. The “observed” energies derived in 
§109 agree well with Born and Mayer’s calculations. Allowing for the out- 
standing excess for which an origin has just been suggested, the general 
agreement between gas and crystal data here exhibited is most satisfactory. 


Table 33. 

Properties of alkali halide crystals («s = 9). 



a x 10 8 (cm.) 

U (kilocal./mole) 

K 

x 10 12 (bar.) 


Calc. 

Obs. (1) 

Calc. 

B. and 
M. <2 > 

Obs. (3) 

Calc. 

(1) 

— - l 

Calc. 
(2) ! 

Obs. (4) 

NaF 


2-310 

228-2 

213-4 


1-54 

1-82 

2-11 

XaCl 


2-814 

190-1 

183-1 

181 

3-19 

3-85 

4-26 3 

XaBr 

2-974 

2-981 

181-4 

174-6 

176 

3-88 

4 73 

5-08 

Nal 


3-231 

170-8 

163-9 

166 

5-15 

6-36 

(7-0) 

KF 

2-696 

2-665 

198-4 

189-7 

— — 

2-67 

3-22 

3 31 

KC1 

[3-138J 

3- 1 38 5 

173-1 

165-4 

163 

4-59 

5-62 

5-63 

KBr 

3-291 

3-293 

166-3 

159-3 

160 

5-41 

6-68 

6-70 

KI 

3-499 

3-526 

158-8 

150-8 

151 

6-59 

8-25 

8-54 

RbF 

2-872 

2-815 

187-1 

181-6 

- — 

3 34 

4-05 

(4-3) 

RbCl 

3-287 

3-27 

165-7 

160-7 

159 

5-37 

6-61 

(6-9) 

RbBr 

[3-427] 

3-427 


153-5 

157 

6-13 

7-60 

7-94 

Rbl 

3-642 

3-663 

153-5 

145-3 

148 

7-49 

9-42 

9-58 

CsF 

3-072 

3-004 

176-9 

173-7 

-- ■ ■ 

4-22 

5-17 


CsCl* 

4-157 

4-110 

157-3 

152-2 

— 

5-58 

7-06 


CsBr* 

4-313 

4-287 

153 5 

146-3 

— 

6-11 

7-81 

7-0 - 

Csl* 

[4-561] 

4-561 

147-7 

139-1 

141 

7-06 

9-12 

9-3 


* Body-centred crystals. 

(1) Observed values of a taken from Ewald and Hermann, Strukturbericht (1931). The values 
given for CsCl, CsBr, Csl arc of 8, not of a. The values in [ ] are assumed. 

(2) Born and Mayer, Zeit.f. Physik, vol. 75, p. 1 (1932). 

(3) See Table 37, except for Csl for which see Ma 3 *er, Zeit. f. Physik , vol. 61, p. 798 (1930); 
Mayer and Helmholtz, Zeit.f. Physik , vol. 75, p. 19 (1932). 

(4) Huggins and Mayer, J. Chem. Physics , vol. 1. p. 643 (1933), where full references are given. 
Values in brackets are estimated. 


(iii) Crystal compressibilities. We can also derive values for crystal 
compressibilities which can at once be compared with observation. Starting 
from the same thermodynamic formula 



we obtain 





d 2 <f> 

dV 2 


using the same approximation as before. It is easily shown that 


ay 1 r s ,^ 

dV 2 9NA 2 i S8 2 0S_ ■ 
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On using (982) we thus find that 



(992) 

The terms in [ ] are of the order of small correcting terms and vanish at 0° K. 
L sing experimental values for the terms in [ ] equation (992) enables k to 
be calculated, using the calculated values of a or S. The values for k for room 
temperature are given in Table 33. They are uniformly smaller than the 
observed values. T.he reason for this is certainly the too rapidly increasing 
slope of the A r~ 9 term as r diminishes. 


da 2 




?S 2 



l+2a T + 



CK 

df 


Table 34. 


Properties of bivalent salt crystals (s = 9). 

[Crystals are assumed to be all of NaCl type.] 



* MgTe actually crystallizes in ZnS type with lattice constant 2*75 A. 
t Observed values of a from Ewald and Hermann, Strukturbericht (1931). 

The following approximate argument shows the effect of this distortion, 
by comparing these results with those one would expect to get with the 
exponential form be~ r, e replacing Ar~ 9 . Omitting ail refinements we shall use 
merely the approximate equations 

9A 


00 

da 


= 0 , 


a 


d 2 <f> 


2 'r _ 


da 2 


(993) 


If we equate be~ a, P and \a~ 8 and also their gradients ( b/p)e a, P and sXa 8 1 , 
we see that we must have ajp ~ s. But the second derivatives then differ by 
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containing the extra factors 1 jp ( = s/a ) and (s + 1 )/a of which the second is too 
large. For a crystal of rock-salt type we should then have (roughly) by (993), 

eliminating 0, QA (s _i) (3.495) z 2 e 2 (3-6)6]^ 

k 2 a + ’ 

but if we had replaced 5 ( 5 + 1) in d 2 cf>jda 2 by s 2 to conform better to the ex- 
ponential form we should have had 


9A _ (s~2) (3-495) z 2 e 2 (s - 7) 6 W 
k 2 a a 6 


(994) 


There is a similar change for the CsCl type. Values of * corrected in this way 
but using the more accurate formulae (992) and (985) are shown in Table 33 
and are in very fair agreement with the observed values. Similar calcula- 
tions for bivalent salts are recorded in Table 34. 


§ 10 - 81 . Other properties of crystals. Besides those properties which we 
have already discussed , many other crystalline properties can be investigated 
on the basis of the proposed model and their calculated values compared 
with observation. It would be beyond the scope of this monograph to 
undertake further detailed studies of this sort, and we shall therefore be 
content merely to mention in passing some of the other properties which 
have been thus investigated. 

The elastic properties of an isotropic solid cannot be completely specified 
by less than two constants of which the compressibility k may be taken to 
be one, nor those of the crystals of highest symmetry by less than three. 
Crystals of lower symmetry may require up to 21 constants. Elastic con- 
stants have been studied in general for this model by Born.* 

Besides the energy per unit cell, the surface energy and the edge energy 
can also be calculated, t thus providing fairly reliable quantitative informa- 
tion of crystal properties which are difficult if not impossible to observe 
directly. The surface energy <7 may be defined as the mutual potential 
energy d> 12 of the parts of a crystal separated by a plane, divided by twice 
the area F of this separating plane, so that 

<*= -®i2l 2F - (995) 

A few results^ for alkali halide crystals are given in Table 35. The values 
of C7 110 for (110) interfaces have also been calculated and it has been shown 
that c7 110 /c7 100 > % /2. From this it follows that the 100 planes do not form 
natural faces of the crystal. This is in accordance with observation. 


* Born, Atomtheorie des festen Zustandes (1923). 

t Lennard- Jones and Taylor, Proc. Roy. Soc. A, vol. 109, p. 495 (1925). 

X The calculations are for old values of the energy constants, and are therefore 
comparable with the preceding calculations. The changes of value however are small 


not strictly 
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Calculations have not been confined to crystals of NaCl or CsCl type. 
Crystals such as fluor (CaF 2 ) have also been studied and it has been shown 
that energy constants for these ions which give correct results for the simple 
univalent and bivalent salts will also give the correct lattice constant for 
fluor.* Similar calculations have been extended to non-cubic crystals of the 
calcite type.f These calculations can be carried out using the energy con- 


Table 35. 

Surface energies of certain crystalline salts . 

(100 planes, energies in ergs/cm. 2 ) 



stants established by study of simple crystals, provided that in addition a 
suitable size and configuration is assumed for the carbonate or nitrate ion, 
that is for the force centres that are to represent it in the model. Some of 
these calculations are summarized in Table 36; the energy constants therein 
used have not been revised. 

These and similar investigations are all founded on the approximation 
that the total configurational energy of the crystal can be built up of inter- 
ionic or interatomic terms of the form E(r) depending on the distance only 


Table 36. 


Calculated and observed values of crystal parameters for crystals of calcite type 
[Assumed distances : C to O in C0 3 = 1 08 A. ; N to O in NO, = 0-96 A.] 



MgCO 


CaCO a 


NaNO a 


Calc. 


Obs 


Calc. 


Obs 


Calc. 


Obs. 


Rhombohedral angle 102° 24/ 103° 21*5' 
Dist. C C or N -► N 

nuclei 4*66 4*61 

Crystal energy kilo- 

cal./mole 771 — 



102° 15' 102° 42-5' 


619 

176 


616 



between each pair of ionic or atomic centres. It is of course well recognized 
that this representation cannot always be accurate and that in particular it 
must fail for that large and important class, the metals. For these it is 
necessary to return to first principles and to attempt to build up expressions 


* Lennard- Jones and Taylor, Proc. Roy. Soc. A, vol. 109, p. 495 (1925). # . 

t Bragg and Chapman, Proc. Roy. Soc. A, vol. 106, p. 369 (1924); Chapman, Topping an 
Morrell, Proc. Roy. Soc. A, vol. Ill, p. 25 (1926); Lennard- Jones and Dent, Proc. Roy. Soc. A, 
vol. 113, p. 673 (1927); Topping and Chapman, Proc. Roy. Soc. A, vol. 113, p. 658 (1927). 
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for the energy in any configuration by approximate solutions of the appro- 
priate equations of quantum mechanics. The work of Wigner and Seitz on 
sodium and Seitz on lithium forms the first step in this new study.* 

§ 10*9. The Born cycle. There is no direct method of measuring the crystal 
energies calculated in § 10-8, but Born| has shown how they can be related 
to observable thermo-chemical quantities. The relations between these 
quantities are best expressed by a diagram such as that of Fig. 22, first 
given by Haber. J 



Fig. 22. The Bom cycle. 


In this figure [il/] denotes one gram atom of solid metal, (X 2 ) one mole of 
gaseous halogen. Beginning with the state 1, [M] + J(Jf 2 ), we pass succes- 
sively to states 2, 3 and 4, in which there is 1 mole of the salt, 1 gram atom 
each of the ionized metallic vapour and the ionic halogen X~ , and then 
1 gram atom each of metallic vapour and atomic halogen respectively. 
From this state we pass back to the original state, so that on the whole the 
change of energy is zero. To this simple cycle (the Born cycle) two other 
subsidiary cycles have been added, that indicated by 5 by Haber§ and that 
indicated by 6 by Fajans.|| Heat is given out in the processes indicated by 
the direction of the arrow in the figure and is then regarded (conventionally) 
as positive. In the first transformation Q denotes the heat of formation of 
the salt, in the second U denotes the crystal energy as already considered 
above. I M is the work of ionization of 1 gram atom of metal, and E x is the 
heat of formation of an halogen ion from the atom and electron (otherwise, 
the electron affinity). S M is the heat of evaporation of 1 gram atom of metal 

* Wigner and Seitz, Phys. Rev. vol. 43, p. 804 (1933), vol. 46, p. 509 (1934); Seitz, Phys. Rev. 
vol. 47, p. 400 (1935). See also Slater, Rev. Mod. Phys. vol. 6, p. 209 (1934). 
t Bom, Verh. d. Deutseh. Physikal. Ges. vol. 21, pp. 13, 679 (1919). 

X Haber, Verh. d. Deutseh. Physikal. Ges. vol. 21, p. 750 (1919); cf. also Fajans, ibid pp 539 
549,709,714 (1919). ’ 

§ Haber, loc. cit. 


|| Fajans, loc. cit. 
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and D x the heat of dissociation of the diatomic halogen. We then have the 
relation 


U = Q + (/ v + S M ) + (D x - E x ), 


(996) 


and all the quantities on the right have been measured. These are sum- 


maiized in the annexed table. The values of Q are given by Landolt- 
Bornstein, those of / are known from the atomic spectra. is determined 
by diiect measurement or by observing the vapour-pressure as a function 
of temperature and using (633) or (523). The heats of dissociation are deter- 
mined by the use of (658) or (532) and observed equilibria, f Finally, 
Angerer and Muller, J following an idea of Franck’s,§ have observed in the 


halogen gases at high temperature a continuous spectrum with a sharp 
limit on the long-wave side, which they attribute to X~, and have thus 


determined E x . The values of U determined by this indirect process have 
been compared with the calculated values in Table 33 above. The agreement 
is surprisingly good. 


Table 37. 

Crystal energies in kilocals. per mole (observed ). || 



NaCi 

NaBr 

Nal 

KC1 

KBr 

KI | RbCl 

1 

RbBr 

Rbl 

Q 

Em + Sm 
Ex — Ex 

QQ 

117 + 26 
27-88 

90 

117 + 26 
23-80 

77 

117 + 26 
17-71 

104 

99 + 21 
27-88 

97 

99 + 21 
23-80 

85 

99 + 21 
17-71 

105 

95 + 20 
27-88 

99 

95 + 20 
23-80 

87 

95 + 20 
17-71 

U 

181 

176 

166 

163 

160 

151 j 

159 

1 1 

157 

148 


Before the values of E x were determined directly, it was usual to elim- 
inate them from equation (996) above, by considering the halogen acids, 
for which Qhx > an( l were known. The values of E so determined 

differ by 2 or 3 per cent. from. those given above, 

From the subsidiary cycle 2, 3, 5 in the figure we deduce U = U* + S, 
where U* is the heat of formation of the salt vapour from the ions of the 
metal and the halogen, and S is the heat of evaporation from salt crystal to 
crystal salt vapour. No measurements of either U* or S have so far been 
given, so that the relation cannot yet be used to find U . 

Fajansft has used the cycle 2, 6, 3, yielding U = W M + W x — L, to investi- 
gate the magnitude of the heats of hydration W M and W x of metallic and 


t See Table 11 for sources for thi9 information. 

% Angerer and Muller, Phyaikal. Zeit. vol. 26, p. 643 (1925). 

§ Franck, Zeit.f. Physik , vol. 5, p. 428 (1921). 

|| More recent evaluations have been given by Mayer and Helmholtz, Zeit.f. Phyaik. vol. 75, 
p. 19 (1932); Helmholtz and Mayer, J. Chem. Physics, vol. 2, p. 245 (1934). Their values differ 
only by 2 or 3 in the last figure from the values given here. 

Born, Alomtheorie dee festen Zuatandea , p. 751 (1923). 
tt Fajans, Verh . d. Deut&ch. Phyaikal. Gea. vol. 21, p. 549 (1919). 
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halogen ions, taking U as known and adding the observed value of L, the 
heat of solution of the salt in water. He has not been able to determine 
W s , or W x uniquely by this cycle alone, but has obtained a series of differ- 
ences W M — W M , W x —W x , by several methods, the results being con- 
sistent among themselves. Thus is found to be 21,000 calories 

per mole. The absolute values must be determined by other methods. 

§10*91. Surface forces. In earlier paragraphs applications of inter- 
atomic forces have been made to the calculation of the internal properties 
of solids. It is equally important that the conditions at a surface should be 
considered, especially as the action of surfaces is now known to be of great 
importance in many chemical phenomena. One point of interest is the 
order of magnitude and extent of the forces outside a crystal, as this has a 
bearing on theories of adsorption and adhesion. For this purpose the forces 
outside the (100) plane of a crystal of the rock-salt type have been con- 
sidered* with the hope that the results might indicate the surface forces in 
other more complicated cases. This problem is interesting in that it provides 
an illustration of the forces due to primary polarization as well as of the 
other forces already considered. 

The electrostatic potential of the semi-infinite array of the net positive 
and negative charges of the ions of valency v in a crystal at a point outside 
a (100) plane and at a distance of 2 from it may be shown to be 


+ = 2ve V 


( j4(/+m) 

« l.m \'(l 2 + ™ 2 ) 


— ^ ( / s + nt 1 ) h 


COS 77 


( lx my / + m\ e a 
a a 2 / l + e - 


7T(l 2 -rm 2 )h 1 


summed over all odd values of l and m positive and negative; a is the distance 
between consecutive planes, The axes of x and y are taken to coincide with 
the cubic axes. The electrostatic force on a unit charge in a direction normal 
to the surface is easily deduced to be 



277T£ v ( - 1 )*«+"'> 

a 2 Ci n 1 + e-^vu^+m*) 


-—<!’+ Mi*)* 

e <i 


/ lx 

COS77I — h 
\« 


?ny 

a 



(997) 


For a fixed value of 2 , this is a maximum above the lattice points of the 
crystal (being alternately positive and negative) and is zero at all points 
midway between them. 

Numerical calculations of the value of this force outside KC1 are given in 
Table 38 below. It will be observed that the force is reduced by 1/100 by 
increasing z/a from 1 to 2, that is, increasing 2 from 3T4 to 6*28 A. 


* Lennard-Jones and Dent, Trans. Far. Sue. vol. 24, p. 02 (1928). The electrostatic forces have 
also been considered independently by Bliih and Stark (Zeit. f. Physik, vol. 43, p. 575 (1927)) 
though not in the same detail. ” * 
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These forces apply, of course, only to a charged ion in the neighbourhood 
of the crystal surface. In the case of a neutral atom, forces of attraction 
arise from primary and secondary polarization. The former may be cal- 
culated in terms of the coefficient of polarizability a. The potential energy 
of the induced dipole at the centre of the atom in an electric field F is \v. F 2 , 
or, using the potential function <f> already given above, 


<P = i« 




dz 


The force on the dipole perpendicular to the crystal face is then given by 

F = __ d _^ = __ (tydQ dj>d 2 </> d<f>d 2 </> 

z dz a dxdxdz^ dy dydz + dz dz 2 ’ 


_ 64 e -2V2nzla 

a 5 (1 




(very nearly), where f(z, y) represents the variation with respect to x and y. 
The function f(x, y) is equal to unity over the lattice points and is equal to 


Table 38. 

Adsorptive forces outside KCl 


z/a 


Force on charge c 
Primary polarization (Argon) 
Secondary polarization 

(van der Waals attraction) 
(Argon) (5 = 4) 


(okci = 3- 14 A.) 


10 


6-80 x 10" 5 
4-74 x 10- 6 
Ml x 10~ 5 


1-4 


1*14 x lO" 5 
1-33 x 10- 7 
4-28 x 10-« 


20 


7-94 x 10- 7 
6-36 x 10- 10 
1-75 x 10-« 


30 


9-30 x 10-® 

8-85 x 10- 14 
6-70 x 10- 7 


zero at such points asx=|a, y = \a. The variation above a lattice point is 
seen from Table 38, where the example of argon near the surface of KCl is 
considered. 

The van der Waals attraction between the electronic systems of the ions 
in the crystal and an atom outside it can be calculated by a simple extension 
of the apparatus of § 10-52. It is however sufficiently accurate for this 
approximate calculation to neglect for example the differences between 
K+ and Cl“ and assume that they both attract argon like argon. For argon 
outside KCl we then have a force normal to the surface which can be put in 

the form 0 ..h(8+i)r*\ 


H(z) = 


sph (8+l) (z) 
a s+1 


(998) 


when —pr ~ 8 is the van der Waals energy between the argon atom and any 
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ion in the crystal. In this expression, h {s+1) (z) is a certain sum 
the ions of the crystal, viz. 


•« 


ation over all 


A< 8+1 >(2) = 


2 

l,m,n 



Z 2 + 7tt 2 + 



(999) 


the summation extending over all values of l and m, and all positive values 
of n. These functions have been evaluated for s = 4, s = 5 and a series of 
values of z. The numerical values of H(z) for argon and KC1 are given in 
Table 38. 

It will be observed that H{z) falls off very slowly with distance, so much 
so, in fact, that it becomes the important term at values of z > 2 5a. It is not 
difficult to show that h (b \z) tends asymptotically to z~ 2 , so that at large 
distances H(z) falls off as the inverse square of the distance. The van der 
Waals field, usually regarded as a short range force, here becomes one of 
long range. The reason for this difference in behaviour is that the van der 
Waals attractions are additive for all ions in the crystal, whereas the forces 
arising from the charges on the ions of the lattice are alternately of opposite 
signs and so rapidly neutralize each other. 

The results can be applied to estimate the concentration of argon in the 
neighbourhood of KC1 by Boltzmann’s formula. We find that, at a distance 
of 10 A., the concentration is about two to three times the normal at room 
temperature. 



CHAPTER XI 


THE ELECTRON THEORY OF METALS, THERM IONICS 
AND METALLIC CONDUCTION. SEMI-CONDUCTORS 

§ 11*1- The field of this monograph is a study of the properties of the 
equilibrium state. In discussing the electron theory of metals and semi- 
conductors we should strictly therefore exclude such processes as the 
thermionic emission of electrons and the passage of an electric current, 
which are processes involving essential departures (even if small ones) from 
equilibrium conditions. A study of these processes however is our most 
important means of obtaining information about the electronic nature of 
the metallic state, and the distribution laws of the equilibrium state can be 
applied in a direct and significant way to the study of these fundamental 
phenomena — to exclude them would introduce a lack of balance into our 
subject matter. Without, therefore, any attempt at a profound discussion 
of the quantum theory of the free path of an electron in a metal, or of other 
similar processes, we shall give such an account of the theory of thermionic 
emission and metallic conduction as can be achieved by simple formal 
applications and extensions of equilibrium theory. After a short account of 
the elementary theory of the genuine equilibrium state of a metal we proceed 
to discuss the phenomena of the emission of electrons by hot bodies and of 
the associated electron atmospheres in equilibrium under space charge 
effects. This is followed by a short account of the theory of electronic con- 
duction in metals and semi-conductors. One of the most striking minor 
triumphs of quantum mechanics has been the interpretation of the distinc- 
tive properties of these two types of electronic conductor (and of insulators) 
in terms of natural characteristics of their equilibrium states.* 

§ 11*2. Elementary electron theory of a metal. The elementary theory of a 
metal is due to Sommerfeldf who inserted the necessary quantum correc- 
tions into the classical theory of Drude.t To a first approximation one may 
assume that the long range effects of the electronic charges in the metal are 
neutralized by the charges of the heavy atomic ions. Thus at first we shall 
entirely neglect the internal structure of the metal and regard it merely as 

* There is now a great choice of literature to which the reader may refer for a more detailed 
general account of these phenomena: in particular Brillouin, Die Quantenstatidtik (1931); Nord- 
heim, Statische und kinetische Theorie dea metallischen Zuetandea ; Miiller-Pouillets, Lehrbuch der 
Phyaik t vol. 4, part 4 (1934); Sommerfeld and Bethe, Elektronenlheorie der Metalle, Handb. d. 
Phyaik, vol. 24 (ed. 2), p. 333 (1933); Bloch, Handbuch der Experimental Phyaik, vol. 11, part 2 
(1932). 

t Sommerfeld, Zeit. /. Phyaik , vol. 47, p. 1 (1928). 

X Drude, Ann. d. Phyaik , vol. 1, p. 566, vol. 3, p. 369 (1900). 
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a home for electrons, where they can move freely in a field of uniform poten- 
tial energy — x 0 , the potential energy they would have in free space outside 
the metal being taken as zero. We must now specify how many of the 
electrons in the metal are to be regarded as “free” to move in this region of 
uniform potential energy — x 0 . The only strictly logical choice is to take all 
the atomic electrons, but in fact by so doing we gain nothing and do not 
make a good approximation, as the more tightly an electron is bound the 
worse is the approximation of motion in a uniform field. It is clear however 
that since all the atoms are on the same footing we should take at least one 
electron per atom. We shall therefore proceed by assuming that either one 
electron per atom or all the normal valency electrons are effectively free in the 
metal. In any event the choice is not important as diff erent choices are 
largely self compensating. We return to a deeper discussion of the proper 
specification of a free electron in § 11*5. 

To study the equilibrium state of such an assembly of electrons (M in 
number in a volume V, antisymmetrical statistics, any state of motion of 
an electron with a weight factor 2 due to spin) we can at once apply the 
results of §§ 2*4, 2-41, in particular equation (120), which gives* 


T/ = A j^Z = A^2E r log(l + AO-^), 


and by equation (222) 


Z = 2E r log( 1 + = 2 


27r(2m)* 


A 3 




If we are to apply to this assembly the approximations of §2-73 we must 
verify that, in the notation of that section, lo g/x> 1, where p = Ae*** r , and 
/x is evaluated in terms of the electron density n 0 ( = M/V) in the metal by 
means of (227) and (229). Using these formulae we obtain 


(2t rmkT)l 2 

n o — ^ 


A 3 


>■ 


!(log^)* + ^-(log/x) (p = \ e x* kT ). 


(1000) 


We can solve this equation for logp, in terms of n 0 , still assuming that 
log/x> 1, and obtain 

h 2 /3n,\t 1 \ 1 _7t 2 _ rSm kT 




kT 


The first approximation to log/x is 

w ) kT ° r 


12 U 2 (3 n, 


T) 


n J 

4*2 x 10 -11 . 

T 


• Owing to the necessity for the frequent use of - c for the electronic charge in this chapter the 

symbol * is not here used for an energy, and rj is generally used instead. ’ 
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For copper whose density is 8-9 and atomic weight 63 the number of atoms 
per c.c., and therefore n 0 , is about 8-5 x 10 22 . Thus 

log /x = 8 x 10 i /T. 

We see therefore that log/* is still 80 at 1000° K. and 40 at 2000° IC., amply 
large enough for the use of the foregoing approximations. For caesium, in 
which the atomic density has the lowest value known for a metal, n 0 is less 
by a factor of 10 and log/x by a factor of 5, but log yx is still large enough for 
the application of these formulae at any temperature below the melting 
point of caesium. For any metal therefore we may normally use (1001). 
We shall see in § 11 that, in special circumstances, for example in Ni, n 0 
may have to be taken less than one per atom and m to be an effective 
mass much greater than the mass of a free electron. The approximation 
of almost complete degeneracy then no longer holds for all temperatures 
of importance. 


These equations give /x in the form 


H* ~ ITrfi 


TT 


2 kT 


where 


8m \ 


3 n 


kT 

i 


12 


( 1002 ) 


7T 


( v */kTp 1). 


(1003) 


It is easily verified that rj* is the maximum kinetic energy of an electron in 
the metal at 0° K. when all the n 0 lowest states are filled. For the character- 
istic energies in a rectangular box of edges a, 6, c are 


A 2 

8m 



2 t 2 

2 + p + 



(s y t t Uy positive integers ) 


and the number of these which are less than rj* is 

4t t . 

T“*Vv 

Each of these states accommodates a pair of electrons of opposite spins and 
the total number of pairs is \abcn Q . Equating these numbers we recover 
(1003). 

For n 0 = 8*5 x 10 22 the magnitude of rj* in electron volts is 7*05. The value 
of k is 8*60 x 10 -5 electron volts per degree. The electron distribution law 
71(17) given in (231) may be written here 

3 7l 0 rj-drj 


71(77) = 


(1004) 


2(17*)* l+e^-^* 2 * 

The Fermi-Dirac factor 1/(1 + e lW'»‘ T ) is shown plotted for various values 

of T in Fig. 23. 

Besides equation (1004) we shall have much need for similar distribution 
laws in which the dependence of the three velocity components is separately 
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shown, and also of a formula for the number of electrons incident on the 
boundary of the metal per unit area in unit time. Such a formula is provided 
by equation (217) in which space variations can here be neglected. This 
formula shows that if n(u,v,w)dudvdw is the number of electrons per c.c. 
in the given velocity range, then 



Fig. 23. The function 1/(1 + e {r) 7 )* ),kT ) f or various values of T. 

The factor 2 comes from the electron’s spin. In terms of the components of 
momentum p, q , r ( p = mu , etc.) 


, x 2 fh 3 

n (P> 1 . 7> r ) | e (p 2 + q 2 +r*)j2inkT I ^ * (1006) 

In these equations u, v , w or p, q , r range from — oo to -f co. 

The number of electrons N(p)dp incident on unit area in unit time with 
momentum normal to the area in the range p t p-h dp is given by 

sp f + CO /*+ OO 

^(^) = — n(p,q,r)dqdr. 

— 00 J — oo 


The double integral gives the number of suitable electrons per c.c. and p/m 

their velocity of approach to the surface. On using (1006) and putting 
q 2 + r 2 = p 2 this becomes 


N(p) = 


4rrp f 00 pdp 

h 3 ?n J o 1 -F d i)i+ P z ^ 2rnkT j p, * 


(1007) 
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The integral can be evaluated and we find 


N{p) = ~log(l + ne-p'iMT) 


[ 11-2 


( 1008 ) 


50 


40 


30 


20 


10 


/.T=0 

2. T=1000°K 

3. T— 2000°K 


V 


*4-1*0 


,*-1-0 n * 77* + 1 

/ £ volts 7 

Fig. 24. The number iV(£) electrons per unit range of energy incident on the 

boundary per cm. 2 per sec. as a function of £ and T. 


If £ is the energy in this normal motion, and iV(£)d£ the number of incident 
electrons in this given normal energy range, then 2 mC=p 2 , pdp = 7nd£ and 


Na) = ^^lo g(! +/*-#«•). 


( 1009 ) 


On inserting the first approximation to p. from (1002) we find 


NU) = log( 1 + e^'-b‘ kT ). 


( 1010 ) 
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There are important approximate forms of ( 1010 ), as shown in the 
following equations: 

4 : 77 “ 772 

#(£) = -— {v* - C + kTe-<V-bl k T} (tj* > £, v *-C>/cT) 


wo- 


rn)- 


h 3 

4rrmkT 

w 

4jrmkT 


( 1011 ) 


logs+la^i 

g 2 lcT 


(h*-a 


( 1012 ) 


e-({-i»*wirr{ 1 _^-<c-,.vfcT} t-r)*$>)cT). ...(1013) 


The function N(0 is shown for various temperatures in Fig. 24. 

§ 11 - 21 . Specific heats of metals. In Chapter iv we were able to give a 

generally satisfying account of the specific heats of metals (and other 

solids), in which we entirely neglected any contribution that might be made 

by the quasi-gas of free electrons which we now explicitly assume a metal 

to contain. This contribution E ( to the energy per unit volume is, by (226)— 
(228), 

■?log/x 


E t = \kTZ + MkT 2 


dT 


The value of Z when log p. 1 is given by 


) =UTZ-M Xo (1014) 


Z = 2 


(2t rmh-Tfi Tr 2 ( . 4 ^ 7 r 2 , 

Ts (logM)- +g- (log /a)* 


h 3 


77 


(1015) 


Combining this with ( 1002 ) and (1003) we find 


Z = M\- v 


+ 


77 


kT 


5kT C v 


(1016) 


and therefore 


E 


Xo + h* + 


77 




I' 


(1017) 


For the present we regard n 0 and therefore 77 * as a constant independent 

of T. This is a priori a reasonable first assumption for metals of simple 

univalent and bivalent atoms, for which there is a large energy step between 

the first (or first two) and the following ionization potentials of the free 

atom, so that variations in the number of lightly bound electrons per atom 

seem likely to be of secondary importance. Variations of n 0 , and also of Xo , 

can be produced by variations of V, but we shall not consider such effects 

here. This being so the only term in (1017) depending on the temperature 
is the last and 


c <- dE < 


(1018) 


This is to be compared with the classical value \R. 

The ratio of these quantities is only 41 x lO-T for copper and therefore 
quite insensible. The fact of primary importance is that the old difficulties 
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of Drude’s electronic theory of metals have now been entirely overcome. 
Properly treated the electron gas is found in general not to contribute 
sensibly to the specific heat of the metal. We are free to apply the idea of 
this gas to thermionic, photoelectric, thermoelectric and conductivity prob- 
lems without upsetting earlier conclusions based on the theory of crystals. 

On comparing (1018) with the ordinary lattice specific heat at low tem- 
peratures given by Debye’s approximation (359), we see that, small as it is, 
the electronic specific heat should give the dominant term for a metal at 
sufficiently low temperatures. For a metal, but not for an insulator, the 
final approach of the specific heat to zero should strictly vary like T not T 73 . 
If we put (1018) in the form 

C v € /E = t” 2 T/T € ( T € = t f/lc), (1018-01) 

the ratio of the electronic to the lattice specific heat of a metal at low tem- 
peratures is 

U,, 1 D l-J° I 

(1018-1) 


a 


24tt 2 7; T 2 ' 


For T^ — 10 5 , 0~2xlO 2 this ratio reaches unity between 1° and 2°K. 
Below this temperature the electronic term is dominant. A dominant term 
of this very small order of magnitude has actually been measured by Keesom 
and Koksf for silver. They find that below 3° K. C v has the value 0-0001 5(5) T 
cal. /deg. /mole, which agrees exactly with the value calculated from (1018-01) 
for one free electron per silver atom. 

The circumstances in which the electrons can make much bigger con- 
tributions can be more conveniently discussed later, and we return to this 
subject in § 11-55. 

The electron pressure may be noted here for reference. According to 
(237) it is given by 


V 


* = n 0 I 


2 k 2 T 


tn w + 


6 



(1019) 


§11-22. The elementary theory of electron atmospheres. Let us next con- 
sider an assembly of two such enclosures, one of which is in free space and 
the other inside a metal. This will represent a metal in equilibrium with an 
atmosphere of evaporated electrons, and since the evaporated electron 
density n f will prove to be very small its space charge can initially be 
neglected, and the number of electrons still in the metal can always be 
assumed to be normal. [In actual applications any deficiency in the metal 
would always be replaced by conduction.] We can apply the results of 
§2-72 and find for the evaporated electrons 

3/' = 2A ^ E r log( 1 + XW'), ( 102 °) 

CA 


•f Keesom and Koks, Physica, vol. 1, p. 770 (1934). 
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where. A must have the same value as for the metal. Using equations (1000) 


and (1002) 



Xo ~ V* 
lcT 


X. 

12 -q* lcT 


7 r 2 kT 

12 7]* ' 


.‘( 1021 ) 


If X is positive and of the order of a few electron volts then A 1 in spite of 
the fact that log/Lt> 1, and the evaporated electrons are effectively classical. 
That being so, equation (1020) reduces at once to 



M' 0 (27rmkT)i 
V~ h* A 


( 1022 ) 


which on using (1021) becomes 

n f = 2 

The second term in the exponent can usually be neglected. f 


(2t rmlcT)* 
h 3 


e - X lkT-n*kTll2r,* ( _ Xq _ 


(1023) 


§11*23. The electron vapour density as a problem in evaporation. It is 
worth while to pause for a moment to show that (1023) can also be derived 
at least formally by the methods of Chapter v. If the metallic electrons are 
regarded as a quasi-crystal, then by equation (520) 

W =/(T)/k(T). 

In this equation f(T) = 2(27rmkT)%e~x ,kT /h 3 if the energy zero is taken to 
refer to the state in which all the electrons are condensed into the crystal 
filling their M lowest states. If k(T) ^ *(0) =1, we at once recover the first 
approximation to (1023). In that case (523) becomes 

log P= -^ + 1 logT + log2^^^ (1024) 


bo that the vapour pressure constant of the electron, is given by 



(2t rm)*Jfc* 
h 3 ’ 


(1025) 


which is the normal value for a massive particle of mass m with two orienta- 
tions. 

In the preceding section we have made an explicit (if approximate) 
evaluation of this k(T). On the analogy of (522), the remaining term in the 
exponent in (1023) gives this approximation in the form 



7T 2 kT 
12 v * * 


(1026) 


t Before the development of the quantum theory of metals formulae substantially equivalent 
to (1023) were given by O. W. Richardson, Phys. Rev. vol. 23, p. 153 ( 1924); Dushman, Phi/s. R cv 

vol. 21, p. 623 (1923); H. A. Wilson, Phys. Rev. vol. 24, p. 38 (1924): Schottky, Zei’t. f. Pht/sik 
vol. 34, p. 645 (1925), where other references will be found. 
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Following up the same analogy we can also express k(T) in the form 


log 


k{T) rdT’ r 


*( 0 ) 



kT 


r 2 o(T")dT", (1027) 

J o 


where o(T") is a specific heat per metallic electron , properly defined. On 
combining (1026) and (1027) and differentiating twice we see that 


77 


k 2 T 


a = 


6 


(1028) 


It will be observed that a/k so defined does not agree with C v € /R , nor need 
it do so, for they are different quantities. C v € is the contribution to the total 
specific heat at constant volume of one gram -molecule of the metal. Insetting 
up the equilibrium atmosphere of electrons however we are not evaporating 
a fraction of the whole metal, only a fraction of the electrons without change 
of volume of the metal. It follows from the laws of thermodynamics that 
the specific heat a of (1027) is related to C v € by the equation 



Since by (1018) C r € oc J/i, tCy'/dM = \C V *IM, so that (1018) and (1028) 
are consistent with (1029). 

Relationships such as (1029) are apt to be overlooked since it is com- 
paratively rarely in statistical mechanics that a quantity such as C v € is not 
proportional to M, the condition that dC v € /dM ^ C v € /M. There are a variety 
of other “specific heats” besides this a which require to be carefully dis- 
tinguished. The (j defined by (1028) is the increase of the equilibrium specific 
heat of the metal for the addition of one electron. As we shall see later this is 
not the same thing as Kelvin’s specific heat of electricity. 


§ 1 1-3. Thermionic phenomena. The phenomena of the emission of 
electricity from hot bodies are well known. t We cannot here describe 
experimental details. It is sufficient to record that a great range of pheno 
mena lend practical certainty to the view that an incandescent metal 
emits electrons and to a less extent positive ions at a rate which is extremely 
sensitive to the temperature. The phenomena actually observed depend m 
general on these rates of emission, for the system studied experimentally is 
not (usually) in an equilibrium state. But since there must be an equilibrium 
state for the corresponding isolated system we are led by these phenomena 
to believe that when equilibrium is set up between a metal and its sur 
roundings (gas or vacuum), the metal is in equilibrium with a vapour o 

t For a general account see O. W. Richardson, The Emission of Electricity from Hot 
ed. 2, Longmans (1921); K. T. Compton and Langmuir, Reviews of A led. Physics , voL , P- 
(1930). The most recent account is Reimann, Thermionic Phenomena , Chapman an 
from which we have taken the greater part of the numerical data. 
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electrons and perhaps of positive ions as well. If we have chosen a suitable 
model this equilibrium so far as it concerns electrons should be adequately 
described b}- the formulae of the preceding sections. 

It has not proved possible to observe the electron density given by (1023) 
or the corresponding electron vapour pressure p f ( = n / hT). The quantity 
observed is always a current — the maximum current that can be drawn 
from an incandescent wire per square centimetre per second, by an external 
voltage large enough to sweep away the electrons as fast as they are emitted, 
but not large enough to produce a sensible potential gradient near the emit- 
ting surface. Such a saturation current measures the rate of emission of 
electrons by the hot solid. About such rates of emission neither thermo- 
dynamics nor the equilibrium theory of statistical mechanics have anything 
to say. We must appeal to some mechanism, which, however, and here the 
equilibrium theory comes in, must be consistent with the equilibrium state 
when allowed to act in a normal manner. It must be true, for example, that 
the rates of emission and return of electrons are equal in the equilibrium 
state. We now assume that, when the external voltage is applied and the 
saturation current measured, the rate of emission of electrons is unaltered. 
Since this rate is determined by the internal state of a conductor, and 
the voltages in question are not large, this assumption may be accepted.* 


§11-31. The saturation current, or rate of emission of electrons. Now that 
we possess an adequate picture of the electronic state inside a metal it is 
possible to calculate directly the rate of emission of electrons under equi- 
librium conditions. It is possible however to arrive formally at the same 

simply by calculating the rate of return of 
electrons to the metal, and we give this calculation first on account of its 
historical importance. 

The electrons in the vapour have the usual Maxwellian distribution in 

velocity and position, and therefore by (174) the number of electrons in a 

volume dV with a velocity between c and c + dc whose direction lies within 
a solid angle dco is , x 2 

n,dV \2^kf) c2 e-'" c!/2Ar rfcrf £u . 


The number of electrons N which strike unit area of the metal in unit time 
is therefore obtained by taking dw = sin Oddd<f>, dV = c costf.l, and in- 
tegrating over all c and over a hemisphere. We find 


N -- \n. 


2(2 JcT)l 


= \n,c. 


(1030) 


* The rate is affected by larger applied voltages. See §§ 11 34, 11-35. It should be recorded 
vaf.V^p ! "78 0 936)*).°" herC gi ' Cn " 8ti " OPen 10 d ° Ubt (Nottingham, Phys. Heo. 
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If in the equilibrium state a fraction r of these is reflected again, the number 
of electrons which return to the metal per unit area in unit time is 


(1 ~r) 


47rmk 2 T 2 



- X kT 

5 


(1031) 


on using (1030) and (1023), neglecting o\ It follows that the saturation 
current — I flowing from unit area of the hot body to the collecting electrode 
is given in electrostatic units by the formula 


r /i \* 7 Tmk 2 € 


T 2 e~x kr , 


(1032) 


This is Richardson’s emission formula. The energy x Is called the thermionic 
work function. The numerical value of the absolute constant 4n mk 2 e\h 2 is 
3*60 x 10 11 E.s.u., or 120 amperes per square centimetre. 

Earlier formulae for I had the constant 60 amp. /cm. 2 , since the weight 2 
for the spin of the free electrons was neglected. The reflection coefficient was 
also neglected. If it may be assumed that r is small, an assumption which is 
probably correct, for clean metals, then (1032) gives all the information that 
theory can provide. The investigation however is not strictly complete 
without a calculation of r, which can be given when a precise form is assumed 
for the effective potential variations near the surface of the metal. 

We shall now give the corresponding direct calculation of the emission, 
for which purpose we must use (1010). Only those electrons can get out for 
which £>Xo* It is assumed that the motion normal to the surface is un- 
affected by the other velocity components, which is correct when the atomic 
variations of the potential are neglected. If Z)(£) is the chance that such an 
electron will emerge, then the number of electrons emerging from unit area 
in unit time is <*> 

NU)Dtt)d£. 

J Xo 

If d is the mean transmission coefficient, this may be written 

d f°°iV(£)d£ 

J Xo 

and approximated to, with the help of (1013), by the expression 


d J “ e-it-ri'nr d £ = d T 2 e-* **. (1 033) 

It is a well-known quantum theorem that transmission coefficients over any 
barrier are necessarily the same in both directions')* for electrons of an\ 
energy. Thus the d of (1033) and the 1 -r of (1031) must be identical and 

the two formulae agree. 

t For example see R. H. Fowler, Proc. Camb. Phil. Soc. vol. 25, p. 193 (1929). 
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§11*311. Theoretical transmission coefficients. The actual theoretical 
values of £>(£) and d can now be given. For the abrupt boundary fieldf 
shown in Fig. 25, 4((J- Xo ){]i 

b ) .. „ 1 .4, . 1,« (b > Xo) 


[^ + (4-Xo)-] 2 

= 0 (£ < Xo) 

From this it follows that, provided X = Xo~V*>kT, 


(1034) 


d — 2 Jn 


kT\b 


Xo 


■ 


(1035) 


this has actually a mild temperature dependence, and, for 7 7 ^ 1500°K. 
and xo — ^*5 volts, is of the order 0*6. 


T 

5 





_ _ ± 


Z 


i 


H 


X 


o 


-Jc _ 


Fig. 2o. An abrupt boundary. 


Fig. 26. An abrupt boundary with 
a potential energy hill. 


F or the abrupt boundary field shown in Fig. 26 with a potential energy 

hill of height H ( > Xo ) and width l between the inside of the metal and the 
space outside* 

m)=o a< Xo ), 

D(£) = s t(£ - Xo), £]* 



C H-l 


cosh 2k(H 


£-x„\h 2 


where k 2 = 87 T 2 m/h 2 . Provided that 

e-W-xJ kT ^ e -2KHH-x 0 )\ 

we find from (1036) that, approximately, 



/C-x«\h 2 


)’] 


(1036) 


d = 8'n { - LT ^ e-2-AH-x..l 

H 


(1037) 


This value can be quite small compared with unity, when there is an appreci- 
able barrier of an excess height of the order of 1 or 2 volts and a width of 
the order of 1—3 Angstroms. 

It will be observed that the important part of D(Q in (1036) when 
2kI(H — £)- > 1 is 

(...)e- 2 *' ( *-£>*, 

t Nordheim, Zeit. f. Physik, vol. 46, p. 833 (1928). 

X Fowler, Proc. Roy. Soc. A, vol. 122, p. 36 (1929). 
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where (...) is a factor of order unity. It can be shown that, for any shape of 
barrier through which the penetration is slight, £>(£) always is of this form 
with an exponential factor 


i(£) t 

lU-if dx 


The meaning of the symbols is explained 
in Fig. 27. 

An even better, approximation is 

1 


(1038) 


m)= 


cosh k f 


(1039) 



which when Z)(£)<^ 1 reduces to 


DU)~ 4e 


Fig. 27. A gradual boundary with 
a potential energy hill. 


-j 






(U-ly dx 


(1040) 


Neither of the abrupt barriers of Figs. 25, 26 is a good representation of 
the surface field. When a slowly moving electron is at a distance x from the 
surface, it will be attracted to the metal by the image force € 2 /4:r 2 , which 
corresponds to an effective potential energy — € 2 /4x. This form of the 
potential energy must break down very close to the first layer of metal 
atoms, but if it holds at distances of 10 Angstroms or more from the surface 
it means that the top corner of the potential energy curve in Fig. 25 is 




Fig. 28 a. The image boundary field 


Fig. 28 6. The image boundary field with 
a potential energy hill. 


smoothly rounded off. This greatly reduces the electron reflection at the 
boundary. For the image force boundary shown in Fig. 28 a Z)(£) has been 
calculated by Nordheim* but cannot be given in a short form. From his 
result it follows that Z>(£) tends to a limit not far removed from unity when 
£ -> X o an d from this that d~ 1 no matter what the temperature. The 
probable form of the potential energy for a combination of image field 
and barrier resulting from the reduction of x by a surface film is shown in 

Fig. 28 6. 

* Nordheim, Proc. Roy. Soc. A, vol. 121, p. 626 (1928). 
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We may summarize this discussion by saying that for the simple model 
chosen for the metal the saturated thermionic current should be of the form 

A T 2 e~x ,kT , (1041) 

where A and x may be treated as constants and A ^ 120 amp. /cm. 2 deg. 2 
For clean metals A ~ 120, but for metals covered with surface films A may 
be very much less. 

§ 11*32. Comparison of theory and experiment for clean metals , and metals 
with monomolecular films . If Richardson’s formula for the current, (1041), is 
compared with the best experiments on carefully cleaned tungsten, regard- 


Table 39. 


Emission data for tungsten . 

The entries I in the second column are the observed saturation 

currents from 0 1825 cm. 2 hot surface. 


Temp. ° K. 

J rnilliamperes 

log I# (//r*) + 10 

b 0 

1935-5 

0-0934 

0- 1 355 

5 1 ,890 

1986-5 

0-1973 

0-4378 

51,880 

2036-0 

0 3967 

0-7197 

5 1 ,860 

2077-5 

0-6784 

0-9351 

51,880 

2086-5 

0-7656 

0-9838 1 

51,900 

2102-0 

0 9363 

1-0650 

51,840 

2131-5 

1-362 

1-2155 

51,840 

2134 5 

1-419 

1 2321 

51,870 

2158 0 

1-902 

1-3500 

51,820 

2182-0 

2-538 

1 4655 

51,810 

2204-0 

3-269 

1-5668 

51,820 

2231-0 

4-405 

1-6858 

51,820 

2235-0 

4-606 

1-7036 

51,870 

2271-5 

6-875 

1 8635 

51,880 

2280-0 

7 394 

1-8918 

51,920 

2306-0 

9-792 

2 0041 

51,900 


(4-47 

volts = ) Mean value = 5 1 ,800* ( 


* This value is not the best accepted value for clean tungsten (4-54) 


ing A and x as adjustable constants, an excellent fit is obtained with a value 
of A about 60. Owing however to the dominance of the exponential term 
the observations are not capable of fixing A with high accuracy. In fact it is 
hardly possible by observation to distinguish between (1041) and a formula 




(1042) 


used by Richardson in his earlier work. It is therefore impossible to be 
confident as yet that there is here a discrepancy between the simple theory 
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and experiment, which demands an elaboration of the theory for its ex- 
planation. Similar successes are obtained for comparable values of A on 

comparing theory and observation for other metals, when they have been 
properly cleaned . 

The excellence of the fit obtainable between (1041) and good data is 

illustrated by the foregoing observations for tungsten given by Dushman. 

In the analysis it was assumed that A = 60*2, which was originally supposed 

to be the theoretically correct value of A, the spin of the electron being then 

unrecognized, and \/k was then calculated from the observed current. The 

values so obtained should be identical and the actual extreme variation in 

Table 39 is 11 parts in 5000. A fit almost as good could be obtained with 
A = 120. 

\\ hen we study the values of A and x for a variety of metals both 
supposedly clean and with known monomolecular surface films deposited 
on them we find the values opposite. The values given are those regarded 
as most reliable by Reimann.* 

It will be seen at once that these values are in excellent general agreement 

with the theory if we may account for , 

the low values of x and A found for T \ > 

electropositive films in terms of an ^ A _ v 

electrical double layer about one atom — _ — A I 

thick. Such a layer gives an idealized £ | 

potential energy curve near the boundary 7* ^0 I 

(image force neglected) of the form shown N , v v f J 

in Fig 29. , 1 , . . . 

° Fig. 29. An abrupt boundary with an ideal 

When Such a film is present D(^) will double layer (electropositive outwards). 

(I * 

— 2k I (x*— £— arA^/i J dx 

by (1040) contain the factor e and d the factor 

c -S*(Ax)h. gjjuJi therefore find a relationship between the value of A 
and the depression A* of the work function below its value for the under- 
lying clean metal of the form 

log A = const. — £/cZ(Ax)*. (1043) 

This relationship is in excellent general agreement as to form and order of 
magnitude with the relationship 


1 




/- 


Xo 


Fig. 29. An abrupt boundary with an ideal 


log A = £ tjAx (i, V const ) 

observed by Richardson and Du Bridge to hold during an outgassing process. f 
All the abnormally small values of A associated with films in Table 40 can 
be so interpreted, though the correctness of this is still open to doubt. 

* Reimann, loc. cit. See also Dushman, Re v. Mod. Phya. vol. 2, p. 381 (1930). Full references to 

original sources are given in Reimann’s book. 

t Fowler, Proc. Roy . Soc. A, vol. 122, p. 36 (1929). 
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Outstanding discrepancies remain in which A is apparently abnormally 
large, exceeding 120 by factors which cannot be due to any error in the 
analysis or the estimate of the available surface. It is probable that these 
discrepancies are all associated with films, and that in fact we have a tem- 
perature-dependent effective work function. For such a film as O on W 

Table 40. 

Thermionic emission constants. 


Data as critically selected by Reimann ( loc . cit.). 


Element 

X volts 

A amp. /cm. 2 deg. 2 

(i) 

Clean metals 


Cs 

1-81 

162 

Ba 

211 

60 

Zr 

412 

330 

Hf 

3 53 

14-5 

Th 

3-38 

70 

Ta 

412 

60 

Mo 

4 15 

55 

W 

4-54 

60-100 

Re 

5- 1 

200 

Ni 

503 

1380 

Pd 

4-99 

60 

Pt* 

5-40 

170* 

(ii) M onomolecular films 

Th on W 

2-63 

3 0 

Th on Mo 

2-58 

1-5 

Zr on W 

314 

50 

La, Ce on W 

2-71 

8-0 

Cs on W 

1-36 

3-2 

O on Wf 

9-2t 

5 x 10 ll f 

Cs on O on W 

0-72 

0003 

Ba on VV 

1-56 

1-5 

Ba on O on W 

1-34 

0-18 


Where a value of 60 is given it usually implies that the best observational value is not very 
different from 60, differing from it perhaps by a factor less than 2, but that the old theoretical value 
60 has been assumed, in the analysis. 

♦ The values given for Pt even more than for other elements depend on the heat treatment, and 
it was recently believed that Du Bridge’s values * = 6 - 27 , A = 17,000 {Phys. Rev. vol. 31, p! 236 
(1928)) represented the best value for the clean metal. It has now been shown by Van Velzcr 
(Phys. Rev. vol. 44, p. 831 (1933)) that his wires were probably still contaminated by an oxygen 
film. 

t The significance of the values for O on W is discussed in detail in the text. 

there is every reason to believe that the theory does not apply and that x is 
not a true work function nor A a transmission coefficient. This interpretation 
of the x and A derived from observation can only apply when the whole 
temperature variation in IjT 2 can be thrown upon the factor e-x' kT and 
none upon A. For such oxygen films we are not dealing with the emission 
of the same film at different (very high) temperatures; the true x is much 
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smaller and we have a temperature variable A and x due to the changing 
structure of the film. The derived x (9*22 volts) is also not confirmed as a 
work function by contact potential measurements (see § 11-38) in agreement 

with this interpretation.! 

It may happen however that the work function, though temperature 
dependent, is fairly closely of the form x = x* ~~ xkT over the whole tempera- 
ture range. Such an effect lies outside the range of the present model. If 
modifications can be made to include it, it would satisfactorily account for 
abnormal values of A , by adding an extra factor e a to A without modifying 
the agreement between the x* derived from the thermionic analysis and 
the photoelectric threshold hv Q = x(0) = x* determined at low temperatures. 
Du Bridge’s supposedly clean Pt, which was, however, probably Ft with an 
oxygen film, can probably be regarded as an example of this type of x • The 
agreement between x * and hv 0 fails at once for any other type of temperature 
dependence of x- 

§ 11-33. Magnitude of the potential energy step at a metal surface. We have 
seen that this elementary theory demands a fairly definite average negative 
potential energy xo f° r an electron inside a metal when its potential energy 
outside is taken as zero. Direct evidence for such an energy step is most 
desirable and is provided by the experiments of Davison and GermerJ and 
later by Rupp§ on the reflection of electrons by metal crystals. If it is 
assumed that the velocity and therefore the de Broglie wave length of the 
beams in the metal are the same as those of the beam in free space, no exact 
agreement can be obtained between the observed diffracted peaks and those 
calculated from the crystal spacing. If, however, it is assumed that the 
beam is accelerated on entry by x 0 volts, we can obtain excellent agreement 
for a suitable value of xo • The effect of the acceleration appears of course as 
a refractive index p ( > 1) given by the formula 

< 1044) 

where X is the energy of the incident electrons before entry. Table 41 shows 
the analysis of a set of measurements on nickel by Davison and Geriner. 

Later experiments by Rupp similarly analysed are shown in Table 42. 
In every case the derived values of tj* are entirely reasonable. We cannot 
expect that r,* will exactly correspond to the value calculated for 1 or 2 free 

electrons per atom. 

These experiments on electron diffraction provide a beautiful confirma- 
tion of the whole theory. 

t Langmuir and Kingdon, Phys. Rev. voi. 34. p. 1-3 (10-9). 

+ Davison and Geriner, Proc. Nat. Acad. Sci. April (1928). 

§ Rupp, Leipziger Vortrage (1930). 
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Table 41. 

The refraction coefficient for electron waves incident on Ni crystals, chosen to 
make observed reflections fit the lattice structure and the free wave length of 
the incident electrons. Experiments of Davison and Germer analysed by 
Hariree. 


X volts 
energy of 
incident 
electrons 

Observed 

refraction 

coefficient 

P 

m 2 

{p 2 -\)X 
= Xo 

Calculated 
refraction 
coefficient 
with Xo= 18 

64 

114 

1 30 

19-2 

1*132 

130 

107 

1145 

18-8 

1067 

216 

104 

1-08 

17 

1*041 

328 

102 

104 

13 

•027 

449 

101 

102 

9 

1*020 

586 

101 

102 

lii 

1*015 


For Ni p =8-9, M* = 57, 77 * = 11*8 volts for 2 electrons per atom: * ~3*0 volts so that 

X 0 = x + V* = 16*8 volts. 


Table 42. 


Observed values of y 0 {Rupjp, electron diffraction) and x> and derived values of 
rj* for various metals . Values of xf rom thermionic or photoelectric effects , 
those marked ~ doubtful . 


Metal 

K 

Cu 

Ag 

Au 

Zr 

Mo 

W 

Ni 

Xo obs * 

7*3 

13 5 

14*0 

14*0 

10*2 

13 5 

12*5 

16 

y obs. 

~ 2*2 

-4*4 

4*7 

4*9 

4*1 

4*1 

4*5 

50 

'V 

7* = Xo - X 

5*1 

9*1 

9*3 

9*1 

6*1 

9*4 

8*0 

1 1*0 


§11-34. Effects of stronger fields. (1) The Schottky effect. The foregoing 
formulae for the thermionic emission have been obtained and applied on 
the assumption that the field applied to collect the electrons has a negligible 
effect on the emission. As stronger and stronger field strengths are employed 
this will cease to be true. The current drawn from the emitter ceases to be 
constant and finally increases with the field strength. This phenomenon was 
first correctly interpreted in terms of the present model b}' Schott ky.f 
When a field strength F is applied to the emitter, whose effective potential 
energy near its surface is given by the image term — € 2 /4.r in the absence of 
a field, the total potential energy for an electron near the boundary will be 

of the form U = Xo - e*/4x - eFx, 

illustrated in Fig. 30. The maximum value of U is then depressed by an 


amount 


(1045) 


t Schottky, Zeit.f. Physik, vol. 18, p. G3 (1923). 
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For moderately strong fields the slopes of the potential energy curve near 
the maximum will be so slow that practically no penetration of the electrons 
through the barrier will occur; those 
only will escape whose energies exceed 
the reduced x an d the transmission 
coefficient will be unaffected. Thus the 
first effect of the field is to alter the 
emission according to the formula 

I F = I 0 e ti * ilkT , ...(1046) 



Fig. 30. Change of boundary in the 

Schottky effect. 


where I 0 is the current at zero field 
strength for the same temperature. 

An accurate test of this equation is provided by the work of de Bruyne.* 
According to (1046) 

m l°g I F - log Ip 


should be constant for all temperatures and field strengths and equal to 
€%/k. de Bruyne’s results confirm this with remarkable accuracy up to fields 
of the order of 10 6 volts/cm. for a wide range of temperatures. Using the 
mean of his data to evaluate €, one obtains the value 4* 84 x 10~ 10 in admirable 
agreement with the accepted value. 


§11*35. Effect of very strong fields. (2) Cold emission. When the field 
strength at the electrode becomes appreciably greater than 10 6 volts/cm., 
the slope of the potential energy curve is so great that electrons begin to 
penetrate through the barrier and a field strength is ultimately reached at 
which the emerging fraction of the very great number of electrons near the 
top of the levels normally full swamps the emission from the nearly empty 
levels near the top of the barrier. The emission becomes nearly independent 
of the temperature, possibly large even for a cold electrode. A sufficiently 
accurate formula for the analysis of ordinary observations is obtained by 
taking T = 0. We are then concerned with the transmission coefficient for 
electrons incident on the barrier shown in Fig. 31.| A small correction is 
made by including the image effect (dotted curve), but this is not important 
and will be ignored here. 

For such a barrier 

x>(0 = 4[ —° 0 -- } - J * ex P{ - Mxo - (* 2 = ( 1047 ) 

* de Bruyne, Proc. Roy. Roc. A, vol. 120, p. 423 (1928). 

t Fowler and Nordhcini, Proc. Roy. Sac. A, vol. 119, p. 173 (1928); Ngrdheim. Proc. Roy. So<-. 
A, vol. 121, p. 626 (1928). 
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Using (1011) with T = 0, we find at once 


and after simple approximations 


/ = 




j F 2 e~t*x* IF 9 


(1048) 


2 Xo X 

in which y is the usual work function. A sufficiently accurate numerical 
version of this formula, ignoring the differences between y, y 0 and 77*, is 


/ = 6*2 x 10- 6 — e- 6 * 8xl0 ^ }/ ^, 

X 


(1049) 


when x * s measured in volts, F in volts/cm. and / in amp. /cm. 2 This 
formula is in good agreement with the experimental factsf in the nature of 
its dependence on F. The observed 


cold emission however actually sets in 
at field strengths of the order of 10 6 
volts/cm. as computed for the cathode 
surface from the geometry of the ap- 
paratus. Equation (1049) however pre- 
dicts that the emission should set in 
at 10 7 volts/cm. The observed emission 
however is never general, but comes 
from local spots on the cathode. It is 



Fig. 31. The boundary effective in the (cold) 
emission of electrons in very strong fields. 


clear that these facts are to be explained as due to the roughness of the 
cathode surfacej which can make the local field strength at special points 
greater by just such a factor than the general field strength computed from 

the geometry. The agreement between theory and experiment is therefore 
satisfactory. 


§11*36. The cooling effect of the evaporation of electrons has also been 
investigated experimentally and examined theoretically by Richardson § 
and others. If we evaporate N average electrons, then their extra energy in 
the vapour phase will be 


N+ = N 


X + 



This, however, is not exactly the cooling effect on the metal, for the electrons 
evaporated are not an average equilibrium group distributed according to 

t Millikan and Eyring, Ph ;/ s. Per. vol. 27, p. 51 (1926); Millikan and Lauritsen, Proc. Nat. 

Acad. Sci. vol. 14, p. 45 (1928); K. H. Fowler, Gossling and Sterne, Proc. Rou. Soc A vol 124 
p. 099(1929). ' ’ ’ 

X R. H. Fowler, Gossling and Sterne, loc. cit. 

§ O. W. Richardson, loc. cit. especially chap. v. 
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Maxwell’s law. This can be seen at once if we consider the rates of emission 
and return for electrons of given velocity. The number of electrons of normal 
velocity between u and u + du which strike unit area per second in the 
equilibrium state is / \j 

n \^kf) ue ~ muV2kTdu - 

If a fraction r(u) of these is reflected, the number which are re-absorbed per 
unit area per second is 

{ 1 - r(u)} ) ue~ mui/2kT du, 

which is therefore also the rate of emission. Owing to the extra factor u the 
rates of emission and return are, as it were, higher for the higher velocities 
compared with the equilibrium numbers of such electrons present in the gas. 
The average kinetic energy, in the motion normal to the surface, of the 
electrons emitted is 


imj {1 —r(u)}u 3 e~ mu2,2kT duJj (1 — r(u)} ue~ mu2,2kT du . 

If we may, to a first approximation, ignore the variation of r(u) with u y we 
have a mean energy 

\m J* xe~ mjc,2kT d x I j e~ mxl2kT dx , 
or * IcT. 

The energy in the motion parallel to the surface has its equilibrium value TcT . 
Thus on these assumptions the cooling effect for the evaporation of N 
electrons is 

N(<t> + \kT) = N 

This is in good agreement with direct experiment. Experiments, however, 
could hardly fix the coefficient of JcT. 

§11-37. The photoelectric effect. When light falls on a cold metal surface 
electrons are emitted as soon as the frequency v of the incident light exceeds 
a certain threshold frequency v 0 . This is known as the photoelectric effect. 
The model of a metal here in use accounts at once for the main features of 
this emission. For when T -> 0 there are no electrons in the metal with a 
kinetic energy greater than rj* and plenty with any energy less than rj*. 
In order that an electron whose initial energy is 77 may emerge after absorb- 
ing a quantum of energy hv , it is necessary at the least that 

hv + n 7>Xo- 

The least possible value of v satisfying this inequality is 

hv = hv 0 = Xo — y* = X- 


x + 21cT - [ odT\ (1050) 

J 0 


(1051) 
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Thus there must be a photoelectric threshold which is equal to the work 
function. Table 43 compares the observed values of the threshold and the 
work function where both have been satisfactorily determined. The agree- 
ment is excellent. 

Experiments on the photoelectric effect are not habitually made at zero 
temperature, and it is necessary to consider the effect of temperature on the 
number of available electrons for light of given frequency v . It is at once 
evident that there can be no absolutely sharp threshold at temperatures 

Table 43. 


Observed values of the photoelectric threshold hv 0 for clean metals. 

[Compared with observed values of *.] 

Values given in electron volts. 


Metal 

Cs 

Ta 

Mo 

W 

Re 

Ni 

Pd 

hv o 

X 

-1-9 

1*81 

411 

412 

415 

415 

4-54 

4-54 

4-98 

51 

501 

503 

4-97 

4-99 

Metal 

Pt 

A g 

Au 

Sn p 

Sn y 

Sn liq. 

hv 0 

X 

[6*30] 

[6-27] 5-40 

4-74 

4-90 

4-39 

4-28 

417 


Data from Reimann, loc. cit., where authorities are quoted. The values in [ ] for Pt are from 
Du Bridge. 


other than zero and this is borne out by recent observations now to be 
discussed.* 

In order that an electron may be emitted it is necessary that the energy 
of its motion normal to the emitting surface should exceed y 0 . Its other 
velocity components are to a first approximation irrelevant. The rate of 
emission of such electrons must therefore be expected to be proportional to 
the intensity of the light, the number of suitable electrons striking unit 
area of the surface in unit time, the chance that they will pick up the quan- 
tum hv in the proper velocity component, and the chance that they will then 
be transmitted through the boundary field. f With the model here in use 
in which the electrons are free inside the metal the whole excitation takes 
place in the surface field of the metal. When the boundary field is well 

* This was first established beyond reasonable doubt by the work of Mendenhall's laboratory; 

see Morris, Phys. Rev. vol. 37, p. 1203 (1031); Winch, Phys. Rev. vol. 37, p. 1269 (1931); Cardwell 
Phys. Rev. vol. 38, p. 2041 (1931). 

t The exact theory which has been given by Mitchell ( Proc . Roy. Soc. A, vol. 146, p. 442 (1934); 
Proc. Camb. Phil. Soc. vol. 31, p. 416 (193.5)) correcting earlier work by Wentzel, Sommerfelcl 
Festschrift, Probleme der rnotlcrnen Physik , p. 79 (1928); Tamm and Schubin, Zeit. / Physik, vol. 
68, p. 97 (1931); Frohlich, Ann. d. Physik , vol. 7, p. 103 (1930), and others, does not allow strictly 
of such an analysis of the different factors. But this analysis is nearly correct, and allowable for 
the present discussion. It would take us too far afield to discuss the exact theory further here. 
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represented by an image field, as for a clean metal, this last chance hardly 
varies and may be taken to be unity. The chance of absorbing the quantum 
will vary with v as in other absorption phenomena, but this variation is not 
important near v 0 . Thus a good approximation to the photoelectric yield 
per unit light intensity near the threshold frequency is to take it simply 
proportional to the number of electrons incident per unit time for which 


2m 


p 2 + hv> Xo, 


where p is the initial momentum of the electron normal to the surface. 

Equation (1008) gives the number of such electrons as a function of p. 
The photoelectric yield per unit light intensity is therefore proportional to 
S, where 


S 



\TrmkT p 


p t l2m = Xo~hv 


h 3 


m 


log(l + fjLe~ ptl2mkT ) dp (1052) 


On replacing /a by e r i' lkT and simplifying the integral, we obtain 


S = 


4:irmk 2 T 2 f” 


h 3 


l 


This function S should give the photoelectric yield from a clean metal as a 
function of v and T for values of v near the threshold x/h- 

The integral in (1053) cannot be evaluated in finite terms but can be 




integration that 


S = 


When ( hv • 

4tt mk 2 T 2 r c e 


25 y>35 


h 3 


I/"* 


+ 


3 2 


(8<0) (1054) 


When (hv— x)/kT = S ^ 0, we find after a short reduction that 


S _w^ +!S! _ 


* e -2S e -3S 
e- 5 - — + 


2 2 3 2 



0 ). 


(1055) 


We may therefore expect that the photoelectric current I for values of v 
near the threshold is given by an equation of the form 


I Ai(hv 

T 2 A< ^\ k 


hv-x 


(1056) 


T 2 ‘~ r \ kT 

where A is a constant independent of v and T and </>(§) is a tabulated 

function given by the terms in [ ] in (1054) and (1055). 

Observations may be analysed by taking logarithms of (1056) and using 

it in the form T 


lo g Y 2=B+(t> 


( hv-x \ 

[ kT }’ 


(1057) 


| Pierce’s Tables. 
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where O is a known function and B is a constant. For each temperature we 
can then plot the observations of log I /T 2 against hvjkT , and can also plot 
0(8) on the same scales. Observations for all temperatures should then be 
brought to lie upon 0(8) by suitable shifts of the origin. The shift in the 
origin of v determines accurately the true threshold y ( =hv 0 ). An alternative 
method of analysis has been used by Du Bridge* employing sets of obser- 
vations for various temperatures and a single frequency. In this method 
0(8) is plotted against log 8 and the observations are similarly treated. The 



Fip. 32. Analysis of observed photoelectric yields for Pd. 


results are in excellent agreement. The function 0(8) and the analysis of 
the observations of Du Bridge and Roehrf for Pd are shown in Fig. 32. 
Some such method as these must always be used in determining the true 
photoelectric threshold, as empirical extrapolations of the photoelectric 
yield curve to zero are quite unreliable. + In addition to this analysis of the 
total photoelectric yield Du Bridge § has shown that the same methods may 
be used to analyse with almost equal success the normal velocity distribu- 
tion and the total energy distribution of the photoelectrons emitted by a 

* Du Bridge, Phys. Rev. vol. 43, p. 727 (1033). 

t Du Bridge and Roehr, Phys. Reu. vol. 39. p. 90 (1932). 

X For a general account see Du Bridge, Actualites Scieniifiques et I ndustrielles, No. 268 New 
Theories of the Photoelectric effect (1935). 

§ Du Bridge, loc. cit. 
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clean metal as a function of v and T. These results provide a beautiful 
verification of the substantial accuracy of the Fermi-Dirac distribution 
law for the free electrons of a metal. 


§11*38. Space variations of the electrostatic potential. Contact potentials. 
We proceed next to include the effects of electrostatic fields due to the 
charges or the evaporated electrons themselves. The inclusion of these 
effects does not alter the form of (1023) but only the physical interpretation 
of n f . This formula must remain true in the general case if n f means the 
average electron density in the free electron gas immediately outside the effective 
boundary field of the metal. 

The unaffected validity of (1023) is almost obvious. From the point of 
view of large scale phenomena, the metal is a conductor at constant poten- 
tial, and the potential of the electron gas in contact with it will be equal to 
the potential of the metal, since the potential is a continuous function. 
Whether electrostatic fields are included or not, there will be no question ol 
potential differences between the metal (just clear of its boundary field) 
and a thin sheet-like volume element of electron gas in contact with it. 
The foregoing arguments then apply, with an unaltered interpretation of x 
and the interpretation of n f stated above. 

In addition to this result, we find, of course, that the electron densities 
of different parts of the gas are connected by Boltzmann's equation 


n f = e e(v-v 0 )tkT (1058) 

(n,)o 

This is the simplest example of the theorems of §8-7. The details of the 
distribution of electrons must be studied by the help of the combined use of 
(1058) and Poisson’s equation, as there examined. To this we return in § 11*4. 

We can draw at once some interesting conclusions. Suppose we have an 
assembly in equilibrium containing two different metals. Then the density 
of the electron gas in equilibrium with them will not be equal and therefore 
the immediate neighbourhoods of the two metals cannot be at the same 
potential. The metals themselves must therefore differ in potential this is 
their contact potential difference , for it is obviously immaterial to the fore- 
going argument whether the metals in question are in so-called metallic 
contact or not. The contact potential difference V 12 between metals 1 and 2 
can now be related at once to quantities already defined. By considering 
elements of electron gas near the two metals we have by (1023) and (1027) 


log 


and by (1058) 


( )/ = X1-X2 

(*2)/ 


kT 


log 


[ T dT' C T \ ., T " 


( n i)/ _ € ^12 

( n 2 )/ kT 


.(1059) 

.(10G0) 
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[Here V 12 is the excess of the potential of metal 1 over that of metal 2 in 
isothermal equilibrium.] We find, therefore, 

r T dT' C r 

^i2=X2-Xi+7] o ^2 | o (ot-oJdT" (1061) 


This equation is exact. It shows that as T->0 the contact potential 
difference must tend to the difference of the y's (reckoned in volts), and over 
a wide range of temperature eV 12 and y 2 — Xi will be very nearly equal. An 
equation almost equivalent to (1061) can be derived thermodynamically, 
and is commonly given in the form 

T \y ) = *2 - Xi + f o ( CT i -a-JdT' ( 10G2) 

This can be obtained by differentiating (1061). The quantity on the right is 
also called — i, the difference of the average work required at tem- 
perature T to evaporate an electron from the two metals. If we further 
differentiate (1062), we obtain 

d 2 V . 

— tT -g—r = <7j — a 2 . (1063) 

This equation refers only to the equilibrium state with cr's defined by (1029). 
It must be carefully distinguished from the familiar equation of the same 
form involving Thomson's specific heats of electricity. The latter refers to a 
current-carrying state and neither the o-’s nor V 12 have exactly the same 
meaning. We return to such problems in § 11-74. 

Observed contact potentials should satisfy closely the theoretical 
relationship 

F «^i2 = X2-X 1 . (1004) 

the cr-terms being trivial. Contact potentials are difficult to measure satis- 
factorily under conditions which ensure that the metal surfaces are in the 
state for which the work function or photoelectric thresholds have been 
measured. Some recent measurements which more or less satisfy these 
requirements are collected in Table 43-1. 

The experiments on Ni-Fe were complete, and completely substantiate 
(1064). In the other experiments the and Xz recorded were not both 
measured for the actual specimens for which eV 12 Mas measured and the 
values are taken from Table 40. From Langmuir and Kingdon experiments 
too small a value of eF 12 would be derived if there is any reflection of elec- 
trons from the surface of the contaminated metal. It is therefore reasonable 
to hold that these results substantiate (1064) so far as they can be trusted 

except for O/W. It is clear that the recorded value of x for this surface is not 
in any sense a true work function. 

The relationship (1064) can of course be derived for two metals in equi- 
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librium in contact with each other, without appeal to any third vapour 
phase for the electrons. Provided they can exchange electrons the equi- 
librium distributions in the two metals must have the same value of A. By 

equation (1000) A = /xe-*> /*r = e -< Xo ~7j*).kT = g—XlkT' 

This equation refers all energies to a potential energy zero for an electron 
in free space just outside the metal. It is at once evident that equilibrium is 
impossible for two metals in contact if both use this same energy zero. The 
second metal must charge up relative to the first thereby adjusting (xo)2 
until A = e-Xi /Acr = e~<x*- €V i* )lkT t which is (1064). 

Yet another method of proving (1064) is provided by the theory of 
contacts in § 11-9. 

Table 43* 1. 

Measurements of contact potentials , compared with x 2 — Xi • 


X2 


Ni, 5 01 ±0-02 
W, 4-54 
W, 4-54 
W, 4-54 
W, 4*54 
W, 4-54 


X2- Xl 


cF,- obs 


Fe, 4-77 ±0 02 

Ba, 211 

Th/W, 2-63 

Cs/VV, 1-36 

Cs/O/W, 0-72 

O/VV, 9*2 



1*91 

318 

3-82 

-4-7 


2-8 
3 1 
0-8 


Authority 


( 1 ) 

( 2 ) 

(3) 

(3) 

(3) 

(3), (4) 


(1) Glasoe, Phya. Rev. vol. 38, p. 1490 (1931). 

(2) Anderson, Phys. Rev. vol. 47, p. 958 (1935). 

(3) Langmuir and Kingdon, Phys. Rev. vol. 34, p. 129 (1929). 

(4) A satisfactory rediscussion of this anomaly has been given by Reimann, Phil. Mag. vol. 20, 
p. 594 (1935). 


§11*4. Space charge effects. Special electron atmospheres. It will now be 
of some interest to examine in detail the equilibrium state of some electron 
atmospheres in which the space charge effects due to the electrons them- 
selves are important and are included in the calculations. As we have shown 
in § 8-7 the laws governing the equilibrium distribution are 

V 2 w = 4™?, vjv 0 = e « w - w * ),kT . (1065) 

Not many problems of electron distribution are soluble explicitly in 
finite terms. The simplest distribution imaginable is a stratification in 
parallel planes. Such a distribution will be set up between the plates of a 
parallel plate condenser, and the equations are then soluble exactly. They 

become dhvldx* = *7r€v, v = v 0 e €V,kT , ( 1066 ) 

if we define w to be zero in the plane where v = v 0 . Hence 

e dw 1 dv _ _ kT d 1 1 dv | 

kT dx v dx’ € dx\v dx\ 
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It will be convenient to introduce a new variable y such that 

vdx — dy. 

Then d 2 v/dy 2 = Ine 2 /!: T, 

2tt€ 2 

' , = JPT y+by + c ’ 

where b and c are constants of integration. At the symmetrical plane half- 
way between the two plates (of the same material at the same potential) 
we shall have by symmetry die fix = 0, dvfiy = 0. If this plane is x = 0 and 

we choose y so that » x 

y=i vdx, 

then dvfiy = 0 for y = 0 and 6 = 0. Since v > 0, c > 0, and we write 

2lT€ 2 

(*• + *). 

, , dy 2i re 2 

*° that - Tc T ix - 

. 2tt€ 2 A 2 9 2tt€ 2 A 

v = ~kT~ Sec ~kT~ X ' 

We can now determine A, in terms of the electron density v Q in the central 
plane, by the equation (kTv A 

Mii?) ■ < io67 > 

which gives f = v 0 sec^|^^| a;V (1068) 

For the potential w we have 

g=-21ogco 8 ({^}V) (1069 ) 

With these equations any desired details may be investigated. We may 
observe in the first place that if an ideal non-electrical material may be 
imagined which neither emits, absorbs nor attracts electrons, then, since 
dw/cx = 0 for x = 0 and the electric intensity vanishes, the plane x = 0 may 
be replaced by an ideal non-electrical wall on which the electrons will act 
merely in virtue of their mechanical momenta. The distribution laws in v 
and w will be unaltered by this replacement. The plane of symmetry, or 
ideal wall, is a locus of equilibrium points which no lines of force cross. The 
stress per unit area at the surface of the emitter due to electrostatic forces 
is a negative pressure equal in amount to 2-no 2 , where a is the surface density 
of the charge on the emitter, or the total atmospheric charge per unit area 
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contained between the emitter and the central plane if the assembly is 
self-contained and on the whole uncharged. If this distance is a, then 


r« 

(J = €\ vdx = 

J o 



sec 


/ 27T€ 2 P n \i 


2 11 "”" "0 



kTv 

2tt 



kT 


•“* W-}- 



V kT 


The electrical negative pressure is 

kTv 0 tan 2 . 



~kT~ 




or 


kT(v a — v o)- 

At the same time the positive pressure due to the transport of momentum is 

kTv a . 

The net pressure on the surface of the conductor is therefore kTv Qi which is 
also of course the pressure at the plane of symmetry or ideal wall, as it must 
be for mechanical equilibrium. 

The distribution of electrons will be unaltered if we suppose the parallel 
emitters are finite, equal and similarly situated plates connected by non- 
electrical walls which are normal to them. In that case the pressure at any 
point on these side walls will be entirely due to the mechanical transport of 
momentum — there is no electrical stress acting across an element of the wall 
surface. The pressure at any point will therefore be simply kTv x and in 
particular close to the emitter kTP a . It is of some importance for thermo- 
dynamic arguments to observe that this simple mechanical pressure kTv a 
acts on a realizable wall surface. It is therefore possible to give a simple 
derivation of the differential form of (1023) by a thermodynamic cycle 
without ignoring electrostatic effects and without explicit calculation of 
them . 

# 

§11*41. Further details of electron atmospheres . If further details of the 
distribution are required it is natural to follow a classical exposition by 
von Laue.* We begin by studying the form of the distribution (1008) and 
(1069) near x = a , particularly for large T. Using (1023) without its cr-term 
for the density at the surface of the metal, we have 


v a = v 0 sec 


.\ ^ pfa^ = A'Th-^ T , (1070) 


where normally A' = 4*86 x 10 15 . It follows that so long as T is large enough 
for e~* ,kT not to swamp A' the right-hand side of (1070) is a large number 

* von Laue, Jahrb. der Bad. u. FJektronik , vol. 16, pp. 205, 257 (1928), or later, Handbuch der 
Radiologic, vol. (3, p. 452 (1925). This paper is summarized by Richardson, loe. at., w o give 
much additional information. The reader should also refer to Schottk y, Jahrb der Ba . n. 
tronik (1915), p. 199. 
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there are plenty of electrons per unit volume. In order to evaluate v 0 for 
given T we have therefore to solve (1070) for f 0 when the right-hand side is 
(usually) numerically large. The nature of the root will depend on w hether 
or not, as f 0 increases, 27T€ 2 v 0 a 2 /kT approaches 77 2 /4 before P 0 approaches the 
constant on the right of (1070). Since the former condition is 


1-04 x 10~ 2 ^ 


77 


it is obvious that this happens first unless T is quite small. The first approxi- 
mation to the root of (1070) is therefore 


77 2 kT 

4 a 2 2 77 6 2 ’ 


(1071) 


and the second 
w'here 


77 


kT 


v o = 


4 a 2 2 t 76 2 


-a, 


v 0 cosec 


2a 2 e 2 

~kT~ 


a 


= A'T*e-x kT , 


77 


a = 


\ kT e* 2kT 


2a\27T6 2 A'/ 2a 2 € 2 T* 


Inserting numerical values for the atomic constants, 


77 2 T 7 tT* 

^ = 96--, —4*22 x 10 ~ 5 -^reX 2kT 


o 


4a 


2 


2a 3 


(1072) 


(1073) 


For our immediate purpose the form of w near x = a is more important. By 
( 1009) we have approximately after reduction 


where 



Inserting numerical values 



1 1-40 x 


1 cX l2kT ) 
10~ 7 - - — — 
a t 1 


(1074) 

(1075) 


Thus for normal values of T and for all practical purposes except for regions 
in the immediate neighbourhood of the metal surface w*e may identify a' 
and a and assert that w behaves as if it had a logarithmic infinity 



2 kT 
€ 


log (a - x) 


(1076) 


as x->a. The strict behaviour is that w behaves as if it had a similar log- 
arithmic infinity as x approaches a surface just inside the actual metal by 
an extremely small distance which tends to zero as T -> oo. 
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The behaviour of w can be exhibited in its most general aspect by intro- 
ducing the transformation 

€IC 4 TT€ 2 0f ) 

* = kl' + log ~kT 1 - (1077) 

Then ip satisfies the differential equation 

V 2 0 = ^, (1078) 

and the approximate boundary condition 

i/j 2 log(a' - x) + log 2. (1079) 

To the accuracy with which a' can be identified with a both the differential 
equation and the boundary conditions for xp are absolute — independent of 
the temperature, of atomic constants and potentials and of the dimensions 
of the apparatus. We have only established this b}' a study of the detailed 
solution for a parallel plate condenser, but it is clear from the form of the 
result, which concerns only the immediate neighbourhood of the metal 
surface, that this boundary condition will continue to hold for all metal 
surfaces plane or curved, so that all electron atmospheres in enclosures 
entirely surrounded by metal emitters at a sufficiently high temperature can 
be studied by solving (1078) for the enclosure subject to the boundary 

condition 2JogS], (1080) 


where 8 is the normal distance from the boundary. 

It does not appear to have been rigorously established that equations 
(1078) and (1079) suffice to determine xp uniquely. For physical reasons one 
may guess that they must do so, and we shall assume it in the rest of the 
discussion. Some interesting general theorems then follow at once. 

Theorem (1 1-41). In any enclosure entirely surrounded by hot electrodes all 
qt the same temperature , the electron density at any point not too near the walls 
is independent of the material of the walls and proportional to the absolute 
temperature provided this temperature is sufficiently high . 

The electron density depends of course on the size and shape of the 
enclosure. Equation (1071) provides an example. 

Theorem (11*42). For two similar enclosures at the same temperature, for 
which Theorem (11*41) holds, the electron density at corresponding points is 
inversely proportional to the square of the linear dimensions . 

Theorem (11*43). The equilibrium state of the electron atmosphere is 
characterized by a minimum value of the ratio of the electrostatic energy to the 
kinetic energy of translation of the electrons. 

The proofs of these theorems are simple and are left to the reader.* 

* The reader may refer to von Laue, loc. cit ., for further information. 
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At fairly high temperatures and for not too small a v a will be very large 
compared with v 0 . In that case near the emitter there is a large normal 
electrical stress (tension) and a large mechanical pressure which practically 
balance since v Q is trivial. Across a plane, however, normal to the emitting 
surface there is an electrostatic pressure numerically equal to the tension 
along the lines of force which therefore just doubles the usual pressure. 
These considerations will of course continue to hold for surfaces of reason- 


able curvature, not merely for the plane surfaces of a condenser. 

The electron repulsions cause the electron atmosphere to behave near 
the surface like a surface film of negative surface tension. To examine this 

0 

more exactly it is necessary to cast (1078) into curvilinear coordinates 
suitable for the discussion of the immediate neighbourhood of the metal. 
If the curvature is small it is not difficult to show that equation (1078) takes 


the form 


es 2 \r x rJ dh ’ 


(1081) 


which is valid in the immediate neighbourhood of the surface if 8 is the 
normal distance from the boundary reckoned positive into the enclosure 
and R l and i? 2 are the principal radii of curvature of the boundary, reckoned 
positive when the centres of curvature lie outside the enclosure. Correct to 


terms of order ~ j this equation has a first integral 


dj 

08 



2 e w_ 2 (‘ 





of the correct form. On writing ]«/. = log x this equation is easily integrated 
completely and the required solution is 



(1082) 


With the help of (1077) equation (1082) determines . uj and so v in the neigh- 
bourhood of any surface of moderate curvature. Equation (1082) reduces 

to (10/9) when For the further development of the properties 

X 2 

of the quasi surface film of electrons we refer the reader to von Laue. 

In all the foregoing discussion we have ignored the effects of the so-called 

image forces which will alter the distribution laws near the metal surface, so 

that our conclusions are only valid under conditions and in regions in which 

these image forces can be neglected. We return to a fuller consideration of 
this effect in § 11-44. 
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§11*42. The emission of positive ions . In certain cases incandescent 
solids have been observed to emit positive ions as well as electrons. It is 
therefore necessary to study the equilibrium theory of an atmosphere of a 
mixture of positive and negative ions and neutral atoms in equilibrium with 
the hot solid, which is a simple extension of the work of this chapter.* 
Theoretically, we must expect to have, for example, an atmosphere of 
electrons, tungsten ions and neutral tungsten atoms in equilibrium with the 
solid tungsten, and so on in all similar cases. Actually, the atmosphere in 
equilibrium with a pure metal will never contain a significant number of 
ions of that metal at any temperature (below the melting point of the metal) 
at which experiments can be carried out. The effects actually observed are 
due to the emission of ions of impurities contained in the metal. When 
spurious effects due to surface adsorption of gaseous layers have been 
eliminated the remaining effects are generally due to the emission of singly 
charged positive ions of the alkali metals. We will present the analysis in 
such a way that the positive ions are explicitly shown as due to an impurity. 
A similar analysis can be given when there are no impurities and the positive 
ions are those of the metal itself. It will be sufficient here to contemplate 
an atmosphere of electrons, one type of singly charged positive ion, and the 
corresponding neutral atom together with the impure solid. Metal atoms 
and ions will be assumed to be absent from the atmosphere. They can be 
added if required. In considering an atmosphere of ions, electrons and 
atoms in equilibrium we anticipate in a simple case the general discussion 
of Chapter xiv. We require here nothing beyond simple reinterpretations of 
Chapter v. 

The formal expression for the number of complexions of this assembly, 
using classical statistics as a valid approximation for the vapour phase, will 
be, after (535) generalized, 


C — S C N P , 



1 f f f dxdydz 



x N y p K N P (z) exp {xf € (z) + yf+(z) + *yf( z )}- 

(1083) 


In (1083) K n f (z) is the partition function for the crystal containing Q 
permanently non-evaporating metal atoms, N electrons and P (impurity) 
positive ions. The partition functions f € (z)yf+( z ) and f(z) refer to electrons, 
positive ions and neutral (impurity) atoms in the vapour phase. Then we 
have the usual formulae 


3*e. = V«<n ^rree = M/V(n NP tne = W( T) (1084) 

* For a general account of the phenomena, sec Richardson, loc. cit. The general thermodynamic 
theory of such atmospheres has been given by von Laue, Bcrl. Silz. p. 334 (1923). 
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and from the fact that the electrons and the positive ions are effectively 
present in the solid A=l/«r 1 (3 f1 ), /i.= 1/k^T). (1085) 

We shall expect no alteration in form* for k x (T) due to the impurity and 
only slight alterations in the magnitude of a. VVe shall therefore still have 
(1023) for the density of free electrons in the atmosphere in the immediate 
neighbourhood of the metal. For k 2 (T) we shall have the same form as for 
k x (T), but the magnitude of a may be entirely different. In fact, at the 
temperatures concerned it is reasonable to suppose that the specific heat 
of the solid is “normal” and has the value 3k per atom whether metal or 
impurity. We may go further in fact and assume with sufficient accuracy 
that cr 2 (T) = 3 k over the whole temperature range for T > T 0 . In that case 


and 



- ~ const. x T ~ 3 , 



= const . 



7 7 -*e-x«/* r . 


(1086) 


The constant is only determinable if more explicit assumptions can be made 
about k 2 (T). If we may assume, for example, that adding an atom or ion of 
the impurity to the solid is equivalent to adding a single three-dimensional 
harmonic oscillator of frequency of y 0 , the weight of all its states being 

**(0)- then K 2 (T) = K 2 (0)/(l-e-W*T)3, 

(I -e— )V»*' (1087) 

There is little point in expanding these formulae further in the absence 
ol exact measurements to compare them with. We note only that if we 
measure the current carried by the positive ions, we should expect to find 

1+ = BT- 1 e-*t lkT , (1 088) 

where B is a constant. We may note that the indices of T in (1088) and (1032) 
add up to 1 and the indices of T in ( 1086) and (1023) add up to zero. This will 
always be the case so long as we assume that the neutral atom or positive 
ion in the metal has 3 practically classical degrees of freedom yielding 6 
square terms and the ion and electron in the gas also 3 square terms each or 
6 in all. Owing to the fact that we must assume that ionization and recom- 
bination are possible in the solid, the product A/z or k x (T) k 2 (T) must be the 

same as k(T), the corresponding function for the neutral atom in the solid. 
This secures the relation just mentioned. 

* The surface conditions may of course be such that we have an entirely different numerical 
value of x- 
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By eliminating A and /x between the three equations (1084) we obtain 


Afree^free f<(T)f + (T) 


NP. 


free 


f{T) 


(1089) 


This is a particular case of the formulae for the ionization equilibrium of a 
gas at high temperature and is of course independent of the properties of the 
solid phase. It is mentioned here because some beautiful thermionic 
measurements by Langmuir* have established the correctness of the theory 
as applied to the equilibrium between caesium atoms, ions, and electrons. 
The simple form of (1089), valid in the case to be discussed, is 




V 


0 


(2t rmkT)* (2t rm+kT)* e _ Xo]kT 
h 3 {27r(m + -f m)kT}% 


(1090) 


where w € , w + and w 0 are the weights of the normal states of free electrons, 
positive caesium ions and neutral caesium atoms respectively and Xo fhe 
ionization potential. Since w € = w 0 = 2, zu + = 1, Xo = 3*88 electron volts and 
m is negligible compared with ra + , this reduces to 


V € V + 


r _ 

0 


(2 irmkTt t=k 


h 3 


n > 


so that 


l°gio K n= 15*385 + § log 10 T 


19530 

T~ 


(1091) 

(1092) 


Langmuir’s test of this equation proceeds as follows. He considers an 
enclosure in equilibrium with pure tungsten at 1200° K., containing caesium 
vapour at a measured pressure (ions plus atoms) of (say) 0 001 bar. The 
number of free electrons in equilibrium with tungsten at this temperature 
is deduced from (1023) using the known emission constants for pure tung- 
sten. The actual value is v € = 9-25 per cm. 3 At this temperature K n = 5340, 
so that v+lv 0 = 577 according to theory. This means that practically all the 
caesium must be present as ions, which is what is observed, for it is found 
that above about 1200°K. the positive saturation current flowing to a 
collecting electrode in given caesium vapour is independent of the tem- 
perature of the tungsten, so that presumably above this temperature the 
tungsten converts every caesium atom that strikes it into an ion and emits 
only caesium ions at a rate naturally depending only on the caesium vapour 
density. On the other hand, with thoriated tungsten the equilibrium elec- 
tron density is 6-0x 10 7 and ^ 0 = 8*9x 10" 5 . This means that only an 
insignificant fraction (1 in 11,000) of caesium atoms leaving the thoriated 
surface is an ion and no positive current should flow. None is observed. 

By somewhat different arguments a rough quantitative test of (1092) can 
be achieved. A pure tungsten filament was raised to 1177°K. in. a bulb o 

Langmuir and Kingdon, Proc. Roy. Soc. A, vol. 107 f p. 61 (1925). 
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caesium vapour at 70° C. at the vapour pressure of pure caesium for that 
temperature. The positive and negative ion currents were measured. The 
electron emission from the tungsten at 1177°K. was 2-22 x 10- 6 ampere 
per cm . 2 and the positive ion emission 2*06 x 10~ 6 . The electron emission is 
some 10 6 times greater than from pure tungsten at this temperature, so that 
we are really dealing with a caesiated tungsten surface. This, however, does 
not alter the arguments. On raising the filament temperature to 1300° K. 
or more the positive ion current increased to 2-43 x 10~ 3 and then remained 
independent of the filament temperature. This saturation current is there- 
fore a measure of the rate at which caesium atoms and ions strike (and are 
emitted as ions from) the surface and corresponds to 1-52 x 10 16 atoms or 
ions per sec. per cm . 2 At the lower filament temperature ( 1177° K.) the atoms 
still strike the filament at the same rate for the conditions in the vapour are 
unaltered, but the positive ion current is only 1/1180 of its saturation value. 
This means that of the caesium evaporating 1 in 1 180 is an ion. The condi- 
tions at the surface of the filament are essentially the same as if it were 
surrounded by caesium vapour at 1177°K. and at such a concentration as 
to provide 1*52 x 10 16 impacts per sec. per cm . 2 This concentration would be 

v 0 = 1-40 x 10 12 . 

If, then, the filament were in an enclosure at 1177°K. in equilibrium with 
this concentration of caesium, it would emit electrons and caesium ions at 
the rates measured 2-22 x 10~ 6 and 2 06 x 10~ 6 respectively. From these 
observed currents the corresponding equilibrium concentrations are 

v € = 2*60 x 10 6 , v + = M9 x 10 9 . 

From these three values the observed value of the equilibrium constant is 

K n = 2210, 

while the value calculated from (1092) is 


K n = 2500. 

This is excellent agreement. If we express it by examining what tempera- 
ture makes K n equal to its observed value we find T = 1174°K. instead of 
1177°K., a difference within the uncertainties of the temperature scale. 


§ 11*43. Space charge effects with positive and negative ions. The equations 

so far given for positive ions refer to assemblies of negligible space charge 

or to the immediate neighbourhood of the emitting surfaces. The general 

laws for the atmosphere can be studied by an extension of § 1 1-4. By § 8*7 

the average electrostatic density and potential in the atmosphere p and w 
will satisfy the equations 


V 2 m; = - 4t rp, p = e{-( v t ) 0 e^ kT + (k + ) 0 e-«***’}. 


(1093) 
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This is the average potential. In addition, there will be polarization fields 
round each positive and negative ion like those considered in § 8 - 8 , which 
will give rise to small additional effects. These, however, are negligible 
unless the space charge is zero or very small, when they give rise to the only 
surviving terms in the electrostatic energy. They are probably never of 
importance here. 

We observe first that v € = (^ € ) 0 (^+)o > 

and that v 0 is unaffected by the electrostatic field. This is an example of the 
general theorem that if the condition of dissociative equilibrium is satisfied 
at any point of an atmosphere in equilibrium under long-range potentials, 
then it is in dissociative equilibrium everywhere. The equilibrium constant 
is independent of position. If we write 


2 e (O 0 


K 


kT 


= 87 T^J(v e v + ), 


(1094) 


the equation for w becomes 


€K . , e(w — a) 

Vt amh -kT- 


(1095) 


We naturally only expect to be able to solve this explicitly (if at all) for 
plane parallel condensers or their equivalent. If then w depends only on x , 


d 2 w €K . . e(w— a) 

dP-kf 3mh -kT- 


This can be integrated once giving 

dw 



2 k\ cosh 


e(w — a) 


(1096) 


dx ) L kT 

where A is a constant of integration. We may notice that k has a very simple 

form . It satisfies K= 87 T^/(p f p + ) = 87 r^(K v p 0 ), (1097) 

where K n is the equilibrium constant and p 0 the partial pressure of the 

neutral atoms. , 

Equation (1096) can be integrated completely in terms of W eierstrass 

©-function. It can be integrated in finite terms with elementary functions 

when .4 = 1. This case will serve for the general study of the behaviour ot 
V in the neighbourhood of the emitting surfaces, since there the argument 

of the cosh will in general be large. We then have 


dw ^ ^ €(w — cc) 

dx = ± 2 V* s mh ~~2kT~ 


which integrates in the form 

( . — a) 

— log | ± tanh 

if x is measured from the emitting surface. 


€^Jk 

Tt 
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Space Charges with Positive Ions 


§11-44. Image forces.* Our treatment hitherto has been based on mean 
potentials and mean densities according to the analysis of §8*7. But our 
averaging has been based only on averaging the electrons and ions in the gas 
phase of the assembly and not on averaging all the movable charges in the 
assembly . This latter of course would be the correct procedure and lead to 
an unexceptionable result for w. But such a procedure seems to be far be- 
yond our resources at present, and a correction is necessary for the polarizing 
effect of the individual ion on the neighbouring metal surface. If we assume, 
as seems reasonable, that the metal surface remains in the mean a surface of 
constant potential, then the polarizing effect is equivalent to the formation 
of the usual electrical image, and the ion will be attracted to the (plane) 
surface at a distance 8 with a force e 2 /48 2 , which is in addition to the force 
arising from the average potential w. Also, unlike u\ the image force affects 
ions of either sign equally. Both are attracted to the metal. 


The image force can be derived from a potential energy function — e 2 /48. 

We must suppose, therefore, that the correct atmospheric density law for 
electrons is = {1098) 

and for positive ions i> + = (£ + ) 0 e t-<( “’-’ r o>+ t2 / 4S i/ A ' 7 '. (1099) 


The corresponding equation that w must satisfy is 

W = — — (v ( ) 0 e *Oc->r 0 )lkT + (t ) 0 g— t(i< -i« 0 VA rj e c>li8kT 


( 1100 ) 


We have not given a rigorous proof of these equations. As we have indicated, 

this could only come from a proper averaging treatment of all the movable 

charges, not only of those in the atmosphere. It seems clear, however, that 

the equations must be of this form, and that the true correction for the 

inadequate averaging will not be widely different from that proposed. 

Equation (1100) of course follows logically from (109S) and (1099). The 

correction cannot hold good indefinitely as 8^-0. As soon as the specified 

electron gets within distances of the walls comparable with their departure 

from an ideal plane conducting surface the polarizing effect will depend on 

the nature of the surface, the roughness of its microstructure and so on, and 

finally will reduce to an effect on individual atoms. Thus the apparent 

infinity in the correcting factor is spurious and the formula suggested cannot 

hold for values of 8< 5 x 10- 8 cm., or perhaps IQ- 7 cm. Obviously at these 

distances the discussion fails altogether and we need only pay attention to 
greater values of 8. 

For values of 8 of the order of 1C)- 4 , 10- 5 cm. the correction has become 
quite insensible and our preceding results will hold unaltered. For on insert- 
ing numerical values we see that the extra term is 


415x lQ-*/8T. 

* Based on von Lane, /or. cil. (twice), and Langmuir and Kingdon, /or. eil. 
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At room temperatures ( T = 300° K.) this is entirely negligible for S > 3 x 10“ 5 
and at the more usual thermionic temperatures of the order of 1000° K. 
when 8> 10~ 5 . These are outside limits. Closer investigation shows that 
marked effects do not even extend so far. Consider for simplicity the case 
of atmospheres without positive ions. Ignoring the image effect we found in 


(107G) that 



This was derived from an equation 


V 2 w = Ae €W,kT 

instead of from the equation 

V 2 w = Ae €W,kT + (2l ** kT , 


or, in other words, by neglecting € 2 /4c8kT compared with —2 log 8. At 
300° K. and 8=10~ 6 these quantities are 1-4 and 27*6 respectively; for 
8 = 10~ 7 , 14 and 30. At higher temperatures the main term is unaffected and 
the image effect proportionally less. We see, therefore, that it is only in the 
region less than 10~ 6 cm. from the wall that the image force will really alter 
the solutions already given and at the higher temperatures marked alter- 
ations are only caused near 8= 10~ 7 cm. It must be remembered of course 
that these neglected terms occur in an exponent and are not simply additive. 

When there are positive ions present the image forces can make much 
more marked qualitative differences, for they lead to the formation of a 
sheath of positive ions round the emitting surfaces which would be entirely 
absent were it not for this image effect. The image effect only alters the ratio 
of the concentrations of electrons and positive ions indirectly through its 
effect on w. The sign of any space charge will be unaltered. 

Since all the image effects are confined to thin layers in the immediate 
neighbourhood of the emitting surfaces, this layer may really be included in 
the “surface phase ” from the point of view of thermodynamic or statistical 
treatment of volume effects. All our previous arguments are therefore 
unaffected, if by the “surface of the metal” we mean not so much the 
actual last fixed metallic atoms as the immediate outside of the surface film 
at about 10~ 5 , 10~ 6 cm. or so from the last metal atoms. The potential at 
some such point must then be taken to be the potential of the metal, and the 
differences of these potentials is the contact potential difference of two 
different emitters. The question then arises whether the work apparently 
done against the image forces in the surface layer of the atmosphere is to be 
included in X - The answer of course is yes, but caution is required. If we 
consider two perfectly pure pieces of the same metal, one with a smooth and 
the other with a rough surface, the work done in the atmosphere against the 
image force would on the average be different for the two pieces. If there 
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were no compensating effect such pieces of metal should have a contact 
potential difference which there is no evidence for and no reason to expect. 
There must therefore be some compensation in the surface layer in the metal , 
and it seems necessary to suppose, to avoid spurious contact potential 
differences, that the compensation is exact or at least that there is exact 
compensation for all variations due to the mechanical state of the surface.* 
The same argument for compensation of mechanical states holds for any 
surface of given composition, whatever impurities are present in or adsorbed 
on the surface of the pure metal. 

Let us summarize this discussion by recalling the complete laws for the 
equilibrium of the atmosphere which we have obtained. 

Let F €) Fj_ be partition functions for the electron and positive ion without 
their I -factor. Immediately outside the surface lavcr 

F (T) 

^ = ( ^ ) S = ^T), (1101) 

F ( T ) 

* + = ( ^ = M7V < 1102 ) 

The forms of F ( and k x are discussed in § 1 1 23 and of F + and * 2 in § 11-42. 
Elsewhere, outside the surface layers 

= (1103) 

i '+ = (t + ) s e-«"- w * )lkT , (1104) 

where w is an electrostatic potential satisfying 

V2w=4ne(i e -t + ). (1105) 

Inside the surface layer at 8 from the metal surface (1105) continues to hold , 
but (1103) and (1104) are replaced by 

= (*J s e'<*-"V/*i- + c«/4S*r (1 1 06 ) 

y + = (v + ) 8 e- f(u --'< tf»r+«V45*r (1 107) 

It will be well to call attention to one last point. Inside the surface layer 
is no longer constant, but 

*'«*'+ = (* 'c)« (, i '+)s eeI,2SkT - ( 1 108) 

At the same time v 0 , the concentration of the neutral atoms, is unaffected 
by the image forces so that 

e^T = Kn eMT ( j 109) 

It might therefore be thought at first sight that the neutral atoms ions and 
electrons are no longer in dissociative equilibrium inside the layer.’ It seems 

* These conclusions may have to be modified if we should include here the 

catalytic theories. See for example Constable. Proc. Boy Sac A vo l n ' ^ ° f 

p. 283 (1926). y ’ oL 108 » P* 355 < 1925 )> vol. 1 10, 
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probable,* however, that this is not the case and that the equilibrium is still 
complete, the effect of the image forces being merely to decrease the work 
of dissociation x by e 2 /28. Consider a quasi-Born cycle in which a neutral 
atom is taken from 8 inside the layer to outside the layer (no work required), 
dissociated there (work x required), brought back to the layer at 8 as two 
ions (work e 2 /2S done) and there allowed to recombine (work x done). This 
is a reversible isothermal cycle, and we must therefore have 

x = x ' + € 2 /28 (1110) 

in agreement with (1109) and the preceding argument. 

§ 11-5. The “free" electrons of a metal . Hitherto we have ignored entirely 
any periodic structure inside the metal; except for limitations imposed by 
the surface the electrons have been entirely free. This model must now be 
generalized before we have an acceptable electronic theory of matter, for 
the model must at least provide naturally a means of discriminating between 
conductors and insulators — that is to say we must be able to specify what 
electrons are more or less “free” and therefore able to conduct and what 

electrons are “bound” and cannot. This discrimination becomes possible 

% 

as soon as the periodic variations of potential inside the crystal (metal or 
insulator) are taken into account. 

The motion of an electron in a triply periodic field of force can be studied 
by either of two methods of approximation, but except in the simplest one- 
dimensional case the wave equation cannot be solved exactly. We may start 
with the atoms of the crystal in correct array but at large separations, use 
atomic wave-functions for the first approximation to the electronic states 
and enquire how the atomic states are perturbed when the separation is 
decreased to the separation of the actual crystal. Alternatively we may 
start with the wave-functions 

e (2ni/h)(j)x+qi/+rz) ^ E = (p 2 + q 2 + 7* 2 )| , (HU) 

representing completely free electrons with components of momentum 
p , q , r, and examine how the possible values of p, q,r, and the dependence of 
the energy E thereon, are modified by small periodic variations in the 
potential. Both methods naturally lead to the same general results, and 
one or other may give the better detailed picture according to circumstances 
—the atomic starting point for the most tightly bound states and the free 

wave starting point for those least tightly bound. 

For our immediate purpose of describing the general nature and distri u- 

tion of electronic states in a crystal the atomic starting point wi prov 

satisfactory. Consider first a set of N similar nuclei in a regular crys a 

* Langmuir and Kingdon, loc. cit. 
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array expanded to large separations. The nuclei provide for one electron 
2A similar states for which the three atomic quantum numbers (spin 
excluded) are specified, one for each direction of spin attached to each 
nucleus. At large separations these have all the same energy and form in 
fact one 2A -ply degenerate state. If now the scale of the nuclear array is 
reduced this 2-ZV-ply degenerate state is split by the interactions of the other 
nuclei into a group of states distributed in energy over a band of energies, 
whose width increases as the scale of the array diminishes, but remains 
independent of N at least when N is large. In general the band will contain 
N distinct energy levels in each of which the electron can have either spin. 
Such a band can accommodate just 2N electrons and no more. The energies 
of its states will of course be modified by the electronic charges as the later 
electrons are added, but as always these charges cannot modify the number 
and general properties of the states. Since the breadth of the band is B say, 
independent of N, the order of the separation between states of neighbouring 
energy will be B/N; and this is very small when N is large and for a sub- 
stantial crystal the set of states in the band forms practically a continuum. 

The wave-functions describing the states in the band can be arranged in 

one or other of two ways. If we consider a finite block of crystal containing 

N atoms, the wave -functions obeying the appropriate boundary conditions 

represent stationary electron waves without momentum like the stationary 

waves on a stretched string with fixed ends. If we wish to arrange the wave- 

functions so that they represent electrons with a definite momentum- 

progressive waves like travelling vibrations on a stretched string of great 

length — we must use boundary conditions which assert that the wave- 

functions are periodic with period Ga say, where G is a large number and 

G 3 = N - If we use progressive waves we obtain a set of electronic states with 
the energies 

jp 77T 0 n/ 2-77-Z 27 7772 27771 \ 

^.n = ^o-«-2^cos-^- + cos—+cos — j ( - ^ l, m ,n < %G) 

ranging over the band E 0 -<x± 6)3. These states and their wave-functions 
are examined in detail in § 11-52. If on the other hand we use stationary 
waves we obtain a slightly different set of states with the energies 


E,. m .n = E 0 -*-2pi 


77 Z 77772 7772 

c °s £ + cos —Q + COS — 


(0<Z, 772, 72 < G). 


The energy range is the same, but owing to the degeneracy of the travelling 

waves in the forward and backward direction the spacing of the energies 
must be different. 


As further electrons are added they will begin to fill up a new band of 
states derived from another atomic wave-function. It is in fact easy to see 
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that each atomic wave-function corresponding to a definite electron energy 
is converted by the interaction in the crystal into a band of N states each 
capable of accommodating two electrons of opposite spin. These energy bands 
belonging to different atomic wave-functions may or may not overlap; 
whether they do or not may make an essential difference in the electronic 
properties of the lattice. The lowest energy band is derived from the wave- 
function (type 15) of the atomic if -electrons. Owing to the very tight 
binding of the if -electrons the atomic states are scarcely modified even in 
the actual lattice — the band is narrow and well separated in energy from 
all other possible electronic states. At any temperature at which the lattice 
can exist these states are alw r ays occupied by 2N electrons. The next lowest 
band will be derived from the wave-functions (types 25, 2 P) of the L- 
electrons. The 25-band may or may not overlap with the 2P-bands, but the 
2P-bands themselves will in general overlap and in cubic crystals the three 
distinct atomic 2 P -wave-functions must from the symmetry give rise 
to identical crystalline states, so that there is then one 2P-band containing 
N states each of which is represented by six wave-functions (allowing for the 
two spins) and can accommodate six electrons. The whole set of states may 
be called the P-bands and contains SN states in all, which will normally be 
fully occupied. The width of all these bands is at most of the order of a few 
volts, so that unless the P-electrons are valency electrons the P-bands are 
well separated in energy from all other possible electronic states. Proceeding 
in this way we see that the complete set of crystalline electronic states is 
composed of a series of bands or groups of bands widely separated in energy 
from the neighbouring bands on either side of them until we come to the 
bands derived from the atomic wave-functions of the valency electrons 
themselves. Since band widths here are of the order of a few volts and the 
separations of the states of atomic valency electrons are of the same order, 
different valency bands may or may not overlap according to particular 
properties of the atoms and the lattice. We have spoken throughout of 
atomic states and an atomic lattice, but all we have said remains equally 
true of molecular states and a molecular lattice when this is the better 
representation. 

At the absolute zero of temperature the electrons of the lattice will occupy 
the necessary number of states of lowest energy available. The K-, L-, etc. 
bands will all be completely full and so on until we come to the highest 
valency band. This may be a pure band, as in the case of the alkali metals 
for example, where it is derived from 2 5 atomic wave-functions. It then 
contains 2 N states (allowing for spin) and only N electrons occupying t e 
lower half of them. In more complicated cases it may be composed o a 
mixture of states derived from several overlapping bands. It may 
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completely full of electrons, the next possible electronic state being 

separated from its highest state by a definite energy gap, or it may be onlv 
partly full. 

The electrical properties of the crystal will now be entirely different 
according as the highest band containing electrons at the absolute zero is 
partly or completely full. If this band is only partly full the highest electrons 
m the band are free to make transitions under the influence of a small 
applied electrical field to states of neighbouring energy which are originally 
unoccupied. By this means a current is set up, and the substance has the 
electrical properties of a metal. In the absence of an electrical field the 
symmetry properties of the wave-function and the lattice require that no 
current can flow at any temperature, as is of course obvious a priori. If, 
however, the highest band is fully occupied, then there are no electrons in 
the lattice which are in states possessing empty states of neighbouring 
energy. It can be shown that under the influence of an applied field of 
ordinary strengths transactions can only be made with extreme rarity* to 
states separated by even quite a narrow step in energy. The substance in 
question in this case therefore has the properties of an insulator. 

We thus see that “free ” electrons— i.e. electrons which are free to convey 
a current through the lattice under the influence of an applied field no 
matter how weak — are those and only those which possess empty states of 
neighbouring energy to which they can make transitions. These states must 
differ in energy only by negligible amounts and must therefore belong to the 
same band or group of overlapping bands. Whether or not a given substance 
possesses free electrons and if so how many is in principle calculable when 
the arrangements of atoms in the lattice is known. In practice the com- 
putations can usually not be carried through with the present mathematical 
equipment of the quantum theory. We shall pass on to study in greater 
detail the temperature variation of the number of free electrons in the 
following sections, and shall then be able to correlate in a satisfactory wav 

the electrical properties of metals and insulators and the intermediate 
substances called semi-conductors. 


§ 11 - 51 . Further remarks about the system of energy bands for the electrons 

quantum mechanics of 

an electron m a penodic field, we must be familiar with some of the 

results of this theory in rather more detail than has been given in the nre- 
ceeding section. ^ 


In the one-dimensional case the electron moves in a potential energy field 
given by _ , ejr 

U = U 0 +/(*), 


• Zener, Proc. Roy . Soc. A, vol. 


145, p. 523 (1934). 
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where f(x) is a periodic function of period a satisfying f(x + a)=f(x). Schro- 
dinger’s equation is 

d 2 ip - — -- . - . / - Sn 2 m 


dx 2 


+ k 2 \E — U 0 —f{x)] >p = 0 (k 2 = 


h 2 



It can be shown generally that the possible values of E no matter how large 


are never continuous but are always 
broken into bands by values of E 
which are impossible for an electron. 
For small values of E the width of 
the bands of possible £”s may be 
small and of impossible E's large in 
comparison. For large values of E 
the width of the bands of impossible 
E ’ s tends to zero, but the impossible 
values never drop out. The centres 
of these bands are determined by 



X -> 


Fig. 33. The shaded strips show the bands of 
permitted energy levels for an electron in a 
one-dimensional periodic potential energy field 
U(x). 


Bragg’s reflection law for the de Broglie wave length X B of the electron, 


nX a = a. 


( 1112 ) 


where n is an integer. The arrangement of bands is shown diagrammatically 

in Fig. 33. 

A special model which can be solved exactly has been studied by Kromg 
and Penney.* * * § 

In the actual three-dimensional lattice the arrangement of possi e 
energies is far more complicated. It remains true that there are bands o 
disallowed energies for electrons moving in any specified direction but it 
may no longer be true that there are bands of disallowed energies ignoring 
directions of motion, and in fact for sufficiently great energies the dis- 
allowed ranges must always disappear. The possible energies as functions o 
the momenta in various directions have been studied in great deta' y 
Brillouin.f The bands of disallowed energies are still closely related to t ® 
Bragg reflections for the corresponding de Broglie wave lengths, and m us 
be taken account of in any theoretical calculation of the absolute va ue o 
the electrical conductivity.} They play moreover a great part in the str “ C 
ture of metallic alloys. It has been shown recently by Jones § a 
Hume-Rothery’s rule, that alloys of the structure of y-brass always con cnn> 
9 i unlovirn pler.tmnjt for p.vcru 13 atoms in the lattice (the struc ur 


* Kronig and Penney, Proc. Roy. Soc. A, vol. 130, p. 499 (1931). , de physique, 

t Brillouin, J. de Physique, vol. 1, p. 377 (1930); Die QuanUnstatistxk (1931), J- de 

vol. 4, p. 333 (1933), where other references are given. 

t H. Jones and Zener, Proc. Roy. Soc. A, vol. 144, p. 101 (1934). 

§ H. Jones, Proc. Roy. Soc. A, vol. 144, p. 225 (1934). 


11 - 52 ] The Structure, of the Bands of Allowed Energies 383 

being more or less indifferent to what the atoms are so long as the 21/13 
ratio is obeyed), can be simply explained in terms of Brillouin’s energy 
discontinuities. It is unfortunately impossible to do justice in a short space 
to Brillouin’s theory and to its very beautiful applications which are just 
beginning to appear, and we must be content thus to call attention to it. 


§ 1 i-52. The structure of a simple band. We shall require some knowledge 

as to how the energy and momenta depend at least approximately upon 

quantum numbers for the states of a single band. We shall be content to 

examine these details for the simplest case and quote more general results 
when required. 

Consider a simple cubic lattice of spacing a , and let the integers </, , g 2 g 3 
characterize the lattice points; and let the potential energy of an electron 
due to the ion at one lattice point be 

Ug 1 ,o,.o a ( x >y > z ) = U( x ~ 9i a <V — 92 a > z — g 3 a), (1113) 

where U(x,p,y) is a function of <x 2 + £ 2 + y 2 only. The potential energy of an 
electron in the crystal is then given by 


V(x,y,z)= Z 

0 \%Q %>U * = ® 


Ug v o v oJ< X >y ’ Z )'i 


(1114) 


it is assumed that the U's are such that this series converges. Schroding 
equation for an electron in the crystal is 


er s 


VV + * 2 (^-F)0 = O, 


and in the isolated atom g 1 , g z , g 3 


(H15) 


V2 K*,°, + « 2 (E- U BM ) 4 = 0. 


The simplest case, which alone we shall treat here, is that in which 
K-o t .o » is spherically symmetrical representing an atomic S-state, of energy 
E o> is then real. We then solve (1115) approximately by putting 

E = E 0 -f- r) , *Jj — 2 a Ay 

1 * KM 0 '***'*''***' 

and imposing the periodicity conditions on ip that 

0(*,2/,z) = ip(x + Ga,y,z ) = </r (x,y -f- Ga,z) = 0(x,y,2 + Ga ), 

where G is a large integer. By the well-known method of perturbation theorv 
the first order equations determining v and the a aM are easily shown to be 


M 


for all integral h lt h 2 , h 3 , with 


U' =v — TJ 

o v o t ai v KJ a v a t 4j % • 
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If the electrons are fairly tightly bound, the atomic wave-functions do not 
overlap much and we may assume that 


j j<f> 0l . 0i , V3 <f>h v h t ,h a dxdydz= 1, 0 



according as (g^g^) an( l (h v h 2 ,h 3 ) do or do not represent the same atom. 
Since </> and U are both spherical^ symmetrical, we may also put 

U o v a v g^t > o v o v o z < f > h v h t ,,h % dxdydz = a, /?, 0 

according as (g ly g 2 ,g^ and (h v h 2 ,h 3 ) represent the same atom, next neigh- 
bours, or more distant pairs respectively. Since U' is negative a must be 
positive, and for fairly tightly bound electrons f3 will be positive too. 
Equations (1116) thus reduce to 

(rj + a) d h ^h v h i + P( a h l +l t h v h 3 + a h l -l,h v h 3 + a h v h t + 1 ./» 3 

4- a h h X h 4- d h h h 4 - a h h h x ) = 0. (1H7) 

1 • J 1*3 1.3 

Since ip is periodic in the coordinates with period Ga , the a’s solving (1117) 
must be periodic in the A’s with period G. The possible solutions are 

easily shown to be ^ _ ^nidh^mh^nh^). g # (1118) 

Distinct solutions are obtained when and only when Z, m, n are a set of 
integers satisfying the conditions 0 ^ Z, m, n < (?, or any equivalent in- 
equalities. It is most convenient to assume that G is even (a trivial restric- 

tion) and to take - \G *l,m,n < \G. 

There are just the correct number, G 3 , of such distinct solutions. The 
resulting 0’s are « 

</w= 2 )io <f>„ M ( in9 ) 

and the corresponding energies are (a, > 0) 

_ _ 2ttI 2irm 2rm\ /nom 

E lt m,n = Eq - a - 2^ cos 4- cos 4- cos J . ...(112°) 

The range of energies covered by the band stretches from E 0 — a — 6/? to 
E 0 — a 4- 6/J. For small l, m, n we have approximately 


El.rn.n = E 0 -ct. — 6f} + 


4tt 2 P 

G 2 


(l 2 + m 2 + n 2 ). 


( 1121 ) 


Near the other extreme we can put l = \G — l', etc. and find for l ' , m', n small 


Ei, m . n = I? 0 - a + 6/1 - ^ 0 V 2 + m' 2 + n' 2 ). 


( 1122 ) 


The nature of the wave-function (1119) can best be seen by trying to 
connect it up with the wave-function (1 1 1 1) for a free electron. The effect of 
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the triple summation is to repeat the atomic wave-function with a different 
phase at each lattice point. Thus (1119) is very closely equivalent to a 
function 


e 2rri(/x+mi/4 nz)/Oa ^(#^,2), 


(1123) 


where u(x,y,z) is a real function with the periodicity of the lattice. But this 
is of the same form as (1111) except that the free electron waves are modu- 
lated by the high frequency factor u(x,y,z). 

These formulae at once recall the physical meaning of the quantum 
numbers Z, m , n as momenta. They are from (1123) palpably also wave 
numbers , Z being the number of times the electron wave repeats itself in the 
interval Ga taken along the direction of the x-axis, with similar meanings 
for m and n. By comparison of (1123) and (1111) we see that 



(1124) 


p, q, r being the components of momentum. We can verify this relationship 
by using the well-known vector formula for the flux J, 

J = JJJ grad ^ _ ^ grad ^ dxd y dz (1125) 


Equation (1119) gives us „ normalized so that 

r r roa 

JJJo ^‘■ m - n ^*‘- n ‘- ndxd y dz=G3 - 

In order to represent a single electron the expression for <Jj must therefore 

be divided by G*. Normalizing thus and applying (1125) to the form (1123) 
we at once recover (1 124).f 


t These comparisons are only valid when Z, m, n or m', n' are small compared with G In 
the general case the time-dependent wave-function can be put in the form 


U l.rn.n e 


— {2ni!h)(Ei §m ,,Z— /»(/x+mj/+n:] Ga) 


where "l.rn.n 18 periodic with the period of the lattice, and only mildly dependent on 1 m n— 
any dependence on l, m, n only enters from the residual differences between (1119) and 
If now we build a wave-packet out of such functions using relatively small ranges off „ ‘ th ‘ 
wave-lunction </r(x,/) of such a wave-packet can be put in the form ’ ’ ’ 

* Z + a/.... 

/-A/,... 

which is sufficiently nearly 



C, ~(2ni h)(Ei „ , in t-hllx+mv+ml'Ga).jj , 

i.w.n i.m.n dldmdn. 


u 


l.m.n 



l ^ Al ' C, c -(2iriih) t-h[U+m]/+ m)Ga) , 

Z— a/ .... l - m ' n dldmdn. 


Identifying the particle velocity with the group velocity of this wave-Dacket nnp 4t n ^ a 
by the principle of stationary phase that * P kCt 006 finde at once 


= T 


GadE l.m.n 


dl 


Ga dE l m 
v h dm 


Ga dE. m „ 

’ z ~ h drT * 


(1125 ft.) 


386 


The Electron Theory of Metals 


[11-52 


The interpretation of l, m, n just given enables us to write (1121) and 
(1122) in the form 

E PAf= E o-*± Q P±-^~i{P 2 + q 2 +r*), (1126) 


where 


m* = 


h 2 

8t r 2 a 2 p * 


(1127) 


The electrons in these states near the edges of the band behave as free 
electrons with an effective mass m* depending on the tightness of their 



-i o 


Fig. 34. The energy and momentum of Fig. 35. The dependence of the energy of an 

an electron as a function of l for a electron on li m for a two-dimensional 

one-dimensional lattice. square lattice. 


binding, f Those near the lower edge of the band are normal in that they have 
an effective positive mass. Those near the upper edge of the band are abnormal 
and have an effectively negative mass. This means of course that when a field 
is applied to them in such a direction as to do work on them and increase 
their energy, this must show itself by retarding instead of accelerating them. 
They behave in fact as has been shown in detail by Heisenberg and Dirac 
just as if they were positive electrons of normal positive mass m*. 

The dependence of the energy on the wave number can be illustrated 
usefully by the accompanying diagrams. Fig. 34shows the dependence of the 
energy and the flux (s) on the wave number for the one -dimensional lattice 
in which the energy depends on one wave number l only and there is only 
one cosine term in (1120). Fig. 35 shows curves of constant energy for the 
two-dimensional lattice as functions of the wave number components l, m. 
Figs. 36 a, b show two surfaces of constant energy in three dimensions as 
functions of the wave number components Z, m, n. The first surface is an 
octahedron with bulging faces, whose vertices lie on the faces of the standard 
cube whose faces lie at ± \G. The second surface is one of greater energy and 


f The smaller /3 the tighter the binding. 
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represents the energy of the highest occupied levels at the absolute zero 
when G 3 electrons are accommodated on the %G 3 lowest levels. Further 
details will be found in the authorities already quoted. 

We can now summarize what we require here of the properties of the 
states of a simple band, using both the results here given and similar results 
for more complicated cases. The distinct states of a band for a set of G 3 ( = N) 
atoms in the lattice are in general G 3 in number, each of weight w. [The 
weight always contains the factor 2 for electron spin and may contain other 



Fig. 36 a, b. Surfaces of constant energy for an electron os a function of /, w, n for a simple 
cubic lattice. The momenta corresponding to /, rn, n lie along the x, y, 2 directions respectively. 


factors as well, at least in cubic lattices.] The energy of the states depends in 

general on the quantum (wave) numbers of the states in a complicated way 

except near the limits of the band. Near the lower limit of the band the 

states are arranged like those of an ordinary free electron of effective mass 

ra* different from that of a free electron. Near the upper limit of the band 

the states are arranged as if they were those of a free electron with negative 
mass m *. f 

When a band is nearly empty so that the electrons in it are all in the lowest 
levels, they may be treated as a classical atmosphere of free electrons of 
mass m*, ignoring Pauli’s exclusion principle when the electrons are too few 
to get in each other’s way. When a band is nearly full and contains only a few 
vacant states of negative mass, the vacancies or holes behave precisely as 
if they were positive electrons of positive mass m*. This however holds only 

t Rather more generally the equivalent “mass” of the electron need not be a scalar but can 
be a symmetrical tensor of rank two [Bronstein, Physikal. Zeit. d. Sowjetunion , vol. 2, p. 28 (1932)1 
but we shall not employ this refinement here. * 
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if the vacancies are few so that there is always an electron in any neighbouring 
state to allow the hole to move to it. Though electrons in such states must 
always move as if they were positive electrons, it is of course only holes in 
a complete band which have also effectively a positive charge and can 
therefore be completely described as free positive electrons of positive mass 
m*. But when even the upper states of a band are nearly full, the band can 
be treated as completely full (it is then without importance except for a 
constant contribution to the total energy), together with a classical atmo- 
sphere of positive electrons which are an exact analogue of the few holes. 

§ 11*53. Metals , insulators and semi-conductors . We are now in a position 
to give a qualitative theoretical explanation of how some crystal lattices 
come to conduct electricity freely and are classed as metals, and others not 
at all or only with difficulty or at high temperatures and so are classed as 
insulators or if slightly conducting as semi-conductors. We may start by 
describing rather more precisely the very different properties of good and 
bad solid conductors of electricity, which show that a classification into 
good and bad is no mere trivial one. Good conductors (metals)t have an 
electrical resistance which always rises with the temperature and with the 
presence of increasing amounts of impurities. Bad conductors have a 
resistance which falls very rapidly as the temperature rises (until the 
temperature passes a definite limit) and generally falls as the impurity 
content rises. Bad conductors with these properties are called semi- 
conductors or insulators when very bad. There is no such sharp line of 
demarcation between semi-conductors and insulators as there is in general 
between these substances and metals. Semi-conductors can be further 
subdivided into semi-conductors which carry a current without material 
change and semi-conductors in which the current is wholly or partly 
electrolytic. It is only the former, electronic semi-conductors, with which 
we are concerned in this chapter. 

The quantum theory of electrons in a periodic field, of which we have just 
given an outline, provides at once a theoretical basis for this classification. 

If the highest band of allowed states, containing any electrons at low 
temperatures, is only partly full of electrons either because a number of 
consecutive bands overlap or because there are only enough valency elec- 
trons to fill up half the states in a single band, then at all temperatures there 
are electrons available at the top of the full levels, in number nearly in- 
dependent of the temperature, which are free to make transitions to neigh 

f Metals as a class of substances have of course many other distinctive properties (such 
their ductility when pure) besides their electrical conductivity. Theory has not yet a vane 
such a point that these other properties can be correlated with the nature of the electronic 
For our purposes here a “metal” does not strictly mean more than a metallic eonducto 
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bouring empty states, and the substance is a good conductor, a metal. If 
on the other hand the highest band containing any electrons at low temper- 
atures is exactly full of electrons and separated from the next higher band 
by a distinct gap of disallowed energies, there are no electrons at low tem- 
peratures free to make any transitions and the substance is an insulator. 
It has been shown in fact — most explicitly by Zener* — that under the 
influence of an applied field transitions to the free states of the upper band 
will only occur with an appreciable frequency when (A E) 2 /F ~ 10 -8 , where 
A E is the energy gap in volts and F is the applied field in volts/cm. At 
higher temperatures the electrons will not be all in the highest normally 
occupied band, but some will be thermally excited to the higher empty band. 
The details of this excitation we shall study in the following sections. The 
general result must be that there will at higher temperatures be an increasing 
number of free electrons in the almost empty band and therefore also of 
free holes which function as free positive electrons in the almost full band, 
both of which can make transitions to neighbouring states and so the 
substance will conduct more and more freely as the temperature rises. The 

part played by impurities we shall discuss later. It is already clear that we 

%/ 

have the necessary basis for the classification. 

It is at present hardly possible to carry through the actual calculations 
necessary to decide in all cases whether a set of A 7 atoms (or molecules) of a 
given type when they combine to form a crystal lattice will form a metal or 
an insulator. Alkali atoms form an atomic lattice and have each a single 
valency electron in an ns state well separated in energy from the states of 
the other core electrons. These ns states of N atoms will bv themselves form 
a band capable of accommodating 2A T electrons and onlv A T electrons are 
present to go into it. The solid alkalis must therefore be metals. We might 
go further and try to argue that any atom of odd valency (or molecule of 
odd residual valency such as NO or TiN) must also form a metal in the solid 
state. This however is not always correct, as can be seen most clearly by 
considering the halogens. A halogen atom has an incomplete outer shell 
containing 7 valency electrons instead of 8. If the atoms could form an 
atomic lattice the four atomic wave-functions of the outer shell would form 
a hand or bands of states capable of holding 8 N electrons; only 7 N would be 
present and a metal would result. But in fact this is not what occurs: the 
halogen atoms from energy considerations prefer first to form molecules of 
two atoms rather than crystal lattices, and the lattices are built up from 
these molecules, not from atoms. The molecular electronic states are all 
fully occupied by two electrons each and can form bands of crystal states 
which are all completely full (or completely empty) so that the solid is an 

* Zener, Proc. Rot/. Soc. A, vol. 145, p. 523 (1934). 
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insulator. In the same way, while TiN forms a typical metal, NO does not. 
The molecules first polymerize to N 2 0 2 in which all the molecular electronic 
states are fully occupied, and give rise to fully occupied lattice bands. 

The converse of this is also true. Atoms such as the alkaline earths with 
electronic states all full in the free state need not necessarily give rise to 
insulators, for if there are other atomic states not far removed in energy 
from the ground state, as there are for the alkaline earths, the corresponding 
bands may overlap and the lattice have the properties of a metal. It is at 
present therefore still necessary to discuss the electrical and other pro- 
perties of solids on the basis of explicit assumptions as to the nature and 
arrangement of the electronic bands, having shown that the theory provides 
a natural place for all the types that it is necessary to use. 

§ 11 - 54 . The function of impurities in supplying “ free” electrons. We have 
seen in § 1 1*52 that the periodic field of a perfectly regular lattice offers no 
obstacle whatever to the movement through it of an electron of suitable 
velocity components. The whole resistance of a metal to the passage of an 
electric current must arise from irregularities in the lattice which will give 
an electron in any state of motion a finite mean free path. Such irregularities 
will always arise from the thermal agitation of the lattice, and are provided 
also by any foreign atoms (impurities) that may be present. This is the only 
part of any importance played by the impurities present in a metal — they 
shorten the mean free path, and thereby increase the resistance in agreement 
with observation. 

In an insulator or semi-conductor they play an additional part which is 
far more vital. Suitable impurity atoms embedded in the lattice will provide 
electronic states which do not fuse with the band states of the lattice, but 
remain isolated and to a first approximation without effect on the usual 
bands. If the impurity is a suitable one it may then function in one or other 
of two ways. It may provide an isolated electron level higher than the top 
of the normally occupied band, and therefore more ready to supply an elec- 
tron to the empty band above where it can conduct. If the impurity level 
lies below the bottom of this band, thermal excitation is required to ionize it 
and we shall obtain a strongly temperature-dependent number of electrons 
available to conduct. This is the typical case of an impurity semi-conductor. 
If the impurity level lies above the bottom of the same band, then it will 
be always ionized at all temperatures and we shall have a number of con 
ducting electrons independent of the temperature and proportional to the 
impurity content. Such a rather surprising substance might be called an 
impurity metal and it is probable that such substances actually exist. 

The second type of impurity might provide a possible localized home or 
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an electron above the top of the normally occupied band. Such a home, 
normally empty, could accommodate an electron from the lower band. 
Electrons from the lower band could be more easily transferred by thermal 
excitation to these low lying localized levels than to the states of the empty 
upper band. As a result we shall have a number of effective free positive 
electrons in the lower band, which will again give a strongly temperature- 
dependent conductivity, this time by positive electrons. Both types of 
impurity might well be present together. 


§11-541. We have now in our possession a sufficient description of the 
electronic levels in a crystal lattice to apply them to explain many of its 
equilibrium properties. We start in the next section by applying the prob- 
able structure of the electronic bands in nickel to explain in detail its 
excess specific heat over and above the contribution of the lattice vibrations 
(Chapter iv) and the ferromagnetic contribution (§ 12-9). This explanation 


extends no doubt to other metals. We follow this in §§ 1 1*6 sqq. by developing 
the quantitative theory of the distribution of free electrons, negative and 
positive, in semi-conductors of various types, and apply the results to 


explain their electrical properties. 


In §§ 11-7 sqq. we give the formal 


theory of electrical and thermal conductivities for both metals and semi- 


conductors but only formally where a knowledge of the free path is required , 
making no attempt to calculate the free path a priori. Such applications 
of quantum mechanics lie beyond the scope of this monograph.* We con- 
clude (§§ 11-9 sqq.) with a discussion of electrical contacts, and a theory of 
rectification. 


§ 11-55. The electronic specific heat of nickel and other metals. The observed 
value of C v for nickel differs in several ways from any value which could be 
associated with lattice vibrations distributed according to any reasonable 
distribution law g(v)dv. At very low temperatures, 0-20° K., for which the 
important frequencies lie in the region in which g(v)~ y.v 2 and C F lat ~/?jT 3 , 
Keesom and Clarkf have found the values of C v shown in Fig. 37-1. These 
values correspond to a normal lattice contribution C V M = 464- 5(T/Q D ) 3 , 
equation (359), with 0^ = 413°, a value derived from the elastic constants 
of nickel, together w ith an extra term which as Fig. 37*2 show’s is accurately 
represented over the w hole range of its importance by the expression 

0-0017442 7 cal. /deg. /mole. 

At considerably higher temperatures, but below the Curie point, there is 

* For the theory of the free path and the resulting complete theory of metallic (and other) 
conduction see Sommerfeld and Bethe, loc. cit., where full reference will be found to other writers 
who have developed the theory, notably Bloch, Peierls, Bethe and Nordheim. 

t Keesom and Clark, Physica, vol. 2, p. 513 (1935). 
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Fig. 37-1. The specific heat of Ni at very low temperatures 
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a large excess specific heat associated with the disappearance of the feiro- 
magnetism as the temperature rises, which we need not consider further 
here. Above the Curie point (631° K.) contributions from this source should 
entirely disappear, but for nickel the value of C v does not fall above the 
Curie point to a value comparable with 6 cal. deg. /mole which is the value 
for the lattice vibrations in this region of temperature. Ihe minimum value 
for C p observed above the Curie point ranges from 7-3 to 7-9 according to 
various investigators.* Taking even the lowest value and reducing it to ( v 
by equation (390) we obtain the value 7-0, compared with a similar corrected 
value for copper of 6*1 at this temperature. [Some excess about the v alue 0 
may be expected to arise from the anharmonic terms in the strain energy 


Table 43*2. 

Observed values of C v at high temperatures for various metals. 


Temp. c C. 

Pd 

Pt 

Cu 

A g 

Au 

500 

6-59 

6-38 

6*2 

60 

60 

900 

7 07 


- — 

613 

— 

1000 

715 

6-65 

6-5 

— 

612 

1 300 

7-25 

— 

— 

— 


1500 

7-23 

— 

— 

— 

— 

1600 

— — 

6-8 

L 

— 


— 


of the lattice.] Considering all the values it is clear that C v exceeds C K lat 
above the Curie point by 0-9-1 -3 cal. /deg. /mole and this excess appears to 
increase with the temperature. 

Similar contributions appear at high temperatures for other transition 
metals as is shown by Table 43-2. 

Both these excesses in C v for Ni and their absence for the noble metals 
can be simply explained as an electronic specific heat if the probable struc- 
ture of the electronic bands in these metals is taken into account. It has 
been shown by Mott,f that in the nickel lattice there are two bands of 
energy levels of comparable energy derived from the 3 d and 4$ electronic 
states of the free atom. The states in these bands are arranged as shown in 
Fig. 38. In Ni neither band is completely full, but in Cu and the other noble 
metals only the 45-band is partially full. In Ni there appears to be 0-6 elec- 
tron per atom in the 45-band and 0*6 electron per atom too few in the 
3d-band to fill it. The actual number 0-6 is that number which gives the 
metal its correct saturated magnetization, at low temperatures, since the 

• Mott, “Discussion on supraeonductivity and low temperatures”, Proc. Roy. Soc. A, vol. 152 
p. 42 (1935). 

t Mott, Proc. Phys. Soc. London , vol. 47, p. 571 (1935). 
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magnetization is due to the incomplete d-band only. The states of the 5 -band 
appear to correspond to electrons which are almost perfectly free and are 
therefore spaced as if the electron had its natural rest mass m 0 , while in the 
states of the d-band the electrons 
are rather tightly bound, the over- 
lap of the atomic wave-functions 
is small, and the states are distri- 
buted as if the electron had a large 
effective mass m*. The nearly free 
electrons of the 5-band will, we 
know, make a negligible contri- 
bution to the specific heat and it 
remains to examine the contribu- 


tion by the holes in the d-band. 
Since there are many less than 
one per atom and the states in the 
d-band have probably an extra 
weight factor, it is certainly safe 
to use the approximation (1126) 
for the energies of all the states 
that matter. 

The complete formulation of the 
theory for two such overlapping 
bands is as follows. By equation 
(124) the average number M y of 
electrons in any group of levels 
whatever is given by 


N(E) 



max. 




Fig. 38. The higher occupied electronic states 

in Ni and Cu crystals. 


M=X 


ZD 


U 


= 2 


ZD, 


l + e^ kT jX ^ 1 + e^r-OikT ’ 


(1128) 


where Z Kt/) denotes summation over all values of r belonging to the 
group; A may have to be fixed either so that the total number of electrons 
is correct, or by equality with its value for some other group of electrons 
in common equilibrium, according to the conditions of the problem. 
In the present problem there are two groups, the d-band containing 
ION states, and (10 — x)N electrons, where N is the number of atoms in 
volume F, and the 5 -band containing 2 N states and xN electrons, n 

the 5-band 

^ = ^ris) J e (ijr-QtkT • 

It is convenient to take the energy zero at the bottom of the 5 band an 
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sufficient to use the approximation (1126) for rj r . Then, by following the 
derivation of (222), we see at once that 

30 rf dr) 


M s = 2 


277-(2m)$F 


A 3 


o 


1 + e (V~0!kT‘ 


(1128-1) 


We see further that the average energy of these electrons is 

00 drj 


E s = 2 


27r(2m)l V 


h* 


(1128-2) 


1 4- e (r i~£ ),kT ’ 

It is convenient to express the distribution in the rf-band in terms of positive 
electrons or holes. The average number of these is 


i r i y y 

~ ‘-‘rid) W r ~ ^ rid ) J + e ( Vr -C)!kT 


_ = V 


W 


rid) 


1 + e ({-i?rV*r • 


The holes are all near the top of the band and we can therefore apply (1126) 

which takes the form i 

•r Jr = \E-—*(p* + q* + r% 

where AE is the energy by which the top of the d-band exceeds the bottom 
of the 5-band. Then 

27r(2m*)%V f 00 rfidr) 


M d + = 


h* 


4- e {r}~(& £—£)),' kT * 


(1128-3) 


The average energy of the electrons in this band is 


E„ = Z 


™rV: 


rid) l e (Vr-0l kT 


= const. — Z 


™r Vr 


Hd) 1 + eG-IrMT * 


This can easily be reduced to 


E d = const. - M d + AE + zo* 


2tt( 2 m*)*V 


7 ft dr) 


h* 


+ e (r]-i\E-l))lkT 


• • • 


.(1128-4) 


Finally £ is fixed as a function of T by the condition 


M 8 = M d +. 


At zero temperature £ -> £ 0 and both bands are completely degenerate 
We may assume also that x^x 0 ~ 0-6. We then find that 


27r(2m)*F 


x 0 N = 2- —-' ’ U±E-L)i 


h 3 


h 3 


by the usual evaluation of the integrals in (1128-1) and (1128-3) as T-> 0. 
These equations determine £ 0 and AE\ £ 0 is large and of the order of 5 volts 
but A E — £ 0 may be much smaller owing to m* and m*. 

At higher temperatures £ must vary but the s-band will remain almost 
completely degenerate so that we continue to have 

2t7(2to)«F 


xN~ 2 


h 3 
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The variations of £ necessary to preserve the equality M 8 = M d + will be on 
the scale of A E — £ 0 and therefore quite small compared with £ 0 . We may 
therefore neglect them in a first approximation; it follows that x~x 0 at all 
relevant temperatures and the d-band may be discussed as if it were a 
separate set of electrons of constant number, A E — t, varying so that this 
constancy is maintained. 

Under these conditions C v € is to be obtained by differentiating ( 1128 - 4 ). 
At low temperatures the usual approximations for degenerate assemblies 
will hold, and we have by ( 1018 ), in the present notation, 


where 




C/IR = x 0 [^T/T € 1 

A 2? — £ 0 __ h 2 /3x 0 n\$ 

k 2m*k\ 4zd*7t/ 


‘.(1128-5) 


(1128-6) 


t 

V*/ 

O 


This will fit Keesom and Clark’s measurements if 7^ = 3340. At higher 
temperatures C r € must be 
evaluated from (1128-3) and 
(1128-4) by numerical inte- 
gration. This has been done 
by Mott| whose results are 
shown in Fig. 3u. It is easily 
seen that C v € must be a 
function of TfT € only, where 
T € is given by (1128-6). We 
may now compare the cal- 
culated contribution with the 
observed values above the 
Curie point, remembering 
that for the ferromagnetic 



Fig. 39. The specific heat of a degenerate electron 

gas as a function of T. 


d-band at low temperatures m* may be 2 or 3, only states of one spin 
being allowed, but that above the Curie point all spin states may be used 
indifferently so that m* increases by a factor 2. We must therefore use 
a value 3340/2* = 21 10 for T e . At 630° K., T/T ( has the value 0-30 and the 
specific heat per electron is about l - 0 k, or (0 - 6)iZ=l‘2 cal. /deg. /mole. At 
1300° K. this will rise to 1-6 cal./deg./mole. These values correspond to 

those observed within the error of the experiments. 

It remains to examine what value of /? is required for the d- band to give 
this value of T € . On combining (1128-6) and (1127), taking w* = 3 and 
remembering that na 3 = 1 , we see that 


P 



x Q ) 4 7T 2 5-2 


t Mott, Proc. Roy. Soc. A, vol. 152. p. 42 (1935) 
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When T € = 3340, jS-5-ox 10 -2 electron volt and the width of the rf-band 
would be - 0-3 electron volt, which is an acceptable value. It seems likely 
that further studies of this type will prove extremely fruitful, j 

Before leaving this subject it may be convenient to derive a more general 
formula given by BetheJ which can be applied to calculate the specific heat 
contributed by any assembly of a constant number M of nearly degenerate 
electrons in which the number of states in the energy range r;, r? -f drj is 
N(rj)dr). It follow's at once from the foregoing formulae that 

P N(rj) drj -=r_ r°° rjN^drj 
^ - J 0 i +e (^r» ^ J 0 

These integrals may be evaluated asymptotically by the methods described 
in § 11-71, by converting them to the form ( 1 171*1) by integration by parts. 

rc rt 

It follow’s at once that, if 5(£) = N(r))dTj , T(£) = rjN(r))drj, 

Jo Jo 


7T 2 k 2 T 2 

M = S(£) + —f-N'U), 


(1128-7) 


K=TU) + 


7 T 2 k 2 T 2 


{£#'(£) + NU)}. 


(1128-8) 


On differentiating (1128-7) and (1128-8) and eliminating dT, we find 

( IE 7T 2 

CV = dT = J k2TNa) - (1128 ' 9 ) 

In this approximation ^ may be replaced by r /*, its limit when T -> 0. It is 
easily verified that this formula reduces to (1018) for an assembly of degen- 
erate free electrons. It follows also from (1128-9) that in the nearly degenerate 
region the contribution of two overlapping bands is always equal to the 
sum of the contributions of the two bands calculated independently. 

§11-6. Electron distributions in semi-conductors. We shall consider a 
standard case in which we are concerned with two bands of levels 1, 2, of 
which the former is empty and the latter full at the absolute zero. Band 2 
when full will be supposed to contain X* electrons for a volume V of the 
lattice. The states of the bands have weights to,, w 2 each respectively, so 
that N* i -m 2 = N, the number of atoms in volume V contributing states to 
the band. The effective masses of electrons in states near the limits of the 
bands are m, and m 2 respectively, and the free paths of ordinary electrons 
in the upper band or positive electrons in the lower band and l 2 . The energy 

t See a forthcoming book by Mott and Jones, Oxford Press. A more exact study by Slater 
(in course of publication) has fully confirmed these elementary calculations. 

X Sommerfeld and Bethe, loc. cit. p. 430. 
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zero will be taken for convenience at the top of band 2; the energy interval 
from there to the bottom of band 1 is A E x . 

The equilibrium concentration of free electrons and free holes (functioning 
as positive electrons) for such a semi-conductor which we shall call intrinsic 
can be simply determined as an ordinary dissociative equilibrium: 

Free Electron -f Free Hole ^ Bound Electron. 


Suppose there are N x free electrons and therefore in this case also N x free 
holes, in a volume T\ Then by (459) 


W A(T)UT) 


N*-N x 


g(T) 


(1129) 


where f x (T) is the partition function for the free electron, a classical particle 
of mass m l with states of weight zd x in a volume V,f 2 (T) the same for a mass 
m 2 with states of weight ru 2 , and g{T) the partition function for a bound 
electron in band 2 which is practically full. We can therefore assimilate the 
exact problem to the classical one by treating all the N* states of the band 2 

as equivalent and taking g( T) = N*. Since N x N* we have therefore 


*\ 2 =fi(T)f 2 (T). 


(1130) 


With the specified band structure and energy zero 


f x {T) = m x 


(2rrm x kT)i 


h 2 


Ve -^ l ,kT ) f 2 (T) = w 2 


(27Tm 2 kT)% 


K 3 



so that 


/ \k {277 \m x m 2 )^kT)^ i £}kT 

y = (m x m 2 )* ^3 e 1 • 


(1131) 


It may happen however that the free electrons in band 1 are supplied 
primarily by localized impurities, when band 2 can be ignored. The dissocia- 
tive equilibrium is then 

Free Electron -f Bound Hole ^ Bound Electron. 


If N 0 is the number of impurity levels in a volume V and if the energy zero 
is now taken in the impurity levels at a depth A E' below the bottom of 
band 1, the equation of dissociative equilibrium is 


(Ni)f_ Ji(T) Np 
N 0 -N x N 0 

H x _ I iVo\* * ( 27rm x kT )^ ~\^E’ikT 


(1132) 


IN Y 

or when N x <^N 0 -y = yy)™i ^ 

These results, due to A. H. Wilson, f will be generalized in a more systematic 
way in the next section. 

t A. H. Wilson, Proc. Roy. Sac. A, vol. 133, p. 458 (1931), vol. 134, p. 277 (1932). 
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§11*61. General formulae for semi-conductors. For a general discussion it 
is best to start with ( 1128). We can at once distinguish various cases. 

(i) Intrinsic semi-conductors. Energy zero at the top of band 2. If the band 1 
is nearly empty e^ rkT p\ throughout the band 1. Thus 

N l = \X ibi) m r e-Vr*T = Xf 1 (n 

or = Xw 1 {27T - ^~ T ^ Ve~ XK ' kT . (1133) 

h 6 


Band 2 is practically full so that e^ rkT <^X throughout the band. Thus, on 
expanding (1128), 


or 


.V* - N x = 2 (W w r ( 1 - eVrW/X) = X* _/ 2 ( T)jX, 



777 2 (27 rm 2 kT)% 

T h* 



Combining (1133) and (1134) 



(1134) 


(1135) 


Our previous result (1131) follows at once on combining (1134) and (1135). 

(ii) Normal impurity semi-conductors. N 0 impurity levels in volume V. 
Energy zero at the top of band 2. Electrons in band 1 from both band 2 and the 
impurities. Denote the average numbers of electrons in band 1 and holes in 

band 2 by N x and N 2 respectively. Then N x is still given by (1133) and W 2 by 

(1134). The number of electrons in the impurity levels is N 0 - N x + N 2 , so that 


N 0 -N x + N 2 -N 0 - 


1 


-he 


kT 


/A 


if it is assumed that the impurity levels lie at a height AE 2 ( 
the top of band 2. Thus 


^1-^2=^- 


N 


o 


Xe-^kT + i ’ 


A E x ) above 


(1136) 


on combining (1 133), (1134) for N 2 and (1 136) the equation for A is seen to be 


(W Tl e _„,„ _ 

h 3 


NJV 


+ 


X e -±E t /kT + j t A 


w 2 (i-nniJcT)^ 


h 3 


(1137) 


For any given values of the lattice and impurity constants A E, A E„ 
Aq) w,, rw 2 , ro i the values of A as a function of T can easily be com- 

puted from this formula. For small values of T the lower band states are 
unimportant, , N 1 <^X 0 and Ae- if V ArJ > 1. Then 



A* 

r gl(AE,-A£.,> kT 

(ZirmJcT)* 


(1138) 
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Equations (1138) and (1133) reproduce (1132). For larger values of T the 
impurity contribution is swamped by the electrons from band 2 and we 
recover the formulae for the intrinsic semi-conductor. 

, (iii) -Abnormal impurity semi-conductors. N 0 ' impurity levels in volume V. 
Energy zero at the top of band 2. Holes in band 2 due to supply of electrons to 
the impurities and to band 1 . This case differs from (ii) only in that the number 
of electrons on the impurities is so that 


^ 2 ^ 1+e (11 39) 

The equation for A is now 

A«q e -A£,/*r + _ N.'IV = (2nm 2 kT)f 

h 3 1 +e^ E *‘ kT l\ \ h 3 

For small values of T the upper band states are unimportant, N 1 0, N 2 <^N 0 
and e* E 2 ' kT pX. Then 

A = ( T ) ' 5 (2nra ^ T t e i «,7*r ( 1 1 4 1 ) 

Equations (1141) and (1134) for A^give 

U-^r (1142) 


For larger values of T the states of the upper band take charge and we 
recover the formulae for an intrinsic semi-conductor. 

(iv) Semi-conductor with impurities of both types. N 0 and Nf impurity 
levels in volume V . Energy zero at the top of band 2. Impurity electron donors , 
iV 0 , at a height A E 2 . Impurity electron acceptors , N 0 \ at a height A Ef. It is 
necessary to suppose that 

AE 2 <AE 2 ' <AE 1 

or else the electron acceptors will take up electrons from the donors at low 
temperatures and we shall fall back on one or other of cases (ii) or (iii) 
according as donors or acceptors are the more abundant. The levels are 

shown in Fig. 40. The equations for and N 2 remain unaltered. The 
equation for A is now 

e -* ElikT , No' IV _ NqIV , [2nm 2 kT)i 

1 h 3 1+ e*W kT /X 1 + Xe~^ kT A h 3 

(1H3) 

Great variety of behaviour is now possible. For example, for small T the 
second and third terms must dominate the equation and therefore in that 

ran g e / jj \i 

A = ^° / j e h±E 2 ’+±E 2 )/kT (1144) 
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On comparing the number of free electrons and free holes for such A’s, we 

see that if A Ef > AE X — AZ? 2 , N 2 <^N X and the properties will be those of a 
normal impurity semi-conductor. If, 

however, A r 0 '>jV 0 by a considerable 1 

factor, it can be shown that we pass 
as the temperature rises to a range in 
which there are many more free holes 
than free electrons when the semi- 
conductor will be abnormal. Finally, 
as always, for higher temperatures 
we must reach a stage when the 
numbers of free electrons and free 

holes are large and approximately Fig. 40. Electron levels in an impurity semi- 

equal. The interest of this example conductor with both electron donors ( - ) and 
. . electron acceptors (+ ). 

is that it reproduces the complicated 

observed behaviour of cuprite* which is normal at low temperatures and 
abnormal at moderate ones. 



§11*62. Work functions and contact potentials for semi-conductors. In 
order to study contact equilibria for metals and semi-conductors we have 
only to equate values of A, taking care that a consistent energy zero is used. 
It is best for this purpose to change the definition and take as zero the energy 
of an electron at rest outside one of the substances. The energy outside any 
other then differs by the contact potential energy. To study the thermionic 
work function for a semi-conductor we can combine (1022) and (1030), 
neglecting the transmission coefficient, into the emission formula 

1 = A\T 2 , (1145) 

and insert the proper value of A. If E x is the energy interval from the top of 
band 2 to the energy of an electron at rest outside the semi-conductor, this 
energy being assumed to lie in band 1, at a level to which our various 
approximations apply, then the formulae of the preceding section are 
altered only by the addition of the factor e~ E *‘ kT to every formula for A. 
We consider a number of special cases. 

(i) Intrinsic semi-conductor. The thermionic emission formula is 



(1146) 


where 


x = E x -l\E 1 . 

* Schott ky and Waibel, Physikal. Zeii. vol. 34, p. 858 (1933). 


(1147) 
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(ii) Normal impurity semi-conductor, (a) Low T, N^N. Equation 
(1138) corrected by e~ E ^ kT gives A. Then 


where 


I = A Tie-War* — ( 

(2nm 1 lc)i\V 

X ' = E x -l(AE 1 + AE 2 ). 


(1148) 

(1149) 


(b) Medium T, N^Nq. Equation (1137) corrected by e~ E ^ kT gives for A 
in this range 


a ; 0 i_ 

V TD l 


so that 


h 3 

€ (±E t -Er)kT n 

( 27rm 1 kT)i ’ 

(1150) 

-y ’lkT ^0 1 

^ (2 irm-Jc)^ ’ 

(1151) 


where 


x" = E x -AE 1 . 


This is actually the classical emission formula for a conductor containing a 
fixed number A 0 of classical electrons of mass tti 1 in a volume V. At higher 
temperatures we pass over in the forms of case (i). 

Similar formulae can be given for abnormal semi-conductors which we 
shall not stay to detail. 


It should be remembered that all these formulae are only valid so long as 
the rate of emission of electrons is very slow compared with the rate of 
readjustment of the internal equilibrium. The process creating the free 
electrons and free holes must be able to maintain the normal equilibrium 
supply. This is an essential assumption and there is no simple means of 
investigating its validity — nor any a priori reason why it should be true. 

Volta contact potentials, determined by equating A’s for two substances, 
are best studied by taking some standard comparison substance — the most 
suitable is an ideal metal with a simple Fermi-Dirac distribution of electrons, 
and we shall neglect for this ideal standard all terms but those of the highest 
order. We therefore take the standard to be an enclosure in which the 
potential energy of an electron is — W t relative to our chosen zero, that is 
zero for an electron at rest outside the standard substance. Then for such 
a metal 1 2 /o^ \ f\ 

A-^W.e-*^ = ); 


the suffix 0 refers to the standard, m 0 is the ordinary rest mass of the electron 
and xo the work function. 

We define the V olta contact potential V 0 X of any substance x relative to our 
standard metal to be the amount by which the potential of x must exceed 
the standard when they are in equilibrium together. To avoid confusion of 
signs let \e\ denote the numerical charge on the electron, the actual charge 
on an ordinary electron being — |c| . Then all the energy levels of electrons 
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and holes alike in substance x have been raised by — \ e\ V 0 X relative to those 
of the metal. Expressions for A for the substance x must therefore be 
multiplied by e -kir 0 */*r 


Using the values of A already given, we obtain the following results: 

(i) Intrinsic semi-conductor — standard metal. 


V ^ = Xx-Xo~ 


0 


tlMogj)— W— (1153) 

1\®V \mj J 


(ii) Normal impurity semi-conductor — standard metal. 


i | T r r 7^1 lN 0\* 1 ^ 

-|^i T o x = Xx-Xo-^^log I— —g 

\ V ) wp (277 m^T)^ 


hi 


(1154) 


(iii) Abnormal impurity semi -conductor — standard metal. 



(1155) 


The first approximations in all cases show that as usual the contact 
potential difference of a semi-conductor and a metal is equal to the difference 
of the work functions. On referring to the formulae for A we see that this 
means that the top of the full levels of the Fermi-distribution of electrons 
in the metal must lie at a level just half way between the two sets of levels, 
one full and one empty, which control the electron distribution — for an 
intrinsic semi-conductor half way between the two bands and so on. 

The second approximations show that the contact potential may be 
more highly temperature-dependent for impurity semi-conductors than for 
a metal, and one can have still more important variations of contact poten- 
tial as A for these semi-conductors changes over from one type of formula to 
another. It is perhaps worth recording that for two examples of the same 
impurity semi-conductor with different amounts of impurity we have 


-HF/=-| e |(V-r 0 *)=-^Tlog^ (1156) 

This is of classical form and strictly non-metallic. It might amount to as 
much as 0T volt. 

For a semi-conductor the effective photoelectric threshold obtained by 
extrapolating to zero a curve of current against exciting frequency can 
differ at low temperatures from the thermionic work function. The few 
excited electrons in band 1 will give a tail to the photoelectric yield curve 
which is too faint to be detected, and the curve will appear to stop at a 
frequency which is just sufficient to eject electrons from band 2 out of the 
metal — this frequency is given by hv = E x ^ E x — \NE X . 
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§11-7. Formal theory of electrical and thermal conduction by the electrons 
in a metal . In order to proceed any further with the theory of the electrical 
properties of metals or semi-conductors, it is necessary to develop at least 
formally the theory of states of steady flow which are not equilibrium states. 
Just such a development has been given by Sommerfeldj' by generalizing 
to Fermi-Dirac statistics the classical theories of LorentzJ and Bohr,§ but 
making no attempt to calculate the quantum mean free path l which occurs 
in the formulae. We shall also confine attention to bands or sets of states in 
which the kinetic energy is sufficiently accurately given by (p 2 + q 2 + r 2 )/2m , 
where p , q, r are the components of the momentum. We shall however 
finally have to extend the calculations to include two sets of such states, one 
of them electrons and the other holes, both of which may contribute to the 
conductivity. 

The number dn of electrons per unit volume in the metal, or in an isolated 
band of states, with (group) velocity components in the range 

u, u-\-du ; v , v + dv\ w y w + dw (u 2 + v 2 + w 2 = U 2 ) 
satisfies, by (1005) slightly generalized, 


dn 


-■(?) 


3 

/ 0 ( U ) du dv dw =/ 0 



where m is the (effective) mass of the electron and 


(1157) 



1 1 

1 + elmU'/kT/X ~ l + e vlkT/X ' 


(1158) 


In (1158) we have taken the energy zero at the bottom of the Fermi dis- 
tribution of free electrons or at the lower edge of the isolated band.|| When 
we have an ideal metal with nearly free electrons m = m 0 and A = e^ lkT , where 
the energy of the highest occupied level at zero temperature. When 
the group is effectively classical dn reduces to 


dn = ^ e * mU * lkT dudvdw, 

= nl-z^)*e-* mU2 ' kT dudvdw, (1159) 

\2irkT ] 

where n is the total electron density in the group. For generality we shall 
work throughout with (1158). Similar formulae apply to a group of classical 
holes (free positive electrons), which we shall discuss later. 

Suppose now that these effectively free electrons of charge — M are 


t Sommerfeld, Zeit. /. Physik. vol. 47, p. 1 (1928); Sommerfeld and Bethe, loc. cit. 

X Lorentz, The Thexyry of Electrons , Teubner (1905). 

§ Bohr, Studier over Metallernes Elektrontheori (1911). # # 

|| In collating these formulae with § 11*6 we must allow for the different choice of energy zer 
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subjected to electric fields F x and F y and a magnetic field H z (for short H) 

referred to right-handed axes. Then the electrons (classical or quantal) i 
as if subject to forces 


ove 


-\e\(F x + vH), -\e\(F v -uH). 

The distribution function no longer remains f 0 , for the accelerating forces 
above cause transitions to new states of motion thereby altering / 0 to a 
value f(u,v,w,x,y ,z) until collisions with the lattice, which must tend always 
to restore / 0 , can balance the effect of the accelerating forces. It is clear 
from the symmetry that we can write 


/=/o + ^(U) + i^(U), 

where u<$> and vif> are quantities of the first order small compared with / 
and / 0 . 

When such a distribution has been established we have a state of steady 

flow. The electrical currents J x , J y per cm. 2 parallel to the x- and y-axes are 
clearly given by 

J x= - MJw/daj, J v = - | e | J vfdw . 

From the symmetry these reduce at once to 




J U2 «A(U)dw, J y = _i| e |Ju 2 0(U)tfca (1 


160) 


The thermal currents W xf W y in ergs per cm. 2 per second 


are 


which reduce to 


W x = imJuU 2 fdco, 


K 


= lmjvU 2 fdcu 


JmJu 4 (£(U)dai, W^ = ^mj'uY(U)da> (1161) 

Inspection of (1160) and (1161) shows that the crux of the matter is the 
calculation of ^(U) and </-(U). On appealing to Boltzmann’s integro -differen- 
tia equation discussed in detail in Chapter xvn, we see that in a steady 
state, in which df/dt = 0, we must have 


CV dw dx dy dz 


cu 


Since the electrons are effectively free 

u = — M {F x + vH)/m, v = 
and Boltzmann s equation reduces to 


■ + m = 

Lade oil 


0. 


“ \ € \(F v — uH)/m 


?n 




df 

. + u ^~ + 

cv\ cx 


•MIL-* 


(1162) 



406 


The Electron Theory of Metals 


[11-7 


Now the collision terms themselves must be terms of the first order pro- 
portional to the deviation of/ from / 0 . Moreover, if l is the mean free path, 
U II ^ the number of effective collisions per second made by the electron with 
the lattice irregularities. The contribution to the collision term for a single U 
must strictly of course depend on the deviations of / from f 0 for all values of 

u f v , w , but if / is properly interpreted a formally correct expression must 
be obtained by putting* 


M i,=-tw ( u) +^ (u) }- ( H63 ) 


The minus sign must be taken because the collisions must always tend to 
reduce the abnormality in /. Combining (1162) and (1163), we find 




1 + 4 y - -7 w< u > + *< u » • 

(1164) 


We can now replace / by / 0 in all terms except those which have H as a 
factor, since they are all first order terms. Replacing / by / 0 in the //-terms 
eliminates H entirely so that / must be retained here. We thus find 


- € 


?/o 

dr] 


V^o 

» dr, 




Vo 

dy 


m 


= -y{tt^(U)+t^(U)} (1165) 


terms in uv, u 2 v and uv 2 cancelling automatically. The coefficients of u and 
v must vanish separately so that 


U, \*\ H , 

<A = 

i m 

\*\H , U, 

- u —t+Tt= 

m L 

On solving these equations we find 


e | F + ^ 

1 x dr, dx J ’ 
e l J.& + &1 

€ '*»dr,+dyY 


(1166) 


(1167) 


*(U) = 


-?/u 

1 + \e\ 2 H 2 l 2 /m 2 U 




(1168) 


<A( U) = 


yj/U 

l + |e|*W/m*U* 


[( - I.K 


VoJJo 

dr, dy 


H 


l | f | H 


m 


-m 


07; + ax / J 

(1169) 


* The form (1163) is only strictly correct if the collisions of the electrons with the la ice ar 
elastic and merely scatter the electrons. None the less the conclusions wc shall < rau are 
independently of this restriction. It would take us too far afield to attempt to remove 1 

Sommerfeld and Bethe, loc. cit., sect. D. 
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On substituting these equations in ( 1 ICO) and (1 161 ) we obtain expressions 
for the electrical and thermal currents, which can be evaluated as soon as 
the special conditions of the particular problem have been fixed. It must be 
remembered that l may be a function of 77. 

In the evaluations which are to follow it is clear that integrals of the type 

J/>(U)( 3 / 0 / ?r])da> will play an important part. They can all be simply ex- 
pressed in terms of the functions 




877 turn 

"3 w 


s Cfo ,1 

v s — drj> 


dv 


(1170) 


which we proceed to evaluate (i) for a simple Fermi-Dirac distribution 
almost completely degenerate and (ii) for a classical group of electrons 
(or holes). 


§11-71. The free path integrals, (i) Degenerate case. Equation (1158) 
shows us that in this case 

_c/ 0= J 1 

dr] IcT (1 +e (V-0llcT) (1 + e ^~r,),kTy ( 1171 ) 

Thus - BfJdrj is only sensible when g ~ £. It is therefore possible to evaluate 
asymptotically any integral of the form 

K(q)= q(g)^dg (1171-1) 

by putting g = i + x and q(g) = q(£) + *?'(£) + ~ z 2 q"(t) + .... The typical 
term is therefore /•<*, x i dx 

i\kT J _^(1 + e xlkT )(l +e~ xlkT ) ’ 

which is only trivially altered if the range of integration is changed to 
-co, oo. These integrals can be converted by integration by parts to the 
same form as the integral in § 2-73 and can be evaluated by those or similar 
methods. The integrals all vanish for i odd, and we shall require only those 
for i = 0 , 2 of which the first is elementary. The values are 

If” dx 

kT J _ *,(7+ e xlkT ) ( 1 + e-*l kT ) = 1 ’ (1172) 

1 f* x*dx t r 2 k 2 T 2 

*7 J - .( 1 + e«* r ) ( 1 + F^T) 3 (1173) 

sothat K(q)=qtt) + — jpVtf). (1174) 

It follows from this that 

_ Snwm r tt 2 Jc 2 T 2 d 2 , 1 

K *~ 3l 3 +— g— (1175) 
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§11-72. • The free path integrals, (ii) Classical group of electrons. In the 

classical case •. 

_ SLo = _A vlkT 
d v IcT 

and the important energies are all fairly small. We may therefore usually 
neglect variations of l with rj. Then it follows at once that 


K s J-^l\(kT)°s\. 


(1176) 


This can be more usefully expressed in terms of n, the number of free 
electrons per unit volume in the group. On comparing (1159) and the 
preceding equation, we find that K reduces to 




8 
In 


8 


3 (27T7tt)* 


since 


log A = log n — log 


(kT)*-i s \, 

(2TrmkT)t w 
h* 


(1177) 


(1177-1) 


§11*73. Thermal and electrical currents for zero magnetic field. In this 
important special case we can put H — 0, F v = 0 and </»(U) = 0 in (1168), 
(1160) and (1161). We may then put 


s/o a/o 


dx 


dr) 


[IcTdX 7) ST) 
T dx + Tdx 


(1178) 


From these equations and the value of du> in (1157) it follows at once that 


J x = 


w x = 


Stt € mm [" 
3A 3 L 





1 dT f 

+ Tdx J 

Smum ["* ) 

3 h 3 [_' 


OM- th 



1 dT 

+ Tdx. 






sw 


In terms of the free path integrals (1170) these equations reduce to 


J X = K i(\A (i) 2 F x -\ 


kTd A 
A dx 


+ 


JcTdX 
X dx 


) 1 dT 
+ K *\ € \ Tdx’ 

)~^Tdx' 


(1179) 


(1180) 


(i) The electrical conductivity. In a uni 

temperature the terms in d/dx vanish and 


J X =KM'F X . 



‘ 73 ] The Electrical Conductivity 409 

The specific conductivity k is defined by the equation J = kF, J being the 
current per square centimetre flowing under potential gradient F. Thus 

AC = | e | 2 A ! . (1181) 


For the simple degenerate electron gas it follows by (1175) that 


K = 


Sm urn | e | 2 
3 A 3 


me 


(F-D) (1182) 


On using £ ~-q* and the formula for 77* which in the present notation is 

- 1,U«. p/6 "' i 


we can reduce (1 182) to the form 


8m \ 7 tw 


K = - 


2 nl 


m U * 


(F-D) (1183) 


For a classical group of electrons it follows by (1177) that 


or with 


4 

K = — 


In 


3 (2tt mkT)C 


U = 2 


2kT 


rrm 



(1184) 


1 |€| 2 /nU 8 \e\ 2 ln 

"sTF- (C > ,1185) 

The formula (1183) will reproduce the observed conductivities of the best 

metallic conductors if l is of the order of 100 times the lattice constant at 

ordinary temperatures and if further the whole of the temperature variation 

in the conductivity is given by the variation in l. The studies of Bloch, 

Peierls, Bethe and others have in fact shown that l must be of this order and 

that l and therefore k vary like T~ l at high temperatures and probably like 

T 5 at low as in fact they are observed to do.f A comparison of the observed 

and calculated temperature variation of the conductivity is shown in 
Table 44 for two noble metals. 


(ii) The thermal conductivity is naturally measured in a uniform metal 
with a temperature gradient carrying no electrical current. The electron 
distribution must therefore adjust itself so that J x = 0, while F #0. 
Eliminating F x from (1180) by means of this condition we find 



If the thermal conductivity 6 is defined by W x = -OdT/dx, we see that 


TK 1 • (1186) 


t The low temperature form U etill doubtful. See Sommerfe.d and Bethe, loc. cit. §§ 37, 40, 41 
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Table 44. 

Comparison of the observed and calculated variations of the 
conductivity with temperature for pure copper and gold. 

[The theory is only completely evaluated for high and low temperatures 

and has been serni-empirically interpolated between.] 

From Sommerfeld and Bethe, loc. cit. p. 532. 


[11-73 



Au[0 z> = 173°] 


Cu[02> = 315°] 


Temp. ° K. 

(kJk) calc. 

(k 0 /k) obs. 

Temp. ° K. 

(k 0 /k) calc. 

273-2 

1 

1 

273-2 

1 

87-43 

0-2645 

0-2551 

195-2 

0-662 

78-86 

0-2276 

0-2187 

90-2 

0-1847 

57-8 

0-1356 

0-1314 

812 

0-1451 

20-4 

0-00604 

0-0058 

20-4 

0-0059 

18-9 

0-00346 

0-0035 

4 2 

< io- 5 

14-3 

0-00117 

0-00137 



121 

0-00051 

0-00048 



111 

0-00033 

0-00030 



4-2 

3 x 10- 8 

3 x 10- 6 





1 

0-658 

01804 

0141 

0-0051 

< io- 6 


[In the observed values the residual resistance due to strains and impurities has been eliminated.] 


Table 44-1. 

Comparison of observed values of O/'kT with the value given by (1188). 

This theoretical value is 

— = 2-72 x 10- 1S E.s.u., = 2 45 x 10 8 e.m.u., = 2-45 x 10- 8 watt-ohm/(deg) ! . 
kT 

[Observed values of 10 s 6/kT in watt-ohm/(deg.) 2 .] 

From International Critical Tables , vol. 5, p. 218. 


Metal 


Temperature °K. 


A1 

Ag 

Cd 

Cu 

Fe 

Ni 

Pb 

Sn 

Zn 


103 

1- 50 

2- 04 

2- 39 

1- 85 

3- 10 

2- 92 
2-55 
2-48 
2-20 


173 

1-81 

2-29 

2-43 

2-17 

2-98 

2-59 

2-54 

2-51 

2-39 


273 

301 

2-09 

2-19 

2-33 

2-36 

2-40 

2-43 

2-30 

2-29 

2-97 

2-76 

2-59 

2-40 

2 53 

2-46 

2-49 

2-53 

2-45 

2 31 


373 

2-27 
2-37 
2-44 
2 32 
2-85 
2-44 
2-51 
2-49 
2 33 


On substituting for the K’ s from (1175), retaining only the terms of highest 
surviving order, we find ^ 8n 3 mmk 2 l(£) £T nl8 7) 

h 3 

On comparing (1182) and (1187) we obtain the Law of Wiedermann-Franz 
in the form (F-D) (1188) 


9 

kT 


7T 2 k 2 

3 M 2 ' 
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Using classical values for the K’s from (1177) we find 


so that 


8 _lnk 2 T 
' 3(2mn/cT)C 

kT 2 lei 2 ' 


(C) (1189) 

(C) (1190) 


It has of course long been recognized that 9j K T is very nearly an absolute 
constant for all metals. A selection of experimental values is shown in 
Table 44-1 which are in excellent agreement with (1188), particularly at 
temperatures which are not too low. 


§11-74. The reversible thermal effects , associated with the passage of a 
current . W hen a current flows the rate of evolution of heat in a given element 
of the conductor is no longer given solely by the difference of the values of 
W for the inflow and outflow. Other terms arise from the work done on the 
current carrying electrons by the field F , work which is continually con- 
verted into heat by inelastic collisions with the lattice. These have hitherto 
been ignored, but they must be brought in here or the energy account 
cannot be balanced. If therefore we introduce the quantity Q defined as the 
rate of evolution of heat energy in unit volume of the conductor, it follows 
from general considerations of energy that 


Q = JF -dW/Bx. (1191) 

From (1179) it follows, on dropping the suffix x and rearranging, that 

F _ J kT 3A I{ 2 IdT 
M 2 #i |e|A 3a: \t\Kffdx' 

On substituting for F in (1191) and (1180) and thence for IT in (1 191) we 
find after reduction that 





(1192) 


The first term is the Joule heat, the last is the heat contributed by thermal 
conduction. The middle term contains all the reversible effects that change 

sign with J which we wish to study. The form of the coefficient of J 

namely TB/Bx(...) is vital, since this form gives the reversible effects their 
thermodynamic relationships. The necessary and sufficient condition for 
the appearance of this form in (1192) is the equality of the two coefficients 
K 2 in (1179) and (1180). This equality holds good for the most general 
possible formulation of the problem of metallic conduction, as has been 
shown by Uehling.* The equality of these coefficients is a direct conse- 
quence of the general quantal theorem that the probability of a process and 


♦ Uehling, Phys. Rev. vol. 39, p. 821 (1931). 
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its reverse are equal, which is itself merely a direct interpretation of the 

ermitian character of all matrices representing physical quantities. 

Before giv ing the statistical theory of the reversible thermoelectric effects 

we shall define them in the manner usual to large scale physics and quote 

their theimodynamic relationships. These thermodynamic relationships 

are deduced on the assumption that the reversible effects can be separated 

from the irreversible first and last terms in ( 1 1 92). This postulate has rightly 

often been questioned, since it is not possible by any idealization to make 

both the first and third terms depending on J 2 and J° small compared with 

the reversible term proportional to J. None the less it is now certain that 

the thermodynamic results must be true for any quantal model of a metal. 

The effects are as follows: (i) When a current of density J flows in a 

uniform conductor with a temperature gradient dT/cx in the direction of J, 

there is an absorption of heat by the conductor from the surroundings at 
a rate ? T 

"s O' 93 ' 

per unit volume of the conductor. The coefficient a (f) is Thomson s specific 
heat of electricity . 

(ii) When a current passes from a conductor 1 of one material to conductor 

2 of another material, all at constant temperature, there is an absorption of 

heat at a rate T ^ _ 

Jn^ 2 (T) (1194) 

per unit area of the junction. This is called the Peltier effect. 

(iii) When a circuit of two different metals 1 and 2 has the two junctions 
maintained at different temperatures T 0 , T an electromotive force acts in it. 
This is called the Seebeck effect and we shall denote the thermal electromotive 
force in such a circuit, in the limit of vanishing current, by 0. If the direction 
of 0 is taken positive when it drives a current from metal 1 to metal 2 over 
the junction at temperature T 7 , then it follows from the first law of thermo- 
dynamics that 

© = n^ 2 (T) - n^ 2 (T 0 ) + f - a*) dT (1195) 

J Tp 

On applying the second law one finds also 

n x -+ 2 (T) 11^2 (T 0 ) C T a i l) - a 2 () dT (1196) 

T T 0 J T . T 

By differentiation equivalent relationships can be obtained in the forms 

n.-.-J'g. <> 197 > 

-T A HtalS- - (ns*) 
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Since the signs of these effects are apt to be confusing we display the definitions 
diagrammatically below. All these formulae and definitions are well known. 


Cold 


Hot 


dT 


Heat absorbed at rate o {t) J — per cc. 

ex r 


(i) 



«/- 

Heat absorbed at rate 

^ n , — ». 2 ( T) 

per unit cross section at junction 

(ii) 



1 


Thermal e.m.f. 0 
dii) 

Fig. 41. Conventions for the thermoelectric effects. 


§11-75. Thermoelectric effects. Statistical theory, (i) Thomson's specific 
heat of electricity. On referring to (1192) it is at once evident that heat is 
reversibly absorbed per unit volume at the rate 

-n i 4(wr"' 4 

On comparing this with (1193) we see that 

in kT d / K 2 , \ 

|e| dTXkTKi lo S A j- (1199) 

By the definition cr (0 > 0 means that heat is absorbed when J and dT/dx 

are both positive in the same direction. Since J and the ordinary electron 

current are of opposite signs, a™ > 0 means that heat is evolved when the 

electrons go to places of higher temperature and ct<« < 0 means that heat is 

then absorbed. Thus for a metal whose electron levels are reasonably well 

represented by those of a degenerate gas we should expect to find o< 0 < 0 

Both signs are found in common metals, but for the alkalis, which we must 

expect to be the metals best typified by the simple model, the observed 
values of a are actually negative. 

(ii) The Peltier effect. If we assume that the transition from the electron 
states of metal 1 to those of metal 2 is made continuously so that (1192) can 

apply, it follows that the rate of absorption of heat per unit cross-section in 
the transition region is 

-i 


[11-75 
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It follows from (1194) that 


IIi-> 2 - — 


kTVl K 


K. 


likT^ logA ) 2 [krk 


)] 


( 1 200 ) 


Since the result does not depend in any way on the nature of the assumed 
transition region we may assume that it will continue to hold for an abrupt 
junction. On comparing (1200) and (1199) we see that 


jl i ITi_*2 

dT\ T 


cr 2 (0 — a l‘ ) 


T 


( 1201 ) 


in agreement with the thermodynamic (1198). 

(iii) The thermal electromotive force is to be calculated on open circuit, 
that is to sav it must be calculated by putting J x = 0 in (1179) and inte- 
grating the effective field gradient F x right round the circuit back to its 
starting point. Suppose we start at the point S in Fig. 41 (iii), where the 
temperature may be supposed uniform and equal to T. From (1179) 

k l _3Iog A K 2 dT 


F = - 

X 


T 


dz + k TK 1 dz 


We require 0 which is - ^F x dz. In the first place 


= [TlogA] — c^log A ~ dx. 


The integrated part is a one valued function and its contribution therefore 
vanishes. Thus 


It follows at once that 


0= — o 

i 


F x dz = 


k 



0 




_*2 
kTK 


--log a) - 
1 / 2 


On referring to (1200) we see that 


0 


_ r n^, 

Jt. T 


WK- 1 ^ ) iT - - 

....(1202) 


....(1203) 

{T) dT, 

....(1204) 


in agreement with the thermodynamic (1197). 

§11-76. Ezplicit formulae for i t®, Il 1 _ >2 and 0. (i) The degenerate Fermi- 
Dirac gas of electrons. The phenomena all depend on the function 


K„ , . 1 IK 

kTKi Xo % X -kT\K 




On using (1175) we see that the highest order terms cancel and that the 
highest order surviving terms are 


*kT IV (g) 1\ 

3 U(i) d' 


(F-D) (1205) 
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In this expression £ can be replaced by rj*. To the first approximation all 
the thermoelectric effects vanish and their actual values should be very 
small, in complete agreement with the facts. The resulting formulae are 



7 r 2 k 2 T 



/W) + ±| 

1%*) W' 


/W) , M ~l 

1 '" 2 3 1 « | L‘ l(v*) V*h V*L 


( F-D ) (1206) 

(F-D) (1207) 


If I'/l depends on the temperature as in fact it may weli do, then we can get 
nothing simpler for 0 than the integral resulting from substituting (1207) 
for n i ^. 2 in (1204). If V jl is independent of T, as for example theory requires 
at high temperatures, then this integral can be evaluated and gives 


^r/W) j_\ 
6|«| LI l (v*) +7 l */2 



(ii) A classical group of electrons. In this case it follow s from (1177) and 

(1177-1) that K ( 2 »;,ir)i o 

11 % - >»8 A - 2 + 5 — 

The resulting formulae are 

^>= -- 


n h 3 


AT, 

2 Tc log n 

<iL 

3 dT 


0^2= ~~[(log 




n 


),-( iog 


(C) (1209) 


* 


m l TD 


n 



(C) (1210) 


For quasi-classical groups of electrons in semi-conductors we do not have 
(m^w) 2 = (m^w) v But in the special case in which this condition is satisfied, 
e.g. for two different samples of the same impurity semi-conductor, 


r-f kT . n 2 

H.-t-o- log- 


IO) (1211) 


With the same simplification 


0 = — r log- 2 cLT. 

« J T. n l 


(C) (1212) 


§ 11-77. General discussion of thermoelectric effects. Owing to their thermo- 
dynamic relationships it is in general sufficient to discuss the values of 
When the theory agrees satisfactorily with observed values of agreement 
over n x _> 2 and © may be presumed. 

On comparing (1206) and (1209) we see that 

IcT 

~ — - 10~ 5 T. 


o»[F-D] 

o»[C] 
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All the effects therefore are very small compared with the values that 

classical theory would lead one to expect. This is in agreement with 
observation. 

Again all the effects tend to zero as T-> 0, since a^ooT, U^ooT 2 . 
In fact all the effects tend to zero as T -> 0 in such a way that all the 
entropy terms in (1196) tend to zero as T and This may be held to 

be a manifestation of Nernst’s third law’ of thermodynamics. It is not 

V 

conformed to by the classical values. The general type of variation w ith T 

appears to be in good agreement with experiment for fairly high tem- 
peratures. 

In order to compare precisely the values of cr^ derived from the theory 
with observed values one must evaluate l , ('r)*)/l(r)*). This is not yet possible 
with certainty except in the simplest case. It then appears however that 
for fairly high temperatures and not too tightly bound electrons! 

(1213) 


V*l'll= 2, 


in which case 


= — 


7 t 2 Ic 2 T 


(1214) 


If the electrostatic value of \e\ is inserted in (1214), then a^ 0 /T is given 
in absolute electrostatic units. On multiplying by 300 it is converted to 
volts/(deg.) 2 . 

This approximation should hold best for the alkalis other than lithium 
owing to their tightly bound cores and very loosely bound valency electrons 
which will be as nearly as possible free in the metal. For other metals, even 
the noble metals and lithium, the binding of the valency electrons is far 

greater, and the electrons of the cores are better able to interfere with 

# 

the valency electron. The foregoing approximations are thus of dubious 
applicability. 

It has recently been pointed out by Sommerfeld! by analysis of measure- 
ments by Bid well § that these expectations are in fact realized. The Thomson 
coefficient for lead is known to be extremely small at ordinary temperatures. 
We may therefore measure 0 or n i _^ 2 f° r a circuit in which metal 1 is lead 
and 2 is the alkali and neglect o^ 0 . Proceeding thus we obtain the values of 
Table 45. 

Considering the refinement and smallness of the effect this is excellent 
agreement. The positive values of for the noble metals and Li for example 
can be ascribed to a breakdown of the theory, perhaps to the failure of 
(1213) for more tightly bound electrons. Such a breakdown is to be 
expected. 

t Sommerfeld and Be the, loc. cit. § 36. 

{ Sommerfeld, Phya. Rev. vol. 45, p. 65 (1934), or Noturwxaa. (1934), p. 49. 

§ Bidwell, Phya. Rev. vol. 23, p. 357 (1924). 
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Table 45. 


Observed and calculated values of qM/T in microvolts I (deg ,) 2 for the alkali 
metals. Observed values from the thermoelectric power against Pb assuming 
0 p b ( ° = O. Calculated values from (1214). 


Metal 

Li 

Na 

K 

Rb 

Cs 

nx 10- 22 
rj* x 10 12 ergs 
<r°/T calc, 
a <‘>/T obs. 

4-66 

7-4 

-0016 
+ 0-40 

2*67 

5- 1 

-0023 
-0 0282 

1-30 

3-2 

-0 036 
-0 0275 

1-08 

2-8 

-0041 
-0 069 

0-86 

2-4 

-0048 

-0062 
J 


If we take T,, = 0 in (1195) it may be combined with (1197) into the form 


df) C T 

Q - T dT=\ # a,®) rfZ”. 


It is important to compare this with (1063), namely 


(1215) 


( dV \ r r 

V ™~ T dT) = X *~ x ' + \ (1216) 

It is at once apparent that there is a complete analogy between the tem- 
perature-variable part of - \e\V n and 0, between a and <r< 0 . All the other 
thermodynamic relationships are similarly congruent. None the less on 
comparing the values of a and </'> in (1028) and (1206) we see that these 
quantities are fundamentally distinct. They do not refer to the same regime. 
V 12 and <7 refer to the strict equilibrium state when no current can flow. 
0 and o<« refer to a state of zero current, it is true, but to such a state defined 
as the limit of current carrying steady states when the current tends to zero. 
These states need not be and in fact are not the same, a possibility pointed 
out long ago by O. W. Richardson.f It is however only for the quantum 
model used here that this distinction becomes obvious. None the less 0 can 
be properly regarded as the temperature- variable part of a contact potential 
difference and the value of 0 for a circuit as made up of contributions from 

all the junctions that it contains. In the simple case of a two metal circuit 
with junctions at T 0 and T we have here 


Jr. T' 



This however can be generalized to junctions of all sorts not merelv to 
metallic ones. * 

The distinction between a and o<« suggests that in all these problems 
careful definition is required of the quantity measured before calculation is 


f O. W. Richardson, The emission 
Zeit.f. Physik, vol. 34, p. 645 (1925). 
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attempted. Equations (1179) and (1180) are always correct but give different 
results according to the conditions imposed by the problem. The various 
possible cr’s have been carefully defined by Frank and Sommerfeld.f 

It remains to mention one further effect found by Bridgman, J that there 
may be a Peltier effect between differently orientated crystals of the same 
material at the same temperature. This cannot arise from a difference in rj* 
which must be independent of direction, but can be due to a directional 
dependence of the mean free path. It is thus in principle possible for such 
an effect to occur, but in view of (1213) it is likely to be very small for the 
simple model here discussed and it is likely that it should be referred rather 
to the effective mass of the electron which can also be a function of direction 
in a more elaborate theory. 


§11*78. The electrical properties of a simple semi-conductor . (i) An in- 
trinsic semi-conductor with only a small number of electrons in the upper 
band 1, for which the contribution by the free holes in the lower band 2 may 
be neglected, has a conductivity given by the classical formula (1184) in 
which n ( = N l /V) is given by (1 130). We see at once that for such a substance 

KOClTe-** E i' kT . 


I 


The actual value of the constant of proportionality is of no importance here 
Since at ordinary temperatures l oc T~ l > we find for such a substance 

(1217) 


K = K 0 e~^ E i lkT . 


The Thomson coefficient is given by (1209) for the same value of n. Thus 


(7 ^ = 


k E 1 
el kT 


(1218) 


• I 

This is very large compared with even the classical value of (/ n for a fixed 

number of electrons, and a fortiori com- i — »>2 

pared with the ordinary values for metals. A/ S. C. 

The Peltier coefficient for Such a substance Fig 42 The Peltier effect for a metal- 
against a normal metal can be calculated semi-conductor junction. 

/ K 

from (1200) if we insert the classical value of 


*&r logA ) 


for the semi- 


\ JL 

conductor and neglect the contribution of the metal. We thus find 


or on using (1130) 


kT l , (27 Tm-JcTfimA 


(1219) 




kT \* + 
= ~M 1 


logNV- 1 ) 

\w 2 ] \m 2 J 


* , 

+ kT 


( 1220 ) 


f Frank and Sommerfeld, Rev. Mod. Phya. vol. 3, p. 1 (1931). 
\ Bridgman, Proc. Nat. Acad. Sci. vol. 14, p. 943 (1928). 
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The thermoelectric power of the circuit in Fig. 43 is given to the same 
approximation by 



( 1221 ) 


in which the log T/T 0 term is overwhelmingly the more important. It will 
be observed that, if T >T 0 ,Q < 0 so that the normal 
direction of positive current in this circuit is from the 
semi-conductor to the metal at the hotter junction. The 
magnitude of 0 may be large. For example if %&E 1 /\t\ 
is 0-8 volt the electromotive force for T 0 = 273 K. 
is approximately 0-8 8 T/T 0 or nearly 3 millivolts per 
degree. The electromotive force in such a circuit r 

^ rig. 43. 1 lie thermoelectric 

whose junctions are at 273 IC. and 3/3 I£. re - power of a met al- semi - 
spectively would be so large as 0-25 volt. 


S.C. 



M 


conductor circuit. 


( 1222 ) 


(ii) A normal impurity semi-conductor has a conductivity for which bv 
( 1 13 1 ) xocnJT-looi^T-i e~^ E ^ kT . 

We iu ay therefore write K _ K ' n h p-j e -Hr,7*r 

The power of T is unimportant. The temperature variation is similar to 
(1217) and the effect of impurity content (?i 0 ) is explicitly shown. At higher 
temperatures the conducting electrons will primarily be supplied by the 
more numerous electrons of the lower band and the conductivity will tend 
to the value corresponding to ( 1 2 1 7 ) . A beautiful example of such behaviour 
in cuprite (Cu 2 0) of varying oxygen impurity content has been given by 
Joffe* whose results are shown in Fig. 44. 

Formula (1219) continues to hold for the Peltier effect against a normal 
metal. On inserting the value of n x from (1131), we find 

(2 + Hog w i 


n 0 h 3 


+ 


iA Ef 


kT 



(1223) 


in which of course n 0 is the impurity concentration. There is a corresponding 
formula for 0 in which the dominant term is again 



(1224) 


The dominant term in (1220) or (1223), namely - has a simple 

physical interpretation. This term implies that (to this approximation) the 
heat absorbed at the junction is + £A E 1 for every electron that passes from 
the metal 1 to the semi-conductor 2. On referring to § 11-61 we see that the 
electron levels of a metal and an intrinsic semi-conductor in contact in 

* Joffe, Actual i tea Set. et Indus., No. 202 , ‘ Semi-conducteurs £lectronique ”, p. 35 (1035) 
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equilibrium with each other must be arranged as shown in Fig. 45. When 
an electron passes from 1 to 2 it is in general an electron from the level x as 
lower electrons cannot get through. To replace it from the general supply of 
electrons and so maintain the equilibrium distribution in 1, an electron 



Fig. 44. The conductivity of cuprite Cu t O with 
various additional amounts of excess oxygen; 
the amount of excess oxygen increases upwards. 


# 

must be taken from the top of the nearly full levels at / since electrons are 
normally supplied by conduction to the boundary at this level. This requires 
an absorption of energy E x . 

Some general comment on these results is perhaps called for at this stage. 
Many impurity semi-conductors do not conform to the equation 

k oc e~i* ElkT 

at all accurately even when allowance is made for the proper factor. 
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This fact has been taken to imply that the theory is entirely wrong; all that 
it implies however is that A E has not the same value for all the contributing 
impurities. Finally it is well to bear in mind that for a metal the number of 
electrons in the conducting band is (practically) an absolute constant and 
independent of T and it is meaningless to invoke large changes of n to 
explain metallic anomalies, changes which necessarily occur for a semi- 
conductor. The effect of temperature must mimic a change of n in a more 
subtle way by slightly shifting the emphasis among the conducting electrons 
from one region of the band of states to another in which the density of 
possible states and their distribution with respect to Brillouin’s zones and 
discontinuities varies in an important manner. Such effects cannot be 
incorporated in the elementary theory discussed here, nor is there any need 
to attempt to do so. 


(iii) An abnormal impurity semi-conductor conducts by holes (or positive 
electrons) at the top of the lower band 2. Its conductivity therefore still 
obeys the formula (1222) since only |e| 2 is concerned in the exact formula. 
But all the formulae for o* 0 , n i _ >2 and 0 contain the factor — |e| for electrons 
and -f |e| for holes and therefore are repeated with altered sign. 


A simple verification that the signs of all these effects do in fact change 


can be obtained by approximate calcula- 
tion of the Peltier heat as above. The 
state of affairs is now that shown in 
Fig. 46, and when electrons flow from 
metal 1 to semi-conductor 2 they must go 
through at level x, thereby creating new 
holes in the metal distribution at that 




level. These are filled by the conduction 
electrons supplied at level / and there is 



electrons 


Fig. 46. Diagram showing the origin of the 
Peltier heat at a metal-semi-conductor 


therefore an evolution of energy iA Ef per 
electron passing. 


contact for an abnormal impurity semi- 
conductor. 


Substances are known, e.g. cuprite, molybdenite, with the properties of 

these semi-conductors — in particular with a thermoelectric power of this 

large order against a normal metal, and of either sign. We have however 

in these calculations considered only conduction by free electrons or by 

free holes. In general semi-conductors will possess both and it is necessary 

to extend the theory as in §11-8 to give an adequate treatment of the 
effects. 


§11-79. Transverse effects. The isothermal Hall effect. We have so far 
considered only the effects that occur in linear circuits when from the 
symmetry the electrons tend only to move along the direction of flow of the 
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current. We have assumed in short that there is no magnetic field of any 
importance acting. When, however, there is a transverse magnetic field we 
must consider two electric currents given by (1160) and two thermal cur- 
rents (1161), one of each along and one across the conductor, and use the 
complete expressions (1168) and (1169) for <f>( U) and 0(U). The new effects 
that now come in may be grouped together as the transverse effects. There 

are of course also modifications of the old effects which depend on H 2 which 
we have not space to discuss. 

These transverse effects are rather numerous. We shall enumerate them 
but shall only complete the calculations for the Hall effect. The coefficients 
of the other effects can easily be constructed from the given formulae.* 

The transverse effects are the following: 

(1) The isothermal Hall effect is the production of a transverse potential 

gradient F y normal to J x and H when no transverse electric current is 

allowed to flow and the temperature is maintained uniform. The conditions 
are 


T dT dT 

W*0,W x *0), 

F u = R.J x H. 


(1225) 


Ri is the isothermal Hall coefficient. 

(2) The isothermal N ernst effect is the production of F y normal to W x and 
H by the thermal flow W x when no electric current flows and the temperature 
of the conductor does not vary transversely. The conditions are 

dT 


J -~ J " 

dT 

F » = Qi Tx H - 


(1226) 


Q t is the isothermal Nernst coefficient. 

(3) The (adiabatic) Ettinghausen effect is the production of a transverse 
temperature gradient dT / dy normal to J x and H when no transverse thermal 
or electrical flow is allowed in an otherwise isothermal conductor. The 
conditions are 


dT 

Pa is the (adiabatic) Ettinghausen coefficient. 


(1227) 


* They are given in detail by Frank and Sommerfeld, Rev. Mod. Phys . vol. 3, p. 1 (1931). 
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(4) The adiabatic Hall effect is the production, under the same conditions 
as (3), of a transverse potential gradient. The conditions are 


W=J = 


dT 


v 


— = 0 (dT/dy^O), 


F u = R a J x H . 


(1228) 


R a is the adiabatic Hall coefficient. 


(5) The ( adiabatic ) Rigki-Leduc effect is the production of a transverse 
temperature gradient dT/dy normal to W x and H by the thermal flow W x 
when no electric current flows and there is no transverse flow of heat. The 
conditions are 


*/r — *Jy 

dT = S™H. 


dy 


dx 


(1229) 


S a is the (adiabatic) Righi-Leduc coefficient. 

(6) The adiabatic Nernst effect is the production of a transverse potential 
gradient under the same conditions as in (5). The conditions are 


dT 


(1230) 


Q a is the adiabatic Nernst coefficient. 

The description adiabatic is applied to those effects for which a condition 
is W y = 0; isothermal to those for which dT/dy = 0. The Ettinghausen and 
Righi-Leduc effects are essentially adiabatic and the adjective is usually 
omitted from their descriptions. 

Between the various coefficients there exists one equation based on energy 
considerations, which should be of general validity — the relation of Bridg- 
man and Lorentz that ^ OP jT (1231) 

Returning to complete the calculations for the isothermal Hall effect in 
a uniform conductor we find that the conditions require that f 0 should be 
independent of x and that, by (1160), we should make 


U 2 «/r(U)da, = 0, 

where, by (1169) simplified to the conditions of this proble 

v>,i m 

v dr) U rn 

It follows on dropping, constant factors, since dto = m(mlh) 3 dudvdw, that 


*< u >--d[- 






Vo 

dr, 



UV(U)dU = 0, 
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or 


oc p/ 

c Jo 

0 St; 


w % + 


2 HF. 




m 


(1232) 


V\ e find at once that for the Fermi-Dirac case 


F 

V __ 

HF„ 


H m 

m (2£/i n)* * 


(F-D) (1233) 


Since 




R _ Fy 

Ki - TTJ. 


3 h 3 
3 h 3 


HOC, 


47Tt(7je|(27re^)i 


Since C~v* and t?* = (A 2 / 8 m) ( 671 / 7773 )*, 


R,= - 


e| n 


(F-D)f (1234) 


For a classical group of electrons, starting again from (1232), we find 


HF X 2m 


M)- 


(C) 


Since 


fC _ 4 

3(2t miT)*’ 


we find — -i_. (C) (1235) 

8 |€|7l 

If the current is carried by a group of holes, then the sign of the effect is 
reversed, the numerical value in (1235) being unaltered. 

Equation (1234) shows that the Hall coefficient for a metal (so far as it 
can be represented by this approximation) should be independent of the 
temperature, of negative sign, and of order of magnitude 2 x 10 -13 in 
absolute electrostatic units, or 6 x 10~ 3 in electromagnetic. This is of the 
correct order for most ordinary metals, but for some metals it is of the 
wrong sign. It must be supposed that such metals conduct mainly in a band 
of states nearly full of electrons,! but we shall not attempt to elaborate such 
a theory. Equation (1235) applied to semi-conductors shows that 

R i = F 0 T- 8 e^ kT J (1236) 

where 8 = § , J. The temperature dependence is very large and is controlled 

t This formula contains n directly, and therefore it matters essentially how many of the atomic 
electrons in a metal we should really regard as “free”. The exact formula for a metal of atoms wit 
one valency electron and lattice constant a is B 1 = -o*/|<| which is of course the same as (1 
But in this form the effect of the inner electrons is seen at once to be zero, and the equations 
(F-D) (1234) and (C) (1235), though superficially alike, are in origin quite distinct. 

% Peierls, Zeit. f. Physik, vol. 53, p. 255 (1929). 
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by the exponential factor. Variations of R { of this type are well known for 
semi-conductors and R 0 may be of either sign. R { may further change 
sign, an effect which we shall examine in the next section. A knowledge 
of R t for a semi-conductor is of great importance since by (1235) R c deter- 
mines n. 

§11*8. Composite semi-conductors. General theory. In the foregoing 
electronic theory of metallic conduction we have considered only a single 
group of carriers which may be a Fermi-Dirac gas of electrons or a sparse 
group of electrons effectively classical or a similar sparse group of holes. 
The first case represents a first approximation to a metal and the other 
cases represent semi-conductors under special limiting conditions. In 
general however it is not possible to discuss semi-conductors so simply for 
they must be held to contain a group of free electrons and a group of free 
holes, both of which collaborate in carrying the current. We can start by 
treating the free electrons and the free holes as independent. We shall see 
later that this independence cannot be complete and that excitation and 
recombination must be allowed for. 

The necessary formal generalizations are easily made. We shall study in 
particular the thermoelectric power and the Hall effect as the signs of these 
quantities provide important information about the nature of the semi- 
conductor. 

Let us distinguish the two sets of carriers by suffices 1,2. The equations 
of the preceding sections apply to each set separately if we attach the proper 
suffix to cf>, </r, Z, |e|, m , / 0 , and dcj, except that the equations for the total 
current must include both groups thus: 

'4 = Kju^ 1 (U)^ 1 + Kju 2 ^ 2 (U)da J2) (1237) 

J y = Kju 2 ^i(U)do> 1 + K J U^ 2 (U )dco 2 (1238) 

In these equations the suffixed e is the algebraic charge on the electron, and 
we shall ultimately put = — | e | , e 2 = | € | * The only points requiring special 
attention are to decide on the proper subsidiary conditions in any given 
problem, and on what correction if any to apply for the interaction of the 
groups. 

§ 11*81. The thermoelectric power of a semi-conductor against a metal. On 
referring to § 11*75 (iii) we see that 0 is to be calculated by putting J x = 0 
in ( 1 237 ) or the equivalent equation for the rest of the circuit and calculating 

— ^F x dx with the value of F x so obtained. The temperature gradient in the 
x-direction is assumed to be so small that the equilibrium values of n 1 and 
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w 2 are everywhere established. The primary equation in the semi-conductor 
obtained by extending (1 179) is therefore 


/ kTdXA 1 dT 


+ (^ 1 ) 2 ! e 2 2 ^-e 2 


kTcX 


A 0 dx 


\ 1 dT 

(1239) 


In deriving (1179) we took the energy zero at the bottom of the electron 
levels in their own band. Hence in forming this extension we must redefine 
A in this way for each group, when it will be given bv (1 177*1). Putting in 
also the classical values for the K ' s from (1177), we find 


h n i 


m 




+ l ^? e ^ 


m 


i 


F x -krM^ i 

OX 


+ 


/ 2 € 2 dll 2 
m<£ dx 


-\k 


dT /l x n 1 e l l 2 n 2 e 2 


dx 


m 


i 


- + 


m 


i 


= 0. 


Now since the electrons in each group are effectively classical 


1 


1 


1 d U 1 1 dT 


m 


i rn ^ 


= U, : U 2 , = ^ = --1 


U dx 2 T dx' 


The last equation can therefore be rewritten in the classical form 

(l l n l U^ 2 + ^ 2 ri 2 ^ 2 € 2 2 ) F x = kT^l l e 1 — (n 1 U x ) -f l 2 e 2 — (ft 2 ^ 2 ) j (1240) 

If we ignore the smaller contributions from the rest of the circuit we shall 
get a formula which should give the correct leading terms, but which need 
not, and in fact does not, reduce to ( 1 22 1 ) when n 2 = 0, since we cannot here 

evaluate — ^F x dx using the integration by parts that leads to (1202). 

This will only be possible when the correct interactions between the groups 
are included. With these approximations and the sign conventions of Fig. 43, 

Q=-&F x dx= T ( T F x dxl 

J LJ T 0 Jsemi-conductor 

Confining attention to a small temperature range we can write 

dO _ dx 

dT~* x dT' 


so that 


0Q h € l firp ( w l^l) + ^2 € 2 firp ( /l 2^ 2 ) 

df =kT 


(1241) 


When n 2 = 0, n 1 has the value for an intrinsic semi-conductor, and = - |W* 
Equation (1241) then agrees with (1221) omitting the terms in w 1 /td 2 ^ i/ m 2 * 
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This omission is a measure of the inaccuracy in the present discussion; it 
will usually be unimportant. 

(i) Intrinsic semi-conductor. n x = n 2 given by (1130); — = | « [ . The 

approximate extended formula (1241) now gives us 


dQ 

dT 


(l 1 U l -l 2 U 2 )(2k-e^E 1 /T ) 
(Z 1 U 1 + / 2 U 2 )| € | 


(1242) 


From the nature of the electronic states in the lattice it seems that we must 
conclude that ZjUj. > / 2 U 2 • It follows that for an intrinsic semi-conductor we 
shall always have dQjdT < 0, so that ©<0 with the sign conventions of 
Fig. 43. This means that the positive current flows from the semi-conductor 
to the metal at the hotter junction, which may be regarded as the normal 
sign of the effect. The value of 0 may be quite large. If for example 

=0*8 volt, the electromotive power of the semi-conductor against 
a normal metal is of the order of 3 millivolts per degree. Such large values 
appear actually to occur. 


(ii) For impurity semi-conductors we have merely to use (1241) with the 

values of n x and n 2 as functions of T determined in § 11-61. We can write 
(1241) in the form 

dT M z 2 w 2 uT ‘ 


We must suppose as before that l x ^l 2 , U^Ug. For a normal impurity 
semi-conductor we have necessarily n x > n 2 and dnJdT > dn 2 /dT. The latter 
equation follows because n x is supplied both from the impurities and from 
the lower band and therefore must increase faster than n 2 . For such a 
substance dO/dT < 0 and the sign of the effect must be normal. 

For an abnormal impurity semi-conductor we have at low temperatures 
n \ — dri^/dT dn 2 jdT so that the signofdO/dT must start by being positive 
and the effect is abnormal at low temperatures. At higher temperatures we 
continue to have dnJST > dnJdT tending to an equality as the temperature 

rises. On the other hand n 2 > n x but > l 2 U~ 2 and the sign of the effect is 
no longer definite. In fact since n 2 ~n 1 as T increases, the thermoelectric 
power must vanish and change sign at higher temperatures. 

It will be observed that equation (1237) does not in general make both 
partial currents vanish. In the steady state of zero total current there is 
therefore actually a flow of electrons in one direction in the semi-conductor 
and an equal flow of holes in the same direction. At any particular place 
therefore, n x and n 2 will be increasing at equal rates. They will increase or 
diminish until the increased or diminished rate of recombination exactly 
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balances the contribution made by the flow. The assumption of a normal 
n i and n 2 (with a modified velocity distribution law) is therefore not exactly 
correct as we have already pointed out from another aspect. 

§ 11*82. The isothermal Hall coefficient for a semi-conductor. On referring 
to the definition of the Hall coefficient we see that we have to make J y = 0 
in ( 1 238 ) when the conditions are uniform in the ^-direction and in particular 
the temperature is uniform everywhere. We may therefore interpret the 
condition dT /dx = 0 in the more general sense that it requires us to impose 
the conditions df 1 /dx = df 2 /dx = 0 on both groups of carriers. The conductor 
could well be a closed circuit when a value of dfJdx^O is impossible. With 
these conditions, neglecting H y we obtain from (1237) the additive relation 


K = Kl + K 2 = 


3 kT 


which is a 'priori obvious. The conditions across the flow are however less 
simple. The condition of no space charge requires 


dn x dn 


dy dy ’ 


(1243) 


assuming that no change with y occurs in the number of bound electrons; 
one more condition however is required, for we cannot assert by a uniformity 
argument that d njdy = dn 2 jdy = 0 . This condition obviously is that the equal 
rates of increase of electrons and holes by transport to any neighbourhood 
must be exactly balanced by the increased rate of recombination due to the 
presence of a slight excess of electrons and holes. These effects must be 
proportional in a first approximation to dnjdy since the deviation from the 
equilibrium value of n x at any point will vary in this way. Hence the partial 
transverse currents themselves must be proportional to dnjdy and we can 
write (1238) in the form 

JuV 2 (U )da> t =A-^. 

On inserting the proper values of 0 from ( 1169) the equations easily reduce to 


, rr~ dn i l 1 2 e 1 2 n l HF x _ dni 
-kT— ^ + *i U i0* + mJcT A dy ’ 


m x kT 


dn n UUJnJIF* 

+ 


dn, 


- Z 2 < r 2 tt 2 U 2 — un % l 2 * 2 -", 2 u x- x _ . 

^ *v + < 2 U 2 a + kT A dy . 


(1244) 


The elimination of dnjdy ( = dn 2 /dy) in the general case is not very illumin- 
ating. We record only the two limiting cases: 
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(a) A<^l\J. Then 


J? t K 


F 


u _ 


ll € l 2n l 


HF. 
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1 U 1 m 2 U 2 // 


e 2 n 2 )> 


which reduces to 


(6) AplU. Then 


R i K 


= - € 


II 

* 

•fM 

Oh 

3 TT 


8 

lh 2 n i 

l 2 2 n 

l ™ x 

m 2 


*1 K 2 

IK + n 2 y 


j j d" ^2^2^2)* 


(1245) 

(1246) 


(1247) 


The correct formula must lie somewhere in between: The important factors 
in ( 1245) and (1247) can also be put in the respective forms 


^ U l W l - *2 U 2 W 2 . U l 2 n l ~ h 2 U 2 2 n 2 ■ 

The results can now be applied very simply to the various models. We 
see at once that an intrinsic semi-conductor and a normal impurity semi- 
conductor will both have a normal sign for their Hall coefficient at all 
temperatures. The abnormal impurity semi-conductor will have a Hall 
coefficient of abnormal sign at low temperatures, which will vanish and 
change sign as the temperature rises. The signs of the thermoelectric power 
and the Hall effect both behave in the same way, but they need not alter 
at the same temperature. Over a limited temperature range one might have 
any combination of signs. The theory suggests however that, for any sub- 
stance properly represented by these models, if the sign of either effect 
becomes abnormal so will the sign of the other effect at sufficiently low 
temperatures. In fact the signs of all the effects that depend on the first 
power of e will all become abnormal together at sufficiently low tempera- 
tures, and normal at sufficiently high ones. For any substance which does 
not conform a still more complicated model must be used. 


§ 1T9. Metallic contacts and the nature of strongly rectifying contacts. We 
have so far not considered the conditions under which electrons can be 
transferred from one conductor to another across an ordinary mechanical 
contact. We shall discuss this problem in this section, but with no attempt 
at a refined theory, for which the time is hardly ripe. 

A contact between two ideal metals may be pictured as a potential hill 
separating two regions of constant potential. The shape of the hill may be 
determined roughly as follows : When the two metals are brought together 
and equilibrium is set up the equilibrium contact potential difference is 
established between them, determined by the equality of the parameter A 
for both metals (§11-38). It is sufficiently accurate here to describe this 
condition by saying that in equilibrium the total energy of the highest 
electron levels occupied at low temperatures is the same in both metals. 
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The hill would therefore have the form shown in Fig. 47 b if it were not modi- 
fied by the image effect. The actual form as modified will be more like that 
shown in Fig. 47c. 

From the point of view of electron exchanges this equilibrium condition 
must be such that equal numbers of electrons pass in each direction through 
the barrier in any given time. By equation (1010) the number of electrons 

incident on the barrier in metal 1 per unit area per unit time in a 
given range £, £ + c/£ of energy in their motion normal to the surface is 

^(0 di = log{ 1 + e ( V-C>, *1} (1 248) 

In this formula the energy zero £ = 0 is at the bottom of the free electron 
levels in metal 1 . There is a similar formula for metal 2. with a similar energy 



Fig. 47. Barriers at metal contacts: (a) separated ideal metals; ( b ) ditto adjusted to 

equilibrium; (c) barrier modified by image effect. 

zero. Reduced to the same energy zero as for metal 1 the formula for 
N 2 (£)tf£ becomes 

A T 2 (£) log{ 1 + e {1 >i , -t )lkT } d£ (£> 

Now there is a general theorem! that for any hill 

ZW£) = ZW£) (C>0), 

where Z) 1 _^ 2 (0 an d D 2 -+i(Q are the fractions of the incident electrons of 
energy £ that penetrate the barrier in the directions 1 -> 2 and 2-> 1 respec- 
tively. Further it is obvious that Z> 2 -> i(£) = 0 (£<0). There is therefore the 
exact balance required in the electrons passing in the two directions 4 
When a current flows from one metal to the other the distribution laws 
are altered and the balance can be upset sufficiently to carry any reasonable 
current without an appreciable potential jump across the contact. But if 
the contact is a bad one an appreciable potential difference may be necessary 
across it before a significant current will pass. A potential difference across 

f Fowler, Proc. Camb. Phil. Soc. vol. 25, p. 193 (1929). . n 

t Strictly speaking in calculating the number of electrons which pass from meta 0 m 
and from 2 to 1 it is necessary to take account of the number of empty levels in t e receiving ^ 
into which the entering electron can go. This introduces correcting factors 1 -an 2 {$ or 
1 _► 2 and 1 -c in x (Q for the flow 2 -> 1. Since the flows are themselves proportional o 
n t (() the extra terms exactly balance and it is not necessary to include them. 

1 


i 
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the contact imposes a lack of balance in the electron exchange which can be 
of a higher order than the small terms due to the disturbance of the distribu- 
tion functions in each metal. 


It is evident that the current flowing across the contact due to change of 
distribution functions without an extra contact potential difference will be 
symmetrical in the current so that 
there will then be no rectifyingeffect. 

It might however be thought at 

first sight that rectification could t 

occur at a bad contact between two 

different metals, since the shape of I | 

the potential barrier will no longer ^ 7 / 

remain the same, and its trans- 

parency can therefore differ for the 

two signs of the potential difference 

imposed; this is illustrated in Fig. 48. ^ 

It is found however on numerical 

investigation that though a contact 2 

with a rather low transparency Shading* 1 1 normal barrier 

factor (a bad contact) can give an un- — barrie r for electron 

symmetrical current-voltage curve * flow 2 ~ **1 

and therefore can rectify an alter- Shading \^barrier for electron 

nating current to some extent, such flow 1 ► 2 

a contact has only a slight recti- Flg * 48, 

fication which varies with the voltage in a manner entirely different to the 
large and important rectifying effects w r hich are actually observed for 
suitable contacts. 


normal barrier 

barrier for electron 
flow 2~ ►! 


Shading barrier for electron 

XXX flow 1 — ► 2 

Fig. 48. 


It is now realized that all contacts which rectify strongly are contacts 
between a semi-conductor and a metal. More than this, a good rectifying 
contact cannot be made by just pressing together a metal and a good semi- 
conductor. It is essential that the surface layer of the semi-conductor should 
be a very bad conductor, almost an insulator. This has been established by 
showing that if the surface layer is etched away rectification ceases. A 
typical rectifying contact therefore consists of a metal separated by a very 
thin, almost insulating, layer from a good semi-conductor. The best known 
and best understood example is the copper oxide rectifier. This is made by 
oxidizing one face of a block of metallic copper to an appreciable depth. 
The oxidation converts the copper to Cu 2 0 which is almost pure next to the 
mother copper but oxygen rich elsewhere. The pure Cu 2 0 forms the almost 
insulating layer and the Cu 2 0 + Oa good impurity semi-conductor to back 
it up. The depth of the essential almost insulating layer is estimated at 
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r/10-« cm. by capacity measurements, v being the dielectric constant, or at 
10 cm. by the depth of etching necessary to remove the effect. It is prob- 
able that v is about 10. Such plates are used pressed together in a pile, and 
possess another contact between Cu 2 0 + 0 and metallic copper, v here the 
back of the next plate is pressed against the oxidized surface. This is a 
contact between a metal and a good semi-conductor, and does not rectify 
appreciably. The direction of easy flow of the current is for electrons to pass 
from the metal to the semi-conductor at the intimate contact where the 

insulating layer is present. It remains to examine whether these effects can 
be accounted for by the theory. 

§ 1 1*91 . The current-voltage relationship for an idealized metal-semi-conductor 
contact. We shall confine attention to the exchange of free electrons between 
the metal and semi-conductor ignoring 
the contribution of the free holes if 
any. The equilibrium state is given 
sufficiently nearly by adjusting the top 
of the levels occupied in the metal at 
low temperatures midway between the 
bottom of the empty band and the top 
of the full band in the semi-conductor 
as shown in Fig. 49. There may also be 
a potential hill between these levels 
which belong to the interiors of the two substances. 

The electrons that can penetrate the barrier in either direction lie above 
/ and are distributed classically. The number in the metal incident on the 
barrier per unit area per unit time in the range £, £ + for the energy of their 
motion normal to the barrier is by (1248), in this high energy region, 



Fig. 49. A metal-semi-conductor contact 

in equilibrium. 


m)dc 


h 3 


Since exactly the same number pass in the reverse direction, we must also 
have for the semi-conductor 

NM e-t-rvxr a>v * + 1 A E x ). 

It is easily verified directly from the properties of the semi-conductor that 
this result holds to the present order of approximation. The total current 
passing 1 2 per unit area is therefore 


4r7T7tt| 


h 3 


Dll) e~^-^ ,kT dt, 


where D(£) is the transparency factor of the barrier. It is convenient to 
change the energy zero to the level f in the semi-conductor, so that £ then 
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becomes the kinetic energy of the electrons in the semi-conductor. The 
current density 1 -> 2 is then 


±nm\e\kT 


HE 


■ kT r D(i)e-^ T d{, (1249) 


The same current flows in the reverse direction. 

Now suppose that a potential difference V is applied across the contact 
in such a manner that the electron levels in the metal are raised relative to 
those of the semi-conductor by the amount \e\V. The transparency factor 
for given £ will now be altered to some extent by change of shape of the 
barrier. Let us therefore denote it by Z)(£, V). Then the current density 
flowing 1 -> 2 becomes 

- 4nm !f T e-i^' kT f * D&, V) e-tf-w v ^ kT 

h Jo 

and the reverse current 2 -> 1 


4nrn\e\kT kT 

h a 


^D(C,V)e-^dC. 


0 


The extra factor e l€{r,kT in the former arises because forgiven £ we now select 
the electron in the metal from a different level in the Maxwell distribution, 
so that the supply at all levels is multiplied by this constant factor. The net 
current density flowing 1 ->• 2 is therefore 


_ i mn\e\k*T 2 e _ iAEilkT (el€]F)W _!)£)( (12 50) 


where 


r co 

d ^-L 


D(xkT,V)e~ x dx. 


(1251) 
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Fig. 50. Illustrating the change of 
transparency factor. 


By considering a simple square hump it 
is at once clear that D(V) decreases when 
V increases and if the hump has a low 
transparency this increase will be very 
marked. The formulae (1250) and (1251) 
hold for values of V of either sign, and 
for a range of the order of . 

§ 11 - 92 . A barrier of high transparency. If the barrier between the metal 
and semi-conductor is unimportant so that .£>(£) ^ 1, then 1 and the 
current-voltage relationship for the contact is 

J(F)= T e -hE l ikT{ e \€\VlkT __ 


h 3 

= J fl (eW-l). 


(1252) 


This has exactly the right general form to represent a rectifying contact 
When V > 0 the current increases rapidly with V. When V < 0 the current 
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tends to saturate at the fixed value J s no matter how large V may be. The 
formulae are however only valid if V is of 

the order IAF, or less. For larger values 
of I there is still strong rectification, but 
not given by (1252). 

The formulae can only apply to actually 
observed rectifications if the value of J s 
is of the correct order. If the J s of these 



/ 

^ 

1 V 

Js 



v o — ~ * *£• ol . a ir* current- vouage relation 

actual Current densities rectified, then the tor an ideal rectifying contact. 


voltage required to carry the actual currents would be small (|e| V <^kT) and 

there would be no rectification. On examining (1252) we see that J s is 

the thermionic emission from a metal of work function I A E, at temperature 
T Therefore 

. ineretore amp./cm. 2 (1253) 


At room temperature (300° K.) this gives a value 10 7 " 8 amp./cm. 2 . Thus 
a value of A.fi'j equal to 1 or slightly greater will give a value of J 8 in reason- 
able accord with the facts. The rectifying power rapidly weakens as the 
temperature is raised in agreement with observation. 

If we may interpret observed rectifications (at least approximately) in 
this very simple way, the essential nature of the very highly insulating layer 
between the metal and the good semi-conductor is at once accounted for. 
A value of A E x = 1 represents an almost perfect insulator at ordinary tem- 
peratures. Direct contact between a metal and a good semi-conductor 
(A/?! ^ 0*4) would not rectify at all. The rectifying contact is between the 
metal and the very bad semi-conductor w hich presumably shades gradually 
off into the good semi-conductor at perhaps 10 -5 cm. away. When current 
densities of this magnitude are required to flow in a semi-conductor, that is, 
current densities requiring all the electrons to move in one direction with 
velocities comparable to their velocities of thermal agitation, the ordinary 
conductivity theory no longer applies. None the less one can use the usual 
classical formula for k and (1130) for n to estimate the potential gradient in 
the semi-conductor required to carry the current. One finds that, if a voltage 
V is applied between the metal and the good semi-conductor with 10~ 5 cm. 
of bad semi-conductor between, then somewhat the larger part of V must 
be used up in the semi-conductor. This is consistent with the good rectifica- 
tion observed over a range of about 5 volts, only about £-1 volt being 
required across the actual contact according to this version of the theory. 
In putting forward this explanation however we have ignored the “contact 
between the bad and the good semi-conductor which might rectify in the 
reverse direction. We shall discuss this point more closely in § 11*94. 
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§ 11*93. A barrier of low transparency. If D is small for small values of £, 
there are two cases to consider. In equation ( 1 25 1 ) D(0) may be so small that 
the main contribution to D does not come from values of x nearly zero, but 
from values of x much higher, corresponding perhaps to values of £ near the 
top of the barrier. In this case all rectification is at once lost. Rectification 
occurs only because the effective electron distributions are unsymmetrically 
limited on the two sides (by the forbidden band of the semi-conductor). 
If the limit is imposed by the barrier it is necessarily imposed symmetrically. 
We shall therefore assume that D(0) though small is still large enough for the 
dominant contributions to D to come from the neighbourhood of £ = 0. 

For a hump of the shape shown in Fig. 49 the important factor in Z>(£, 0) is 

exp[ - 2 kI(H - £)*] ( * 2 = Hnhn/h 2 ), 

where / is the breadth and H the height of the hump. This is the appropriate 
value of the more general transparency factor 


£-2kJ*' (£!-£)**:] 


The transparency factor in -D(£,F) is therefore 


expj^-2/cJ (H + |e| Fx// -£)*</* J 


This contains approximately the extra factor 


expl" - . 


and the dominant terms in D are of the form 

F » exp [-wl- 


The current-voltage relationship is now 


J = J 6 (d €[r,kT — 1 ) e~ aV . (1254) 

Provided a<^|«|/A;T this is still a strongly rectified current, though less 
completely rectified than (1252), since the reverse current does not really 
saturate but eventually increases without limit. A formula such as (1254) 

gives an even better representation of observed currents than (1252), 
using rather small values of a. 


§11-94. General discussion of rectification. In the experimental study of 
rectification the current-voltage relationship observed is the current as a 
function of the voltage applied between two conductors, one the metal 
and the other the good semi-conductor. We have seen that the theory 
demands that there should be at most a trivial rectification at any contact 
between metals, or at a good contact between a metal and a good semi- 
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conductor, or at any really bad contact, where the usual current carrying 
electrons in the semi-conductor can no longer penetrate through the 
potential barrier. There is a strong rectification of just the type observed 
at a contact between a metal and a very bad semi-conductor, provided that 
the contact is a good or fairly good one. All this is in excellent apparent 
agreement with the observations, but the difficulty remains that this 
explanation really requires us to consider two contacts: (1) metal/bad 
semi-conductor, and (2) bad semi-conductor/good semi-conductor. It is 
easy to see that if we use the same simple models that we have used so far 
there will be a rectifying effect at the second contact exactly similar and in 
a reverse direction to the rectifying effect at the second contact, and it is 
not immediately possible to assert that the whole rectification will not be 
thereby wiped out. Many solutions have been proposed to deal with this 
difficulty none of them really convincing, and a much more elaborate dis- 
cussion may be required of the current carrying mechanism in a semi- 
conductor when the current is nearly saturated. It remains perhaps safe to 
believe that the general explanation of rectification here offered by the 
theory of a single good or fairly good contact is essentially correct and 
provides the required explanation of observed contact rectification, but 
that the precise manner in which this simple theory is to be applied to the 
observations is as yet undetermined.* 

* In thus concluding this chapter it is proper to call the attention of the reader to the fact that 
many of the views adopted here both on semi-conductors and thermionic emission are still matters 
of controversy. Reference should be made to Joffe, Actualites Sci. el Indus., No. 202, “Semi- 
conducteurs electronique ” (1935) and Schottky, Handbuch d. exper. Physik , vol. 13, part 2. 
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ELECTRIC AND MAGNETIC SUSCEPTIBILITIES. 

FERROMAGNETISM 

§12*1. The electromagnetic theory of susceptibilities. The theory of the 
dielectric constant of a gas (or other material body) or of its (dia-) para- 
magnetic susceptibility falls necessarily into two parts. In the first, which 
belongs to electromagnetic theory, we trace the connection between the 
external field applied to the medium, and its electric or magnetic polariza- 
tion, determining incidentally how the polarization of the surrounding 
matter affects the field acting on any particular element. In the second, 
which alone is statistical, we derive the connection between the electric 
(magnetic) force and the polarization when the material medium is built up 
of molecules of given type or types, distributed in equilibrium in the field 
of force acting on them. 

It is, strictly, beyond the scope of this monograph to consider the details 
of the electromagnetic part of the theory, nor should it be necessary to do so. 
None the less this classical part of the theory* is not so easily freed from 
misconceptions and fallacies, as is evident from recent discussions. f An 
analysis by DarwinJ has made the conflict particularly clear. It seems worth 
while therefore to start here with a short account of the electromagnetic 
part of the theory, largely based on Darwin’s work.§ 

The primary definitions of electric (magnetic) force E (H) refer to a 
vacuum; they are vectors which in vacuo satisfy the relations 

j^E.ds = 0, j^H.ds = 0, (1255) 

J> ' d " = 47 rj pda), j> • d ” = 0; (1256) 

C is any closed circuit, S is any closed surface enclosing the volume V, and p 
is the electric charge density. The last integral vanishes since we experience 
no accumulations of magnetism. 

It is well recognized to be convenient to extend these equations to circuits 
C and surfaces S which are not necessarily in vacuo. 

To extend (1255) to the interior of matter we surround the path C by a 
narrow pipe and remove the matter entirely from this pipe. In this slightly 

* For an exposition see Lorentz, The theory of electrons , chap, iv, or Livens, The theory of elec 
tricity , § 237, ed. 1. y J 

t For example, Hartree, Proc. Carnb. Phil. Soe. vol. 25, p. 97 (1929), vol. 27 p. 143 N932>- 
Nature, vol. 132, p. 929 (1933); Kronig, Proc. Sect. Sex. Amsterdam , vol. 35 p 7 (1933) 

t Darwin, (I) Proc. Roy. Soc. A, vol. 146, p. 17 (1934); (II) vol. 151, p. 572 (1935). 

§ See also Debye, Marx's Handbvch der Radiologic , vol. 6, p 597 (1925). 
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modified world equations (1255) remain true, provided we use the forces 
E', H' measured in this world. It is only the components of the forces along 
the pipe that are relevant to (1255). It is easy to show that for a sufficiently 
small pipe these components are independent of the size and shape of the 
pipe, and are themselves the components of vectors E' and H' which may 
be determined by measurement in a pipe in a suitably chosen direction. 
These vectors may be conveniently referred to as the electric (magnetic) 
pipe-force respectively. In virtue of (1255) they are the gradients of poten- 
tials and are frequently referred to simply as electric (magnetic) force as if 
they were such forces in vacuo. 

To extend ( 1 256) to the interior of matter we make a different modification 
by enclosing S between two parallel surfaces and removing all the matter 
between them, so that S lies in a thin crack -shaped cavity. Equations (1256) 
remain true for forces E", H" measured in this modified world. Only the 
components of these forces normal to the crack-cavity are relevant to 
(1256), and it is again easy to show that for a sufficiently thin crack these 
normal components are the components of vectors E", H , which can be 
measured in suitably orientated cracks. These vectors may be called the 
electric (magnetic) crack-forces. Since they are the vectors that conserve 
equations (1256), they are more commonly called the electric (magnetic) 

induction, and denoted by the symbols D(B). 

The need to distinguish so carefully between the pipe-force and the crack- 
force is due of course to the polarization of the material, and the difference 
between the two forces to the different portions of polarized material re- 
moved in the two cases. In an isotropic medium, which is all we need 
consider at present, the vectors E , D and P (electric) are all parallel 
also are H', B and P (magnetic), this last being usually denoted by I anc 

called the (intensity of) magnetization. 

By filling up the distant parts of the pipe until only a crack-shape 

cavity is left, much thinner than the width of the pipe, about the point a 
which D(B) is to be determined, it is easy to establish the fun da men a 
relation between E\ D and P or between H\ B and I. The material put back 
is polarized to a dipole strength P(I) per unit volume and the force exer e 
by these dipoles in the remaining cavity must be the difference between the 

pipe- and crack-forces. It follows at once that 

D = E' + 4ttP, B = H' + 4ttI. (1257) 

These equations are usually summarized by the introduction ^ coefficients 
called the susceptibility and the dielectric constant (permeability). 


tibilities k are defined by 


P = K e E', I = * m H'; 


(1258) 
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the dielectric constant (permeability) by 

D = S C E ', B = 8 m H' (8= 1 + 4™) (1259) 

The susceptibility thus defined is the volume susceptibility — the dipole 
strength per unit volume induced by unit pipe-force strength. It must be 
noted that it is the pipe-force in (1258) and (1259) and never E ext or H ext 
though sometimes their difference is insignificant. The difference is due of 
course to surface charges on the dielectric, and in changing from E ext to E' 
for example we have already made a great allowance for the effect of the 
polarization of the medium on the force acting at any point of it. This 
important difference is illustrated in detail by the calculations of § 12-12. 

These definitions are quite general for isotropic media and easily general- 
ized for crystalline ones. Experiments determine directly 8 and therefore k. 

We have still to examine how k is to be correlated with quantities that can 
be deduced from atomic theory. 


§12-11. The polarizing force F. If our medium is composed of atoms of 

known properties, we can at once calculate its polarization if we know the 

average polarizing force F, electric or magnetic, acting on each atom. This 

force however is not necessarily either the crack-force or the pipe-force, for 

the force required is the force acting on the atoms in the actual material 

when no matter has been removed. Before we can determine P in terms of 

the pipe-force— that is to say, calculate k — we must determine the polarizing 

force in terms of the pipe-force and the polarization. This can be done by 

starting with a pipe-shaped cavity parallel to the vectors E' and P, in which 

therefore E is the total force acting, and restoring the polarized matter 

which has been removed from this pipe. The effects will be proportional to 
P so that we shall have 


F = E' + vP. 


(1260) 


The contribution of the restored matter can be considered in two parts : 
(i) the contribution from the matter lying inside a small sphere round the 
point in question and (ii) the contribution of the rest, so that v=v 1 + v 

The factor v 2 is easily calculated. The polarized matter in the distant 
parts of the pipe exerts outside itself the same forces as a charge density P, 
over its surface, where P„ is the normal component of P. This is zero on the 
walls of the pipe, P over the distant ends whose effect at the origin is negli- 
gible and P cos 8 over the surface of the small sphere. It is easily shown that 

this surface charge leads to a force |7rP inside the sphere in the same direc- 
tion as P. Thus v 2 = ±tt. 

The essential difficulty of the problem lies in the evaluation of v x , the 
contribution of the matter in the immediate neighbourhood of the point or 
atom at which F is required. There is in fact no general solution, the correct 
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value of v A depending on the nature of the polarized matter itself. The 
difficulty is of the nature of a change in the order of two limiting processes. 
Different results are thus obtained which properly correspond to different 
physical properties of the material. The principal results are as follows: 

Lorentz's* Lemma. If the material consists of isolated 'polarizable atoms , 
in disordered array as in a gas , or in a regular array with cubic or tetrahedral 
symmetry about the selected atom , then 

iq = 0. 

The potential D. at x , y, z due to a dipole at (l,m,n)a of strength a 
pointing in the direction A, p, v is given by 


n = a f A ( fa - x ) + /*( ma - y ) + v ( na - z )] (2261) 

{(la — x) 2 + (ma — y ) 2 + (na — z) 2 }% 

By a theorem due to Gauss the average value of the potential arising from 
any distribution of poles taken over any sphere which contains none of the 
poles within or on itself is equal to the value of the potential at the centre of 
the sphere. The same theorem is true for the average value over the sphere 
of the derivatives of D, the electric (magnetic) force, which can always be 
regarded as the potential of a more elaborate set of poles. Thus if we are 
concerned with the average value of the potential or electric (magnetic) 
force due to a set of dipoles taken over an atom with spherical symmetry, so 
that any weighting factors are functions of r only, then the average value 
required is the value at the centre x = y = z = 0. If the atoms are small 
compared with the average distance of the other dipoles, this central value 
is of course the correct value without any other restriction. But even when 
the atom is not small, this central value will generally be good enough so 
that we have only to consider the average value of 

Q 0 = -a(A/ + /xm + vn)ja 2 y (1262) 

or of its derivatives such as 


dQ 0 _ «A(3/ 2 — 1) 

dx a 3 


(1263) 


Since for completely irregular distributions or for lattices with tetrahedral 
or cubic symmetry about the origin l = m = n = 0, 3/ 2 = 1, • •• for any given 
values of a , a, A, p, v, the average values of D 0 , dQ 0 i'dx, ... all vanish. The 

lemma is therefore established. 

Lorentz’s lemma depends on the possibility of drawing a sphere outside 
which the matter may be treated as a continuous medium, and inside which 
it consists of effectively discrete atoms. If the polarizable elements of the 
matter are not really discrete atoms but effectively free electrons among 

* This is a convenient title for the lemma, but it is far from correct to rr 

ciated it in a form so complete. See his Theory of Electron* (1916), p. 138, an * oe3. 
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positive ions as in a metal or the Kennelly-Heaviside layer we might still 
hope to apply the lemma for a periodic electric force, but the proof breaks 
down and the result in fact is wrong. An argument, which is however quite 
unreliable, can be constructed suggesting this failure: we can equally 
legitimately regard the polarizable material as smoothed out into positive 
and negative continua before the sphere is drawn. The polarization P inside 
the sphere then produces the effect of a charge -P cos <9 over the surface of 
the sphere which exactly neutralizes the P cos d above. It will be seen that 
we have now inverted the order of the two limit operations of excluding the 
small sphere and smoothing out the actual matter into a continuum. Thus 

in such a case, so one argues, v 1 =~v 2 and v = 0. It appears therefore that 
we may have one or other of the two formulae 


F = E' 


v 

(1265) 


•••••• y * w 

in extreme cases, and therefore, presumably, intermediate forms as well. 

The last remarks make no claim to rigour— they suffice merely to show 
that a much deeper discussion is required, and that the result must be 
expected to depend on the exact nature of the atoms or ions of the material. 

The second part of the problem will be concerned with evaluating P as a 
function of F from atomic and statistical theory. Without anticipating 
details we may record here that the approximation 

p = yF, (1266) 

where y is a constant, is usually sufficiently good. In that case when F is 
given by (1264) 


y= 


3 S- 1 


(Lorentz’s formula), 


(1267) 


and when F is given by (1265) 


y — 4 ^.(^ - 1) (Sellmeyer’s formula) 


(1268) 


a-= b 


Z 

A 


Both formulae may be either electric or magnetic. 

§12-12. An idealized dielectric. We shall gain further insight into the 
problem by considering a dielectric com- 
posed of n “atoms” per unit volume each of 
which is a rigid sphere of radius a uniformly 
polarized to such a degree that each atom 
has a dipole moment p. All these dipoles are 
parallel to each other and to the pipe-force 
E' . We shall consider an infinite slab of such 
a dielectric bounded by plane faces normal 

i i 1 . 


G)xyz 


.x 0 yoz o 


z=o 


Eext 

_ 52. A slab of dielectric. 

to the 2 -axis at 2 = 0 and z = b ; E' is parallel to the 2 -axis. The smoothed out 
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polarization of the dielectric is of course given by P = np. The dielectric is 
subject to an external force E ext parallel to the 2 -axis to which its polariza- 
tion is due. The actual electric force at any point among these atoms 
fluctuates wildly and we require certain average values for F which will 
naturally depend on the way the average is taken. 

Let us start by calculating the 2 -component G z of the force acting at 
a point x 0 , y 0> 2 0 due to the slab of dipole atoms. If this point is inside an 
atom, then the force due to this atom itself is to be excluded. In any event 
therefore the point x 0 , y 0 , z 0 may be regarded as surrounded by a small 
sphere containing no atoms. 

An “atom” whose centre is at x, y , 2 exerts a force at x 0> y 0 , z 0 whose 
2 -component is 


3(2 0 -z) 2 -r 


V 


Hence 




3(2 0 _2) 2 — r 2 


V 


This summation must be turned into an integration. For the more distant 
parts of the slab this presents no difficulty. The region of integration is 
bounded by the plane faces of the slab and a small sphere round x 0 , y 0 , z o 
of radius A. The smoothing implied by integration is illegitimate near the 
sphere A , but Lorentz's lemma applies here and tells us that no contribution 
arises from the atoms between the sphere A and a larger sphere B at least 
when we take the average value of G : over all points x 0 , y 0 , z 0 . Thus 


G 


d [z 0 -z 


np dz\ r 3 

slab cz \ T 



(12G9) 


over the specified range of integration. Evaluation presents no difficulty, 
and we find that if x 0 , y 0 , z 0 is inside the slab 

O : (x 0 ,y 0 ,z 0 )= -^nrip, (1270) 

while outside the slab G.(x 0 .y 0 ,z 0 ) = 0. Other components must by symmetry 
average to zero. To this we must add the externally applied field (due to 
distant bodies) so that the average force at any point x 0 , y 0 , z 0 inside the 

SlabiS tfext-W*- 

But since by their definitions and ordinary properties 


E' + 4ttP=D,„, = E, 


1 « 


the average internal field is ^ + ±ttP, 

agreeing with our previous result. It is to be remembered that if x 0 , y<,> z o 
happens to lie inside any atom, the internal field of that atom has een 
deliberately omitted. This omission is correct if we require the average e 
tending to polarize a particular discrete atom. 
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Suppose however we do a similar calculation for the potential at x 0 , y 0 , z 0 
due to the dipoles in the slab. Then 


^ ( x o’yo’ z o) 




(1271) 


There is now no convergence difficulty near r = 0 but we still have to use 

Lorentz’s lemma to justify the smoothing for small values of r. Thus the 

value we find is again an average value. Evaluation of the integral is easy 
and we obtain 


l ( x o<y<» z o) = 4 nnp(z 0 - i b ) 

= 1-nnpb 
= — 2nnpb 


( 0 < 2 „< 6 )| 

( z o> b ) 
( 2 o<°). 



Thus, calculating in this way, we find that there is on the average a 

force — 4? tP inside the slab due to its own dipoles, so that the average force 

inside the slab which can be derived from the potential is just the pipe- 
force E' . 

This relationship between the potential and the pipe-force is of course 

essential to satisfy (1255) and it is important to examine the difference 

between these two averages. We have shown in fact that the average force 

along any path doing work for example on a test electron moving along that 

path is E', while the average force at any point (if within an atom omitting 

the internal field of that atom) is on the other hand E' + ±-nP. The necessary 

reconciliation is brought about by recalling that on the average any path of 

length l will contain a length ±na 3 nl inside atoms since the atoms occupy the 

fraction %ira 3 n of all space. Inside any one of the atoms there is a constant 

force - p/a 3 along the z-axis due to its own polarization, so that an average 

force - %nP due to the insides of the atoms has been omitted if we use the 

point average force along a path. If the atoms are verv small a straight path 

may be drawn to miss them nearly all; but if the average path is fairly taken 

it will cut a few and their effects will just be large enough to counterbalance 

their rarity. Moreover the average force along a path specially selected to 

avoid all the atoms will still be E' because such a path ex hypothesi must 

spend too much of its length in the equatorial planes and too little near the 

axes of the dipoles for the point average force to apply. There is no reason 

to expect equality between a space average and the average along a specially 
selected path in that space. J 

We conclude therefore that in such a dielectric the average polarizing 

force F acting on an atom of the dielectric is E' + %-nP, but that the average 

force acting on an electron moving freely along any path is E' . Whether this 

average strictly applies to the actual path of an electron requires still 
further investigation. 
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§ 12-13. The magnetic case . A similar model . The results of § 12-12 apply 
equally to the magnetic case so long as the atoms may be represented by 
magnetic dipoles. The average polarizing force acting on any atom of the 
medium is //' + \r tI and the average magnetic force along a path is the pipe- 
force H '. Magnetic dipoles however are very far from an adequate represen- 
tation of actual magnetized atoms in which the magnetic elements are 
almost certainly to be regarded rather as small electric currents due to 
circulating electrons or, if it is preferred, to atomic states with angular 
momentum. We shall therefore consider an alternative model in which the 
uniformly polarized spheres are replaced by spherical current sheets so 
arranged that they give precisely the same external fields.* This is achieved 
if the spheres carry currents in planes normal to the 2 -axis of strength 


(p/fra*)dh 

in any element of surface of height dh. With any such model the result is 
unaltered that the average polarizing force acting on a single atom is H' -f %nl 
so long as Lorentz’s lemma applies; but for the average force along a path 
the result is entirely different. There is now no reversed force inside each 
atom, but instead a force in the same direction as P. This is possible because 
the magnetic potential of a current is not one-valued. Now if a test pole is 
taken from a great distance away near the axis of a small current circuit to 
a great distance away in the other direction of the axis without threading 
the circuit no work is done, but if it threads the circuit the work done is 4ni 
per unit pole strength, where i is the current. Since the average length of any 
path which lies inside the atomic spheres is f na 3 nl as before, the total current 
strength threaded on the average on such a path in the direction of the field 
is pnl> and the extra work done 47 ipnl. Thus on a path which penetrates the 
atoms to an average amount there is an average extra force 4ttP acting 
over and above the average force on a similar path which just goes round all 
the atoms. The same extra force will act to deflect a moving electron so long 
as it freely penetrates the atoms. On a path which just goes round all the 
atoms the forces are exactly the same as those for atoms with rigid dipoles, 
and on such a path for such atoms the average force is the same as for a 
straight path which penetrates the atoms where necessary to do so, since now 
the magnetic potential of each atom is one-valued. We have already proved 
that in this case the average force along the path is the pipe-force, H ' . 
Hence for magnetic atoms with current circuits freely penetrable by mag- 
netic poles or moving electrons the average force along the path is the 
crack-force B = H' + 47rP. This result presumably applies to the deflection 
of the very fast electrons of the cosmic rays penetrating magnetized iron. 

* Darwin, loc. cit. (II), has given a much more elegant and general discussion leading to the 
same result which is independent of the distribution of currents in the model atom. The currents 
need only be assumed to vanish outside some definite atomic radius. 
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§ 12-14. An alternative treatment. In view of the subtlety of the problem 
it is perhaps worth while to give an independent discussion, by considering 
a sphere of the material in question small compared with the wave length of 
the electromagnetic field (if this field is time variable) but large enough to 
contain manj atoms, and calculating the electric dipole moment excited in 
it by an external electric field of strength Fsin vt. This field penetrates right 
through the atoms of the sphere without modification being due to distant 
bodies. When a sphere of dielectric constant 8 f is placed in the presence of an 
electrostatic field of strength F, the dipole moment induced is 



and the field of this dipole represents the sole external effect of the sphere. 
A similar result holds for a small sphere (of permeability unity) in a time 
variable field so long as retardation effects can be neglected. The external 
field of the sphere is that of the dipole 


8,-1 

8 e + 2 


a 3 Fsin vt. 


(1273) 


A\ e can however also calculate the effective dipole moment directly. By 

equating this to (1273) we evaluate the dielectric constant in terms of 

atomic properties and thereby can decide between the formulae (1264) and 

(1265), though that analysis of the internal field is irrelevant to this method 
of attack. 

Let us consider first in this manner material composed of discrete atoms, 
each of which may be thought of as containing a number of virtual oscil- 
lating electrons. In this way quantum requirements can be taken account of, 
and the reactions of the atoms to the field treated classically. Let us start by 
assuming that the virtual electrons of any one type oscillate with the same 
amplitude and phase in each atom. It is necessary to show that each electron 
is then unaffected by the displacements of all the others; that being so it is 
affected only by the external field and the initial assumption is correct. But 
this independence follows at once from the theorem that in a spherical 
hollow in a sphere of uniformly polarized material the polarization exerts 
no force. The smoothing and averaging necessary to apply this theorem to 
the actual material under discussion have been shown to be legitimate by 
the arguments of the preceding sections. 

Let % r , v r , e r be the displacement, frequency and effective charge of the 
virtual electron of type r. Then 


= — wi/ r 2 5 r + e r Fsin vt, 
_ e r Fsini/< 

r m(v, 2 — v 2 )' 


and therefore 


..(1274) 

(1274-1) 
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If the sphere contains n atoms per unit volume and we sum (1274) over the 

various types of virtual electron and over all atoms, we see that the sphere 
has a dipole moment 

S, « '* F , sin * . 

rn(v 2 — v 2 ) 

On comparing this with (1273) we see that 


3 5,-1 v 


4tt8, + 2 


r m( iv 2 -I/ 2 )’ 


(1275) 


agreeing with Lorentz’s formula (1267). 

Now consider material consisting of N free electrons (N = ^Tra 3 n) im- 
mersed in a medium with a uniform continuous positive charge, just 
neutralizing the charges of the electrons. The total charge of the positive 
medium is | c | so that the potential at an internal point is 


N I 


3a 2 -r 2 

2 a 3 


(1276) 


Electrons may emerge temporarily from the sphere into a region where the 
potential is strictly not given by (1276), but for convenience (1276) may still 
be used without affecting our discussion. The equations of motion of the/th 
electron are 


mx f = 


Ne 2 

~a? X/ 


so that 


y 

dx/°* f 
Nt 2 


X B Xe 


-f eT sin vt. 


m'Z / Xf= 3 - xy-f NeT sin vt. 

d 


(1277) 


The interactions of the electrons have now disappeared, as they should, 
because a collision between a pair of electrons does not alter their resultant 
acceleration,' nor therefore the radiation they scatter. From (1277) we find 
at once that the dipole moment of the sphere, € 2/X/, is given by 


€S/X/= Z 

to be equated to (1273). Therefore 


Ne 2 F sin vt 


mv 2 + Ne 2 ja 3 ’ 


8c- * 


a 3 = 


Ne 2 


— mv 2 -I- Ne 2 /a 3 


From this it follows at once that 

8«-l_ 
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3 Ne 2 


U€ 


\Trmv 2 a 3 mv 2 


(1278) 


This result agrees with Sellmeyer’s formula (1268). The term on the right 
agrees of course w ith the corresponding term in (1275) when we put v r = 0. 

We have still not solved the really important problem which is that of a 
material consisting of free electrons and positive ions, which can be taken 
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to be protons without affecting the illustrative value of the discussion. The 

only convincing treatment is that of Darwin, f but this is too long to give 

here, especially since we shall not be concerned with such media in the rest 

of this chapter. Darwin shows that it is sufficient to discuss the problem with 

fixed protons taking averages over all the electrons with special care of the 

contributions made by electrons when in close collision with one of the 

protons. It turns out that if the energy of the electron in the collision is positive 

so that the electron is really free of the proton , the average contribution made 

by the colliding electron when it is in a small sphere round the proton is to 

a sufficient approximation the same as if the central proton were absent. 

Ihus only distant protons matter and these may be thought of as smoothed 

out into a continuum. The whole effect of close collisions being negligible 

we fall back on the electron-continuum case just discussed and find a result 

in accord with Sellmeyer’s formula. The importance of Darwin’s discussion 

is that it shows that the distinction between free and bound electrons is a 

vital one, and that it is only when the colliding electron is really free that the 
effect of the adjacent proton cuts out. 

Darwin has extended his discussion to a material which contains both 
discrete atoms and free electrons, and proved the following theorem : 

Darwin's theorem. Form the expression for 3(S e ' - 1 )/(8/ + 2) by summation 
over all types of atom or other system to which Lorentz's formula (1267) applies 
when they are present by themselves. Form the expression for 8 e " - 1 by sum- 
mation over the free electrons as if they were present by themselves. Then the 
dielectric constant 8 e for the material as a whole is given by 


b c~°e +V'- !• (1279) 

A somewhat similar theorem can be proved for the magnetic case in 
which the magnetism is due partly to free and partly to bound electrons.! 

§12-2. The classical theory of the dielectric constant of a gas or liquid of 

discrete atoms or molecules .§ We now take up in earnest the statistical part 

o our problem. According to the foregoing discussion Lorentz’s formula 

will apply to any assembly of discrete molecules. The formula P = vF mav 
be put in the form Y m&y 

F = nO*r , (1280) 

where 9* is the average dipole moment induced in each of the molecules 
(« per unit volume) of the substance by the polarizing force F. The para- 
meter 6* is in general a function of F. Equation (1267) may then be re- 
written in the form 


8—1 4- 77 " 


(1281) 


t Darwin, loc. cit. (I). + n . . 

§ For the rest of this chapter reference should be made for more detailed informati 
Vlcck, Electric and Magnetic Susceptibilities , Oxford (1932). IOD ^ an 



[ 12-2 


448 Electric and Magnetic Susceptibilities 

This may be extended at once to molecular mixtures in the form 

8—1 4tt 

8 + 2 = T SwA • (1282) 

The quantity (8— 1 )/ (8 + 2) which is thus seen to be additive is called the 
ref r activity . We have already used (1282) in Chapter x. This formula applies 
also to polarization by electromagnetic radiation fields; 8 is then usually 
replaced by y 2 , the square of the refractive index, and the 9 r * depend on 
the frequency v. An example of this for a particular type of molecule was 
given in (1275). We shall be mainly concerned with static fields here. 

In calculating the static 9 * the results will depend on the particular 
assumptions made as to the structure of the molecules. It was first shown 
by Debyef that the dielectric properties of many gases and liquids are 
satisfactorily accounted for, if we assume that the molecules are rigid 
dipoles of approximately constant electric moment and in addition have 
ordinary polarizable isotropic electronic structures. On this assumption 
the classical theory of 9* proceeds as follows. 

Consider as the model molecule a rigid solid of revolution without axial 
spin, of moment of inertia A free to turn about its centre of mass, with an 
electric doublet of strength a directed along its axis of symmetry. Let the 
body be subject to a polarizing force F. Then the Hamiltonian function for 
the motion of the rigid body is 

The angle 9 is so measured that 9 = 0 when the positive direction of the 
dipole points along the field of force F. The partition function for the 
rotations and orientations of such molecules will therefore be 


2t tAIcT f n / ct.F cos 9\ . /i 283) 

= -p - 2,7 J „ exp ( ) S ' ■ 

Sn 2 AkT sinh(oi.F/kT) ( 1284 ) 

= h 2 ctF/kT ’ 

The fraction of molecules with their coordinate 9 between 9 and 9 + d9 will 
therefore be /a^cos0\ . ... 

eXP ( kT / Sm 0d6 

n / a.F COS 0\ . 

, exp ( HfcT- ) s,n ede 

t Debye, Phys. Zeit. vol. 13, p. 97 (1912). 
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The average polarization 9*F is the resolved part of a along the direction of 

the field averaged over all molecules distributed according to (1285), and is 
therefore given by 


9* = 


o 


exp 


exp 


a.F cos 9 
~lcT 
aF cos 9 


cos 9 sin 9d9 


kTF <xF , 

F 2 coth 


kT 

olF 


sin 9 d9 


kT 


(1286)t 

This formula can of course be obtained by differentiating (1284) as we show 

in detail in § 12-3. In all or nearly all practical cases a F/kT is very small, so 
that this reduces to 


I Qf ^ 

e* = _ 

3 kT 


(1287) 


The coefficient ^ arises as the average value of cos 2 9 over a sphere. 

Two restrictions in the foregoing account are easily removed. We have 
first to introduce a term for the polarizability of the electronic structure of 
the molecule. This obviously might depend on the orientation 9, <f > , and we 
should then have the Hamiltonian function 

H = U ( Pe °' + ^9 P * 2 ) ~ « F cos 9 ~ M e >4>) F2 ’ 

and the polarization a cos 9 + p(9,<f>) F instead of acostf. We therefore find 
for the average polarization 


i r n r 2 * 

7M ex P 
J OJ 0 


<xF cos 9+$pF 2 


kT 


j (a cos 9 - 1 - fiF) sin 9d9d<f> 



exp 


a/’ cos 9 -|- \fiF 2 \ . 


o 


The leading terms reduce to 


kT 


J si r\9d9d<t> 


(1288) 


where 


p 



2tt 


s in 9 d9d(f>. 


Secondly it is obviously unnecessary to restrict ourselves to a rigid body 
With an axis of symmetry without axial spin. Any rigid body with moments 
of inertia A, B, C, spinning in any manner, may be considered, which con- 
tains an electric doublet fixed in it and is also of polarizable structure. We 
shall equally obtain (1288)4 As an example of such more general calcula- 
tions consider a non-polarizable general rigid body, with a dipole of strength 

t This formula is more familiar in the theory of paramagnetism and is there due to Langevin 
J. de Physique ser. 4, vol. 4, p. 678 (1905). See also § 12-5. g ' 

p. 37^932,! Ck ’ PkyS ’ ^ VQl ' 3 °' P ' 31 <192?) eSpecia ' ly 5 6; Electric and Magnetic SusceptibilMes, 
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a fixed in any direction relative to the principal dynamical axes, subject to 
a polarizing force F along the 2 -axis. For such a system the partition func- 
tion is 



1 


] c f { e ~ (X - Fco s (°^)} dPodPidp+ded^dip, 


where e is given as a function of the variables of integration by the expres- 
sion (194-1). The p-integrations are unaffected and can be carried out as 
before, giving 


R{T) = 


(HntABCPT 3 )* r* r 2 ” r 2 ” 


h 3 


m 2 

0 


exp< 


(xFcos(ocz) 

kT 


si n0d9d(f>di/j. 


Now take new axes and angles d\ <p\ <p' so that (<xz) = 6\ Then 


sin dddd<f)difj = sin 6' dd' d<p' dip' 

and we obtain, apart from a constant factor, exactly the same integrals as 
before, and the same value for 6 *. 

The general classical result is therefore 

< 1289) 

so long as a FjkT is small. The contributions of different molecular species 
on the right are additive. 


§12*21. Comparison with experiment. The formulae of §12-2 were com- 
pared with experiment with marked success by Debye, | and more recently 
excellent new comparisons have been rendered possible by the observations 
of Zahn.J It is obvious that the classical theory cannot be correct at very 
low temperatures, but the quantum theory agrees, as we shall see, with 
(1289) at temperatures covering all observations. 

In observations on gases 8 C is very nearly unity and therefore very 
accurate observations of h t are required to establish the value of S e — 1 with 
satisfactory precision. The necessary accuracy can be obtained by the use 
of the modern technique of oscillating circuits. The variation of capacity of 
a condenser containing the gas under observation as dielectric is detected 
and measured by its effect on the electrical beats of two high frequency 
circuits slightly out of tune. In analysis of the observations 8 e +2 can be 
taken to be equal to 3. Referring to (1289) we see that 

(8 e -l)T/n = 4n^j + pr), 


+ Debye, loc. cit. r 

t Zahn, Phy». Rev. vol. 24, p. 400 (1024); ibid. vol. 27, p. 329 (1926); Smyth and Zahn, J.Amer. 

Chem. Soc. vol. 47, p. 2501 (1925); K. Compton, Science, vol. 63, p. 53 (1926). See also an 

Electric and Magnetic Susceptibilities , chap. ill. 
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(1290) 


We therefore plot (8 e - 1) T 2 or better (8 e -l)vT, where v is the volume per 
mole, against the temperature 


whose slope determines /3 and 
whose intercept on the axis of 
(8 C — 1 )vT the value of a. The 
principal interest centres in a. 

Fig. 53, taken from K. Comp- 
ton,* shows typical examples of 
such plots, which are excellent 
straight lines, and Table 46 shows 
the values of dipole moments 
so determined for a variety of 

gases. pig. 53. The analysis of dielectric constants by 

The large value for water Debye’s equation, 

vapour confirms and in fact demands the triangular model for this molecule 
which we have already accepted in Chapter hi. The zero value for carbon 
dioxide confirms the straight model adopted in that chapter. 



Table 46. 


Dipole moments of gaseous molecules from Debye's equation. 


Gas 

a x 10 18 

Gas 

a x 10 18 

Gas 

ax 10 18 

Gas 

ax 10 18 

HC1 

103 

H,0 

1-84 

ch 4 

0-00 

C fl H 6 t 

000 

HBr 

Y V V 

0-79 

H 2 S 

110 

CH 3 C1 

1-89 

C 6 H 5 Ff 

1-4 

HI 

0-38 

c,h 2 

000 

CH 2 C1 2 

1-59 

C 6 H 5 Clf 

1 *5 k 

NH, 

rv TT ° 

1-48 

c 2 h 4 

000 

CHOU 

0-95 

C # H 5 Brt 

1-5 

ph 3 

A «r 

0-55 

C,H, 

000 

CC1 4 

0-00 

C 6 H 5 It 

1-3 

AsH, 

015 

N, 

000 

NO 

>0 

C 6 H 5 N0 2 f 

3-9 

so 2 

161 

co 2 

000 

CO 

0 12 

CH 3 OH 

1-7 


A summary of the best work to 1931 is given by Van Vleck, loc. cit., from whom most of the 
above values have been selected. An elaborate collection to 1926 was given by Bliih, Phyaikal. Zeit. 
vol. 27, p. 226 (1926) supplementing Debye, Handbuch der Radiologie, vol. 6 (1925). Values for 
PH 3 and AsH, from H. E. Watson, Proc. Roy. Soc. A, vol. 117, p. 43 (1927). 
t Values measured in solution in non-polar solvents. 


§12-22. Applications to liquids. Formula (1289) can also be applied with 

considerable success to many liquids, but in this case in its complete form, 

for 8 e is no longer nearly unity. If we solve (1289) for 8 e for a polar liquid 
we find — 




T 


K. Compton, loc. cit. 


(1291) 
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where 


T = 


• intia . 2 


9 k( 1 - rn)8) 


[12-22 

(1292) 


If the liquid is non-polar (a = 0), this reduces to 


S e =l + 47mpl(l-±7Tnp). (1293) 

We shall have occasion to study equations of the type of (1291) much more 
thoroughly later in this chapter in the sections on ferromagnetism. Here it is 
sufficient to note that there should exist for polar liquids a critical tem- 
perature and that, as T -> T c , 8 e -> oo, while for higher temperatures S e falls to 
normal values. This critical temperature is of real physical importance, for 
it is quite high for strongly polar liquids. For example if water could be 
treated as a collection of freely rotating dipoles — steam molecules — for 
which a = T84 x 10~ 18 , n = 6-06 x 10 23 /18, we should find 7;= 1200. (The 
term in ft can be neglected in this rough analysis.) At ordinary temperatures 
therefore for which T <T C such a liquid would be in the electrical analogue 
of a ferromagnetic state of permanent natural polarization. It is probable 
that in substances such as Rochelle salt the water of crystallization should 
be regarded as just such a liquid, but no ordinary polar liquid has such pro- 
perties. Liquids polar and non-polar may be divided fairly sharply into two 
classes. Class ( 1 ) contains the non-polar liquids for all of which 1 — % 7 rnft > 0 
and those polar liquids whose dipoles are rather weak so that T c calculated 
from (1292) is small compared with the temperatures of the liquid range. 
For these liquids equation (1293) or (1291) fits the observed dielectric 
constants fairly well, with values of a and ft in reasonable agreement with the 
values found from the corresponding vapour phase. We may conclude that 
such liquids are mainly unassociated, and that the dipoles (when present) 
rotate freely and play no very important part in the liquid structure. 
Class (2) contains the liquids with strong dipoles for which T c is comparable 
with or larger than the temperatures of the liquid range. From the fact 
that they are not permanently polarized it follows that the dipoles do not 
rotate freely and the molecules must in the main be linked more or less 
rigidly to neighbouring molecules by their dipoles. We may conclude that 
the liquids are strongly associated and that the dipoles play a dominant part 
in determining the liquid structure. These conclusions fit in with other 
evidence and have been used recently in an attempt to elucidate the struc- 
ture of water itself.* 

It is perhaps of some interest to show by a general argument why polar 
liquids must become associated and so less strongly polar until T C <T\ they 
are then no longer ‘ ferromagnetic ” — their normal state is unpolarized but 
with a very large dielectric constant. If we start with the approximation of 
freely rotating dipoles for which T c > T, then we have the ferromagnetic 

* Bernal and Fowler, J. Chem. Physics, vol. 1, p. 515 (1933). 
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case and (see §§ 12-9 sqq.) almost all the dipoles will normally he aligned in 
the same direction. This means that the state of minimum free energy is to 
this extent an organized one, in spite of the loss of entropy due to the 
elimination of orientational disarrangement. But now in general in a 
liquid a further diminution of free energy may be possible by a process of 
association, in which neighbouring dipoles, instead of being all aligned 
parallel, tie up to each other in blocks and chains, perhaps closed, forming 
in fact definite dipole bonds. In the water of crystallization of a Rochelle 
salt on the other hand such bonds cannot form for the water molecules are 
in fixed positions. Such a process will introduce little or no entropy change 
by change of orientational disorder since the orientations remain ordered, 
and it must therefore occur so long as the total energy is diminished more 
by the formation of the dipole bonds than it is increased by a loss of the 
negative energy of polarization. In general one must expect that such bonds 
can form in strongly polar liquids but not in Rochelle salt, and that when 
they form they will greatly diminish the number and the strength of the 
dipoles available for orientation. Thus T c will fall until the normal state of 
the liquid calculated by (1291) and (1292) for the remaining available 
dipoles is no longer a permanently polarized one, but merely one of large h e 
— how large these general arguments naturally do not permit one to say. 
A Rochelle salt on the other hand which at temperature T contains sufficient 
orientatable water to make T c > T cannot escape in this way and should 
show real “ferromagnetic” polarization. 

§ 12-3. Thermodynamic relations and the approach to the quantum theory of 
dielectric polarization .f We have so far presented the theory of dielectrics 
in the most familiar way, but there is much to be gained by a more general 
thermodynamic treatment. We recall that R(T) is a partition function and 
as such equivalent to a thermodynamic potential, and all relevant molar 
equilibrium properties, for example P, should be derivable from R(T) by 
differentiation. Comparing (1284) and (1286) we see at once that for mole- 
cules carrying permanent dipoles 

P = nO*F = nlcT ^log R{T). (1293-1) 

This equation is not merely true in this particular case, but is perfectly 
general. It is simple to give a general proof of ( 1 293- 1 ) similar to the proof of 
(233) for X . For if the n localized systems in unit volume are distributed 
among a set of possible states whose unperturbed energies are € u and average 
dipole moments, in the direction of F, a u -f- p u F, then the perturbation energy 
is — a U F — U F 2 and 

P = S u a u ( <x u + p u F) = A£ u (a u + fi u F) w u e^-^uF-\^)ikT # 

t This section is based on Debye, Physical. Zeit. vol. 27, p. 67 (1926). 
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\ = n/f(T), f(T) = ra u e-<‘«-“u y -ij8 u ^)/fcr > 

g 

P = nkT ^f lo ef(T), (1294) 


which is the desired relation, since only the orientational part of f(T) is 
relevant. 

It is next necessary to examine in detail the form of (1294) in the most 
general case required, namely with 


/( T) = w u e-f'u-HuF-ifiuW/kT' 


(1295) 


W e may suppose that the terms in F have had the effect of breaking up 

a set of degenerate states of the same energy into less degenerate sets of 
different energies, and write 


f(T) = e-*y fc7, (2 s Wse i^+lp,^)ikTy 


(1296) 


We may suppose further that <x s F + \fi s F 2 is so small that only the lowest 
order terms need be retained so that 


/( T) = 2 ; . e <i lkT (X 8 + (F/kT) 2, + }F*{ 2 5 zD 8 <x 8 */k*T* + 2, nJJkT | ) . 

In this equation we may replace 2 S w s by the weight of thej’th degenerate 

state, and 2 ; - w^e~ € j lkT b y f 0 (T) the partition function for zero external field. 
We may also suppose that 


2 s a s^ s = 0. 


(1297) 


If (1297) were not true, there would be a polarization effect independent of 
field strength no such effect is known, or predicted either by the classical 
or quantum theory of the effect. Then 


/( T) =/ 0 ( T) + \ F*Xj e-^ kT { 2 , w a <x*lk*T* + 2 , w s p 8 /kT \ , 

n jr 

P = UT) e ~' j/kT ' w ^ 2/kT + I • 


(1298) 

(1299) 


It is easy to recover the classical formula from (1299), for classically 
a g = « cos 6 and £ s ro s cos 2 0 = ^ro y so that 





\ i if + * 


• = nF 


3kT F 


as before, a and p being assumed independent of j. 

In the quantum theory the classical “states” that have appeared in the 
foregoing calculations are of course regrouped into the true quantum states. 
We must not expect all the details of the classical calculation to be repeated, 
and in fact we shall find that in the quantum theory it may be that a 8 = 0 
and the whole effect comes from p. All we can demand is that for large T the 
quantum theory shall agree with (1289). Being a second and not a first 
order effect the older quantum theory never succeeded in giving a correct 
account satisfying the limiting condition. 


12 * 31 ] Classical and Quantal Evaluation of the Polarization 455 

§12*31. Applications of quantum mechanics . (i) The rigid rotator without 
axial spin * It is never possible in this monograph to give detailed quantum 
solutions of problems whose results we require for statistical applications. 
It would be necessary to develop the solutions at far too great a length and 
we must content ourselves with quoting results. 

The unperturbed energies of the rigid rotator without axial spin are 
(§ 2 * 22 ) h2 

€j = WA jU + l) O' = 0,l,2,...), (1300) 


and the weights of these states are 2j + 1 . We have now to find the values of 
€j when perturbed by an external field F, in which the rigid dipole a has a 
potential energy — ccFp. The first order energy changes are linear com- 
binations of the integrals 

C + l C2 tt 

J lJo 

where the ip j s ' s are the spherical harmonics of order j. These all vanish when 
s=M' owing to the cf> integration and, when s = s' t 

always vanishes because {Pj 8 (p)} 2 is an even function of p. All the integrals 
therefore vanish and there are no first order changes in the energy. This is in 
agreement with observation on the infra-red bands of HC1. These show no 
linear Stark effect. | 

The quadratic terms have also been evaluated. J It is found that for the 
possible values 0 ^ s 



Stt 2 Aol 2 3s 2 -j(j+l) 
h 2 j(j + 1) (2? — 1) (2?’ -f 3) 


Stt 2 A(x 2 
3 h 2 


(j = s = 0). 


(j * 0), 


(1301) 

(1302) 


[In the limit of large quantum numbers this goes over into the form 



4tt 2 Aol 2 




(1303) 


which is the classical result for a dipole rotating with total angular 
momentum jh/27r and a resolved momentum sh/27T about the direction of 
the field.] 


* Correct versions have been given by Mensing and Pauli, Phya. Zeit. vol. 27, p. 509 (1926); 
Kronig, Proc. Nat. Acad. Sci. vol. 12, pp. 488, 608 (1926), in abstract by Van Vleck, Nature 
Aug. 14, 1926, and Manneback, Phya. Zeit. vol. 28, p. 72 (1927). 
t Barker, Aatrophya. J. vol. 58, p. 201 (1923). 

X Kronig or Mensing and Pauli, loc. cit. Both authors calculate the average electric moment 
parallel to F rather than the energy term, but the analysis is of course equivalent. 
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The degeneracy has not been completely resolved. There are two states 
of equal energy when 5 + 0 and only one when 5 = 0. Therefore w 8 = 2, 5 + 0, 
and gj 0 = 1, from which it follows that 

2, = 0 (j * 0), (1304) 

8=+j 

since 2 {Ss 2 -j(j + 1)} = 0. (1305) 

8 = — j 

It follows at once that 

3 8 g -ll_ 8irMa 2 1 

6 4n8 e +2n 3 h 2 f 0 (T)' ( 3 J 

In this account we have of course treated rigid dipoles. There will still be 
an extra approximately constant term arising from the distortion of the 
electronic structures, and we therefore write the complete formula for rigid 
polarizable dipoles without axial spin 

d*= — 1 1 = 8n2 - a2 — — + ft. (1307) 

4to 8 e + 2 to 3 h 2 f 0 (Ty P V ' 

The value of f 0 (T) or 

co t h 2 

ZJ2 j+ l)e-«^ y~8^AkT 

has already been given in § 3*3. For sufficiently large T 

1_ 8 MkT 

M ’ a h ! ’ 

with a numerical error about $<r of this. Thus on substituting for f 0 (T) in 
(1307) we recover the classical value. The error in the classical value for the 
temperatures of Zahn’s and similar experiments is at most of the order of 
0-5 per cent, and so insensible. 

The quantum theory of gaseous dielectric polarization contains the 
remarkable feature that only molecules in their quantum states ^ = 0 
contribute to the polarization. This has a strict classical analogy as has been 
pointed out by Pauli. f If we group together all orbits of equal classical 
moment of momentum jhl2.Tr and average classically by integration over all 
orientations, the average value of s 2 /j 2 is J and the average value of is still 
zero. Thus classically all rotating molecules make no contribution. The sole 
contribution comes from those few molecules which execute small vibrations 

about a position of rest. 

§12-32. The isotropic character of the dielectric constant. We have so far 
considered that the direction of the electric field itself serves to define a 
definite origin of spherical polar coordinates for the molecules. The 
effects are however of the second order and small at that, and a magnetic e 
may have an overriding orientational effect. Whatever the relative directions 

t Pauli, Zeii.f. Physik, vol. 0, p. 319 (1921). 
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of the electric and magnetic fields the first order electric effect vanishes 
(a s = 0) as before. To see this it is only necessary to v erify that 

+ 1 C2rr 

cosyifjj s ipj tS djjid(f) = 0 (all s, s'), 

- 1 J o 

where cos y = cos 8 cos y + sin 8 sin y cos <f> 

and y is the angle between the electric and magnetic fields. Ihe quadratic 
effect /3 S will continue to be given by (1301) when the directions of the 
electric and magnetic fields coincide. When they do not a different value 
might perhaps be expected, but if they are at right angles the same values 
of fi s and are found as before. Thus the response to the electric field is 
exactly the same whether the molecules are orientated along or across the 
field, and therefore, as easily follows, in whatever direction they are orientated 

7 ' 

or even if their precessional axes are not orientated at all but distributed 
uniformly in all directions . This result of course only holds neglecting terms 
depending on H the strength of the orientating magnetic field. It implies 
in accordance with observation that there is no magnetic double refraction for 
long waves independent of the strength of the magnetic field. Similar argu- 
ments show that such double refraction must be absent for all wave lengths. 

The model treated in §12-31 represents adequately diatomic molecules 
with normal states, for example the halogen hydrides and N 2 , and the 
conclusions of the theory apply directly to these gases. The results are 
however far more general as we shall see in § 12-4. 

§12*33. Applications of quantum mechanics, (ii) The symmetrical top 
model * For other molecules a more complicated model is essential and the 
necessary analysis can be carried through for the symmetrical rigid top. 
We may assume, in accordance with the symmetry, that the dipole moment 
lies along the axis of symmetry, and shall indicate the calculations for the 
case in which the electric field itself removes the degeneracy. The system is 
then characterized by three quantum numbers j, r, s } of which 5 defines the 
(trivial) precession of the resultant angular momentum about the field. 
The unperturbed energies (neglecting this precession) are 

€ ^^{j j{j+1) + (^~2) ri + ccmst }’ (1308) 

the subsidiary quantum numbers r and s are subject to the restrictions 
M | s | ^j. It is then found that 



rs 


r,s 


P,s = - 


j(j + 1 ) ’ 

8, r 2 A a 2 f (j 2 — r 2 ) (j 2 — s 2 ) _ {(j+ 1) 2 -7- 2 }{Q-+1) 2 -s 2 } 
h 2 lf(2j— l)(2j+l) (j + l) 3 (2j +1) (2j + 3) 

f Kronig, loc. cit. (2). 


(1309) 


...(1310) 
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The degeneracy is fully resolved and ra s = 1. Substituting in (1299), remem- 
bering that and e j are now r and e j r , we verify that w s x g = 0, and find 

2 ' 1 r 2 ( 2j+ 1) 


e* = 


a 


/o( T) Zj, e ^' lkT - 


+ 


8 n 2 A r 2 (2j + 1) 1 


(1311) 


fcT3j(j+l)- h 2 3j 2 (j + 1) 2 J 

We notice that the polarization is contributed quite differently for this model 
and the former for which r = 0. There are linear terms as well as quadratic — 
there should be a linear Stark effect in all states except those for which r = 0. 
We notice also that when r = 0 ( 1 3 1 1 ) reduces to (1306), the only contribution 
arising whenj = 0 also, and then only from the quadratic terms. 

To find the limiting form of 6* for large T we replace the sums by integrals 
in the usual manner. With the abbreviations 


h 2 


h 2 


a = 


8tt 2 AIcT’ 


T = 


8tt 2 IcT 


G-i)- 


the sum in the numerator is 



QO 


3 kT 


g-cr/0 + 1). 


2j + 1 1 27+1 ) 


r+j 

ij i, 


e~ rr2 r 2 dr i 


and in the denominator 


‘V*W+i)(2 j+ 1 )dj f + V Tr Vr. 


0 


These can be simplified by integration by parts to the forms 


3 kT 


!. 


and 


co 


e-oM+u-rj'dj. 


Since a and r are small, the important parts of the former of these integrals 
arises for larger’ andjf/(jf + 1) — 1. Their ratio is therefore 1/3&J 7 , and we find 
again the classical result 


6 * = 


3 kT x 


to which a constant deformation term may be added. 

§ 12-4. General theory of a complex molecule carrying a permanent dipole .f 
In view of §§ 12*31, 12-33 which lead to the same Lange vin -Debye formula 
for different models by entirely different routes, it is natural to suppose that 
this result is of great generality for ordinary temperatures, as it is in the 
classical theory. This has been proved by Van Vleck to be a simple con- 
sequence of the summation rules, and the spectroscopic stability rules of 
quantum mechanics, that hold quite generally for those molecular systems 
which when unperturbed have orientational degeneracy. We can hardly 

f This section describes the results of Van Vleck, loc. cit . 
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digress here sufficiently far to give an adequate account of Van Vleck’s 
proof, though it is in fact quite simple, and must be content with a precise 
statement of his result and a discussion of its consequences. 

In order that the Langevin -Debye formula should hold for sufficiently 
large T it is only necessary to assume that the dipole carrier (atom or mole- 
cule) has a “permanent '' electric (or magnetic) dipole moment which is the 
same for the whole group of normal states, and that these normal states have 
energy steps from one to the next among themselves small compared with 
kT , or in other words that the precessional frequencies of all the moments of 
momenta in the normal state are small compared with kT/h. At the same 
time this group of normal states must be separated from all other (excited) 
states by energy steps large compared with kT. These conditions are usually 
strictly complied with by all simple atoms and molecules. When they are 
complied with it does not matter whether the normal atom is originally 
strictly degenerate or already perturbed by a field of any strength weak 
enough for second order perturbations to be neglected. It is unnecessary to 
specify precisely the degree of complication of the normal group of states. 
The group may be built up by the composition of any number of moments 
of momenta with slow rates of precession, so that the proof applies equally 
to rigid molecules, and to molecules in which the orbital and electronic 
moments of momenta play an important part. Under these conditions 
formula (1288) for 6 * will still be true, a and /3 being independent of the 
direction of the field even when another field in some other direction is 
already orientating the molecules. In short a and are independent of the 
degeneracy and of the manner in which it is removed We obtain the same 
value for 6* for any type of spatial quantization or if there is no spatial 
quantization at all. All the molecules in Table 46 are covered by Van Vleck’s 
theorem, and the dipole moments may be legitimately deduced in the 
manner of § 12-21. 

The general proof includes a proof that both terms in the dielectric 
constant of a gas are independent of the effect of a magnetic field H so far as 
first order terms in H are concerned. This is in agreement with observation. 
It has been shown that 0 * for He, 0 2 and air changes by less than 10, 0-4, 
0-4 per cent, respectively in fields up to 8000 gauss, and for NO and HC1 by 
less than 8 per cent, and 1 per cent, up to 4800 gauss. | There might be an 
effect depending on H 2 observable only in very large fields, but this has not 
been investigated either theoretically or experimentally. 

These generalities also hold in general for the refractive index just as for 
the dielectric constant. 

t Weatherby and Wolf, Phys. Rev. vol. 27, p. 769 (1926); Mott-Smith and Daily, Phys. Rev. 
vol. 28, p. 976 (1926). To reach even these accuracy limits requires of course extreme accuracy of 
measurement of B e : 1 in 500,000 for He, 0 2 ; 1 in 100,000 for NO, HC1. 
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In Van Vleck’s proof and the foregoing discussion it is assumed that a 
relation equivalent to (1297) holds in general, even when there is an already 
existing magnetic field. It is conceivable that cases might exist of a kind of 
magnetoelectric directive effect in which the equivalent of (1297) fails. 
There would then be a state of electric polarization produced by a magnetic 
field and vice versa . The energy term concerned is still really quadratic in 
the perturbations. It is of type HF, but linear therefore in H and F. The 
foregoing theory would continue to hold in such cases, but only for the 
additional polarization produced by the electric field itself. The effect could 
only be found with molecules which possess permanent non-zero electric 
and magnetic moments which are more or less rigidly bound together and 
not at right angles to each other, so that the orientation of one produces a 
net orientation of the other.* There is no known example of such a gas, 
though the effect might be expected for NO.| 

A sufficient formal example of the nature of the effect is provided by the 
classical rigid rotator of § 12*2 with both an electric doublet of strength a and 
a magnetic doublet of strength /x along its axis of symmetry, in parallel 
fields F and H. Then the rotational partition function is an obvious exten- 
sion of (1284), namely 


B(T) = 


87 t 2 A1cT sinh{(aF + fiH)/lcT} 

h 2 '(afT^Z/J/W 7 




(1312) 


Using (1294) and retaining only the largest terms, the polarization P is 
given by 


P = 


nctfiH 

~3kT 


(1313) 


A simple extension of this result to a model in which the electric and 
magnetic dipoles are fixed in any directions in the rotator making an angle 
X with each other leads to 

(1314) 


nct.fi cos x u 

P = ~3kT~ H ' 


The explanation of the absence of this effect in NO is interesting. An ex- 
planation by assuming that cosx = 0 is impossible, for the dipole moment 
must lie along the figure axis, and it is certain from the evidence of the band 
spectrum that the orbital moment of momentum and therefore the magnetic 
moment has an axial component. The classical explanation would be that 
NO molecules are of two kinds, right- and left-handed, of equal energies and 
therefore of equal concentrations, so that for half of them the axial com- 

* When the magnetic moment is entirely due to the spins of the electrons, a magnetic field 
orientating the magnetic moment might be practically without effect on the molecular frame w or 
carrying the electric moment. This explanation might hold for the normal states of atoms an 
molecules whenever these are E-terms, but does not apply to NO whose normal sUtc is a - erm. 
f Debye, Zcit.f. Physik , vol. 36, p. 300 (1926); Huber, Phyaikal. Zeit. vol. 27, p. 619 /• 
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ponent of p is parallel to a and for the other half anti-parallel. The quantum 
version of this is that the states of an}- NO molecule are in fact all double 
forming a A-type doublet, but that each of these states is formed by super- 
position of equal amounts of right- and left-handed wave-functions. The 

component of electronic angular momentum in the NO direction is therefore 
constant in magnitude but indeterminate in sign and cosy = 0.t 

§ 12-5. Para- and dia-magnetism of gases and ions in solution. The fore- 
going theory can be transferred bodily from electric to magnetic effects, and 
becomes the statistical theory of para- and dia-magnetism. The relationships 
between the polarization of the medium, here the magnetization 1, the 
magnetic pipe-force H', the induction (crack-force) B, the magnetizing 
force F, the magnetic dipole strength per molecule «■*, the volume sus- 
ceptibility K m and the permeability 8 m are exactly the same as those between 

P, E', D, F , 6*, K e and 8 e respectively. We have in fact the standard 
relationships / = **•(#' + **/), 

B=4nl + H' = 8 m H' (S m =l +4 TTK m ). 

These lead at once to 

^4 * * K ... 

g— To = 3 1TUK*, nK* = —- 4 m . 

1 + 3 7TK m 

We shall drop the magnetic suffix m whenever no confusion can arise. 

In magnetic problems it is usual to work in terms of susceptibilities, and 
it is almost always true except in ferromagnetics that We shall 

make this assumption except where it is explicitly stated otherwise. It is 
then allowable to ignore the differences between B, H’ and F and to identify 
them all with the magnetic force H in vacuo outside the medium. 

I he calculation of k* is identical in form with the calculation of 6*. We 
can for example construct a partition function for the rotations and orienta- 
tions of any molecule including magnetic effects in the form 

f(T) = 2 m u e-i ( «-euU-ip u W) kr (1315) 

ps 

and find at once I = nkT —\ 0 gf(T). (1316) 

Any rigid body model with fixed magnetic moment p treated classically 
leads at once to an extra factor 

sinh (nH/kT) 

fJf/kT (1317) 

in the partition function /(T) and therefore to Langevin’s formula 

*_ kTVixH fiH "] 

K “ m [jJf coth jf ~ 1 J • ( 1318 ) 

t For further details and references see Van Vleck, KlcCnc an, l Magnetic SuscepObUities, p. 280 . 
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For the common case of p HjkT small we have 



( 1319 ) 


This is the paramagnetic susceptibility . 

The additional constant term of the dielectric theory reappears here 
too. It is usually of negative sign and represents the diamagnetic effect of 
the magnetic field on the electronic orbits in the atoms or molecules. In 
certain cases, however, notably among the rare earths, it contains an im- 
portant positive part which may even contribute the greater part of the 
paramagnetic effect. The complete value of k* is therefore 



( 1320 ) 


Paramagnetic moments are always associated with mechanical moment 
of momentum. When large they always arise from unbalanced electronic 
orbits or unbalanced spins of the electrons themselves. The proton and 
many other atomic nuclei possess magnetic moments which are of the order 
of one thousandth of those arising from electrons. The rotating nuclei of a 
polar molecule can also give rise to a magnetic moment but this again is 
very small. These small terms and the diamagnetic part of fi in ( 1320 ) can 
always be ignored compared with the electronic paramagnetic terms when 
these do not vanish identically, except for a degenerate gas of free electrons 
(§ 12 - 7 ). 

For a magnetically polar molecule the symmetrical top model with its 
magnetic moment along the axis of figure is thus the only not entirely in- 
adequate model which can be discussed in detail with any simplicity. The 
analysis of § 12-33 would then apply with obvious changes and lead to 
Langevin’s formula. The general theory of Van Vleck described in § 12-4 
show's however that Langevin’s formula, or better ( 1320 ), applies generally, 
and that too without change in p or whether or not there is spatial quan- 
tization. f 

Atomic and molecular magnetic dipoles are measured in terms of Bohr s 
magneton. It is well known that any central orbit of area S described in 
time r by an electron has a mechanical moment of momentum 2mS/T and 
is equivalent to a magnet of moment eS/rc. The ratio of magnetic to mechan- 
ical momentum has therefore the standard value c/2mc, a ratio which is 


f Doubt had been thrown on this independence of spatial quantization by the experiments o 
Glaser, Ann. d. Phyaik , vol. 75, p. 1059 (1924). Later work (Lehrer, Zeit.f. Physik, vol. 37, p. 155 
(1926); Hammer, Proc. Nat. Acad. Sci. vol. 12, p. 597 (1926)) had shown that Glaser s e ^ ec J' j' 43 
spurious, being probably due to inadequate drying of the gases used, ani that the susceptibi ity 
was accurately proportional to the pressure at low pressures for air, 0 2 , C0 2 , N 2 and H 2 . 
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preserved by quantum mechanics. For a system containing electronic 
moment of momentum M , purely orbital in origin, we have 

M ^ {j ^ = 4 (1321) 


where j is the angular momentum quantum number. The value of ehi^nmc, 
which was equal to /x for the normal one-quantum orbit of hydrogen in the 
older quantum theory, is known as Bohr’s magneton. Its numerical value is 
9*23 x 10 -21 electrostatic units. The empirical unit, Weiss’s magneton, is 
smaller by the factor 4-967. It is easily seen that exact multiples of Bohr’s 
magneton are not to be expected in observations. 

The ratio of magnetic to mechanical momentum for the spin of an electron 
has on the other hand the double value ejmc. If the resultant electronic 
momentum is contributed partly by orbital momentum and partly by spin, 
we have 

<*-« <i322 > 

The factor g is known as Lande’s splitting factor. In a molecule there is in 
addition the angular momentum of the rotation of the molecule as a whole 
which does not contribute to /x. 


§12*51. Paramagnetism of gases. There are only two known gases which 
are normally paramagnetic, 0 2 and NO. For these theory and experiment 
are in exact agreement. The normal state of 0 2 is a term 3 S 1 , so that its 
residual electronic moment of momentum is due purely to electronic spin 
and its magnetic moment should be given by (1322) with g = 2, j= 1. The 
conditions of Van Vleck’s general theorem (§ 12-4) are well satisfied, and we 
obtain an atomic susceptibility given by (1319) or (1320) with /x equal to 
2 yj2 Bohr magnetons, irrespective of the precise nature of the coupling of 
this momentum vector to the molecular frame. The observed value is 2*84 
Bohr magnetons. 

The theory of NO is not so simple. The normal electronic state is of type 
2 I1^. The other state of the doublet is 2 II| with a separation of 122 wave 
numbers. At room temperatures this separation is comparable with kTjhc 
( = 200). We have therefore to take account of the equilibrium distribution 
between the two states of the doublet and also to make special calculations 
since the usual condition that all precessional frequencies are small compared 
with kTjh is not fulfilled. Van Vleck’s result! is that k* = (/x efl ) 2 /3&T, where 


Meff 


- 2 J 


1 — e~ x + xe~ 


x(l+e~ x ) 



JcT 



t Van Vleck, Electric and Magnetic Susceptibilities , p. 270. 
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The excellent agreement between theory and experiment is shown in 
Fig. 54. 



Fig. 54. The effective average magnetic dipole moment of NO. 


§ 12 * 52 . Paramagnetism of atomic ions. Similar considerations * apply to 
the para- and dia-magnetism of atoms or atomic ions. Generally speaking 
these must be studied in liquid solutions, or even in solids, rather than in 
gases, but the theory of the effect is the same, as it does not matter whether 
or not there is spatial quantization so long as the ion is rotationally free 
to respond to the orientating field. The theory of paramagnetism for an 
atomic ion is simpler than for a molecule, since the magnetic moment is 
always directly proportional to the total mechanical momentum and the 
independence of spatial quantization can be established very simply. If the 
magnetic field lies along the 2 -axis the atomic paramagnetic susceptibility 
is easily shown by the argument yielding (1299) to be proportional to the 
average value of M^/lcT, where M z is the 2 -component of the total angular 
momentum M . When there is spatial quantization 

M g = sh/27T (-j ^s ^ j ). 

Thus the average value of M z 2 is 


8 =+>s 2 h 2 


h 2 




(1323) 


for the square of the total angular momentum is j(j + 1). This result holds 
whether^* has integral or half-integral values. The result that M 2 = \M 2 with 
spatial quantization means of course that M 2 has the same value as with 
random orientations, which is Van Vleck’s theorem in this special case. In 
comparing the theory with experiments and determining atomic magnetic 


* Van Vleck, loc. cit. 



12 - 52 ] Susceptibilities of Solutions of Atomic Ions 465 

moments it must be remembered that M is given by (1321) and that the 
magnetic moment associated with M is gM not M Bohr magnetons. 

It is now possible to make a fairly satisfactory comparison between 
observed and theoretical values of p for atomic ions in solution or in solids 
for the rare earth and iron groups of elements. Data for the palladium and 
platinum groups are still somewhat fragmentary and will not be discussed. 
Table 47 gives the data for the rare earth group. The values of p in Bohr 
magnetons given in column 6 are calculated from (1322) with the values of 


Table 47. 


■ and calculated magneton numbers for th 
ions of the rare earth group in solutions. 
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Magnetons (observed) 
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10-6 
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0-00 


Cabrera 

St Meyer 
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0 

2-39 

2-77J 

3-60 

3-47 

3-62 

3 51 

1-54? 

1 32 

3 61 

3 12 
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8-1 
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10-5 

10 6 

10 5 

10-4 

9-5 

9-4 

7-2 

7-5 

4-4 
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0 


| For Pr+++ + . 

The alternative values in Van Meek’s column for Sm+++ and Eu + ++ Arp nhtoinori k 

° f the 8Creening constant for 4 3 orbits in calculating the multipleUnTe^als- 
the smaller value to a screening constant 33 and the larger to 34. P 

j and g for the normal term of the corresponding ions specified in columns 
1-S. The normal terms are those derived from general spectroscopic laws fo - 
the specified numbers of 4 3 electrons and have not been checked by spectro- 
scopic evidence. They are not however open to doubt.* It will be seen that 
there is excellent agreement except for Sm+++ an d Eu+++. The cause of the 
discrepancy here has been established by Van Vleckf who has shown that 
for these ions the term in /? makes an important contribution, and the lowest 
state of the normal multiplet is not well separated from the next higher one. 

t‘ it Per '° dl3Che SyStem der EUm ^ < 1927 >- 
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Van Vleck’s corrected values are given in column 7 and are in excellent 
agreement with the observations. We conclude that the rare earth ions in 
solution have their magnetic elements (the incomplete group of 4 3 electrons) 
so deeply buried in their structure that they behave magnetically in solu- 
tions (and sometimes even at ordinary temperatures in crystals) just as if 
they were undistorted free ions, in almost exact agreement with statistical 
theory. 

Since the susceptibility of Sm +++ and Eu+++ arises from more than one 
state of the multiplet and largely from the ft term, the magneton numbers 
for these ions are markedly temperature-dependent. These susceptibilities 
are shown as functions of the temperature in Figs. 55 a, b. The normal 
temperature variation would be given by a rectangular hyperbola, with the 
axes for asymptotes. 
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Fig. 55 a. Fig. 55 6. 

The observed and theoretical susceptibilities per mole (N**) for Sm +++ and Eu + ' r+ 
in various salts ; a is the screening constant adopted in the calculations. 
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Similar calculations can be made for the iron transition group. It is at 
once seen that for the ions of this group there is no agreement between the 
observed magnetons and those calculated either for the lowest term or for 
the complete multiplet, except for Mn ++ and Fe^' 1 " where the multiplet is 
an /S-term. This suggests that the orientatable element in these ions is only 
the electron spin and that the orbital angular momentum is “quenched 
by the interaction with the field of the surrounding atoms w hich has not 
spherical symmetry. The incomplete group of 3 2 orbits is here the outermos 
group in the atom and is not well screened from neighbouring ions as is the 
4 group in the rare earths by the completed 5 0 and 5 X groups. This in r 
pretation is confirmed by comparing the observed values wit t e as 
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calculated column headed “spin only”, with which the agreement is on the 
whole very good.f It can be shown that the orbital magnetic moment will 
actually be quenched in this way, leaving the spin moment unaffected, 
provided that the asymmetrical external fields are sufficiently strong.J 


Table 48. 


Observed and calculated magneton numbers for atomic 

ions of the iron transition group. 



§ 12-6. Saturation effects. Throughout both the electrical and the magnetic 
discussion we have so far assumed that the approximation of replacing 
(1286) by (1287), or the equivalent, can be made— that is that a F/lcT or 
P F lk T is sufficiently small. So long as this is true 0* or § ** is independent of 

F and the relation between P (I) and F a linear one. For strong fields and 
low temperatures this approximation cannot be made. Higher order terms 
m the distortion effect of the field become significant, but, what is more 
important, a saturation effect sets in when the dipoles still available for 
orientation are beginning to become appreciably scarcer. The electrical 
saturation effect must be taken into account in any proper theory of the 
nature of a polar liquid in the immediate neighbourhood of a dissolved ion 
If the induced polarization of the atoms can be neglected, the Langevin 


t Sommerfeld, Physilcal. Zeit. vol. 24, 
Stoner, Phil. Mag. vol. 8, p. 250 (1929). 
X Van Vleck, loc. cit. p. 287. 


p. 360 (1923); Bose, Zeit.f. Physik , vol. 43, 


p. 864 (1927); 
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formula (1286) remains correct for this case, but we shall not attempt to 
discuss the phenomenon further here, as it is hardly yet susceptible to 
direct experiment. 

The phenomenon of paramagnetic saturation at low temperatures and 
great field strengths is more important and has been extensively studied for 
ions of the rare earth and iron groups. The necessary theory is now very 
simple. An atomic ion has no variable rotational energy but merely so many 
different possible orientations in the magnetic field. In amplification of 
§ 12*51 we see therefore that it has an orientational partition function, in 
the field H , 




0(T)= 2 e 80n B H/kT f 


(1324) 


8=-J 


where /j i B is one Bohr magneton. Thus 


O(T) = 

It then follows at once that 


sinh {(j+l) gf i B H/kT} 
sinh {\gix B HjkT} 


(1325) 


I = tik*H = nkT l°g 0{T), 


dH 


= ngix B ^(j + $)coth 


lcT 


-Icothte^J. ...(1326) 


When #->oo, / tends to its saturation value 

= ngn B j. 

For small values of H we have the result 

0 

which we have already proved and used in § 12*52. The saturated value of 
/ corresponds classically to a dipole g^ B j per atom while the initial value 
of I corresponds to gi*- B [j(j+ 1)]* per atom. This quantal distinction arises 
from the non-commuting properties of the components of angular momen- 
tum. The function defined by I = I m B 1 (gn B H i /kT) is often called Brillouin’s 

function, t 

A particularly important special case arises when^ — J ( g is then 2). © 

have then u 

I = tik*H = n/j, B tanh > — 


(1327) 


[/oo = nfji B ; I ~np B 2 H/kT]. 


(1328) 


When g^ B -> 0, j->oo in such a way that jg^ B 
Lange vin function of equation (1318). 

+ Brillouin, J . de Physique, vol. 8, p 


a 


we recover the classical 
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Fig. 56 shows a number of these functions drawn for the same value of 
the initial slope, that is of /Xeff==<7M B [jO + 1)]* ar *d different values of j\ they 
are shown as functions of Hp^jkT. The curve for j = \ should fit the 
observations for the Gd +++ ion. The crosses in the figure show Woltjer and 
Onnes’* observations on hydrated gadolinium sulphate Gd 2 (S0 4 ) 3 . 8H 2 0 
and are in perfect agreement with the theory. 



Fig. 56. Curves showing magnetization as a function of Hy. e ff/kT (Brillouin’s functions). The 

approach to saturation is clearly shown. The x are observations for gadolinium sulphate, 
for which the theory gives the curve marked j = l in excellent agreement. 


§12*61. Entropy of magnetization. We consider the thermodynamics of 
polarizable media in greater detail in § 12-91 as an introduction to ferro- 
magnetism, and to some extent also in § 1 2-3. In this section we shall merely 
supplement these results by giving such formulae as are required to under- 
stand the theory of cooling by demagnetization, a process which has been 
shown to be of great importance in the attainment of very low temperatures, f 
It is simplest to start by considering the entropy contribution made to an 
assembly by the orientations only of N atoms or ions such as those of the 
preceding section. By (594) this entropy contribution for N ( — nV ) atoms 
in a given field H is 

S(H, T) = Nk [ log 0(T) + T 81 °|g (r) ] (1329) 

O(T) being given by (1325). The explicit formula is 


S(H,T) = Nk log slrA {(i+i)^a^H _ HIV 

K sinh {top„H/kT} T ’ 


(1330) 


• Woltjer and Onnes, Comm. Phys. Lab. Leiden, No. 167 c (1923). 

t J- Amer. Chem. Soc. vol. 49, p. 1864 (1927); Debye, Ann. d. Phynk, vol. 81, p. 1164 

\ L v«U|« 
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where 1 is the intensity of magnetization as given by (1326). When T->0 
for fixed //, we have S(H y T) -> S(H, 0 ) = 0 . When H Ofor fixed T , we have 

S(H y T) S(0, T ) = NIc log(2j f -f 1); results which are otherwise evident. The 
energy contribution of the magnetization is given by 

E = NkT 2 ~ log 0( T ) = -HIV. (1331) 

It is finally easy to show that 

dS _ HVdl 
dH~~ T SH <0 ’ 

so that S( 0, T) — S(H,T) is always positive, the orientational entropy being 
always diminished by magnetization. 

§12*62. Cooling by adiabatic demagnetization. Let us now suppose that 
such an assembly, magnetized at temperature T , is thermally insulated (as 
perfectly as possible) and the magnetic field removed. It is to be remarked 
that this is a process in which the entropy of the assembly remains constant, 
but the energy does not. As the magnetization changes with change of H 
currents will be induced in the magnetizing coils tending to keep the flux 
through the coils constant. The energy for these currents is provided at the 
expense of the internal energy of the assembly. Formula (1331) cannot 
therefore be used, but we can proceed as follows. Let S A (T) be the entropy 
of the assembly apart from the orientational term here considered. Then 
since during demagnetization the total entropy is constant and since 
S(0, T) is independent of T , 

S A (T)-S A (T') = S(O y T)-S(H,T) (1332) 

The right-hand side of (1332) can reach valties as high as 3*2 cal./deg. for 
H = 20,000 gauss, T= 1*3° K. and an assembly containing one gram-ion of 
gadolinium. Since at these low temperatures specific heats normally become 
small, compared with 6 cal. /deg. /gram -atom the cooling on demagnetization 
can reach values of the order of the total initial temperature. Such cooling 
experiments have been successfully carried out by Giauque,* Simon, t and 
de Haas.J 

The formulae here used would allow the cooling on demagnetization to be 
greater than the initial temperature, so that negative temperatures would be 
reached contrary to the laws of thermodynamics. This cannot actually 
happen even for the ideal assembly here discussed because at sufficiently low 
temperatures it would necessarily become ferromagnetic and therefore fai 
to demagnetize when the field is removed. Actual assemblies fail to follow 

* Giauque and MacDougall, Phys. Rev. vol. 43. p. 708 (1933); vol. 44, p. 235 (1933). 

f Kurti and Simon, Proc. Roy. Soc. A, vol. 149, p. 152 (1935). 

X de Haas, Wiersma and Kramers, Physica, vol. 13, p. 175 (1933). 
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these formulae even earlier for another reason, namely because the field to 
which the magnetic elements of the ions are subjected must contain some 
fraction which has the symmetr}' of the crystal and therefore less than 
spherical symmetry. Such a field will split the states of the ions so that they 
are no longer degenerate when H = 0. This splitting will make itself felt as 
soon as kT becomes of the same order of magnitude as the energy differences 
of the splitting and result in a large increase in the specific heat. These 
aspects of the effect are discussed further in Chapter xxi. 


§12*7. The para- and dia-magnetism of a degenerate gas of free electrons. 
The paramagnetism of the alkalis * Since electrons carry a magnetic dipole, 
being systems with j =\,g = 2, a gas of free electrons must be paramagnetic. 
When the density of the electrons is so low that classical statistics may be 
used, the results of the preceding sections may be applied at once as if the 
electrons were localized systems. When however the gas is degenerate and 
the Fermi-Dirac statistics must be used, a new investigation is necessary. 

Let us consider N electrons in a volume V (N/V= n) and field H and adapt 
(224) to this more general problem by grouping separately the electrons 
orientated down the field and against the field. For such an assembly, the 
factor 2 in (224) drops out and 


„ ( 27 TmkT)%V 2 f°? . 

z ± = ^ x*log(l +p ± e~ x )dx (/z ± = Ae ± / x * H/ * r ). 


h 3 


(1333) 


• • • • 

The magnetization is determined by the usual equation 

IV = kTdZ/dH. 

The interest of the calculation lies in the form of I for a nearly degenerate 
assembly. In this case equation (229) maybe used for Z ± from which we find 


(1334) 


Z = 


(2n mkT)% V 2 

~h 3 J 


lVtlogP'-*-)' + (l°gp_)-] + — [(log/Z-f-)* + (logp_)*] 


or, correct to terms in // 2 , 

(2n mkT)$V 2 


(1335) 


Z = 


h 3 


l [^( lo g *)* + J (log A)* + (log A)i] . 


By (1334), the volume susceptibility k is given by 


(1336) 


n - I - 2 (2 ™kT)i 2 


H 


h 3 Jn/cT 


(log A)*, 


(1337) 


* Pauli, Ztit.J. Physik, vol. 41, p. 81 (1927); Frenkel, Zeil.f. Phynk, vol, 49, p. 31 (1928). 
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where A is given by (1001). It is easily verified from (1336) that A is un- 
affected by H to the desired order. Thus 


K = 


47 Tmfx B 2 [ 3n\^ 


h 2 


77 


H- 


8tt 2 m 2 lc 2 T 2 


3 h*(3n/n)\ 


(1338) 


The temperature-dependent term is negligible at all ordinary temperatures. 
The remaining small constant paramagnetic susceptibility is of the order 
of the small susceptibilities observed for the alkalis which are para- 
magnetic, but temperature-independent. It is however also of the order of 
the usual diamagnetic susceptibilities, and it is necessary before comparing 
(1338) with experiment to examine whether a gas of free electrons has also 
any diamagnetic susceptibility due to modification of the orbits in the 
magnetic field. 

§ 12 * 71 . Absence of diamagnetism for a gas of free electrons in classical 
theory . In classical theory the energy of an electron is not affected by a 
magnetic field (apart from its energy of orientation if it is thought to carry 
a magnetic dipole) and therefore Max- 
well’s and Boltzmann’s distribution 
laws continue to apply to its trans- 
latory motion unaltered. If therefore 
one considers the current carried by 
the electrons in any direction past any 
fixed point in the gas, this current is 
always exactly zero whether or not a 
magnetic field is acting. The gas of 
classical free electrons can therefore 
have no diamagnetic susceptibility, 
since no current is generated by the 
magnetic field. It is however easy to 
cast doubt on this argument by con- 
sidering the paths of the actual elec- 
trons, which (in the plane normal to H) are all circles in the same sense 
about the field, each one making a diamagnetic contribution (see Fig. 57). 
The contradiction is removed when it is remembered that the electron gas 
must have a boundary and that near the boundary the average movement 
of the electrons must by repeated reflection be a creep round the boundary 
in the opposite sense. These few large orbits exactly balance the effect 
of the many smaller orbits in which electrons circulate in the ordinary 

direction.* 

• Bohr, Studier over Metallemes EleJctrontheori , Dissertation, Copenhagen (1911). 



Fig. 57. Illustrating the absence of dia- 
magnetism for classical electrons. 
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§12*72. Diamagnetism of a gas of free electrons in the quantum theory. In 
the quantum theory however this balance is no longer exact and diamag- 
netism results. Ihe reason for this is that in the quantum theory the wave- 
functions are modified by the boundary, for example they must tend to zero 
at a rigid wall, and further that even apart from this boundary effect the 
possible momenta normal to the field which can vary continuously in the 
absence of a magnetic field are quantized in the presence of the field, facts 
which destroy the perfect classical balance. This was first pointed out bv 
Landau.* Y\ e shall follow Darwin’sf exposition based on a simple soluble 
model in which the walls of the enclosure are represented by a special field 

of force. Ihe result for a free electron gas is obtained by making this field 
tend to zero. 

Consider an enclosure bounded by rigid plane walls a distance a apart 
normal to the axis of 2 along which the magnetic field H acts, and by the 
potential energy \B(x 2 + y*) at right angles to H. We shall ultimately 
represent free electrons by letting B-+0. Schrodinger’s equation for the 
electrons in such an enclosure may be shown to be 

h 2 /d 2 ifj 1 dip 1 d 2 ip d 2 ip\ ihojdtfj 

-8vbn\dr i+ rdr + r*M* + w)~~2^dd + ^ B + mw ' )r 

(1339) 

where «i ( = |e|tf/2mc) is the Larmor precession. The equation separates in 

these variables and the characteristic values, which are all we require, are 
easily shown to be 

^ = ^[^ 6 ( 2 n + |/| + l)] + ^_ s 2 ( 6 =( I+ -A Xi 

( 00 < Z < 00, 0 <n<oo, 1 ^8 <oo) (1340) 

To determine the equilibrium properties of this assembly we have to 
construct and evaluate 

00 co 00 

Z=2 T, 2 2 log(l + \e~ E i,*,s lkT ) i (1341) 

8= 1 n = 0 1= — 00 ' ' 

or if A is small then merely the partition function 

F(T) = 2 2 2 2 e~ E i> i ',*i kT , / 1 Q 4 o \ 

s=i n=oz=-oo ' 

When A is small the summation merely gives a factor independent of H 
and may be omitted. We have then to evaluate 

2 2 e -o(/+&<2n+;/i+i)) / hw y. B H\ 

n= 0 z= — oo \ 2nkT lcT )’ •••(1343) 

which sums at once to e< * 

• Landau, Zeit.f. Physik , vol. 64, p. 629 (1930). 
f Darwin, Proc. Carnb. Phil. Soc. vol. 27, p. 86 (1931) 
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NkTdlogF(T) n,fjL £ 3 log F(T) 

Kd VH m ~ H fo ’ 


we find on letting B-+0,b 


K d = 


n t L B 

H 


^PbH kT 

°° th TT + ^H 


(1344) 


To this diamagnetic k must be added the paramagnetic effect of the spins 
to obtain the complete result. By (1327) this is 

^ tanh . 


H 


kT ' 


Thus the complete result for classical statistics is 


K = 


n l x B 

H 


’ kT 


sinh (2 /jL B HjkT) 


(1345) 


When the saturation can be neglected, this reduces to 


_ 2 


f nfx B 2 /kT, 


(1346) 


which is two-thirds of the value uncorrected for orbital diamagnetism. It is 
clear that the (paramagnetic) orientational energy could be incorporated 
from the start by replacing (1341) by 

Z= 2 S 2 log{l + Aexp[ — <x(l+ 1-f 6[2n+ |Z| 4- 1]) — h 2 s 2 /Sma 2 kT]} 

8=1 n= 0 l— — oo 

-f log{l -f Aexp[ — a(Z— 1 -f b[2n+ |Z| -f 1]) — h 2 s 2 ISma 2 kT]} (1347) 

For a degenerate gas it is necessary to evaluate ( 1 34 1 ) or ( 1 347 ) for A large. 
Greater accuracy is required than replacing the sums by integrals, and we 
shall therefore use the formula 

vt rvt+t 1 r "li/.+i 

2 F(x)=\ F{x)dx--\F'{x)\ (1348) 

x=vx Jv i-i L Ji/i-l 

Since a comparison of (1344) and (1345) show's that there is no universal 

relationship between the diamagnetic and paramagnetic parts of the 

susceptibility, we shall be content to evaluate (1341) and (1347) for almost 

complete degeneracy. In that case if A = e^, /J large, the summand may be 

taken to be j8-{ocZ + b(2n+ \l\ + l)}-y* 2 

to be summed over all those values of Z, n, s for which it is positive. It is 
convenient to sum in the order s , Z, n. The ^-summation is independent of 
H and merely provides a weighting factor. It is therefore sufficient to use 
the ordinary integral approximation. For the l and n summations (1348), 
or its equivalent, is necessary. We then find without difficulty that 


16 


P l 


Z = 1 H ~ 

105 a 2 (6 2 — 1) y 


Lr- 2 _L_-A>. 

/*L 9 6 2 — 1 9J 


( 1349 ) 
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The first term is independent of H . The second contains in 1 /(b 2 — 1) a term 
proportional to H 2 . 

The interpretation of the absolute meaning of this result would be slightly 
tedious. This can be avoided by comparing it with the similar deduction 
from (1347) which contains the paramagnetic term. On summing this in 
the same way we see that the only difference is the loss of a factor 2 and the 
substitution of two partial sums in which the £ of (1349) is replaced by 
P + a and /? — a respectively. Thus 


v 8 1 (ff + a)* + Q8-«)* 1 r 

1 105 yi a 2 (6 2 — 1) 2y*L 


2 1 

9 b 2 — 1 



The H 2 terms in (1349) and (1350) are respectively 


2 1 0 * 


1 


' (2 _ 2 \ _ r 

9y*(6 2 -l)’ 3 b V(& 2 -1) 


(1350) 


Thus the diamagnetic term is again - $ of the paramagnetic term as in the 
classical limit. The true value of the paramagnetic susceptibility of a 
degenerate electron gas is therefore 




(1351) 


Such comparison with observation as is possible for the alkalis is shown in 

Table 49. The order of magnitude of the variation with atomic number is 

roughly correct. It must be remembered that the large positive ions of 

Rb and Cs will make a considerable diamagnetic contribution which has 
been ignored in these calculations. 


Table 49. 

Observed and calculated molar susceptibilities for the alkali metals. 



Na 

K 

Rb 

Cs 

10 7 * calc. 
10 7 /c obs. 

T* 00 

rh 10 

3-5 

51 

3-3 

0-6 

30 

-0-5 


§12-8. Dissociative equilibria in magnetic fields. We take up again a 
question left over from §5-8, as to possible effects of magnetic forces on 
dissociative equilibria, when some or all of the systems concerned possess 
permanent magnetic moments. A typical example is the dissociation of 
the halogens, for halogen atoms must be paramagnetic with a normal state 
2p i (9 = i), while the halogen molecules are known to be diamagnetic We 
shall be content to discuss only the simple typical case of the reaction 
A 2 ^2A, where X is an atom. We shall retain only terms linear in H in the 
energies used in the partition functions for the atoms, which give the whole 
paramagnetic effect in this case, and ignore all magnetic effects on the 
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molecules. The atoms may be assumed to be orientated by the field and to 
be internally in their lowest quantum state. The magnetic states will be 
assumed to be non -degenerate, of weight unity (§ 14-2). 

The partition function (1296) must be generalized to include space- 
variable magnetic fields. Let us start by considering the various magnetic 
states separately. Then the atom in the sth state will have a potential energy 
— nfi in the field and therefore a partition function 

f s (T) = F(T)V s (T), (1352) 

where F(T) = @™* T)§ , V S (T) = J j j f 1 ’ BlkT dq l dq 2 dq a (1353) 

The partition function for the atoms as a whole will therefore be 

f(T) = X s f s (T) = F(T) V\T) [V'(T) = Z S V 9 (T)] (1354) 

The partition function VG(T) for the molecules is spatially constant and 
need not be further specified. The numbers of atoms of any magnetic type 
in a selected volume element will be given by the usual formula of type (560). 

In the absence of the magnetic field the dissociative equilibrium is fixed 
by the equation — 

x */v om 

(X/V)* j 2 F 2 (T) ’ ( ’ 

where j is the number of magnetic states. When the magnetic field is acting 

*2 <HT) V 

(Z)» F*(T) X [V'(T)r ( } 

In any selected volume element 8V, let x 3 be the average number of atoms in 
the 5th magnetic state and x 2 the number of molecules. Then 

T" X ~v 

—L _ . * plisBlkT _ 1Z pH'HIkT 

8V V S (T) V'(T) 

and if x = ll 3 x~ 8i 

~x 2 !8V = ~X 2 /V 1 

(x/8V) 2 ~ {. X/V'(T )} 2 (2 S e f x » n,kT ) 2 ’ 

- G( ~ T ) 1 (1357) 

F*(T) (L s er.nikT)2- 

There is nothing to the discredit of this equation, but unlike the corre- 
sponding equation (563) it yields a space-variable equilibrium constant. Its 
form however suggests that the fundamental reaction should be regarded as 

X 2 +zX 8 + x _ 8 

for the various values of s and not crudely as X 2 +*2X. If this is right, then 
magnetic and mechanical moments parallel to the field are conserved in 
recombination or dissociation, and for each fundamental constituent of the 
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reaction we have a space-constant equilibrium constant as before. Equation 
(1357) is of course unaltered by these considerations as to mechanisms of 
interaction, but the fundamental equations of the dissociative equilibria are 


x 2 /SV 

*7/8 V . F7/8 V 


G(T) 

F 2 (T) 


(all s). 


( 1358 ) 


It seems likely that the reaction must be of this form. It is difficult to see 

how all processes of dissociation can generate angular momentum parallel to 

the field, but this is necessary if the dissociation (and recombination) are 
to be of the more general type. 


§12-9. Ferromagnetism. In bodies of the type hitherto discussed the 
magnetic polarization (intensity of magnetization I) is always a very small 
fraction of the applied magnetic field, so that differences between B, H, H' 
and the effective field F can 
be entirely neglected. In 
sharp distinction the es- 
sential property of a ferro- 
magnetic at low tempera- 
tures is that a very large 
magnetization can be pro- 
duced by a small field H , 
and that moreover this 
magnetization can continue 
to exist when H is removed, 
provided the temperature 
is less than a critical value. 

The relationship between H 
and I at constant T starting 
from an apparently un- KQ x 

... 9o. The hyeteresis-loop of an ordinary 

magnetized state IS some- specimen of a ferromagnetic. 

what as shown in Fig. 58. 

The persistence of the magnetization when H is removed is called remanence 
and the whole 1-H curve the hysteresis-loop. It indicates a non-conservative 
system; there is an irreversible conversion of magnetic energy into heat in 

each cycle specified by the area of the hysteresis-loop, ^IdH . 

The shape and size of the hysteresis-loop is however not a primary pro- 
perty of a ferromagnetic. It is highly structure-sensitive in Zwicky’s sense- 
the property of acquiring rapidly, in small fields H, a large magnetization 
which then is unaffected by further increase of the field is within wide limits 
structure-insensitive, and must be regarded as fundamental. If we examine 
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a single crystal of iron or nickel, the better the crystal and the purer the 
metal the smaller the area of the hysteresis-loop. From such experiments 
one concludes that the ideal 1-H curve which the theory of ferromagnetics 
must begin by explaining is a discontinuous but reversible curv*> of the type 
shown in Fig. 59. The discontinuity 2/ 0 ( + 7 0 ^-/ 0 ) a t H = 0 must be a 
function of T which vanishes when T^T C . T c is a critical temperature 
called the temperature of the Curie point. As H increases at constant tem- 
perature I increases, but slowly, so that very strong fields are required to 
increase I appreciably beyond I 0 except near the Curie point. / never 
exceeds /«, which represents complete saturation of the magnetization. As 

T^O,I 0 (T)^Iao. 



Fig. 59. The ideal I-H curve for a ferromagnetic. 


For ferromagnetics H , //', B and F must be carefully distinguished. The 
quantity which must be used however depends on the nature of the problem 
in hand. In constructing a proper theory of a ferromagnetic one must 
consider not individual atoms but the whole magnetic material or at least a 
substantial part of it. If one considers the whole substance, then the inter- 
actions of the elementary magnets it contains must be included in con- 
structing its energy values and it is only the field H due to external bodies 
which may be thought of as acting on the magnetic substance as a whole. 
It is also true when we discuss the thermodynamics of magnetization that 
it is the external field H which must be considered to act on the body. The 


internal interactions affect only the energy of the body as a function of the 
magnetization. If one considers a substantial block of the magnetic sub- 
stance for which the rest of the magnetic substance is an external body, then 
it is F that must be used. In certain cases F may, as we shall see, be simplified 


to H '. Finally when one starts to construct a theory of ferromagnetism as 
Weiss did, by generalizing the theory of the susceptibility of a gas, the 
effective field acting on the individual magnetic elements is of course F. 
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A satisfactory formal theory of ferromagnetism was first given by Weiss 
using the theory of Langevin for paramagnetics expounded in the previous 
sections. In the exact theory of § 12-5 we have 

I = n\j.L{x) (x = fiF/kT), 

F being as usual the effective magnetizing force acting on the molecular 
magnetic dipoles. Thus strictly F = H' + ^n I if the magnetism arises from 
bound atomic electrons. If we take these formulae as exact, we can get 
nothing like ferromagnetism at ordinary temperatures. But if we suppose 
that we have somehow overlooked some important term in the energy, 
which in fact (see § 12-91) need not be magnetic, we may write in place of 


n(H + vl). 


(1359) 


There is here no sense in a distinction between H and H'. I is then given by 


I - nfiL(x) = rifxL 

hr 


fji(H + vl) 

kT 


(1360) 


We have now to determine / as a function of H from (1360). To do so we 
write y= I/rifi, and plot on the same diagram the two functions 


T . , kT H 

y=L(x), y = — r x 

u/jlv 


(1361) 


The intersections determine possible values of I. The form of L(x) is shown 



Fig. 60. Determination of values'of / satisfying (1360). 


in Fig. 60. It is monotonic, of steadily decreasing slope as *->oo, the 
maximum slope being J at x = 0. 


(i) If the slope of the straight line is greater than that of L(x) at x = 0, i.e. if 



(1362) 


there can only be one intersection for any value of H. I is a monotone 
function of H , vanishing with H and tending to saturation ( ± ) as H -+ oo( + ) 
This is ordinary paramagnetism corrected for what are effectively extra 
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terms in F. A more exact calculation shows that in this case, for not too 
large values of H, 


/ = 


1 


nix 


3k(T — T) 


H. 


(1363) 


This is the modified law of Curie, well known to be obeyed by ferromagnetics 
when T >T C . It applies also, as a better approximation than (1319), to many 
paramagnetics not known to be ferromagnetic, with T c , that is v, of either 

sign. The excellent agreement of (1363) with the observations for nickel is 
shown in Table 50. 


Table 50. 


Paramagnetic susceptibility of Ni, T >T C . 


Theory: k 


I 0 00555 
H~ T- 645* 


Temp. ° K. 

10 ® k obs.* 

10®* calc. 

699 

103*4 

1031 

734 

63*6 

62*4 

782 

40*7 

40*4 

829 

29*8 

30*2 

888 

22*8 

22*9 

989 

16-2 

• 

16*2 

1095 

12*4 

12 3 


* Weiss and Foex, Archives d. Sci. phys. et nat Qenlve (4), vol. 31, pp. 4, 89 (1911) using 
polycrystalline material. 


This agreement is obtained by regarding the number n of contributing 
electron spins as an adjustable constant. According to (1363) the number 
must be 0*3 per atom in disagreement with the value 0*6 derived from 
saturation and from the specific heat. 

(ii) If T <T C as defined above, then the curves cut in three points for 
small values of H or one point for sufficiently large values of H. For small 
values of H we have three possible values of the magnetization, but of these 
only the numerically greatest root, which has the same sign as H, will be 
found to represent a thermodynamically stable state. [The middle root is 
unstable and physically meaningless. The smaller extreme root is meta- 
stable and might be expected to represent a state of remanent magnetiza- 
tion. But the ideal theory cannot be pushed so far and no such identification 
can be made.] 

One can see at once from the figure that, except when T is nearly equal to 
T c , /is very insensitive to H. This accords with the facts. By approximate 
solutions we easily find (/«> is the same as n/z) 

(T~T.-0), < 1M4 > 

'-'-HD < r - o) - 


(1365) 
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Equation (1364) accords with the facts, but equation (1365) does not. The 

fall of I from /*, as T increases is more gradual. This failure is corrected 

in Heisenberg’s version which substitutes the function tanhx for L(z), or 
better still in Bloch’s (§ 12-942). 

We thus see that Weiss’s theory with L(x) or better tanh z for its polariza- 
tion function gives an excellent general account of primary ferromagnetic 
phenomena, provided that we may use a suitable value of v. The necessary 

values Ni 14,000; Fe 12,000; Co 8,600, 

whereas the theoretical value is fw if we calculate v purely from the magnetic 
forces. But what Weiss’s theory really asserts is that the equilibrium must 
be calculated as if there were a large energy term per unitvolume,-/(#+i'/), 
of no matter what origin, depending on the magnetization in this way. This 
will be made clearer in the next section, on considering the thermodynamics 

of magnetic phenomena, which we include here because there is no con- 
venient treatment in the usual textbooks. 


§ 12 - 91 . The thermodynamics of magnetic pfu 
have the relation dE=TdS+SA 


where dE and dS are the increases of internal energy and entropy and hA 

the work done on the body during any specified small change of state. The 

special problems of the thermodynamics of polarizable media are con- 
cerned entirely with the calculation of 8^4. 

The correct form of SA can only be specified when the nature of the 
external arrangements for producing the magnetic field have been laid 
down, owing to the different reactions of the field producing agencies to a 
change of magnetization in the specimen under discussion. 

It is desirable for us to discuss the energy as a function of the magnetiza- 
tion / in a constant magnetic field. To do so it is necessary to suppose that 
the magnetic field is produced by external electric currents maintained by 

batteries or dynamos. These conditions are also those in which experiments 
are carried out. 


We will suppose to start with that H is uniform over the specimen, which 
IS isotropic so that H is always parallel to I, and the specimen itself of volume 
V is represented outside itself by a magnet of total magnetization V I. 
suppose that in time St the total magnetization increases by F87 T his wi]] 
induce an electromotive force in the circuit aVSI/St, where « is a geometrical 
constant, in such a direction as to keep the flux through the circuit constant 
that is in the opposite direction to the current * which produces the field H 
1 o keep H constant the batteries or dynamos must do more work and this 

* A more profound study has recently been given by Guggenheim, Pro c Rov ^ a , 
pp. 49, 70 (1936). ° y ' lboc * A » v °l- 155, 
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work is clearly the work done on the specimen. The amount of this work is 
(current) x (e.m.f.) x 8t. But the current is proportional to the magnetic 
field, being equal to H /a. Hence the work done on the specimen is VH8I. 
Change of L so long as I is constant can involve no (magnetic) work, as 
there is no change of external field of the body, no change of flux through 
the circuit and therefore no back e.m.f. 


There may also be a work term associated with a volume change. Thus 
in this simple case _ _^gj VH8I. /io**v 


(1366) 


It is easy to see that this can be generalized to 


8A= -p8V+J(H .8I)dV, (1367) 

when H and I are not necessarily uniform or parallel. It is to be remembered 
that in these formulae H is the field produced by external bodies and con- 
tains no term arising from I. 

As an example of a different work term for different conditions, consider 
a small body in a field H due to rigidly fixed permanent magnetic poles. 
There is a force on the body VldH/dx in the direction of x increasing if / 
and H are both directed along the axis of x. This force will do work VI8H 
on the body if the body is allowed to move through a distance 8x. This work 
might naturally appear as kinetic energy, but if it is turned into internal 
energy we have a state of affairs in which 


8.4 = -p8V+VI8H. 


(1368) 


The work term (1366) corresponds to the conditions we wish to examine. 
It is often permissible to ignore volume changes, and it is then more con- 
venient to use the total magnetization VI as a single variable, which in this 
section only will be denoted by £. Then 

dE=TdS + HdZ. (1369) 

This function 2?(S,Z) is a thermodynamic potential, which will give us all 
that we require. But it is not always so convenient a function as 

f(T y H) = E— ST — (df= -SdT-VdH), (1370) 

or Planck’s characteristic function T* = — f/T , which is the function con- 
structed by the statistical method, with the properties 

C r = ±(T* d £) (1371) 

Strictly T =^(V,T,H), and we have also p = TdWjdV unless we are ignoring 
volume changes. This specific heat is strictly C VM , defining the heat required 
to raise the temperature at constant volume and constant magnetic field. 



12 - 91 ] Thermodynamics of Magnetic Media 483 

We have tacitly assumed, in asserting that (1369) defines a thermodynamic 
potential, that there is a one-one relationship between H and 2 for given T. 
This precludes hysteresis, but is correct for our idealized system. 

By writing (1369) in the form dS = dE/T ~ Hd'L/T and asserting that 
iS(T,£) exists, we find at once that 


dE\ 

— 1 = - T 2 
32/ r STlT 1 ,, 


d / H 


(H = H(L,T)). 


(1372) 


If Weiss’s theory is correct, even if only in the very general sense that 

2 


= L 


00 


n(H + vZ/V) 
kT 


(1373) 


where L{x) may be Langevin’s function itself, or any other reasonable 

function of the same general form, then (1373) can be inverted and written 
in the form 


p 


00 


V 


(1374) 


This equation may be taken to be the complete formal expression of Weiss’s 
theory and represents the facts with considerable accuracy for constant v* 
This being so, it follows from (1372) that 


BE 

32 


vZ 

V ’ 


and therefore 


E=E{Tfi)-\v^lV. 


(1375) 

Conversely, if we merely have this dependence of E on 2 for no matter what 
reason, then, by reversing the argument, 

H+vX/V . ./2 


kT 


-■( 


00 



and we shall certainly have ferromagnetism so long as we have a suitable 
form for A'. The form of A' is of course not determined by thermodynamics. 
It will be useful to record here one more formula. Since by definition 

CydT = T(dS) V j 1 , 

(dE(T,0)\ / „2Wd2\ 

C'- [-ST- )„- ( H + V }{dT) , ( 137 «) 

When H = 0 this may of course be obtained by operating with djcLT on (1375) 
From the thermodynamic theory interesting magnetocaloric effects (and 
similar electrocaloric ones) can be deduced. We have not space to discuss 
these, for which reference can be made to Debye’s articlef or the original 

papers 4 

* Weiss, J. de Physique, vol. 2, p. 170 (1921). f Debye, loc. cit., p. 437. 

X Weiss, Archives d. Sex. phys. el not ., Genlve, vol. 45, p. 329 (1918); J. de Phvsiaup vnl « 

P. 161 (1921). y ^ ’ OL 
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§ 12*92. Heisenberg's theory of ferromagnetism * We have now to try and 
find a model which will give us an E with the correct dependence on2( = VI). 
Such a model, as we have seen in the preceding section will probably lead us 
to all the successes of VY eiss ’s theory . We shall of course achieve all our thermo- 
dynamic results by constructing and summing the models partition function. 

Since magnetization is a property of the whole system, it is useless to 
consider an assembly of many practically independent systems. Inter- 
actions are the essence of the effect. We consider a single system composed 
of a large number of carriers (atoms) arranged in a regular array as in a 
crystal. Each carrier carries a single orientating subsystem which is the 
magnetic element. We have to determine at least roughly the energies and 
weights of the accessible states of such a system including the interactions 

of the subsystems, and so form the partition function. The system is subject 
also to the external field H. 

The first question that arises is: What is the magnetic element? For- 
tunately the correct choice is the simplest possible — the spin of the electron 
itself. Orbital angular momentum of an electron in an atom, subject to 
interactions with neither spherical nor axial symmetry, cannot remain 
quantized at all, and has a mean value zero when the interactions are strong 
as they must be here. But the coupling of the spins to the unsymmetrical 
fields of their neighbours is weak, so that the resultant spin (and component 
spin parallel to H) of the electrons remains well quantized even in the 
lattice. It will clearly only be necessary to consider electrons in the in- 
complete shells of the atoms in the lattice. A completed shell has neither 
resultant orbital angular momentum nor electron spin and is so tightly 
coupled up in general that the neighbours will hardly disturb it. 

This necessary choice of the magnetic element explains in passing the 
so-called gyromagnetic anomaly in the Richardson-Einstein-de Haas effect. 

If a delicately suspended ferromagnet is suddenly magnetized, it is found to 
acquire a definite amount of angular momentum, and the theory of the 
effect obviously requires that 

change of magnetization magnetic moment of carrier 
acquired angular momentum ~ angular momentum of carrier* 

It is regularly observed that this ratio is twice that to be expected from orbital 
contributions, but agrees exactly with an electron spin origin for the whole 
magnetization, since the ^-factor of electron spin is 2.f 

* Heisenberg, Zeit.f. Physik , vol. 49, p. 619 (1928). 

f Refined experiments by Barnett [ Rev. Mod. Phys. vol. 7, p. 1 29 ( 1 935)] on the reciprocal effect 
production of magnetization by spinning the specimen — indicate a ratio somewhat less than 2 so 
that a small percentage of the magnetization may properly belong to orienta table orbital momentum. 

Experiments by Sucksmith [ Proc . Roy. Soc. A, vol. 135, p. 276 (1932)] have succeeded in 
detecting the Richardson effect in paramagnetic rare earth salts. Values of g other than 2 are here 
to be expected and are found. 
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Since orbital angular momentum is in general totally quenched, it can 
play no essential primary role in ferromagnetism. We can therefore simplify 
our model by taking as carriers atoms in S states with orientatable electron 
spin. 

The calculation of the states of such a system of interacting carriers 
differs only in complication from the calculation bv Heitler and London 
of the states of two interacting hydrogen atoms. No new principles enter. 
It is the large non-classical exchange energies which provide the energy 
term depending on the magnetization required for Weiss’s theory, whose 
molecular field thus receives a rational explanation. 

We consider therefore a system of 2 N atoms regularly arranged in a space 
lattice of volume \\ simplifying the problem by assuming that only inter- 
actions between nearest neighbours in the lattice need be taken into account, 
and that the exchange integral for each pair of nearest neighbours is the 
same. Each atom has 2 nearest neighbours and contains y electrons whose 
spins are parallel and orientate as a whole. 


§12-93. The formulation of Heisenberg s partition function. We can first 
classify the states of the system by the total component of electron spin 
parallel to the magnetic field //, 

■'V 

m^- (-Ny^m^Ny), 

ITT 


remembering that all such accessible states must be antisymmetrical in the 
electrons. The total number of such states, / m , is the number of ways in 
which the spins of the individual atoms can be arranged to give a resultant ra. 
We divide up the 2 N atoms into y + 1 groups according to their contribution 
to m + l,-£y), the groups containing a, b, c, ... I atoms 

respectively, and the possible arrangements are all those satisfying 

a + b + ... +Z = 2 N , (\y)a + (£y — 1)6 + ... + ( — iy) l = m. 

The total number of such arrangements is the coefficient of in 

[f*» + f*»-i + ...+H*]" r . (1377) 

We can leave f tn in this general form. When y = 1 it obviously reduces to 

2 N\ 

(N — m)\(N + m)\' (1378 > 


Before proceeding it is necessary to assure ourselves that to every one of 
the arrangements enumerated in (1377) or (1378) based on specified atomic 
states of the given multiplicity there corresponds just one wave -function 
for the assembly antisymmetrical in all the electrons. This is a special case 
of the general theorems proposed in § 5- 1 1 . It is therefore only necessary to 
assure ourselves that to each of the /,„ ways of arranging the spins there 
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corresponds exactly one wave-function for the whole system symmetrical 
or antisymmetncal, according as y is even or odd, in the 2N atoms. This 
however follows immediately, for when we select any one of the f m arrange- 
ments we specify the spin component for each atom and therefore specify 
completely each atomic wave-function. These are all distinct and from them 

can be formed just one wave-function for the 2 N atoms with the required 
symmetry. 

We can now begin to construct the partition function. The/ m states with 
resultant spin mh^tr have an energy in the external field H equal to 

-2 Hmy B , (1379) 

where y B — eJiK^nyc) is Bohr s magneton. Let their energies apart from the 

magnetic field be E } , j = 1 / m . Then the partition function for the 

system is Ny 


K = 


m 



exp 



(1380) 


or even 


Various methods of approximation have to be adopted to calculate the 
Ej and the sum involving them. At very low temperatures only the smallest 
E i are relevant. They can be best investigated by the methods of Bloch and 
Slater of which some account is given in § 12*942. Such investigations how- 
ever tell us nothing about the Curie point which is the most interesting 
region. Here the only success has been achieved by Heisenberg’s guess that 
it is legitimate to approximate to the energies E^ for given m by regarding 
them as a Gaussian distribution of energies about a mean value E m 
more roughly still to approximate by writing 

where E m is the arithmetic mean of the Ej . We will discuss first this roughest 
approximation, since for y = 1 we can give an elementary proof of the formula 
for E m . 

If we refer to Heitler and London’s theory of the interaction of two 
hydrogen atoms — a calculation which is typical of any two atoms, each 
w ith a single unpaired electron in an £-state — we find that for m = 1 there 
is one state and the energy E m is J B — J while for m = 0 there are two states 
and E m is equal to J E . J E is an integral representing the classical electro- 
static interaction energy of the two systems, and J is an integral representing 
the exchange energy. Thus for parallel spins we get an exchange energy — J 
in the mean energy which we do not get when the spins are antiparallel. It is 
reasonable to suppose that, as we are only considering interactions of neigh- 
bours, we may generalize this result to our system of 2N atoms. We shall 
therefore find a term — J in the mean energy for given m whenever a 
neighbouring pair of spins are parallel . 
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The total number of ways in which we can arrange two spins as neighbours 
both parallel to H is the number of ways of choosing two neighbouring atoms 
(2Nz/2l) times the number of ways of putting the other 2N — 2 spins 
N + m — 2 parallel to H and N — m antiparallel in the other atoms, that is, in 

aU > I2N — 2^1 

Nz. 


(N — m)\ (N + m — 2)\ 

The total number of ways of arranging two spins as neighbours both anti 
parallel to H is similarly 

(2A 7 — 2)! 


(N — in — 2)\ (N + m)\ 


Nz. 


\ * * n* — / • v XT i I'* J * 

The total energy contribution by the exchange effects is therefore 


- 


(2N — 2 )! 


+ 


(2N — 2)! 


{(N — m — 2 )\(N + m)\ (N — m)\ (N + m- 2)!j 


>Nz, 


and the number of states in the set is (2iV)!/{(iV - m)\ (N + m)!}. Thus we get 


a contribution to E m of 


-zJ 


N 2 + ra 2 
2 N 


(1381) 


neglecting the difference between N and N - 1. To this must be added a 
classical term J E independent of ra. When y > 1 the result is only altered* 
by having zy for 2 and Ny for N, so that 


E m = J E - zyj 


Nhj 2 + m 2 
2Ny ’ 


(1382) 


though (1382) cannot be proved in this simple way. 

As a result of these elementary calculations we find the approximate 
partition function 

r, ^ , r Je 0 m 2 + N 2 y 2r \ 

K ’„* N /' eXf l-FT + * m + f> ^Nf L \ < 1383 > 


where 




zyJ 

kT 


for shortness. This elementary account is due to Heisenberg. We see at once 
from (1381) that if J is large and positive we have the correct type of 
dependence of E m on m demanded by (1375) and can proceed hopefully with 
the evaluation of K. 

Heisenberg’s original deeper discussion of K is as follows. For the pro- 
posed quantum model not only is m a “good ” quantum number, but also s 
the resultant spin of the state. We can therefore still further subdivide the 
states into states of given s and m, \m\ ^s. Every state of given s \m\) 


* Heisenberg, Probleme der modemen Phyaik, p. 114 (1928). 
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belongs to the set of/ m states of given m. Thus if <j) s is the number of states 

of given s, then , , , 

J\m\ ^iml • • • 4“ YNy > (1384) 

<I>S =/,-/,+!. (1385) 

We can therefore write down a more detailed form of K, namely, in the 
absence of a magnetic field H , 

Ny <j>, 

K= Z(2s+l)2e-- E /' , ' fer . (1386) 

0 j = l 

The factor (2<s 4 - 1 ) occurs because each state of spin s has (2s + 1 ) orientations 
and is to that degree degenerate in the absence of H. When // + 0 the 
orientational degeneracy is removed and we have 

r r- K? * 12 mu R TT \ & / j£,«\ 

) j ?, exp f _ *? r ) (1387) 

As we cannot evaluate the Ef 8) this exact form is still of little use. For the 
study of the region of the Curie point Heisenberg* has approximated to it 
by writing E j (3) = E s + /\E S and assuming that the A E s are densely dis- 
tributed in a Gaussian error curve. The E s and (A E s ) 2 can be computed 
from the secular perturbation equations; we can only quote the results here: 

E,= - Z y£± y™ 2 J + J E ( y> 1). (1388) 

(A£j 2 = a s 2 = z w N2 - s ^w N2 - s2) j* {y=l) (13 89) 

For y > 1 the exact value of A s 2 is unknown. We shall use the general symbol 
A s as far as possible. It is now possible without trouble to reduce the par- 
tition function to the form 

vN v n r s 2 + v*N 2 J 1 A 2 “1 

* - ... v. ij - exp [^ 45r - • + * p-ri " 39< ” 

From here a rather tedious argument leads us to the result 

* - 1 d/” exp [“- + H w 1 - iv * ( 1 391 > 

where 0(1) is a factor leading to a negligible term in lo gK. This is the 
standard form of K in Heisenberg’s theory. It is however unnecessary to 
refer to s at all to arrive at (1391). We can obtain it directly from (1380) in 
place of ( 1383) by taking into account a Gaussian spread in the/ m values of E y 
The factors in K or K(Ty y H), which are independent of m, should con- 
tain all the main terms which give cohesion, rigidity and elastic properties 
in general to the crystal. This they palpably fail to do, for the model and the 
calculations are far too restricted. We can properly replace them by senn- 


* Heisenberg, loc. cit.; Van Vleck, loc. cit. p. 322. 
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empirical terms later on, and for the present omit them altogether. We are 
thus left with a magnetic factor K m of the complete partition function 
given by 

K„ - KJTXH) , J.J, exp[am + + ‘ ~£] (1392) 

To proceed further we need an asymptotic form for f m , which we can 
obtain from (1377) and Cauchy’s theorem by the usual method of steepest 
descents. For 


f m = 2 y [pm™ (P(f ) = & + + . . . + tH 

where y is any contour going once counterclockwise round £ = 0. If is 
fixed as the positive real root of 


then effectively 
and we can write 


d [/>(£)]** m 

dt ’ P(U 

f l n=[P(U] 2N iirn m > 


(1393) 


i/.Y 


r 


m 


K m = £ exp 2N log P(£ m ) — m log + a/w + /J ^ T 

m——yX 


1 A. * 


m 


i 


being determined as a function of m by (1393). 


2 yN ' 2k 2 T*y 

(1394) 


§12-931. The final evaluation of K m . Existence of ferromagnetism. We 
have lastly to evaluate K m by searching for the maximum term and there- 
fore for the maximum exponent in (1394). In differentiating with respect to 
m, must be allowed to vary, but from the definition of the coefficient 
°f d£ m jdm vanishes. Thus ?n 0 , the value of m for any stationary term, is a 
root of the simultaneous equations 


m 


log U = * + ? + 


A... A' 


"'o >"o 


£m 0 P'(Zm) _m 0 


yN ' k*T* ’ P(^) 2N' 

We can write these equations more simply with the notation 


C = 


m 


o 


Ny’ 


£ 


m 


= e 2x ; 


£ is the fraction of absolute saturation 
stationary values are given by 

2x = a + ££ + , 

1 r ^> 1 7.2712 * 


achieved at the root m 0 . Then 


(1395) 


r _ 1 ye TU + (y - 2) e xiv ~ 2) +... + (- y) er*v 

y c zu + e x(i,_2) + ... +e 


(1396) 


The right-hand side of (1396) is Brillouin’s function. When y = 1, £ = tanhx. 
Equations (1395) and (1396) on comparison with (1361) can already be 
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seen to be about to yield us ferromagnetism, but logically we have still to 
complete the evaluation of K m by finding its maximum term. 

To be explicit we now take the form (1389) for A s 2 , from which it follows 
that 

A(£)A'(£) B 2 , 

— — — = l_ / 1 /3 r\ 

k^T 2 —At* 


Equation (1395) then becomes 


zy 


2x = a + j8( 1 


yz] 


B 2 

£ + f-£ 3 . 

2yz 


(1397) 


The slope of the Brillouin function at the origin is 


__ * y 2 + (y~2) 2 + ...+ (-y) 2 y+2 
dxJi = o y ~y+ 1 3 * 


(1398) 


If the slope of the curve (1397) at £ = 0 is less than j( y + 2), we have non-zero 
roots for a = 0 and roots large compared with a when a =$= 0. If the slope is 
greater, then we have only a zero or small root. This critical condition is 


The equation 



(1399) 


determines a critical temperature T c in terms of J , which will of course 
represent the Curie point. 

To prove that when it exists the large root of the same sign as a gives the 
absolute maximum of the terms of K m we can proceed as follows, confining 
ourselves to y= 1 and omitting the terms in fi 2 to avoid complications of 
little significance. To this approximation 


yN 

E m = £ exp[2A r log 2iV — (N + m)log(N + m)~ (N -m)log(N-m) 

m= — yN 


and stationary terms occur where 

«+#=i og i±! 


+ am + fim 2 l2N], 


(1400) 


at which points 



[exponent] = 


2 N p 
- m 2 + N' 


When fi < 2, Q < 0 (all m), so that the single stationary value is a maximum. 
When P > 2, Q > 0 for m = 0 and Q <0 when m 2 -> N 2 \ Q can vanish for just 
one value of m 2 between 0 and N 2 . For values of a for which there are three 
stationary values, roots of (1400), the roots of Q for ± values of m must occur 
between the middle and both extreme roots. For the extreme roots therefore 
Q < 0, and the stationary values are maxima. For greater values of a for 
which there is only one root of (1400), since d£/da.> 0 the corresponding 
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value of m has increased, Q < 0, and the single stationary value is still a 
maximum. 

It remains to consider which of the extreme roots, when they exist, gives 

the absolute maximum. For a = 0 the maxima are identical by symmetry. 

W e examine therefore the variation of the exponent at the maximum as a 
varies. Thus 

d(exponent) d(exponent) dm 0 

dx -m ° + d^ 0 ~a^ =rn <” 

and the exponent increases with a at the root for which m 0 > 0. The absolute 
maximum occurs at that root which has the same sign as a. 

Returning to the general case, we can now apply the familiar argument, 
easily rendered rigorous, that since N is very large K m is effectively equal to 
its maximum term. Therefore 


log K m = log K m (V,TM) 

= 2N | log{e ri/ + + . . . + e-*v} - y£x + \xy{ + \ b[ 1 - -£ ) «£* + 1*L r* 

L \ yz) 16z 

(1401) 

where x and £ are determined by the proper root of 

PTH <-> 

r l ye?* +(y- 2)e-to— »+... + (~y)e-*» p log K m ~[ 

y e*v + . . . + er*» |_ dx J (I403) 

We recall that K m depends on T through the denominators of a and ft, on 
H through a and on V through J and therefore through /?. 

This is the magnetic factor in the partition function. Since in general 

IV = kT (fH l ° gKm , FT 

we find, in virtue of (1402) and (1403), that 

T _kTd \ogK m dx l _2y B H 

v dx dH kT 

= 2 y B m 0 IV. (1404) 

The intensity of magnetization is therefore m 0 /V double-magnetons, where 
m o corresponds to the proper root of (1402) and (1403). Saturated intensity 
I<x> is Ny/V double-magnetons so that 

/ = (1405) 

§12-94. Phenomena of the Curie point. Its existence, and the behaviour of 
the specific heat. We have already seen that the condition for the ferro- 
magnetic state is , 

l yz) y + 2 \ p kT ) ' 


(1406) 
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This condition requires that p should lie between ft and ft, where 


[**y 


1 - 


24 


these p's are real only if 


y(y + 2)z 


y(y + 2)z> 24. 


(1407) 


We shall see that probable values of y and z are 


Ni:y~l, 2 = 12 ; Co:y~2, 2 = 12 ; Fe:y~3 , 2 = 8; 

for these actual values (1407) is always amply satisfied. Roughly speaking 
P must lie between yz and 6/(y + 2). The upper limit yz to P , a lower limit 
to T> corresponds to no physical feature and is an inadequacy of the theory. 
What really happens is that as T decreases the Gaussian approximation 
becomes inadequate and the states of low energy, not the states of mean 

energy, take charge, dhe essential condition, equivalent to neglecting the 
Gaussian spread altogether, is 





y(y + 2)z J 
6 k ‘ 


(1408) 


From this equation, an assumed y and an observed T c J can be calculated. 
J must be positive for ferromagnetism and, for T c = 10 3 , J = 10 _1 — 10 -2 
electron volt. The ortho-para separations in helium and other atoms are 
of the order of 10 -1 volt, which admits the proposed explanation. 

The extra part of the internal energy that depends on the magnetization 
must, by general theory, be given by 


E 


m 


_ 7 . T2 ( d lo g K m \ Td log K m 0a 

~ lT \-dT^ ) rM ~ kT 


+ 


3 log K m dp 
dp dT 



= 2 Nk T* 


r_i^_ 

L 2 T 


4 T 



2 P 

V* 


)yi*~ 


P 


SzT 





(1409) 


Let us consider one mole (2 Nk=R) in zero field (a = 0). Then above the 
Curie point £ = 0 and therefore E m = 0. Below the Curie point the extra 
part of the specific heat, C v m > is given by 



This expression does not tend to zero as T -> T c from below and C v m is 
therefore discontinuous. The value of the discontinuity A C v m affords an 
important comparison between theory and experiment. Since £ 2 ->0 the 
theoretical value of the discontinuity is 


ACV" = C r m (T c - 0) - <V(T C + 0) = RT^-1 y^\ 


T—*Tc * 

.(1411) 
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Since T ~T C it is sufficiently accurate for our purposes to take 

oL 2 P\ P\ 6 


i l ~ i' - Hi) ~ yh (H12 » 


To determine d^jdT we return to equations (1402) and (1403) for small 
£ and x, from which we can derive that 


d£ 2 2(y + 2) 
dT~ 3 T. 


3 T c Ay-BKy + 2) 


with -d =?/ 2 + (y — 2) 2 +... + ( — j/) 2 , B = y* * * * * * * §§ + (y - 2)* y)*. 

We thus find A C v m = ^ . (1413) 

1 y(y + 2)A 

This formula overestimates A C v m , since we have everywhere made the 
approximation (1412) in the numerator. 

It is at once clear that the theory gives results of the right order, but the 


We thus find 


A C v m = 


1 - 


Table 51. 

The discontinuity A C v m cal. / deg . / mole in the specific heat at the Curie point. 



* Honda, Zeit. f. Physik , vol. 63, p. 147 (1930). 

t Weiss, Archives d. Sci. phys. el nat., Genlve , vol. 42, p. 378 (1917), vol. 43, pp. 22, 113 199 
(1917). 

Some magnetic minerals appear to have even larger discontinuities. 

agreement is not close and in fact no exact agreement at all is possible for 

Fe, since on the present version of the theory the observed values are greater 
than the greatest possible theoretical value. The values of y in the last 

column are derived from measurements of the saturated magnetization at 

low temperatures. They do not agree with the most natural integral values 
given in the second column, or with the values which would be derived from 
the paramagnetic susceptibility above the Curie point. We have seen in 

§§ 11*541, 11*55 how such fractional values may be expected to arise, and 
the present version of the theory is not supple enough to cater for them. 
If we bear in mind these refinements which must be incorporated in the 
construction and evaluation of a more accurate K m , we may rest well 
satisfied with the result of the test of the rough theory shown in Table 5 1 
One obvious improvement of the theory is to remove the restriction that 
all the y electrons supplied by one atom orientate as a whole; this restriction 
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is almost automatically removed when we consider electron states as 
distributed over bands, but in the present theory it can be approximately 
removed as follows, when we can see that the removal will lead to greater 
values of AC y m . For consider the extreme case when the interactions of the 
^/-electrons in a single atom are identical with their interactions with the 
^/-electrons in a neighbouring atom. This is the same as the preceding model 
but with y' = 1, z' = zy + y— 1, while one mole of such a system supplies 
2Ny orientating subsystems and therefore the effects are all y times as great. 
It follows that for this model A C v m = 3 y cal. /deg. /mole. 

We note in passing that it is found that the behaviour of the specific heat 
near the Curie point is practically independent of any magnetization of the 
system in bulk. This must be accepted as definite proof that ferromagnetics 
even when apparently unmagnetized consist of microelements magnetized 
to their natural saturation for the temperature in question, but in directions 
so orientated that the bulk-magnetization is neutralized. It is convenient 
to introduce a word to describe this characteristic state of affairs. We shall 
say that a ferromagnetic below the Curie point, unmagnetized in bulk, 13 
micromagnetized, and that when we magnetize it in bulk it becomes holo- 
magnetized ; this process consists primarily in removing the randomness of 
the directions of magnetization of the microelements. We discuss its 
features in detail in later sections. 


§12-941. Change of size at the Curie point. To study the change of size 
at the Curie point we must use a more complete partition function K(T,V,H), 
which we take in the form 


log K(T,V,H) = log K m {TXH) - F(V)/kT, 

where F(V) is the energy of the crystal at low temperatures as a function 
of V. It is legitimate to neglect the effect of the thermal vibration of the 
lattice in the first approximation. 

Since p — kTd log K/dV, and to a sufficient approximation p = 0, and since 
K m depends on V only through J and therefore /?, we find 



i dF 
kTdV 



When T >T C the size is given by (3 F/dV) 0 = 0. Therefore 



where k 0 is the volume compressibility. We thus find 



/ 


( 1414 ) 
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This change of volume as T passes through T c is of course to be super- 
posed on the ordinary thermal expansion here neglected. It appears there- 
fore as an anomalous variation in the coefficient a of thermal expansion, 
in the region just below the Curie point. Figs. 61, 62 show the effect on a 
for nickel and the integrated effect on 81/1 for iron. The anomaly must be 
estimated by extrapolating the curves in a normal manner from above the 
Curie point and taking the difference between these extrapolated and the 
observed values. The data are as follows: 

Fe*. T c = 1041°'K., /c 0 = 0-6xl0^, 2N/V 0 = 8-6 x 10 22 , y = 3, 2 = 8. 

At 991° K. { = 0-4, 8V/V 0 = 381/1 = 3-3 x 10~ 4 . 



Fig. 61. The differential linear expansion 
of Fe arfd Au showing the anomaly in 
Fe near the Curie point. 



Fig. 62. The linear thermal expansion co- 
efficient for Ni, showing its variation near 
the Curie point. 


From (1414) neglecting the terms in we thus obtain 



= 1-7 x 10- 14 , 



dJ 

x— = 21 x 10~ 6 
da 


where a is the distance between nearest neighbours. From T c we find also 
zJ = 5*7 x 10~ 14 and therefore 


a dJ 
J da 



Nit. T c = 647°K., 

At 493° K. 

From these data 

z 


k 0 = 0*6 x 10~ 12 , 2N/V 0 =9-4: x 10 22 , 
5 = 0-7, dV/V 0 = 381/1 = —2-7 x 10 -4 . 


dJ 

da 


- 4-7 x 10~ 6 , zJ = 1-8 x 10~ 13 , 


a dJ 
J da 




2 = 12 . 


* Benedicks, J. Iron and Steel Institute, vol. 89, p. 407 (1914). 
t Colby, Phys. Rev. vol. 30, p. 506 (1910). 
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Assuming the correctness of the theoretical background, these may be 

called observed values of dJ/ca. We can make only a rough theoretical 

estimate thus. The form of J for the interaction of two normal hydrogen 
atoms* at a distance a is 




(1415) 


where the A n 9 s are all of the same order and a 0 is the radius of Bohr’s first 
orbit in hydrogen. If we may use an expression of the same form here, with 
a l a o between 1 and 2, then (a/J) (dJ /da) will be of order unity but may be of 
either sign. Thus the theory is perfectly consistent with the observed values. 


§12*942. Better calculations of K(V,T,H) especially for low temperatures .f 
It is possible to improve on Heisenberg’s guess of E m and the resulting 
value of K(V y T,H)> particularly for low temperatures, by discussing 
systematically the energies and wave-functions of the electrons belonging 
to an atomic lattice, rather in the manner of § 11*51. Here however we are 
concerned with the energy of the crystal as a whole as a function of the arrange- 
ment of all the electron spins , not of a single electron as a function of its 
momenta. 

A notation somewhat different from that used previously may con- 
veniently be employed. We consider a lattice of N atoms each of which 
contributes one electron with a given unique orbital wave-function and 
freely orientatable spin. Let the number of spins pointing against the field 
H (negative spins) be denoted by r. The total spin resolved along the field 
is as usual denoted by mh/ 2tt, so that 2 m = N — 2r. 

The atoms are labelled with numbers 1, 2, ..., N, and those with negative 
spins occur at f l9 / 2 , ..., f r , where 1 ^f x <f 2 < ... <f r ^ N. This is a definite 
state of the assembly as a whole represented by one wave-function anti- 
symmetrical in all the electrons, which we shall call ‘A(/i,/ 2 »**->/r)* We shall 
assume that these 0’s are all orthogonal and normalized; there are 2 N of them 
in all for all r and 

r! (N — r)\ 

for a given value of r. If we neglect all the spin and exchange interactions 
betweent he electrons of different atoms, all these ^r’s represent states of the 
same energy, for they are all solutions, to this approximation, of Schro- 
dinger’s equation 

{H( 1 ) + H (2) + . . . + H(N) -E 0 }'¥ = 0. 

* Heitler and London, loc. ext. , 

t Bloch, Zeit.f. Phyaik, vol. 61, p. 206 (1930). See also Sommerfeld and Bethe, loc. cit.; Nord- 
heim, loc. cit.; Epstein, Phys. Rev. vol. 41, p. 91 (1932); the last investigation however contains 
oversights pointed out by Bethe. 
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This equation has next to be completed by the interaction terms and becomes 

{H(l) + H(2)+...+H(N)+ £V sl -E}'¥=0, (1416) 

S<t 

to be solved approximately by E and of the form 

E = E 0 + V , 'F=2a(/ 1) ...,/ r )'F(/ 1 ,...,/ r ) (1417) 

(/) 

The a’s and rj are determined by the usual first order equations 


J s<t a) (1418) 


These equations simplify greatly. If r =*=/*', the terms of the interaction 
matrix vanish, so that we may confine attention at any time to a constant 
value of r. Since each term V 8t depends on the coordinates of only two elec- 
trons, the only terms in the matrix which give a non-zero result are those for 
which (//,...,//) = (A, and those for which (//,...,//) differs from 
( fv- J r ) by the interchange of a single pair of opposite spins. [Interchanges 
of like spins do not give a new value of </».] The secular equations (1418) 
therefore reduce to sets of equations of constant r of the form 


(A-r))a(f v ...,f r )+ S (1419) 

<r> 1 

in which J f f is the exchange integral for that pair of atoms for which a 
negative and positive spin have been interchanged between the sets (/) and 
(/ )• A represents an interaction energy (partly Coulombian) which is 
independent of the number and arrangement of negative spins, and can 
therefore be absorbed in E 0 and disregarded for the rest of the present 
investigation. Since the exchange integral decreases rapidly with the dis- 
tance apart of the pair of atoms, it is sufficient to retain exchanges between 
nearest neighbours, and to assume that J /r has the same value for every 
pair of nearest neighbours. Equations (1419) then reduce to 

— -«(//> •••,//)]> (1420) 

(nb) ' 

the summation being for all (/') over the nearest neighbours of (/). Particular 
examples of these equations can easily be written down explicitly. For a 
linear chain and r= 1, for example, we have 

- ya(fi) + J[MA) - «(/i + 1) - a(A - 1)] = 0 (1421) 

For a linear chain and r = 2, and provided that / 2 >f x + 1 } 

“ W/nA) + «^[ 4a (/i»/2) ~ a (/i + 1,/s) — a (f\ — 1 ,/ 2 ) 

but if f 2 =/ x + 1, “ + X ) " a (/i>A ~ 1)] = 0, (1422) 

“ 7 ? a (/i>/i+ l) + «/[2 a(/i,/i+ 1) — a (/i— l,/i+ 1 )“ a (/ 1 ,/i + 2)] = 0. 

(1423) 

Suitable boundary or periodicity conditions must also be imposed. 
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Equations (1421) admit the solution 


a (/i) = e " ri/l 


(1424) 


for any value of , the corresponding value of 77 being given by 

■q = 4J sin 2 i/cj . 

Equations (1422) admit the solution 

for any /<, , k 2 , the corresponding value of 77 being given by 

17 = 4 J(sin 2 ^k 1 + sin 2 ^k 2 ). 


(1425) 


(1426) 


(1427) 


For r negative spins the main equations analogous to (1422) again admit the 
solution a (f 1 ,...,f r ) = e iiK 1/1+—+V2) (1428) 

for any values of k 2 with 


= 4J Z 


£ sin 2 . 
*=1 / 


(1429) 


If we now impose a periodicity condition on a(/ 1( ...,/ r ) that it shall repeat 
itself when any / is increased by N, then 


K v —2iTk v IN (k v = 0, 1, 1). 


(1430) 


In order to complete the solution it is necessary to make the a(f v ...f r ) 
satisfy also the conditions (1423). This can be done for r = 2 by taking suit- 
able linear combinations of the four possible solutions 


all of which correspond to the same value of 77, and similarly for general 
values of r. When this is done it is found that the periodicity conditions are 
no longer exactly (1430). We can now say that the exact energy is given by 

the equation r , 

V = 4J Ssin 2 ^, (1431) 

*=i N 

in which the k v are not strictly integers, but determined by certain com- 
plicated phase relations. It can be shown however that the smaller k v are 
very close to the simple integral values given by (1430). 

The number of distinct states apparently given by (1428) and (1430) for 
given r is (N + r- 1 )\/r\(N- 1)!. The correct number is smaller, being of 
course N\jr\ ( N — r)\. It has been shown however by Bethe that (1431) may 
be used to give the correct numbers and energies of the states for small 
spin wave numbers k v and values of r which are not too large. 

The generalization to lattices in two and three dimensions is easy. We 
shall consider only a simple cubical array (N = G 3 ) in which the atoms are 
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labelled with the numbers (f,g,h). The nearest neighbours to (f,g,h) are 
(/± l,g,h), ( f,g + 1,A) and ( f,g,h + 1 ). In place of (1424) we now have 


a (fv9v^i) = e i(K 9i+*\<h+E-\hi) > 

with a corresponding energy 

V = ( si ^ 2 i*! + sin 2 + sin 2 ^). (1432) 

The periodicity conditions are now 

k v =2tt/cJG ) A„ = 2ttI v /G, fi v = 27rmJG, (1433) 

where the k v ,l vi m v may be assumed to be nearly integers when small. The 
general energy value replacing (1431) is 

a r V / * . • o'Trt'v • TTjfl \ 

7 ^ = 4/ 2 Ism^ — +sin 2 -^ , ' + sin 2 — n (1434) 

For small values of k„, l v ,m v for which alone (1432) is reliable we may write 

V = B S (kf + If + mf) = B 2 Lf (B = 4n 2 J/G 2 ) (1435) 

»>= 1 P=1 


This approximation will be valid for the least spin energies when J > 0 . 

Strictly speaking our approximations can hold only for small r. When 

r> h N and especially when r is nearly equal to N we obtain an exactly 

similar set of states in terms of the few positive spins, but these can be 
omitted.* 

We can now form the partition function for the orientational energy in a 
field H to the approximation which uses (1435) for 77 , the total energy of a 
state being and all possible distinct sets of integers k„, l v , m v 

(0^k l ,J v ,m v ^G— 1) for the number of states. This enumeration is therefore 
the same as if the spin waves were particles with momentum components 
(k v ,l v ,m v ) obeying the Einstein-Bose statistics. We have at once 


K m = e N ^B H ‘ kT 2 


iN 0-1 

2 e 

r= 0 0 


-( 


2 ru R II+B 




If we assume that B > 0 the terms for large r will be unimportant at low 

temperatures; it is then easy to show by re-expansion that K m is effectively 
given by my 

Km = n = o I _ e -a hs n^BL>)kT’ (1436) 


Nu H °~ l 

log K m = - 2 log{l - e-iv««ri. 

' c * k,l,m= 0 ) 


* Epstein, loc. cit. has discussed in detail the effect of including these complementary terms for 
« when they make a considerable difference to the apparent form of the results Since how 

considered he S r“ lly ' mPOrtant reSU “ " f ° r 8ma " D ° nZer ° " ° r - Lt - ’ * heSe will not h,'. 


H-> 0 
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This summation can be replaced by an integral and if JjkTp 1 the upper 
limit of this integral can be taken to be infinity. Thus 


J og A' m = 


kT 




e-U^H+B tnkTX L 2 dL (1437) 


This integral, of a type already familiar to us, can be evaluated as a series 
in a convenient form. If we substitute BL 2 /kT = x and use (1435), we find 

NubH N(kT)* f" ,, 


log K m = 


kT 


2 t i 2 ji 


Jo [log{ 1 - 


— j :— 


2 fx^JkT^ x i fa 


If we expand the logarithm and integrate term by term, we find 

, v. Nu n H N tlcT\t « e- l ^B H ‘ kT ' 


. „ N^ b H N / lcTy ® 


(1438) 


It follows at once that 


/ = 


kTd\ogK 

V dH 


j 1 / 

~r ‘"2 


1 y e~' (i W g ^ r ) 

2 \nJ j , = 1 


...(1439) 


Similar results can be obtained for other three-dimensional lattices. 


When H 


Kps 

V 


1-01325 


kT\i 


*)■ 


(1440) 


or 


1-0 132 5(/cT/J)l. 


This represents the ferromagnetic state since we have already assumed that 
J^>kT. Thus a simple three-dimensional cubic array (and similarly any 
other cubic arrays) give ferromagnetism at sufficiently low temperatures 
provided J > 0. If we attempt to do the same calculations for linear or square 
arrays, the only essential difference is that we have the factors L° and L 
respectively in the integrand of (1437) in place of L 2 . This leads to factors 
$ and t in place of $ in the denominators of the series terms in (1439). 
The series then does not converge for H = 0 and I does not remain compar- 
able with Nfj. B when H -> 0. This means that there are a large number of 
negative spins in the equilibrium state in this limit and our approximations 



Fig. 63. The observed and theoretical variations of £ with T at low temperatures 

for (a) Fe, (6) Ni. 
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do not apply. This breakdown must obviously be interpreted as meaning 
that such arrays, while strongly paramagnetic, are not ferromagnetic. 
They are however only of theoretical interest. 

Figs. 63 compare observations of the magnetization as a function of T 
with the various approximate forms of the theory here developed. Figs. 
63 a, 6 compare the T^-law for very low temperatures with the observations* 
for Fe and Ni. It will be seen that 


the observations conform accurately 1 
to the theory. By comparing them £ 
also with the form £ = ( 1 — aT 2 ) Weiss 
has shown that the T ^- law gives 
an appreciably better fit. Fig. 63 c 
compares the general trend of the 
observed values of £ with the theo- 
retical values given by equations 
(1402) and (1403) for y= 1 which 
reduce, omitting £ 2 /z, to 

2x = f3^ £ = tanh:r. 

The theoretical curve for y = 2 lies 





X 1 1 1 1 1 1 i'll 

0 .1 -2 *3 *4 • 5 *6 *7 -8 *9 1*0 


slightly lower. We know that no Vt c 

function of this type can give the Fig. 63 c. The observed variation of i aa a function 
correct form near T = 0, but for ^ l^c an( l the theoretical variation for the 

mediu m values . and values near the equatlon * = tanh 

Curie point the general fit with the observations is excellent using y = 1 


§12-95. Phenomena of holomagnelization . The “block” structure of a 
ferromagnetic specimen. As we saw in § 12-94 the phenomena of the Curie 
point lead us to the view that ferromagnetics, even single crystals of a ferro- 
magnetic, are always naturally micromagnetized to an intensity depending 
on the temperature, but practically independent of magnetic fields or of 
holomagnetization. This magnetization would be adequately described by 
the Weiss-Heisenberg theory already given if the calculations of K m could 
be completed. In the following sections we shall suppose that we^re in 
possession of such an idealized completed theory, which however ignores all 
the magnetic energy terms themselves except HIV. There are however 
such energy terms arising from the interactions of the magnetic dipoles 
(s-s interactions) and from the interactions of the spins and their own 
atomic orbits (l-s interactions). These are all of the nature of second order 
corrections and only their form can be predicted accurately. But with the 

• Weiss, Comptes Rendus , vol. 198, p. 1893 (1934). 
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help of terms of the proper form and the expected order of magnitude the 
complicated phenomena associated with the passage from the micro- to the 

olo-magnetized state in single crystals can be satisfactorily explained, 
together with finer details of the holomagnetized state itself. It is essential 
to discuss observational material on single crystals. The effects in poly- 
crystalline specimens can easily be understood in terms of the properties of 
single crystals. 

Much important information has been obtained by comparing the curves 
of magnetization against effective magnetic field for the (100), (110) and 
(111) directions in the cubic crystals of Fe and Ni and along and across the 
hexagonal axis in Co. These curves are shown, and their form accounted 
for in detail in §§ 12-963-12*966. For the present it is sufficient to note that 
they show that there is a direction of easy magnetization in each crystal, 
(100) in Fe, (111) in Ni or the hexagonal* axis in Co. Magnetization is of 
course equally easy along any of the directions crystallographically equi- 
valent to these. We shall therefore assume that in the micromagnetized 
state the elementary magnetized elements or blocks are magnetized in one 
or other of the easy directions, but with random arrangements among the 
different easy directions so that the resultant magnetization is zero. This 
model probably involves small closed circuits of magnetic flux in the crystal. 
Holomagnetization in the easy direction will then only involve changes of 
magnetization of the blocks from one easy direction to another, which might 
ideally be supposed to be able to take place reversibly in vanishingly small 
applied magnetic fields, requiring in the ideal limit, reached perhaps in the 
ideal perfect crystal, no expenditure of energy and involving no hysteresis 
loss. This idealized model, which we shall adopt, would not be permissible 
if it had to be strictly interpreted. For directions of easy magnetization are 
necessarily separated by harder directions on any path and weak fields 
could not be sufficient to pull the magnetization round. A truer version of 
the theory has been given by Blochf who points out that the individual 
blocks are not permanent units whose magnetism must be turned as a whole 
but that the holomagnetization really grows by the blocks magnetized in 
the required direction eating up their wrongly orientated neighbours. 

Though these autophagous blocks give the more correct picture, the model 
of distinct permanent blocks, with magnetization freely switchable from 
one easy direction to another, is a sufficiently good approximation to use in 
the analysis at the present stage. We shall use this model neglecting the 
effects of the fields of the surrounding blocks on each individual block, 

* Below 250° C. Between this temperature and the transition point, the basal plane is an easy 
plane of magnetization. 

t Bloch, Zeit.f. Physik, vol. 74, p. 295 (1932). 
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except in so far as this is taken care of in the mean by classical theory in 
specifying the effective magnetic force F; as we consider here only a part 
of the magnetic substance F is no longer equal to H. As shown in §1211 
we have F = H' + §tt 7, or more accurately F = H ' + ±nl, when H' and I are 
not necessarily parallel, I being here the natural magnetization I, of a 
microelement depending only on the temperature. But we can ignore the 
term frrl s since it leads only to energy terms independent to the present 
approximation of all the variables, such as degree or direction of holo- 
magnetization, in which we shall be interested. We shall assume further 
that H is constant in spite of the block structure, when the specimen is so 

cut that H' would be constant in genuinely uniform isotropic material. In 

that case we have „ 

H = H “ Y l h . (1441) 

where y is the demagnetizing coefficient depending on the geometry of the 
specimen and I A is the holomagnetization. 


§12*951. The “ dipole ” and “ quadripole ” energy of magnetization . Let 

us consider next how the energy of a microelement or a large scale specimen 

holomagnetized to saturation will depend on the direction cosines l , m , n 

of magnetization in a cubic crystal. For simplicity we can consider only 

absolute saturation corresponding strictly to zero temperature. Since this 

extra energy must have the symmetry of the cube and be of even order, it 
can only be of the form 

A ' (l 2 + rn 2 + n 2 ) + B'(l 4 + m 4 + n 4 ) + C'(l 2 m 2 + mbi 2 + n 2 l 2 ) 

plus higher order terms. Since l* + m 2 + n 2 =\ , this reduces to irrelevant 
constants and a term 

BiF + m' + n*). (1442) 

To make sure of the origin of this term is a quantum problem, which we 

cannot discuss here. It was first proposed as a quadripole effect by Maha- 

jani* and is generally referred to as the quadripole energy. It is now held to 
arise from the (l-s) interactions.! 

In the absence of an external field the only energy terms depending on 
direction are j ust ( 1 442), which must be a minimum subject to l 2 + m 2 + n 2 = 1 
for the directions of natural (i.e. easy) magnetization. By the usual methods 
we find therefore that if B > 0 the minimum value of (1442) occurs in the 
direction (111) and the maximum in (100) (and equivalent directions in 
each case), while if £<0 the minimum is along (100) and the maximum 
along (111). These directions will agree with the facts if 


Ni, .B> 0; Fe, B< 0. 


* Mahajani, Phil. Trans. A, vol. 228, p. 63 (1929). 

t Powell, Proc. Roy. Soc. A, vol. 130, p. 812 (1930); Bloch and 
p« 395 (1931). 


Gentile, Zeit. f. Physik , vol. 70, 
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In the close packed hexagonal lattice of Co the quadratic terms must be 
of the form , 

A i 1 +A 2 (m 2 + n 2 ) (Ai+A^), (1443) 

the quadripole terms must also from the symmetry depend only on l 2 and 

m2 + " 1 The y therefore reduce effectively to A" l 4 . The terms of importance 
may therefore be taken to be of the form 


Al 2 + A'l\ (1444) 

where l is the cosine of the angle between the direction of magnetization and 
the hexagonal axis. If as turns out to be the case A and A' have the same 
sign, this is a minimum for 1= 1 when A < 0, which agrees with the facts, 
since the easy directions are along the hexagonal axis for Co. Since the 
magnetic energy of a set of magnetic dipoles with this symmetry must be 
of the form (1443), these terms are commonly known as the dipole energy. 

§12-952. Corrected partition functions for microelements , and holo- 

magnetized systems , or for collections of microelements. To a microelement 

naturally magnetized to saturation, or to a large scale specimen holo- 

magnetized by a suitable external field, we may apply Heisenberg’s theory, 

equations ( 1401 )-( 1404). For a microelement the effective field F must be 

used. This will differ from the pipe-force H' by terms due to the local 

magnetization. So far as these terms are due to the magnetization of the 

microelement in question they do not affect the effective external field 

acting on the element. \\ e shall therefore in the following sections which 

are largely concerned with microelements use H' as the best available first 
approximation to the true F. 


The magnetization £ determined by (1401)— (1404) is effectively indepen- 
dent of H and therefore of a. For present purposes we can neglect the terms 
in We then have the simplified equations 


lo g K m(V,T, 0) = 2N[\og{e xv + . . . + e~^j - y^x 4- £j8y£ 2 ], (1445) 

where x and £ are determined by dKjdx = dKJdt = 0, or 

hi <*«•> 


This K m (V,T,0) is an approximate evaluation of a partition function, with 
all the properties of these functions. 


Thus evaluated all magnetic energy terms have been systematically 
omitted, and they can now' be inserted. If A, /z, v are the direction cosines 
of the magnetic pipe-force H', then there is a directional energy term 

— H'IV(M -f pm -f vn) (1447) 

due to the orientation of the “magnet ” of strength / per unit volume in the 
magnetic field. There is also an energy term 

VB(I) (Z 4 + m 4 + n 4 ) [VA (/) l 2 + VA '(I) l 4 ] ' (1448) 
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depending on the direction of magnetization relative to the axes of the 
crystal, taken to coincide with the axes of coordinates. 

Ihese terms should be added to the energy terms in the original partition 
function before the approximate summation, but since the whole effective 
contribution comes from states indistinguishable from the equilibrium 
state, and since the extra energy terms are small compared with the main 
(exchange) energies, we can insert I s (the equilibrium value) for / in (1447) 
and (1448) and treat these terms as extra constant factors during the 
evaluation. We thus get the corrected (partial) partition function 

log K m (V.T,H' ,l,m,n) = log K m (V,Tfi ) 

+ —jpjr- + vn) (l* + m* + rt*) (1449) 

This is still not a true partition function, for while V, T and H' can be speci- 
fied by the external conditions Z, m, n should be deducible from them. 
Strictly (1449) multiplied by dw specifies the contribution to the true par- 
tition function made by those states for which I s lies in dw with a mean 
direction (l,m,n). The complete partition function is 

F m *(V,T,H')= [K m (V,T.H' ,l,m,n)dw (1450) 

and the equilibrium values of (, l,m,n ) should be determined in the usual way 
by equations of the type 

lK m * = 

vHm ZT a ,nicroelenlent is a astern very large on the atomic scale 
., 4 * (H +0) and VmikT will both be very large indeed, so that 
e whole contribution to the integrals in (1450) and (1451) comes from 
values of (l y m,n) which make 


lK M (V,T,W,l,m,n)dw. 


(1451) 


H I s V(\l + /xm + vn) — VB(I S ) (Z 4 + m 4 + n 4 ) (1452) 

a maximum, subject to 

/* + »»* + »*= 1. (1453) 

It is therefore only necessary to maximize (1449) as it stands for (Z m n) 

roof 0 fth +m2 + n2= L The Possible values of (l,m,n) are therefore 
roots of ,he equations = 0 (14M) 

H'I s H-‘iBm 3 + Am = Q, (1455) 

H'I s v-ABn 3 + An = 0, (1456) 

where A is the undetermined multiplier. We thus obtain all the properties 

that we require for microelements or completely holomagnetized crystals 
Incompletely holomagnetized crystals are collections of many micro 
ements each of which can be regarded as a supermolecule whose partition 
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function for its internal states is approximately K m (V,TM' ,l,m,n), when the 
direction of its magnetization is specified. Let the various permissible roots 
or groups of roots of equations (1454)-(1456) be labelled with a suffix i, and 
let N< be the number of elements whose direction of magnetization is given 
by the ith root. Then S t iV^ = A T , the total number of microelements. It 
will be convenient not to enumerate all the roots singly, but to group to- 
gether all the roots, rn i in number, which yield equal values of K m , which 

we shall denote by Then the partition function for the N micro- 

elements is 


* m = 


A T !c7 1 - V i TO 2 - V 2 

A\ ! A 2 ! . . . 


— (K m ll Y'(K n < 2 Y' (1457) 


This can be used exactly as an ordinary partition function if the N / s are 
fixed. But if, as is generally the case, the A^’s may have any values subject to 
= N and their average values are the quantities to be determined, then 
the complete partition function is 


= 2 + w 2 K m <» +... y\ 

(NO 


(1458) 


The average values N t are determined exact!}' as in § 2*3. We find at once 


N i = w i K m M/(X j Tn j KJ»). 


(1459) 


Now for moderate values of H' the magnetic terms that differentiate the 
A m (l) are all large compared with lcT even for a microelement. It follows 
therefore from equation (1459) that all the N / s are effectively zero except 
those corresponding to the greatest value of the magnetic terms. If there 
are several values of ( l i> m i ,n i ) corresponding to this greatest value, then the 
for each such set taken separately will be equal. This conclusion holds 
a fortiori for larger values of //'. 

For H' = 0 on the other hand the magnetic terms correspond to the various 
easy directions of magnetization and are all equal. Equal numbers N t of 
microelements will therefore according to (1459) be found orientated in 
each easy direction with zero resultant holomagnetization. This is in full 
agreement with the requirements already laid down for our model in 
§ 12-95. But the equations we have so far set up do not enable us in practice 
to trace the transition from //' = 0 to moderate values of H '. For very small 
values of H' neglected magnetic energies arising from interblock interactions 
are comparable with the differences between the magnetic energies in the 
various K m (i) , and the whole argument breaks down. We shall see that this 
transition corresponds to the early part of the magnetization curve below 
the “knee”, a part which is ideally almost vertical. From the point of view 
here adopted we may fairly regard the holomagnetization in this region as 
indeterminate. But the properties of such states can be discussed y 
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specifying the holomagnetization and determining the subject to this 
extra condition; all the magnetic energy terms can be neglected. 

To formulate this new condition, let y i be the cosine of the angle between 
(h> m i> n i) and the direction of holomagnetization I h . Then 

ZtrM-NiM. 

It is assumed for simplicity that the microelements are all of the same size V 
In place of (1458) we now have 

jr m , 

(Ni) 

subject to S, N t = N, yi N t = NI h /I s . 

By the usual processes we therefore find 

1 r dx 

X,n * = 2 Vi) (WlXV ' A "' n<1) + w * xV * K m 2) + •••)* (1-160) 

and % = (1461) 

where £ is determined as the root of the equation 

to iYi xViKJ» + w 2 y 2 xV‘K m ^ + . . . 4 

+ w&r*K m ™ + . . . ~/ 8 (140 “1 

Since to our approximation the K m ^'s are all equal, these equations simplify 

t0 N { TD&i 

N~-L j w j $yj’ (1463) 

where f is the root of 

cgy^r* + ro 2 y 2 x^ + . . . I h „ 
m x xVi + Tn 2 xy2+ ... / s ‘ ^ ^ 

Similar simple considerations apply to non-cubic crystals such as Co. in 
which there are only two directions of easy magnetization, l— +1. In place 
of (1452) and (1453) we have to make 

H'I s V(Xl + fxm + vn)- VA(I S )P- lb4'(/ s )f 4 (1465) 

a maximum subject to l 2 + m 2 + n 2 = 1. This gives the equations 

H'I s \-(2A+A)l-4A'l* = Q. (]46G) 

— Am =0, (1467) 

H'I s v-An =0. (1468) 

We emphasize once again that the H' of all these formulae should strictly 

be the effective magnetic force F, but that the difference is here unimportant 

and that H' is related to H the external field applied to the specimen by 
(1441). J 


§12-96. The deviation effect in non-cubic crystals, in particular Co 
When a single crystal of a ferromagnetic is holomagnetized to saturation by 
a sufficient field it is found that except for particular directions of the field 
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the direction of magnetization and the direction of the field do not coincide. 
This phenomenon is called the deviation effect and is simply explained by the 
existence of the dipole and quadripole energy terms of the preceding section. 
The more complicated effect in cubic crystals is similarly treated in the 
next section. 


To the required approximation everything is symmetrical about the 
hexagonal axis. We can therefore suppose that v = n = 0, and confine the 
vectors H' and I s to the ( x,y ) plane. Eliminating A from (1466) and (1467) 
we find 


2A 


I S H' 


4A> 72 M A 

I S H' m 1' 


(1469) 


If H' makes an angle <f> with the hexagonal axis and I s an angle i/r, the 
deviation A = </> — (/( is given by 


• a A + A' . . 1 A' . . 

sin A = ^77- sin 2ip + - sin 4 ip. 

Z l.Ji 


I S H' 


(1470) 


[f A < 0 then A > 0 when if is in the first quadrant, so that H' deviates more 


than I s from the hexagonal 


axis, which is, for A < 0, the 
direction of easy magnetiza- 
tion; H as it were drags I 8 re- 
luctantly away from the easy 
direction. Formula (1470) gives 
an excellent representation of 
the observations* if 


— ^4 = 4*14 x 10 6 , 
— A' = T01 x 10 6 . 





Fig. 64. The normal component of magnetization for a single 
The theoretical curve for A crystal of Co in a field H' of 9016 gaus9, as a function of 

is compared with Kaya’sf ob- the inclination W of H ' to the hexagonaI axis of the cry9ta * 

servations in Fig. 64. The curve shows / n = / 8 sinA or the component of 
I s normal to H' for a field H ' of 9016 gauss. 


§ 12-961. The deviation effect in the cubic crystals of Fe and Ni. In cubic 

crystals there is no significant dipole terpi, but a significant quadripole energy. 
In moderate fields sufficient to holomagnetize the crystals, the directions of 
H' and I s again do not in general coincide. According to the discussion of 
§ 12*952 the directions of natural magnetization in zero field (easy direc- 
tions) are those that make —B(l 4 + m 4 + n 4 ) a maximum, that is the 6 
directions (±100), (0±10), (00 ±1) when £<0 (as for Fe), or the 8 
directions (±1±1±1) when B > 0 (as for Ni). 

* Gans and Czerlinsky, Ann. d. Physik, vol. 16, p. 625 (1933). 
t Kaya, Set. Reports Tdkohu , vol. 17, p. 1165 (1928). 
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We have to solve the equations (1454), (1455) and (1456) for the root which 
makes (1452) a maximum, for sufficiently large values of H' . The general 
solution would be complicated and we confine attention to special cases, 

supposing that the observations are made on specimens so cut that the 
demagnetizing terms have the proper symmetry. 

Case (i). H' lies in a cubic face so that v = 0, the specimen being cut so that 
this plane is a plane of symmetry . 

If " = 0 there are a priori three possible values of n, but the non-zero 
values are irrelevant to our problem, since the plane v = 0 is a plane of 
symmetry. From the remaining equations 

4 BP - H'IJi 4Bm* - H'Lu 
7 V‘ + m‘= 1 ), 


which leads to 


sin A = sin(</> — </») = 



(1471) 


The values of B required for different specimens are somewhat variable, but 
for any one specimen excellent agreement is found between (1471) and the 


100 ] 


300 


H'= 755 


1 50b 


150b 



300b 


Fig. 65 a. The component of magnetization normal to H 
in the (001) plane of a single crystal of Fe as a functior 
of the direction 0 of the resultant magnetization. 


0 00] [l 10] [01 o] 



I I I 

Fig. 65 6. The component of magnetiza- 
tion normal to H' in the (001) plane 
of a single crystal of Ni as a function 
of the direction 0 of the resultant 
magnetization. 


observations. Figs. 65 a, b* show the agreement for /„ = /„ sin A for speci- 
mens of Fe and Ni with (Fe) B = - 2-39 x 10*. (Ni) £ = 2-9x10*. The vector 

is again always farther than I a from the nearest easy direction of magne- 
tization (cube edge, Fe, B < 0; cube diagonal, Ni, B > 0). 


D * l " d C-rlinsky, loc. a,.; observation of Honda and Kaya, &i. Reports TSMu vol 15 
SlpiffS; arC g ‘ Ven ^ ^ by ^ 0b3e " ati0 “ ° f Webster. *oc. W Soc. £ 
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Case (ii). y = v, H being normal to a face diagonal. The specimen is so cut 

that the plane (01-1) is a plane of symmetry. This plane contains the (100), 
(111) and (Oil) directions . 


Since y = v, m = n is a possible root and the only relevant one from the 
symmetry. Thus 

l, m, n = cos ip, -y^sini/i, -^sin^, 


V'2 


A,p, v = cos <f>, 


J2 


V2 


where <f> and >p are again the angles between H' and I„ and the (100) axis. 
Equations (1454)-(1456) then lead to 


sin A = sin(</> — 0) = 



sin 20{3 cos 2 i/j— 1}. 



Fig. 66. The observed and theoretical values of sin A for the (1 - 10) 

plane of a single crystal of Ni. 


(1472) 


Here again H' is always farther than I s from the nearest easy direction. Fig. 66 
shows* the observed and theoretical values of sin A for Ni for H ' = 296 gauss. 
The agreement is good except between the (111) and (110) directions 
where it is only fair. By including the next possible term in the magnetiza- 
tion energy of the form B'l 2 m 2 n 2 Gans and Czerlinskyf have obtained good 
agreement over the whole range. The extra term leaves the (001) plane 
deviations unaffected. 

Case (iii). There is a plane of symmetry normal to the trigonal (111) axis , 
if H ' lies in this plane , A-f/x 4 -v = 0. In a specimen cut so that this plane is a 
plane of symmetry one would expect I 8 to obey the same symmetry con- 
dition which requires l -I- m -f n = 0, but this does not satisfy the equations 
(1454)-(1456) since in general 2 1 3 does not vanish with 2 1. The observations 

* Powell, Proc. Roy. Soc. A, vol. 130, p. 167 (1931). 
f Gans and Czerlinsky, loc. cit. 
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appear to show that the symmetry condition keeps control; subject to this 
extra condition we should obtain the equilibrium state by maximizing 

H'I s (Xl + pm + im) - B(l 4 + m* + n 4 ) (A + p + v = 0) 

subject to l 2 + m 2 + n 2 = 1, l + m + n = 0. 

The conditions are - 4 Bl 3 + HI ^ + AI + M = 0 

and two similar equations. Eliminating A and M from these, we find 


4 B 

l 3 

m 3 

n 3 

+ H’I, 

A 

P 

V 


l 

m 

n 


l 

m 

n 


1 

1 

1 


1 

1 

1 


The coefficient of B has (l + m + n) as a factor and so vanishes. Therefore 

A p v =0, l+m + n = 0, A + p + i< = 0, 
l m n 

1 1 1 

so that 1 / A = m/p = n/v or I 3 is parallel to H\ This agrees with the facts except 

for very small fields and even then the observed deviations are small 
compared with those of cases (i) and (ii). 


§ 12 * 962 . The two stages of magnetization. As we have already mentioned, 
magnetization curves of single crystals show clearly two distinct stages! 


1600 


too . 
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Fig. 67. Observed magnetization curves for 

a single crystal of Fe. 
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100 *4UU 300 400 ff' 500 

Fig. 68. Observed magnetization curves for a 

single crystal of Ni. 


200 


300 


These stages are here shown in Figs. 67, 68 and 69 for Fe, Ni and Co respec- 
tively. Stage one is a rapid (ideally infinitely rapid) increase of magnetiza- 

Fe, Ni, Webster, Proc. Phys. Soc. London , vol. 42 d 4**1 /iqqa\. ^ 

Ann. d. Physik, vol. 16, p. 625 (1933). The observed points for c >h alt ’ ^ an8 £ nd Czerlinak y, 
T6hoku p vol. 17. p. 1165 (1928). ^ f ° r C ° balt are from * ci . Pep. 
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tion in very weak fields, up to a certain maximum value. If the direction of 
holomagnetization is one of the easy directions for a microelement, then this 


maximum value is complete saturation. It should correspond according to 
our theory to a state in which all the micro- 
elements are orientated in groups along the ^ 
directions of easy magnetization nearest to the i 
direction of holomagnetization, the groups being 
so arranged that the resultant holomagnetization 
is in the desired direction. The maximum values 
attainable in this way in the important special 
cases are as detailed below, in excellent agreement 
with the observations. At the proper point a Fi f.' 69 ' Theoretical ma g netiza - 

r r r tion curves and observed 

conspicuous bend or knee occurs in the magnetiza- values of the magnetization 



tion curve. 


for a single crystal of Co. 


Co. Easy directions : 
to the hexagonal axis the knee occurs at I h = 0. 

Fe. Easy directions (100), etc. For holomagnetization along (111) the 
nearest easy directions are (100), (010) and (001) and the knee occurs at 
I h = I 3 /*j3', along (110) the nearest easy directions are (100) and (010) and 
the knee occurs at I h = 

Ni. Easy directions (111). For holomagnetization along (100) the 
nearest easy directions are (1 ± 1 ± 1) and the knee occurs at I h = I 8 N^'> 


Hexagonal axis ( ± ). For holomagnetization normal 


along (110) the nearest easy directions are (11 ± 1) and the knee occurs at 


4=W§- 

These results are all immediate consequences of the second part of the 


theory expounded in § 12*952. 


After this knee the second stage of holomagnetization sets in; a stage in 
which a gradually increasing field H' pulls the direction of magnetization 
of each microelement away from an easy direction to the direction of the 
resultant holomagnetization. In the foregoing sections in discussing the 
deviation effect we have not troubled to consider whether the stationary 


values used correspond to true maxima. This is not necessary for the 
strongish fields concerned, for it is obvious that the correct roots must make 
the deviation tend to zero as H' -> oo. But this investigation no longer 
applies in weaker fields when the direction of I a is deviating gradually from 
an easy direction. The formulae giving A as a function of p are unique, but 
the root of^asa function of <f> must be chosen differently. In the following 
sections the complicated phenomena that can occur will be sufficiently 
illustrated by the discussion of important special cases. It will be assume 
throughout that all the microelements are subject only to the effective 
magnetic force F which need not be distinguished from the pipe-force 
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§12-963. Magnetization of Co normal to the hexagonal axis. There is no 
> . — ^ ^ Ih — 0 with equal numbers of 

microblocks orientated ± along the hexagonal axis. Subject to the magnetic 

force H' normal to this axis, the magnetization of each will deviate through 

an angle </-, such that I h /I a = sin if,. Applying equation (1470) with d> = in 
we find r 2 ’ 

cos if, = sin 2ifi + \ sin 4if>, 


IsU 


2 IJi 


and since if, must vanish with H , the cos 0 factor is irrelevant and the 
required root is given by 


I — sin, fi, I 3 H — — 2A sin 0 — 4A' sin 3 1 /». 


(1473) 


The good general agreement between (1473) and the observations is shown 
in lg. 9. Complete saturation should be achieved when 

H = — (2 A + 4:A')/I S ~ 8600 g. 

§ 12*964. The magnetization curves of Fe. (B < 0.) 

Case (i). Magnetization along the (110) direction in the (001) plane. At the 

° . 8ta Jf e ° n , e ’ half the microele ments are magnetized along (100) and 
the other half along (010), in a negligible external field. The microelements 

Z ?°T a JL Subjected t0 a force H ' aJ ong (HO) which will affect them all 
similarly. Their magnetizations will all be deflected towards H' through the 

the g fofm ^ 18 ^ Pr ° Per r ° 0t ° f ^ eqUati ° n (1471 )> w ^ich here takes 

£ 

sin^ -«/,)= sin 4l/ , y = 0iH ' = 0)i (14?4) 


and at the same time 


IJi 

COS(Itt- if,) = IJI S ' 


* « I u *••••• 

The (I h ,H') relationship is simplified by writing in~if, = e . Then 


(1475) 


- B 


T = cose, sin e = —- sin 4e, 

* V* 


from which the proper root is given by 


hi JJ I S H' 


(1476) 

^h^d to fo^“HC 0 ^ 4 ^^ y ! ) “^ i " U “ Of<1452, ' C° m Ple«e saturation i„ 
T j a nd the magnetization curve joins the lin* 

h = h at an acute angle, (dlJdH), = \IJH a . This curve is in excellent 
ment^with the measurements of Honda, Masumoto and Kaya, showT^i' 

* Bitter, vol. 39, p. 337 (1932,; Honda, etc., Pepor* T6Koku. vol. 17, p. , a (1928 , 



514 


Electric and Magnetic Susceptibilities [12-964 


Case (ii). Magnetization along the (111) direction. At the end of stage one 
magnetization one third of the microelements are magnetized along (100), 
one third along (010) and one third along (001). The microelements are now 
all subjected to a force H' along (111), which again affects them all alike; 
their magnetization is deflected towards H' through the angle 0 in the 
relevant plane of type (011). Equation (1472) applies and here becomes 


with 


-B 


sin(x — 0) = jjtj sin 20 (3 cos 2 0—1} 

ri J 8 

cos(ac — if>) = IJI S . 




Writing a — ip = e, these equations become 

sin € [cos e — cos(4a - 3t) - = 0 ^cos e = -jr j (1477) 

For values of H' < - SB/31, the factor in [ ] has one root which is the 
required maximum of (1452), and sin * = 0 gives a minimum. For values o 
H such that - BB/3I. <H'<- (2-96) Bjl, the factor in [ ] gives two roots o 
which the lesser value of cos e gives a maximum and the other a mimmu , 
while sin « = 0 gives a maximum. For H' > - (2-96) B/I a , sin e = 0 is the only 

root The complete curve is shown in Fig. 69-1. Ifwe assume that equilibnum 

corresponds always to the greater maximum of (1452), the magnetization 
curve is as shown by the continuously drawn curve in the figure, 
step being discontinuous at about 

H'= -(2-9) BII 3 = H 8 '. 
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This curve is also in excellent agreement with the measurements, though 
naturally these do not reproduce the discontinuity of the idealized theory. 
This part of the curve is much altered by including the term B'Bmbi 2 . 

§ 12-965. The magnetization curves for Ni. (B > 0.) 

Case (i). Magnetization along the (100) direction. At the end of stage one 
one quarter of the microelements will be orientated along each of the four 
easy directions (1 ± 1 ± 1) in a negligible external field. The microelements 
are now all subjected to H’ along (100), which affects them all similarly by 
deflecting their magnetizations towards H' in the (110) or similar plane 
through an angle e. Equation ( 1472) applies with <f> = 0 in the form 

^ 

sin( — </») = jjTj sin 2</*{3 cos 2 ip — 1}. (1478) 


The factor sirup is irrelevant and cos ip = 1/^/3 when H' = Q. Moreover 
co sip = I n /I 8 . Therefore 


1 -0 


b r ' 


j 2 

3^-1 

o 


....(1479) 



The deviation vanishes and 
saturation is reached when 

H' = H S ' = 4B/I 8y 

and at this point (dI/dH) 8 #= 0. 

This theoretical magnetiza- 
tion curve is in fair agree- 
ment with the observations 
as shown in Fig. 69-2. 

Case (ii). Magnetization 
along the (110) direction. At 
the end of stage one mag- 
netization one half of the 0*2 
microelements will be orien- 
tated along each of the two 
easy directions (11 + 1) in a 
negligible external field. The 
microelements are now all „ TL . 

_ v • . j , rr, . ..... *ig. 69*2. Theoretical magnetization curves and observed 

subjected to H along (110) magnetizations for the (111), (110) and (100) directions in a 

and equation (1472) again s ingle crystal of Ni as a function of H'. 

applies but now with <P = \tt and 0=^-6, where c is the angle between I 
and (110), so that cos e = I h /I s . Thus s 


sin e = 


-B 

H'I S 


sin 2€{3sin 2 



(H’ = 0, COS e = V§)> 
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and the sin « factor is irrelevant. Therefore 


* Z ._ 2 A 
B T. 


T 2 

3 v - 2 


(1480) 

Saturation is reached when H' = H S ' = 2B/I S and at that point (dl/dH), * 0 
here is again fair agreement with the observations as shown in Fig. 69-2. 


§ 12-97. Magnetostriction in cubic crystals as a function of magnetization . 
During stage one magnetization the microelements are merely turning 
round. This could cause no change of shape of the body in bulk if a micro- 
element (or other body magnetized to saturation) were of true cubic struc- 
ture. But if the unmagnetized state is a perfect cube the magnetized state 
need not be, and in fact is not, and the change of shape will depend on how 
the microelements are arranged for given I h . These arrangements can be 
derived at once from the formulae of § 12-952. During stage two magnetiza- 
tion other changes of shape can occur due to the distortion accompanying 
the diversion of the directions of magnetization from easy directions. Such 
changes of shape are called magnetostriction . We shall show in the following 
sections that the magnetostriction at all stages of holomagnetization in Fe 
or Ni can be completely accounted for in terms of our general theory and 
two empirical constants which may be taken to be the proportional changes 
of length parallel to the magnetization when the specimen is holomagnetized 
to saturation along (100) and (111). To complete the theory we should be 
able to compute these constants in terms of the elastic constants of the metal 
and the magnetic dipole energy of a slightly distorted cubic lattice. Though 
there have been several attempts 5 *' and though the principles on which the 

calculation must proceed are agreed upon, no satisfactory calculation has 
yet been made. 

Suppose that a microelement or other saturated crystal is magnetized 
with direction cosines a x , a 2 , a 3 and measured along a line with direction 
cosines f } ± , , /J 3 . These direction cosines refer to axes coinciding with the 

crystallographic axes of the cubic crystal. Thenf 



= c -f k x 2 


*i 2 Pj*-*2 2 *iPi*jPf 


(1481) 


In (1481) k 1 and k 2 are constants and the additive term c, which may be a 
function of the j8’s, occurs because we do not know what to call the standard 
length of the specimen. This standard must be fixed later by a suitable 
convention, and we need not consider it further for the moment. We can 
only measure changes of length in a given direction for changes of the direction 

* Akulov, Zeit.f. Physik , vol. 52, p. 389 (1928), vol. 59, p. 254 (1930); Becker, Zeit. f. Physik , 
vol. 62, p. 253 (1930), vol. 64, p. 660 (1930); Powell, Proc. Camb. Phil. Soc. vol. 27, p. 561 (1931). 

| Heisenberg, Zeit.f. Physik , vol. 69, p. 287 (1931). 
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of magnetization. The formula ( 1481 ) is dictated entirely by the requirements 

of cubic symmetry. In the first place the formula (apart from c) must be 

even in the a s and the p s separately, for reversal of either of these directions 

is irrelevant. It must be unaltered by interchange of any pair of suffixes in 

the a’s and P’s simultaneously and by simultaneous change of sign of any 

pair a,- , /?,• . The terms in and k 2 are then the only possible ones of less than 
fourth order in the a’s. 

It is important to see exactly how this formula may be used during stage 
one magnetization. The direction of measurement (p) then remains un- 
altered for the microelements or the whole body while the direction of 
magnetization (a) changes, so that c is constant. But owing to the symmetry 
of the K-terms in a’s and P's we can equally well use the formula for a micro- 
element with the a’s fixed and the P’s changed if we still keep c constant. 
For convenience therefore we may proceed thus as if c were an absolute 
constant. The total result for the whole body will be obtained by summing 
over the contributions of each microelement. 

§ 12-971. Magnetostriction curves for Fe crystals. 

Case (i). Magnetization along (100). Since (100) is an easy direction, the 
whole holomagnetization is stage one and the magnetostriction throughout 
can be expressed in terms of the shape of the natural microelements. 

For a microelement 




= c (Longitudinal effect), (1482) 

( 100 ),( 100 ) 

/SA 

= I T I =c + (Transverse effect). 

(o/Ji/Wioo) \ t ! aoo),(o/3.jS») 

(1483) 

If N x , N 2 , N 3 are the numbers of microelements in the conglomerate body 
orientated along, normal to and against H', acting along (100), then for the 
whole specimen measured parallel to H' 

81 N x N 2/ N 3 N, 

l N C+ N^ C + k ^ + N C ~ C+Kl N (1484) 

We can now lay down our standard shape for the specimen by making 
81/1 = 0 for the state of no holomagnetization when by § 1 2- 95 NJ N = § Thus 

c + §*i = 0. (1485) 

For complete holomagnetization N 2 = 0 

^ 1 f\ff . - 1 A_K 

sat 



= c = 1*95 x IQ- 5 . 


(I486) 
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This numerical value fits Webster’s observations. Kaya’s require 1*68 x 10~ 5 

For partial holomagnetization 



h] -cU 

3.¥ 2 \ 



7-T 

2 A'/' 


By (1463) and (1464) 

,v 2 

£+ 

4 

4+1/r 

(1487) 

where 

f + 4+l/f 

X 8 

(1488) 


A simple reduction leads to 


y = §{2-V(3S 2 +l)}, 


so that 



This formula is compared with the observations in Fig. 70. 


(1480) 


Case (ii). Magnetization along (111). In stage one magnetization it follows 
from § 12*592 that the microelements merely turn end for end which does 
not change their shape. Thus we have 81/1 = 0 up to I h = IJJ 3. 

In stage two magnetization the direction of the magnetization, and 
therewith the shape of any microelement, changes. But all are similarly 
situated with respect to (111) so that the change of 81/1 in bulk is the same 
as for anv microelement. 

If € is the angle between the direction of magnetization and (1 1 1), so that 
cos € = /;,//,, then 

a l = Vi COS C + \ § Sin a 2 = a 3 = Vi ( 1 “ a l 2 )*’ 

and 



Uj) 1 =(j) =-§- 2 W2* 1 (l-«i 2 ) i + i(l-«i 2 )}- 

L \ 1 /(nn.dinJBuik \ « /(«*.<*•«.). an> 

1 2 s (1490) 

This reduces to 

j) ] --i-h’fl-A <•«•) 

For saturation we have = 1.^/3, 81/1= — §x 2 = — 1-7 x 10 -5 to fit Webster s 
observations, or — 1*29 x 10~° to fit Kaya’s. These results are again com- 
pared with observation in Fig. 70. 

Case (iii). Magnetization along (110). In stage one magnetization N x 
microelements have their magnetization directed along (100) and (010), 
N 2 along (00 ± 1) and N 3 along (-100) and (0-10). Formula (1481) (with 

*i= — %c) gives 



(o*io). <110 > 


* (?) 


( 00 ± 1 ).( 110 ) 


= — \c. 


(1492) 



519 


12-971] 


Thus 


Magnetostriction Curves for Fe Crystals 



(no)J 


4 N 


(N, + N 3 - 2 N.). 


The formula of § 12-952 gives us at once 


A\ + N 3 - 2N 2 JW2 + ^-W2_2 
N "fW2 + f-W2 + l- 


where 

We find easily 


_ tnv2- _L t-i,V2 

V2 ? V* 


= ^' = S 


P + f-W2+! / 


i = 

L\ ^ / (110), (110)J Bulk 


C 

4 


2 - 



4- 


T 2 


(1493) 


...( 1494 ) 



Fig. 70. Theoretical magnetostriction curves and observed magnetostrictions (longitudinal) 

for single crystals of Fe as a function of the holomagnctization. 


In stage two magnetization the magnetization of all the microelements is 

being deviated equally from (100) or (010) towards (110). If cos e=IJI' 
then ' s ’ 

otj = (cos e + sin < 0 / 72 , a 2 = (cose- sin e)/^j2, a. = 0, 

and 



*2 » 





(1495) 


All these results are in excellent agreement with Webster’s or Kaya’s 

measurements for suitable empirical values of c and k 2 , as the curves of 
Fig. 70 show. 
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§ 12 - 972 . Magnetostriction curves for Ni crystals. Very similar con- 

siderations apply to Ni crystals and it will be sufficient to summarize the 
results. 

Case (i). Magnetization along (111). Stage one magnetization proceeds 
to saturation. There are four classes of microelement, along (111), N 2 
along (11-1), (1-11) or (-111), N 3 along (-1-1-1) and V 4 along 
( — ^ — H)» ( — 11 ~ 1) and (1 — 1 — 1). We find at once 


81 

l 

hi 

l 


(lll).(lll) 


( l V C "h 3*1 3*2 ’ 

\ t /(-l-i-D.du) 



hi 

i 


(ii-i),(ui) 

(lll),(lll)^Bulk 


hi 

i 


c + j/fj + qK 2 , 


(-l-ii), (in) 

( Ni + N 3 -1(N 2 + N 4 ) ) 

N I 


3 K 1 3*2 


For the unmagnetized state A'j = N 3 — iV 2 =|-iV r 4 and by convention c + |/c 1 = 0. 
Applying equation (1463) and (1464), we find 

^i + N 3 -^N 2 + N 4 ) f + f-*-(f* + H) 

N 


where 

Thus after reduction 


€ + 3 ^ + 3r* + f- 1 ’ 


7, 


^ + 3£* + 3r* + 1- 1 


h. 


[(?) 


i^Bulk 


A 2 


~ 3 K 2 t 2 * 


(1496) 


-5 


(lll).(lll) 

To fit the observations of Kaya for saturated magnetization -§ k 2 = 2*7 x 10 

Case (ii). Magnetization along (100). During stage one magnetization, 

Ih ^ there is obviously no magnetostriction. During stage two all the 

microelements are similarly situated with respect to ( 1 00) and if cos € = I h /I s , 

then . i 

a 2 = a 3 = sin 6/^/2, 


ol 1 = cos e 


[(?) 


i - (- ) 

i J Bulk \ l /i 


1 2 /« 2/ 


(1497) 


L\ ^ /(100) ,(100)— J Bulk \ ^ / (a 1 at 2 a 3 ),(100) 

The observations indicate that c = — 5*1 x 10 -5 . 

Case (iii). Magnetization along (110). During stage one magnetization, 
VI, there are three classes of microelement to consider: N x along 

(11 ± 1 ) , along ± (1 — 1 ± 1) and N 3 along — (11 ± 1). For these microelements 

we have 



±(11±1),(110) 



a 

~] = - 
J Bulk L 


+ n 3 -n s 

N 
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Using again the methods of § 12*952, we find 

1 _ i 4 2 



hi 


= — 1 * 2 . 


I 2 

s 


^ \ I4)* 


^ /(110),(110)JBulL' 

During stage two magnetization, if as usual cose = I h /I s , then 


(1498) 



Fig. 71 . Theoretical magnetostriction curves and observed magnetostrictions for 

single crystals of Ni as a function of the holomagnetization. 


The general agreement between these formulae and Kaya’s measurements 
is fair, and is shown in Fig. 7 1 . The observed values given are very uncertain 
for the smaller magnetizations, since the magnetostriction and the mag- 
netization were not simultaneous! v observed. 



CHAPTER XIHf 

APPLICATIONS TO LIQUIDS AND SOLUTIONS 


§ 13*1. Introduction. It is at present far beyond the power of statistical 
mechanics to deduce rigorously the properties of a liquid from a given 
molecular model. Most liquids of our common experience are composed of 
very complex molecules. Even if we possessed detailed experimental know- 
ledge of the liquid states of the inert gases we could hardly yet hope to give 
a satisfactory theoretical interpretation. It is not that the method is not 
sufficiently clear. It ought to be possible for such simple liquids to give a 
satisfactory account of their properties as follows. For liquids with heavy 
molecules (i.e. all liquids except helium and perhaps hydrogen J) a classical 
approximation to the partition function should be sufficient. We may then 
formulate the problem in one or other of two ways. We may adopt as a first 
rough approximation to the liquid a model w hich regards it as a quasi-solid 
in which each molecule has a natural position of equilibrium differing merely 
from a molecule in a solid in that its position of equilibrium w r anders about. 
If we adopt this model, then we may take 


F J¥ 
kT~ k 

B*(T)=j...Je- w ' kT n K (dw K ), (1501) 

in which W is the complete potential energy of the liquid in any configura- 
tion^ and J(T) is the ordinary partition function for the translational 
kinetic energy and internal and rotational energies of the molecules — 
frequently much the same as in a gas. In calculating B*(T) after this model 
the molecules must not be allowed to change places, so that if we allow ed 
W->0 the limit of B*(T ) w'ould have to be V N /Nl. This model of course 
cannot validly be used in this limit. 

If we adopt the model of an extremely imperfect gas, then we can proceed 

f This chapter has been completely recast by Mr E. A. Guggenheim. 

J The hydrogen rich liquids such as water, ammonia and methane in which each molecule 
contains only one atom other than hydrogen probably form a partial exception and require a 
quantum treatment of their rotational energy content. Bernal and Tamm, Mature, vol. 135, 

p. 229 (1935). ... 

§ More strictly \V is only that part of the potential energy of the liquid which depends on e 

configuration of the centres of mass of every molecule since (1501) refers only to such coordinates. 

Potential energy arising from internal vibrations and rotations of the molecules (if any) must 

regarded as absorbed in J(T). 


A log J(T) + log B*(T), (1500) 
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exactly as in Chapter vm and use Theorem 6-31 for systems occupying a 
common region of space. We may then take 

p vp / J(T) \ 

- ft = 1 = jy ( log 1F + 1 ) + log B(T) ' (1502) 

B (T)=j^...j e - wlkT n K (<ico K ), (1503) 

where the integration in B(T) is now to be calculated without restriction 

for all configurations. We shall easily see later that these formulations lead 
to identical results. 

A statistical theory of liquids is still lacking, not because of a failure of 
theory but because of the almost prohibitive difficulty of calculating B(T) 
or B*(T). The utmost that we can hope to do at present is to calculate 
quantitatively the changes in B(T) or B*(T) when certain changes are 
made in the force system W or in the nature of the systems composing the 
assembly — that is to calculate the properties of solutions given an empirical 
knowledge of the properties of the pure components, and even this only 
tentatively. We shall give here merely a sketch of how a theory of solutions 
can be approached by application of the general theorems of statistical 

mechanics. 

§13*11. A pure liquid . Let us start by recalling how (1503) is evaluated 
for a gas. The volume F of a gas is determined entirely by that of its con- 
tainer, and for a perfect gas W = 0 when all the molecules are anywhere 
inside V , and W = cc when any molecule is outside F, so that B(T)= F* v . 
For an imperfect gas the condition “ W small” replaces W = 0, so that 
integration over the whole configuration space still means integration over 
a hypervolume V s of an integrand not exactly unity. This leads when 
developed to the formulae of Chapter vra. 

For a liquid however the conditions are essentially different, for the 
volume F is not imposed by the containing vessel but by the intermolecular 
forces. The volume V, provided it exceeds a certain lower limit, determines 
merely how many molecules are in a vapour phase. We shall assume that 
these are of negligible number and neglect them. For a simple liquid phase 
W must have a pronounced minimum for certain configurations in which 
all the N molecules are packed together in a volume F, the actual volume of 
the liquid. The large heat of evaporation and small compressibility of a 
liquid show that W will be much greater (effectively infinite) for all con- 
figurations differing sensibly from F in that volume. Since obviously this 
minimum value W mln must be proportional to N, we may write 

^mln = AV(T), 


(1504) 
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where w(T) is independent of N. We thus obtain 


[1311 


B(T) = e~ Nw ‘ kT 


/-/ n 


(du) K ), 


w here the integration is to be extended over all configurations sufficiently 
nearly consistent with the condition W= W mXn = Nw. The extent of these 
configurations can be estimated formally thus.f Consider the molecules 
forming the liquid to be in one definite configuration satisfying W=W mtn . 

v. ! configurations of identical energy which can 
be constructed by interchanging the molecules. When we are using (1502) 

and (1503) these interchanges are to be included. Further, round each such 

configuration we can specify a region of neighbouring configurations in 

which W differs inappreciably from W mln by assigning to each molecule a 

region v over which this molecule can be displaced more or less independently 

of the other molecules without significantly breaking the condition W = W m[n . 
Thus 

B( T) = e ~ Nu 'i kT Nlv*, (1 505) 

F _T_ 


log vJ(T)- 


w 

kf 


(1506) 


Both v and w will depend on T in a manner which these considerations 
provide no means of evaluating. We do not therefore gain from (1506) any 
insight into the properties of a pure liquid, but we can easily extend (1506) 
to dilute solutions where it becomes significant. 


§13*12. A pure liquid as a quasi -crystal. Before proceeding with this 
extension it is of interest to examine the other approach provided by (1500) 
and (1501). It is obvious that with the same approximations 


B*(T) = v N e~ Nw ' kT , 


so that (1506) is unaffected. We can however with the quasi-crystal picture 
make more explicit assumptions and so reach explicit formulae for v f w , F 
and as functions of T, which have been used successfully by Mottf to 
explain the electrical properties of liquid metals. 

The proposed model of a liquid is one in which it is assumed that the 
molecules vibrate about positions of equilibrium as in a solid with a cha- 
racteristic frequency or spectrum of frequencies. The difference from a solid 
is merely that the positions of equilibrium are themselves free to wander 
slowly about, wandering which is without effect on J(T) or B*(T) to a first 


t Guggenheim, Proc. Roy. Soc. A, vol. 135, p. 181 (1932). 
t Mott, Proc. Roy. Soc. A, vol. 146, p. 465 (1934). 
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approximation. For simplicity we shall assume that the vibrations have a 
common frequency v L . Thus 

W = W min + 2 \ m (: 2ttv l ) 2 

i 


B*(T) 


— e -Nw/kT 


e -m{2nv L XrWkT fa 


“ 3 N 
r > 



For this simple model we shah also have 



(1507) 


F T* lkT\ z w 

sothlt -Vr\ " 508 » 

It is of course unnecessary to have used the classical approximation here. 
The assumption that the liquid has a minimum configurational potential 
energy of Nw' and is otherwise equivalent to a degenerate oscillator of 3 N 
freedoms each of frequency v L leads at once by (88) and (598) to 

F Y w 

~j^ = J = N \~ 3 log(l ~ e ~ hVlJkT) ~kT\ f (1509) 

if w i3 taken to include both w' and the zero-point energy of oscillation 
\hv L . Equation (1509) reduces to (1508) when hv L <^kT. In the whole 
formulation up to this point the volume occupied by the liquid is invariable 
and there is no dependence on pressure. 

§13-13. An elementary (thermodynamic) theory of melting. Mott has used 
(1508) to give an elementary theory of melting, applicable to the melting 
of simple atomic substances such as the metals. We may suppose that in 
the regularly ordered configuration of the solid crystal the assembly con- 
tains less potential energy than in the irregular configurations of the 
liquid, but owing to its regularity and rigidity a natural frequency v s which 
is greater than v L . We may therefore write 

/ lcT\ 3 

i’ s = ^J-A:Tlog(^-j +w s J, (1510) 

( lcT\ 3 

£) +«x}. (1511) 

where iv L >iv s , v L <v 8 . The condition determining the melting point ie 
that liquid and solid can be in equilibrium together, that is &F = 0 for a 
change from one form to the other at constant temperature, or 

3 log — = — . 

6 v,. kT 


(1512) 
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For the proposed model there is no change of specific heat on melting; for 
both phases C v = 3i?. By calculating the energy or entropy of the phases it 
is easy to show that the latent heat of melting A defined as E L - E s or 

T(S l -S s ) is given by A = A 


is given oy A = X(w L -w s ). 

It follows at once that if A refers to one gram-molecule 


(1513) 


— = e"i Ai2r . (1514) 

v s . 

Mott* has applied this relationship to explain the increase of electrical 
resistance on melting for a normal metal. In the absence of large volume 
charges on melting or complicated rearrangements of the electron levels the 


Tablk 52. 


Showing A and T M for various metals , and the observed 


and calculated values of k s /k l at the melting point. 



The values of A are in calories per mole. The values in [ ] are uncertain. The values in ( ) have 
been corrected for the fact that k qc v* strictly only when T hv/k, a condition which is not well 
satisfied for these metals; compare cols. 3 and 6. 

conductivity of a metal varies as v 2 , the square of the characteristic tem- 
perature. f Thus at the melting point, T = T M , 

lL = e -UlRT M (1515) 

The right-hand side of (1515) depends on calorimetric quantities only. 
The excellent agreement between the (electrically) observed and calculated 
values of k s !k l is shown in Table 52. For the last group the theory ob- 

* Mott, loc. cit. /ioqq\ 

f See, for example, Sommerfeld and Bethe, Handb. d. Physik , vol. 24 (2), p. o07 ( )• 
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viously fails, but failure is to be expected here due to factors omitted in 
using ko c i/ 2 . 

The substantial success of (1515) suggests that the quasi-crystal model 
is at least a fair representation of a simple liquid near its melting point. This 
thermodynamic theory of melting however is far from a complete mole- 
cular theory, for it makes no attempt to explain the sharpness of the transi- 
tion from liquid to solid. This sharpness which is also characteristic of other 
transitions such as those from one crystalline form to another is the most 
striking characteristic of the process and must be a natural deduction from 
any complete theory. It is not possible to carry this discussion any further 
here. 


§ 13*2. Ideal solutions. We now extend the previous results to a mixture 
of N a molecules of type a and Np of type /3. f Adopting the quasi-solid starting 
point, the free energy and characteristic function are now of the form 

”^ = |' = ^a log ^a + ^ log ^ + log ^*(7 7 ). 

J a and Jp have meanings similar to that of J above. B*(T) is given by 

B*( T) = J*. . .je-Wldw')*' (dwp)"* , 

in which W is the configurational potential energy and the integral is 
extended over all distinct configurations. As in §5*61 however the number 
of such distinct configurations J is now no longer 1 but (iV a + Np)\/NJNp\. 
A simple rough evaluation of B+(T) is now possible in the special case in 
which there are no long range electrostatic forces and Np/N a is so small that 
one may neglect its square. When these two conditions are fulfilled we call 
the mixture an ideal solution of f} ( the solute) in a (the solvent). Under these 
conditions two molecules ft wdll be within reach of each other so seldom that 
such configurations can be neglected. W will therefore still have a pronounced 
minimum of the form 


^mln = N* w <x( T) + Np Wp( T ) , (1516) 

for as compared with (1504) there are merely a number Np of centres of 
distortion which make equal contributions to W min , distinct from the con- 
tribution of the normal a molecule. It follows at once that we may write 
B*(T) in the form 


B*( T) = e-^aU-.+A’/ju-^r (Ng + NpV - , , N 

NJNol 1 a> (V P> • 


(1517) 


t Guggenheim, loc. cit. 

t If the two sorts of molecules are markedly dissimilar in size and shape this 
hardly be retained, but the result (1518) remains a fair approximation. 


argument 


can 
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JcT k 


a 


log + N p) w a 




kT 


• + Np- 


log 


Jp v p(N a +Np) wp 


N 


P 


kT 
(1518) 


In (1518) J a , Jp, v a , vp > w 0 n Wp are in general all functions of T. 

§13*21. Partial vapour pressures of an ideal solution . If we add to our 
assembly a vapour phase, which is a perfect gas mixture, then the free energy 
F a of the complete assembly will be 

F a = F+F', 

where F is given by (1518) and F\ after (597), by 


F' 

=N '« 
kT 


a 


log 


V'J' 


V'J*' 


^f+lj+^log^+l 


(1519) 


Primes will be consistently used to denote the vapour phase. The condition 
of equilibrium is 8P a = 0 subject to 8T = 0 and S(F + F') = 0, but since for a 
given number of molecules 8F is negligible compared with 8F' this reduces 
to 8F' = 0. The condition that F a is unaffected by a transference of either 
molecule from one phase to the other is satisfied provided that 

dF dF' dF dF' 


dN a dN a " 


dNp dNp' ■ 


(1520) 


Combining (1518), (1519) and (1520), we find 


log J ^ N ° + N £-^ = logVZ 

N a kT g N a ' 

log J P v f}( N « + N p) _^P, 

N r kT g N 0 ' 


(1521) 


p n-j j.yp 

It follows that the partial vapour pressure of the solvent is given by 


(1522) 


, N a 'kT 

Pa =- 


N J 'kT 

<* ' J a K1 e wJkT , 


V N a + Np J a v 
an equation which can be cast into the form 


(1523) 


N. 


Pcx N a + Np {Pcx,)oy 


(1524) 


(Poc')o being the vapour pressure of the pure solvent. This is RaoulVs Law 


Similarly 


, No Jo'kT , 

Vo = “ “ pWpjkT 

PP K + fy J pV p ’ 


(1525) 


so that at constant temperature 


which is Henry's Law . 


Pp °c Npl(N a + Np), 


(1526) 
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§13-22. Lowering of the freezing point. A familiar purely thermodynamic- 
argument shows that any dilute solution is in equilibrium with the pure 
solid solvent at a slightly lower temperature, T it °-AT M , than the freezing 
point T m ° of the pure liquid and that AT 1 ,, is given by* 


A7 1 — log 

v log p a ' • 

Using Raoult’s law this becomes 

A 


(1527) 


A Km 1 

R(T^)^ lM = log 


(1528) 


The natural statistical proof of (1528) as a property of ideal solutions is 
as follows: For the pure solid phase by (598) 

— S = N « { log k( t )}- 

Combining this with (1518) and the condition of equilibrium, we see that 

log k(T m ) = log ^ Tu ) v <A T *)( N * + N ft) _ w ^(Jaj) 


In the same notation 




log k(T m °) = logJjT^o) Ua( ^ 0) _ w a {T M °)/kT M °. 

Since T m - T M ° is small, these equations can be combined in the form 


dT, 


log 


J(T M )v(Tv)e-^»yKr M 

“(I'm) 


But by the nature of a partition function the term in [ ] is the excess energy 

content of the liquid per molecule over the energy content of the solid so 
that (1528) is established. 

§13-23. Effects of pressure. Hitherto we have ignored the pressure 
entirely as a variable affecting the liquid, which has thereby been taken to 
be incompressible, with a mean molecular volume V/N ( = v(T )) depending 
on the temperature alone. f For such a liquid, in sharp contrast to a gas, it 
is not possible to use V as a variable defining its state. If the liquid is actually 

a very inconvenient 

one, since formulae become indeterminate instead of particularly simple 

int* H he “ ymbo J A ^ or the latent heat of melting per gram-molecule, or mole, has already been 
roduced in § 1313. In the notation introduced in the next section it would be written A* 

froUth t h<> f “T ? hapt6r We attem P t inform to a notation not too remote 

from that customary in physical chemistry. It is however necessary systematical^ to \ 

feasible to complicate the notation by distineuishine them hv „ m , V 1 

(when necessary) distinguish molar m t therefore 

f*(D the volume per mole (gram-moleculc). Thu s t‘ ' t V ? lu . me P< ' r mo,ecu| c. 

will be denoted throughout this chapter by this special N. 6 F ° S ,1Umber ’ whlch 
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when the compressibility tends to zero. It is necessary therefore to use p 
together with T, N a and Np to define the state of the assembly. The functions 
, wp , v a and vp are strictly functions of p as well as of T y but cannot be. 
explicitly calculated. Owing to this mathematical inconvenience of p as a 
fundamental variable, progress is only possible by special devices. 

The free energy F satisfies the equation dF/dV = — p. Let us denote the 
value of F (and other quantities) for zero pressure by attaching a suffix or 
affix zero. Then 


^ = pdV , 


(1529) 


v 


F V F 
_ = : 

kT k 


, + “'a° | , AT 

l°g jr—*- - jy + */r 


log 


Jpvfl 0 (N* + Np) u>p 


0 




P 


kT 


We may safely assume for ordinary pressures that 

V = V Q (\- Kp), — 

where k is independent of p. Moreover for an ideal solution we must have 


(1530) 


V = N a v^NpVp 

for the same reasons that require (1516). The v’s are functions of T and p 
only and represent the average volume required by one molecule of each 
type. To conform, as nearly as may be, to thermodynamic usage we shall 
use partial molar volumes v a * y vp * y and the relation becomes 

' V = (N aV(t * + NpVp*)/ N. (1531) 

Relations (1530) and (1531) only hold simultaneously if 

V 0 * = v 0L °*( 1 - K a p) y Vp* = Vp°*( 1 - Kpp) y (1532) 

where the k s are independent of p and of the composition. We have therefore 
assumed that ^ y 

v = V a °*( 1 - «: a p) + ^ Vp°*( 1-Kpp); (1 533) 


it follows from (1533), (1529) and the formula for F 0 that 


TW 


OL 




+ N, 


P 


(1534) 


For use with the variables T, p the thermodynamic potentialf is Gibbs 


t Aa usages differ, especially among physical chemists, it is well to insist here that \n is 
monograph the name thermodynamic potential is used for any one of the functions E , or 

(or any other function) expressed in the proper variables such that the other therm 
variables may be obtained from it by immediate partial differentiation. The name c r 
function is used only for T* and <D, Planck’s variants of F and G. The four thermodynamic [W 
named above are of course the energy, heat function, Helmholtz’s free energy (or 
and Gibbs’ free energy respectively. 
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free energy 0 or Planck's second characteristic function <J>. Since 
G=F + p\\ 


- G = T<t> = A], { kT log _ „. a o - p ^ ( j - 1* 

l "'a IN 


a 


P) 


+ xJkT\og 




X 


-“/-I'f (1 Hv) 


>.„<)* 


/? 


(1535) 


Gibbs’ partial or chemical potentials per mole, Ma> p p , which must be 
written p a *, pp* in the notation of this chapter, are defined by 


M a 


* = N 


r 


r; 


c.V 


(1536) 


V-nG?.) 

ai/T.p,Sfi T,p,s x 

For our ideal solutions they have therefore the forms 

P a * = R T log + N „. a n + p „ a 0 * ( 1 - U a p) ( 1537 ) 

P-p* = RT\og j p ~ p o^ a+Np) + t*wf+pv p o*( 1 - U pp) (1538) 

From these formulae we can deduce all the equilibrium properties of such 

solutions by purely thermodynamic reasoning. We need not therefore 

elaborate the details, and shall confine ourselves to a discussion of osmotic 
pressure by w ay of illustration. 

§13*24. Osmotic pressure. The osmotic pressure of a solution is defined 

to be the extra pressure that must be applied to the solution to keep it in 

equilibrium for the solvent molecules with the pure solvent at a given 

external pressure. The definition implies that solvent molecules (but not 

solute molecules) can pass freely to and fro between the solution and the 

pure solvent, for instance through a semi-permeable membrane. The con- 
dition of equilibrium is therefore 

H«*(T,p + P,N a ,Np)=p a *(T,p,N a ,0), 

P being the osmotic pressure. We find at once 

P v a °*{ 1 - k a (p + $ />)} = RT log 

/y 

Neglecting compressibility this simplifies to “ 

S a + Xp 


(1539) 


Pv a °* = RT log 




(1540) 

§13-25. Heat of dilution. By definition an ideal solution is one in which 
the interaction between solute molecules is negligible. Any two such solu- 
tions therefore, having the same solvent, temperature and pressure, will 

abs .° rptl °" ° r evolution of heat. This may be rigorously 
established by a thermodynamic calculation of the total heat H since in any 

process at constant temperature and pressure, involving no work other than 
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that done by the pressure, the increase in H is equal to the heat taken in. 
But by its definition and (1535) 



= T 2 (— 
\dT 




= KK + tyHp , 


(1541) 


where H a and H p are independent of N a and N p . By considering more general 
ideal solutions we see at once that the total heat terms are all strictly addi- 
tive. Any two such solutions therefore will mix without absorption or 
evolution of heat. In particular this applies to the mixing of one such 
solution with pure solvent. In other words the heat of ( further ) dilution of an 
ideal solution is zero. 


§ 13*3. Further applications of the formulae for ideal solutions. ( 1 ) Perfect 
solutions . In evaluating B( T) for ideal solutions we assumed that among the 
(-^a permutations of the molecules among themselves those 
leading to configurations with two or more /? molecules in contact were 
ne gligible number. It is not really necessary to be so strict, for all that it is 
necessary to assume is that such configurations have a negligible effect on 
B(T). The formulae for ideal solutions which must hold when Np<gN a may 
also hold when this condition is poorly satisfied and the solutions are not so 
very dilute. In the extreme case in which /?-/? configurations occupy the 
same volume and possess the same energy as a-^S or a-a configurations 
the laws of ideal solutions will hold for all concentrations. f It is well known 
that such solutions exist. They are known as perfect solutions. In perfect 
solutions it is no longer necessary to draw any distinction between solvent 
and solute. Both species obey Raoult’s law in the form 

P*' = (P*') oNM + fy), Pfi'^ptfoNpHNv + Np). ...( 1542 ) 

§ 13*31. (2) Several solute species. The theory extends at once to solutions 
of mixed solutes and to dissociative equilibrium between the solute species, 
provided that the resulting ionization makes a negligible contribution to 
B(T). The simple theory of ideal solutions will thus account satisfactorily 
for the properties of weak electrolytes, in which there is some small degree 
of dissociation into ions as shown by the conductivity. For strong electro- 
lytes in which the dissociation into ions is almost complete the simple 
theory is inadequate. 


§13*32. (3) Ideal solutions at extreme dilution. We shall next consider an 
ideal solution of general solute species in a given solvent which we may take 
to be water. The necessary generalization of (1537) is 


H*B,o = H 0 *B.o+pv 0 * Il ,o(l-l><H,oP)+XTlog ^ H ‘° , v , ...(1543) 

t The necessary condition for a perfect solution can be formulated slightly more generally 


still. See § 13-4. 
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where is the chemical potential of H 2 0 in the pure solvent at zero 

pressure, a function only of T, and the prime in denotes that the solvent 
is excluded from the summation. We now neglect the compressibility and 
suppose that ^ ^ < ^ NpVp< jy Hi o » H ,o • 

On expanding the logarithm and retaining only the first order term we 
Qbtam p* Ht0 = T) +pv ^ Q _ RT( y Np)/NU ' 0 

If C P* denotes the concentration of the £th solute species in moles/c.c., this 
may be written (t’ Ht o and v° Bt0 need not be distinguished) 

M^h.o = ^°*H a o(^) + P v *H t o — RTv* Bi0 (Yjp cp*) (1544) 

Equation (1544) forms a convenient starting point for the study of the 
equilibria of solutions at extreme dilution. Equations (1528) and (1539) 
take the corresponding forms 

AT m = ( v y )> P = RT(y C p*) (1545) 

These formulae are due to van ’t Hoff. The formula for P is of perfect gas type. 

The chemical potential of the solute species can be similarly simplified. 
The same approximations lead easily to 

Pfi* = Pp°*(T)+pvp* + RTlogc p *. (1546) 

For a given solvent, y* is independent of the composition of the solution. 


§ 13-4. S-regular solutions. The difficulties in evaluating B(T ) are so great 
that only for ideal or perfect solutions have accurate formulae been so far 
obtained, and then only accurate in form — no evaluation in terms of inter- 
molecular forces has been possible. The method of treatment can however 
be extended somewhat further still when certain simplifications can be 
made.f Let us consider a mixture of N a a-molecules and Np ^-molecules, and 
assume that both types are approximately spherical and of equal radius. 
Let us assume further that they “pack” in the same way so that each a- 
and ^-molecule has on the average the same number r of neighbours. If the 
molecules are strictly close-packed, r = 12, but there is no need here to assign 
any particular value to r provided its value is the same for both types of 
molecule. We shall assume next that the two liquids mix completely in all 
proportions without volume change. Finally we shall assume that in any 
configuration of the proper total volume the potential energy W may be 
regarded as the sum of contributions from each pair of molecules in direct 
contact. The wider definition of Hildebrand is not yet susceptible of 

statistical analysis. To avoid confusion we refer to solutions obeying the 
restricted definition as s-regular (strictly regular). 


t Regular solutions were first defined by Hildebrand (loc cit n j c ... 

.u, ,b„ o„ g8 u.,„ "S tssr 
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Let us denote the potential energy of normal configurations of the pure 
a-liquid of A T a molecules by N a w a (as usual) and that of the pure /3-liquid by 
. Then according to the stated assumptions the liquid formed by 
mixture of these two pure liquids, with their molecules in an arbitrary 
configuration, will have a potential energy of the form 

w = - x )w a + (Np -X)wp + 2Xw a p (1547) 

There are £r(A 7 a + A^) pairs of close neighbours in the mixture in all. If rX 
of these are (a,/?) pairs, then the numbers of a, a and /3,/3 pairs must both 
be reduced by \rX below these maxima. Since the energy W is made up of 
the sum of contributions of each pair of close neighbours the result (1547) 
follows at once, 2 wjr, 2 wpjr and 2 iv a p/r being the contribution of each 
a, a, /9,/9 and a,/9 pair respectively. We can give another interpretation 
of w a p as follows: If we start with the pure liquids and interchange an 
interior a-molecule with an interior /?, the total increase of potential energy 

Wiilbe 2{2 

We shall denote this quantity by 2A and write 

W = Nptvp + XX. 

We can then put B'(T) in the form 


(1548) 


B'{ T) = exp( - (da> ...(1549) 


Defining a mean value X by the equation 


e -X\/kT 


w 


(dco OL ) Na (dco 


r-H 


e -x\ (du>a) N e, 


and evaluating the remaining integral as in § 13-2, we find 


B 


,, mx J K W a + N p™P + X *\( N « + N p)' 
(T)-exp( kT J N J N , 


v^ a & 


73 


(1550) 


The formulae of § 13*2 for - FjkT and 'V/k are affected by the addition of 
the term — XX/kT to the right-hand side. The same addition must be made 


to — Q\kT andO \k. 

While w a , Wp, w a p depend on the temperature in an unknown manner, the 
differential quantity A = 2 w a p — w a — Wp will only vary with the temperature 
in so far as the change in tightness of packing may affect w a p differently 
from w a and wp. We may reasonably expect this differential effect to be 
small and we shall therefore treat A as independent of the temperature. 
The corresponding changes in other thermodynamic functions follow at once 
from the changes in F or O. (An extra —AdX/dT in S , and X(X — TdX/dT) 
in E and H .) The thermodynamics of 5-regular solutions reduces therefor' 

to evaluating X. 
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W ithout evaluating X we can at once draw the conclusion that, if A = 0, 
s-regular solutions are perfect] the necessary condition is 

w (X + U'p=2w ap . (1551) 

To evaluate X various assumptions have been made* all equivalent to 

pUtting (X) 2 = (N ai -X)(Np-X). (1552) 


The physical meaning of (1552) is that there is completely random mixing, 
or that the change of entropy on mixing is the same as for an ideal solution. 
Solving (1552) for X, we obtain 


X = N a Np!(i\ + N p ). (1553) 

It is easy to see however that (1552) is incorrect. f By its definition X must 
be a function of N a , Np and X/kT and so for given N a , Np a function of X/kT. 
In particular whenX/k T = oo A = 0, when A/A:T = 0 X satisfies (1553) and 
when X/kT = — oo X is equal to the lesser of N a and Np. It seems obvious 
that X increases steadily as X/kT decreases from +oo to — oo. For a given 
non-zero value of X X cannot be independent of T . 

An equation for X much nearer the truth than (1552) is 

(X)*=(N a -X)(Np-X)e-»l' k T. (1554) 


Since 2A/r is the work required to change an a, a pair and a |3,/S pair intc 
two a,/J pairs and X, N a — X and Np — X are proportional to the numbers 
of a,£, a, a and £,/? pairs respectively, this is an equation of quasi- 
dissociative equilibrium of the correct form. On solving for X we obtain 


_ _ — (N a + Np) + {( N a + Np)> + 4N a Np(e^ _ ! )}I 

_ 2(e 2A "* r - 1) 


(1555) 


If 2X/rkTpl, a,/3 pairs in contact must be rare and the liquid must be 

expected to separate into two phases a dilute solution of /? in a and anothei 

of a in /?. If on the contrary — 2A jrkT^> 1 there will practically be chemical 

combination between a and /J. We can therefore expect the mixture to 

behave as a single phase without any complications due to compound 

formation only when e^=0( 1). It is therefore of interest to examine the 
value of X when , , . , 

\fWrkT_ i | c i . (1556) 

On expanding (1555) when (1556) is satisfied we find approximately 


X = 


KNp 




(1557) 


K + Npl~ ( N a + Np ) 

This shows that (1553) is a first approximation for X but is valid only when 
\2X/ r kT\ « 1 unless N p /N a is small. For a sufficiently dilute solution (1557) 

(193q Udebrand ’ J ’ AmeT ’ Chem ' S0C ‘ V01 ' 51 ’ P ' 69 (1929): Scatchard . Chem. Rev. vol. 8, p. 321 
f Guggenheim, loc. cit. 
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is valid no matter what the value of A and ( 1 553) is a valid first approximation 

to it. Formula (1555) and not (1553) should be used for X. in all thermo- 

dynamic functions for 5-regular solutions, but (1555) may be approximated 
to as indicated above. 

§ 13 * 5 . Strong electrolytes . When certain substances such as common salt 
are dissolved in water, the solution has a comparatively high conductivity, 
showing that charged ions must be present, and the effects of the solute on 
the colligative properties of the solution (vapour pressure of solvent, freezing 
point, osmotic pressure) is much larger than predicted by the laws of ideal 
solutions if the solute is present mainly as molecules of NaCl. We owe to 
Arrhenius the suggestion that for such substances, called strong electrolytes , 
the solute is composed largely of the independent systems Na+ and Cl“. 
Study of the optical properties of such solutions also leads to the conclusion 
that at least in dilute and moderately concentrated solutions there are very 
few NaCl molecules, and in many cases the properties of the solution can be 
accurately accounted for on the assumption that no undissociated molecules 
at all are present.* 

It is of interest to examine whether this complete dissociation of salts 
is to be expected theoretically.*)* The equilibrium point of the simple 
dissociation )3 is given by 

NJfp JJp 

VN ap f afj 9 

where the /’ s are the usual partition functions, modified so far as may be 
necessary by the effects of the surrounding solvent. If we start with the 
partition functions for free a-, and a/J-systems at ordinary temperatures 
(a, f3 monatomic), we may use the formulae of Chapters n and in and so 
obtain as in (463) 


fjfi _ ( 2t7 (m a mp/m ap ) kT 

fa# 



h 2 



h 2 


8n 2 AkT q(T) 


e~xl kT , 


where q( T) is the vibrational partition function for a/?. This lies between 1 
at low temperatures and hv/kT, v the vibration frequency of the molecule, 
at high, and can be assumed to be 1 with sufficient accuracy here. If a is 
the distance apart of Na+ and Cl - in the molecule, then A = m a mpa 2 /m a f). 
We therefore have 


N a N p _ (2n{m a mplm 0l f t )kT'A-e *> kT 


VN. 


ap 


h 2 


4tt a 2 ' 


(1558) 


* Bjemim, Proc. 1th Int. Cong. Pure and Applied Chem. London (1909); Zeit. /. Electrochem 
vol. 24, p. 321 (1918). 

f Cf. Guggenheim, Report of Chem. Sect. Brit. Ass., Centenary Meeting , p. 58 (1931). 
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The results of Chapter x show that the law of force between Na + and Cl - 
may be taken to be 

e 2 2-5 


(10 8 r) 


10 


which gives a = 2-4 x 10 -8 cm., and x = 5-3 electron-volts. Using these 

values, and reducing the concentrations to moles per litre * c t c a f c we 
find for T=300°K 


Kt = C ^L= 10 2 e - x'* r ~ 10 -88 . 




(1559) 


Thus m vacuo NaCl is (naturally) completely undissociated. 

^ e must now introduce the modifications due to the solvent. If we 
continue to regard the free ions as unhydrated — that is as free systems not 
specifically associated with any water molecule, whose motion on the 
average has the characteristics of a free particle in a gas except for the extra 
requency of collision— we have yet to remember that the energy of dissocia- 
tion m the solvent will be less than x . If we regard the solvent merely as a 
continuous medium of dielectric constant D, the energy of separation would 
be reduced to X !D. We thus obtain in water (Z>~80) A+~7, but this pro- 
cedure must overestimate the real correction to x in a molecular solvent, 
n the very strong fields near an ion a saturation effect sets in, which will 
reduce considerably the effective value of D. The correct value of K* for 
JN a Cl must be very much less than 7 (as calculated on this basis), and a very 
considerable degree of incompleteness in the dissociation is predicted for 
or inary concentrations, in distinct disagreement with the actual facts. 

e error can only have entered by ignoring hydration , the intimate effect 
Ot the solvent molecules on the free ions. 

Similar calculations can be made for other ion pairs such as 


and 


(MgCl)+ ^ Mg++ + Cl - , A+ = 02, 
Na(C10 4 ) ;± Na+ + (C10 4 )~, At~lo« 


In the latter the much greater value of At arises from the great number of 

rotational states for the free ion (C10 4 ) - , which are practically as numerous 
as those of the original molecule so that we have put R tnn . / r , 

Comparison of the results for NaCl, (MgCl)+ and Na(C10 4 ) indfeSS? one 
K ? y Wet r n6gle 1 ° f hydrati0n has led us to g™* 8 underestimates of 

free ions by ignoring the possibilities provided by the neighbouring water 
molecules for new states of motion not available to a free ion in vacuo An 
estimate of this effect may be made by adopting the model of a liquid given 

— £ s:;r. isr- - - 
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in § 13*12, and taking Na + , Cl and NaCl in the solution as units in the 
quasi-crystal structure. 

Consider a quasi-crystalline mixed liquid containing water molecules 
and N a1 Np, N y molecules of three other systems which will ultimately be 
taken to be Na+, Cl~ and NaCl in dissociative equilibrium. Let/ 0 ,/ a ,/^,/ y 
be the effective partition functions for their respective states of motion 
associated with given positions in the quasi-lattice. Then the arguments 
giving (1518) give here 


+ fyiog + ^ log w* ». +3 + M, iim 

The condition of dissociative equilibrium is 


[£♦ 


dNc 


— 1 T = 0 

aivj ’ 


so that, when N a + Np + N y < N 0 , 


KNpJJp 

*0 Ny fy ' 


(1561) 


The complete partition functions for a, /?, y are now N 0 f a , N 0 fp and N 0 f y . 
It is also easy to deduce these forms directly from the classical partition 
function 

^ J- • J ex p[ ~^T W + P' + pS) + W (tfi-S'a.ft)} J d Pl ...dq 3 , 


(1562) 


in which the potential energy W has a similar well-marked minimum asso- 
ciated with each water molecule, or quasi-lattice point. The integral thus 
breaks up into N 0 equal parts one for each water molecule, and reduces at 
once to N 0 f a . 

If w a is the minimum of W(q li q 2i q 3 ) in (1562), it is obvious that N 0 f a 


cannot exceed 


F(2t rmJcT)i kT 

h 3 


(1563) 


It is easy to verify however that for reasonable types of field ( 1 563) can reach 
a value nearly of this order. If w a and Wp are negative, so that —w a , — w p 
are “heats of hydration at the absolute zero”, the calculated values of K* 
will be increased by the factor e ~< w - +w ^ kT . This factor, previously omitted, 
may be expected to be of such an order as largely to cancel the over correction 
for D in the earlier estimate, but it cannot of itself lead to large values of K * 
unless there is also a large heat of hydration and a correspondingly large 



13 - 51 ] Effect of Hydration on the Dissociation 539 

heat of solution for the salt. Large heats of solution are rare, and therefore 
a still more careful analysis is required. 

In formulating and evaluating (1562) we have thought of any water 
molecule as providing locally a field W in which the ion can move, but as 
itself unaffected by the attachment of the ion. It is just here that the extra 
effect enters. The states of motion of the ion relative to its attached water 
molecule have already been accounted for in (1563). [The mass should 
more strictly be replaced by w a »i Hi0 /(m a + m Ht0 ) for relative oscillations.] 
An extra factor in/„ is provided by the change from/ 0 for the water molecule 
to/ 0 for the (HjO-ion) complex. If we regard the water molecule as rigid 
and assume that both its translations and rotations are approximately 
simple harmonic oscillations of frequencies r 0 and Vl respectively, we may 
approximate to f 0 with the expression 




hvj VhvJ 

If it were held by the same field, the complex would have a translational 
frequency vf given by . , 

v > - 1 to h,o y 

° lw a + m Hl o/ ^ ' 

One of its moments of inertia and therefore one of its rotational freedoms is 
unaltered. The other two moments of inertia will increase from about 

* 10 to 10 > h y a factor of about 50. It follows that f 0 ' ~ 10% Since 

this increase presumably applies to both ions, /ft ia increased by this effect 

by the factor 10*. Even if considerable allowance must be made for the 

stronger fields holding the complex than those holding the H 2 0 molecule 

remains large enough for dissociation to be practically complete up to 
normal solutions (1 mole per litre) of such salts. 

In conclusion we may summarize this discussion by saying that the 
observed degree of (almost complete) dissociation of such a salt as NaCl in 
aqueous solution cannot be accounted for if the ions Na+ and Cl- are 
effectively free systems, even if the dielectric constant of the medium has its 

of th? ^ t0 , m0l r U ! ar dlstances - When the effects of the interaction 

the ions with individual molecules of solvent (hydration) are taken into 

account the high degree of dissociation follows naturally out of general 

theory, the effect of the factor due to the great increase o" possib^^i 

factor n d 7 ' t , ,0n bei ” g eVen more than the energy 

factor m determmmg the degree of dissociation . gy 

§ 13 - 51 . Generalities concerning hydration of ions. We have seen in the 
preceding section that in order that a simple salt may be highly dissociaLd 
Its ions must be intimately associated with at least one water molecule and 
therefore in this general sense hydrated. To form a more precise picture of 



540 


Applications to Liquids and Solutions 


[13*51 


h> Oration, and in particular to determine it quantitatively, various methods 
have been used. Methods based on the transport of water by ions in non- 
aqueous solvents are really irrelevant as then the water is held by the ion 
against the attraction of the molecules of the less polar solvent not against 
the attraction of other water molecules. The number of attached water 
molecules per ion thus comes out too high. Methods based on mobilities in 
aq ueous solution assume the validity of Stokes’ law' for the terminal velocity 
of a sphere in a viscous liquid to extend much further than can be justified. 
A simpler and theoretically sounder method is provided by a study of the 
densities of ionic solutions. In sufficiently dilute solution the partial molar 
volumes become constant and additive. They can be determined experi- 
mentally. 

Now it is clear* from a variety of evidence that water has an irregular 
4-coordinated structure, of open type, very similar to the regular 4-co- 
ordinated structure of ice. Each water molecule is generally surrounded by 
four others arranged more or less at the corners of a regular. tetrahedron. 
On the other hand when H 2 0 molecules occur coordinated round ions in 
crystals they are closely packed round the ion and the number of H 2 0 
molecules coordinated to a given ion is just that number for which room is 
allowed by the relative sizes of the ion and the water molecule. Suppose now 
that an ion is introduced into liquid water. If it has a sufficient attraction 
for H 2 0 molecules it will cause some of these to pack tightly round it. The 
contraction associated with this packing can be calculated by comparing 
the volume occupied by each water molecule round the ion in a crystal 
with the molecular volume of pure water. In many cases this contraction 
is greater than the volume of the unhydrated ion and the partial ionic 
volume will then be negative. 

A quantitative study of partial molar volumes shows that all monatomic 
positive ions except the large Rb+ and Cs+ are completely hydrated in the 
sense that they are surrounded in water by a tightly packed layer of as many 
water molecules as their size allows, just as they are in crystals. The excep- 
tions Rb+ and Cs + are so large that their surface field is insufficiently strong 
to coordinate the water. Monatomic negative ions are in general large and 
except for F~ appear to be unhydrated. Polyatomic negative ions are a 
fortiori unhydrated, while all multivalent monatomic ions are hydrated. 

According to this more developed view of the structure of liquid water 
the computation of the degree of dissociation of a strong electrolyte becomes 
still more complicated than appears in § 13*5. The tentative calculations of 
that section remain however sufficient to show that hydration is an impor- 
tant factor in enhancing the dissociation for monatomic ions, especially 

• Bernal and Fowler, J. Chem. Physics , vol. 1, p. 515 (1933). 
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multivalent ones. As the calculations of that section also show, such 

enhancement is not required for polyatomic ions and, as we see here, it 
probably does not occur for them. 

§ 13-52. The ' anomalies ” of strong electrolytes. The osmotic coefficient. 
We have just seen that strong electrolytes, in water at least, are almost 
completely dissociated at low concentrations, certainly up to tenth molar 
(c+ 0- 1 ) . At such concentrations to regard the solute as 100 per cent, 
dissociated into ions is at least as good an approximation as to assign any 
other constitution to it. It is therefore of great interest and importance to 
discuss theoretically the behaviour of solutions of such completely dis- 
sociated electrolytes at low concentrations— so low that the solutions are 

extremely dilute in the sense of § 13-32. If they were ideal they would then 
obey the equation (1544) here repeated, 

M*H,0 =P°*H ,0 (T) +pV* h.o - RTv* h,o (V C /3*)- 

If on the other hand theydo not obey these laws, the deviation maybe taken 
account of by a coefficient J g defined by 

t x *H,o = y°*H t o(T)+pv* ni0 -gRTv* Ri0 (2 fcp*) (1564) 

For a solution obeying (1564) equations (1545) become 

AT m= M a * n '° Cp*), P = RTg(T.f Cp *) (1565) 

Thus g is equal to the ratio of the observed lowering of the freezing point 

(or observed osmotic pressure) to the values calculated for the same solution 

assumed to be ideal; it is called the osmotic coefficient. It might equally well 
be called the freezing point coefficient. 

In aqueous solutions of non-electrolytes g does not usually deviate 
appreciably from unity at concentrations much below molar (<d~l). I n 
solutions of strong electrolytes, however, g deviates considerably from unity 
for concentrations as low as thousandth molar (c+ ~ 0-001). These deviations 
were formerly known as the anomalies of strong electrolytes. They are clearly 
due to the effects of the long range electrostatic forces hitherto neglected 
which we must now include in the manner foreshadowed in §§ 8-8-8-82 

§ 13-6. Applications and developments of the theory of Debye and Hiickel. 

i . ... . . "— — meaning of the average 

electrostatic potential round an a-ion of charge c a , we can now simplify 

the notation and denote this field by and the charge on the ion by z e 

so that 2 a is the valency. Under certain conditions, already fully specified,’ 

t Bjemim, Zeit.f. EleJctrochem. vol. 24, p. 325 (1918). 
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</< a will satisfy the Poisson-Boltzmann equation (808-1) which since ip a is 
spherically symmetrical reduces to 


1 d_ 
r 2 dr 



•ine ‘ So 
~Df^x Zr V 


e~ z 0 €l l , <M !kT . 


(1566) 


If all the exponents in (1566) are small for all important values of r, it takes 
the approximate form, first discussed by Debye and Hiickel, 




DkTpZi 1 * V )’ 


(1567) 


already solved for the simplest case in § 8*82. A slightly more general solution 
will first be developed here. We shall now not entirely neglect the sizes or 
short range forces between the ions, but shall assume that they may be 
represented by assigning the same diameter to them all or by using a com- 
mon mean diameter a. In view of other uncertainties and approximations 
a more refined treatment is hardly justified. Then (1567) holds for r>a, 
w hile for r < a there can be no other ion present and the electric intensity 
for values of r just less than a must be z a €/r 2 D. We have also 



-(Be~« r + Ce^) 
r 


(r^a) y 


where B and C are constants. To satisfy the boundary condition for r->co 
we must have C — 0, and to satisfy the boundary condition for the con- 
tinuity of electric induction at r = a we must have 


Mi - i Be - ( 1 + «.), 

z e e Ka 

from which it follow s that B = — . 

D 1 + K a 

The boundary value of *p a is therefore 



1 

aD 1 + Ka' 


(1568) 


and the average potential due to the rest of the ions at the surface, and so 
inside the interior of a specified a, is 


/ t„\ z * € - ~ KZ « € 1 

} aD D 1 + K a 


(1569) 


The sufficient 
as in § 8*82, that 


z * z f3 € « 

DkT 


< 1 . 


(1570) 
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Since k vanishes with the concentration, this condition is certainly satisfied 
for solutions sufficiently dilute. To study numerical values we write 

X B 

Zft 2 y = 6-06 x 10 

If we define the ionic strength I of the solution by the equation 


then 


I — II '-pz - 2 
k = 0-324 x 10 s D- 




for water at 0°C. With the same values of k, D and T (1570) reduces to 

2 “ Z P 1 ' ^ an(1 the condition of smallness may be taken to be satisfied for uni- 
univalent solutions hundredth molar (c + ~ 0 01) or less. 

We conclude that there is a range of fairly great dilution in which the 
use of the Poisson-Boltzmann equation (1566) may give an accurate account 
of the ionic distribution laws, by providing an adequate method of approxi- 
mating to B(T). The use however of Debye and Huckel’s approximation 
(lo67) in place of (1566) is not thereby justified and it remains to examine in 
§13-7 whether a more accurate account can be given by avoiding this 
approximation, which at this stage has been introduced merely for mathe- 

^nol CaI u C °? VenienCe - As was P° inted out in §8-81, </-« must satisfy the relation 
(«U3) which in the notation of this section requires that 


c t^_ c * 

“ Szr ~ P Cz 


(1571) 


r ex 

near the centre of the ion in question. From formula (1569) and the definition 
of ic m (1567) it is easily verified that (1571) is satisfied. Since moreover we 
must have W p = W pa it is necessary that fjz a = and this condition is 
also satisfied. Thus the solutions we have obtained are internally self- 
consistent. We have emphasized this point because when attempts are made 
to solve ( 1 566) more accurately they lead as we shall see to solutions lacking 
this self consistency and it is therefore by no means certain that such solu 
tions are any more valuable than that given in this section. 

§ 13 - 61 . Thermodynamic functions in the theory of Debye and Hiickel. 
e have already seen in § 8-8 how to calculate the contribution to F made 
by intermodular forces in general and interionic electrostatic forces in 
particular. Formula (812) in § 8-82 gives a limiting form for the contribu- 

values the <; harge u S ° n the ions are built up from zero to their actual 

this result we have had to assume (implicitly) that the dielectric constant 
as independent of the charges and of the pressure since the pressure will 
chan ge durmg the charging process in order to preserve the constant volume 
seems likely that this assumption, that the isothermal D is constant will 
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be most nearly fulfilled at constant pressure. The more exact meaning of D 
is discussed at the end of this section. 

Let us assume that the solution of discharged ions is ideal, and that in 
the actual solution at the same temperature and pressure 

F = F t + F € , G = G L + G (y V = \\ + V €i (1572) 

F iy G L and V t being the values of these functions in the discharged ideal solu- 
tion. The work to be done on the solution in charging up at constant pressure 
and temperature is then equal to U u + W € , where \V € is the electrostatic work 
and W v the hydrostatic work to be done by the external pressure. Then 


K = W v =- P v € , 


g € = w € . 


(1573) 


We have already calculated the simplest case of W € in §8-82. We now see 
that if this calculation is emended by taking account of variations of V in 
k — they are in fact negligible — it will give with greater reliability G € . The 
calculation may now be extended by using (1569) in place of (811*3). We 
thus find that, ignoring the V changes, 


€ 2 * 

g ^-~d 


*v 




1 \ 2 d\ 


-f Xkci ’ 


(1574) 


= — 2£) ty Z p 2 T ( Ka )> 


where 


T (*) = ^3 [ lQ g( 1+ Z) - * + fa 2 ]- 


(1575) 


For high dilutions t(x) ~ 1 and (1574) reduces to 

G € -~Z fi N W 2 . (1576) 

The function r(x) is tabulated in Table 53. 


Table 53. 

Values of the Debye-Huckel functions t(x) and a(x) for even values of x 2 . 


X 2 

X 

r(x) 

o{x) 

X 2 

X 

t(x) 

a(x) 

0-000 

0-0000 

1-000 

1-000 


0-1732 

0-886 

0-786 

0-001 1 

0-0316 

0-976 

0-954 


0-2000 

0-870 

0-759 

0-002 

0-0447 

0-967 

0-936 


0-2236 

0-857 

0-738 

0-003 

0-0557 

0-960 

0-922 


0-2449 

0-846 


0-004 

0-0633 

EZXZ1 

0-912 


0-2646 

0-835 

■jSTjTSI 

0-005 

0-0707 

Emfl 



0-2828 

0-827 


0-006 

0-0775 


0-893 ! 


0-3000 

0-819 

■XxZBI 

0-007 

0-0837 


0-886 


0-3162 

0-811 


0-008 

0-0894 

0-937 

0-879 


0-3317 

0-803 


0-009 

0-0947 


0-871 

0120 

0-3464 

0-796 

| W j 

0-010 

0-1000 

0-931 



0-3873 

0-778 

0-60/ 

0-020 

0-1414 


0-818 ! 
i 


0-4472 

0-752 

0 # o69 






K 

v. 
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We can now justify the neglect of F-variations in k by showing that 
by means of the relation V ( = dG e /dp. It will be sufficient in investi- 
gating orders of magnitude to use (1576). Then since k og (F t Z>)-* 

v _ AT 2 . / 1 1 cV\ 3 1 dD\ 

* 3 2 V t cp 2D dp)’ 

Since for the applicability of the theory we have c 2 k/DIcT 1, it follows that 

<^(Zg CflZfl 2 ) ^"1 

3 ^ P P L 2V t dp 2D dp]' 

Even for a solution as concentrated as one molar c*= 10 -3 , c + = 1 , J(Eg eg 2 g 2 ) RT 

will be at most of the order of 10 atmospheres, while the compressibility 

-dV/Vdp of a liquid is of the order 10~» and dD/Ddp at most comparable. 
It follows that even for a one molar solution 

I TO <00-3, 

and for more dilute solutions it will be still smaller, thus justifying our 
neglect of the variation in F in the charging process. 

The contribution F ( of the electrostatic forces to Helmholtz’s free energy 
g^en by P f = G f -pV f = G ( -pdGjdp. (1577) 

Their contribution to the partial potential p* H ,o of the solvent, according 
to (1536), is given by 

* M dG,dK dv 

P t *H,o = N 


d* dV dN BiQ ’ 


€ 2 K 


= 6£>( £ /j' c p* z p z ) v *H,o °{xa) 


where 


a(x) = 


X 3 


1 + £ — 


1 +x 


-21og(l+x) 


(1578) 

(1579) 


Values of the function a(x) are also given in Table 53. From (1578) we 

obtain at once a formula for g, the osmotic coefficient defined in (1564) 

Comparing this definition with the corresponding equation for an ideal 
solution, we find by subtraction 

( 1 - ^) v* Ht0 RT'Lp'cp*^ p* Ht0 - p.* Hi0 = Mt * Hi0 . 

Hence, according to (1578) 

o V 

'P C P *P 


l-g = 


€ 2 K 


Do'Co*2- 2 


o(ko,). 


(1580) 


6 DleT Xp'cp* 

Formulae (1574) and (1576) for Q. contain D, the dielectric constant of 
the medium, which has been introduced as a parameter entirely external to 
the distribution laws of the assembly. In fact D is temperature (and pres 
sure) dependent, showing thereby that it is strictly a property derived from 
the distribution laws-of course from the orientations of the molecular 
poles. In forming other thermodynamic functions from G this variation 
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of L with T and p must of course be taken into account. Though to do this 
is essential to preserve the ordinary thermodynamic relationships and must 
be a better approximation to the truth than ignoring the variation of D 
altogether, we have no right to assume that the terms so derived are exactly 
correct. D has entered our equations as a coefficient in certain energy terms 
and strictly speaking all energy terms (before averaging begins) must be 
functions only of configurations. In calculating the two free energies it is 
necessary to form this complete configurational energy W and evaluate 

e w,kT dCl integrated over all possible configurations in a single stage. In 

allowing a temperature variable D to enter our W we have already approxi- 
mated illegitimately by averaging in two stages, first over the dipole orienta- 
tions and then over the ionic configurations. A series of successive partial 
averagings cannot give exactly the true result. Nevertheless this successive 
partial averaging is all that we can attempt to carry through, and the results 
given by it, though inaccurate, should be of the correct form and order of 
magnitude. 



§13-62. Heat of dilution in the theory of Debye and Huckel. The heat of 
complete dilution L of a given solution is defined as the heat absorbed when 
a large (effectively infinite) quantity of the pure solvent is added to the 
solution at constant temperature and pressure. If H is the heat function for 
the original solution, H 0 for the pure solvent added and H «, for the resultant 
mixture, then the definition states that 


L = H a >-(H + H 0 ). (1581) 

For an ideal solution, on the other hand, the heat functions are additive 
(see § 13-25) so that £l = _ (//l + = Q 

Moreover = H m l y H = H l + H e , H 0 = // 0 l , so that 


L=-H C =-T^=T^^ (1582) 

The strict thermodynamic meaning of this d/dT is \d/dT] p s . Hence* 

G, 

T * 
(1583) 



* The original formula of Debye and Huckel contained only the d/dT term and is incorrect. 
The need to include dD'dT was pointed out by Bjcrrum, Zeit.f. physikal. Chem. vol. 119, p. 145 
(1926) and dV/dT by Scatchard, J. Amcr. Chem. Soc. vol. 53, p. 2037 (1931) and independently 
by Gatty, Phil. Mag. vol. 11, p. 1082 (1931). That there should be a da/dT term was suggested by 
Gross and Halpern, Physikal. Zeit. vol. 26, p. 403 (1925), and by Bjcrrum, Trans. Far. Soc. vol. 23, 
p. 445 (1927). The diameter a is quasi-empirical, and must certainly be expected to be temperature- 

dependent. 
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As nothing is known of da/dT we can only evaluate (1583) for dilutions so 
great that G ( is given by (1576). Then 




L=-H'=-j D (Z li 'Npz ft *)- 


TdD \TdV 
+ DdT + 3 Vdf 


(1584) 


Inserting numerical values for aqueous solutions at 25° C. we obtain for the 
heat of complete dilution in calories per mole of electrolyte whose molecule 
yields q+ cations of valency z + and q_ anions of valency z_, 

L= -H ( = A{±(q + + q_)\z + z_\)lc^, (1584-1) 

, „ TdD 1 TdV\ 

where A - 137 5 (l + 555 ,+ 

Since for water at room temperatures (T/D) dD/dT is roughly — 1*4, the 
greater part of this term is cancelled by the unit term . Thus A is very sensitive 


Table 54. 


Values of D, dD/dT and 1 + (T/D) dD/dT for water at various temperatures. 


12-5° C. 


25° 

C. 


o 

o 

o 

• 


D 

dD 

TdD 


dD 

TdD 



dD 

, TdD 

Authorities 

dT 

+ DdT 

D 

dT 

1+ DdT 

- A 

D 

dT 

+ DdT 


8316 

mm 


78-54 

-0-361 

-0 371 

477 

73-28 

-0-341 

-0-457 

Wyman (1) 

83-29 

Bill 


78-57 

-0 362 

-0 374 

480 

73-41 

-0-326 

-0-390 

Drake, etc. (2) 

83 34 

BSHj 

pirfTf 

78-77 

-0 353 

-0 337 

430 

73-71 

-0-322 

-0-367 

Drude (3) 

82-77 

-0-368 

-0-269 

78-26 

-0-349 


417 

73-18 

-0-330 

-0 411 

Drude (3) 

82-81 

-0-404 


77-84 

-0-385 


617 

72-24 

-0-349 

-0-512 

Kockel (4) 

79-42 

-0-368 


75-40 

-0-289 

-0-142 

160 

71-48 

-0-248 

-0-086 

Cuthbertson, etc 


(1) Wyman, Phys. Rev. vol. 35, p. 623 (1930). 

(2) Drake, Pierce and Dow, Phys. Rev. vol. 35, p. 613 (1930). 

(3) Drude, Wted. Ann. vol. 59, p. 48 (1896). The first entry gives the figures derived by an 
interpolation formula; the second set were derived graphically. 

(4) Kockel, Ann. d. Physik, vol. 77, p. 430 (1925). 

(5) Cuthbertson and Maars, J. Amer. Chem. Soc. vol. 52, p. 483 (1930). 


to variations in the value assigned to dD/dT which is not particularly well 
determined experimentally, so that A cannot be fixed with an accuracy 
better than about 15 per cent. The term in cV/dT is well determined but 
considerably less than the uncertainty in 1 + (T/D)dD/dT, and will there- 
fore be neglected. In Table 54 relevant values by various authors are given, 
arranged roughly in order of reliability. 

At concentrations above tenth molar the heats of dilution for various 
electrolytes in water are highly specific being of either sign. The only accurate 
measurements at high dilutions are those of Lange and Robinson* and their 
collaborators. These are in good general agreement with the theory. They 

• Lange and Robinson, Chem. Rev. vol. 9, p. 89 (1931). 
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show for example that at high dilutions H € > 0, so that on further dilution 
heat is evolved as required by (1584-1). They show secondly a variation 
approximately proportional to the square root of the concentration. Thirdly 
it is found that the limiting slope of the H €i ^c+ curves is determined pri- 
marily by the valency type of the electrolyte ; being least for uni-univalent 
electrolytes, considerably greater for uni-bivalent and greater still for bi- 
bivalent electrolytes. All this is in agreement with (1584-1). The determina- 
tion of the absolute value of this limiting slope is experimentally of extreme 
difficulty owing to the great dilutions at which measurements are required. 
Thus no clear cut comparison can be made between the theory and experi- 
ment on this point even for uni-univalent electrolytes. It is fair to say, 
however, that within the uncertainty of the experimental data there is no 

inconsistency between the absolute value of this limiting slope in theory 
and experiment. 


§ 13*63. Comparison of theory and experiment for the osmotic coefficient . If 
we insert numerical values for water at 0° C. and introduce the ionic strength 
I ( = Cp^zp 2 ), we obtain* for g 


. Ho'cffzo 2 . 

1 — <7 = 0-3747* JL- * l 




(1585) 


when a is measured in Angstrom units. When all ions present have the 
same numerical valency z, the valency factor simplifies to z 2 . When all the 
positive ions are of one valency z + and the negative ions of another 2 _, the 
valency factor reduces to |z + z_|. The formula for g is then 

1 -? = 0-374|z + z_| /^ *<*/*) (1586) 

and as / -> 0, a -> 1 . If then 1 — g is plotted against the square root of the 
ionic strength for solutions of single electrolytes we should obtain curves 
with a slope near the origin equal to 0-374|z + z_|, and the slope should 
decrease as the concentration increases. 


Experimental values for g are obtained by taking the ratio of the freezing 
point depression of the solution to its value for an ideal solution of the same 
concentration. As the dilution increases the freezing point depression 
decreases approximately in proportion to the concentration and so the 
accuracy of g varies inversely as the concentration. The relative accuracy of 
1 — g decreases still more rapidly. Instead of comparing observed and theo- 
retical values of g or 1 — g it is therefore better to compare observed and 
theoretical values of the lowering of the freezing point over a whole range of 
ionic strengths for an arbitrarily chosen value of a. The results of such a 
comparison may be summarized as follows: In practically all cases, where 


♦ The coefficient in a is more exactly 1/3-08 but the round value is accurate enough for most 
purposes, especially as the adjustable parameter a is semi-empirical. 
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reliable freezing point data are available for dilute aqueous solutions of 
strong electrolytes, there is agreement within the accuracy of the measure- 
ments between the observed and calculated freezing point lowering if the 
value assigned to a is suitably adjusted. For example the data of Hovorka and 
Rodebush* agree with the theory with an accuracy of 0-0001° at all ionic 
strengths up to 0-01 if the values in Table 55 are assigned to a. These values 
of a are of the right order of magnitude. The best data for some other electro- 


Table 55. 


Values of a, fitting the Debye-Hiickel values of g to Rodebush 


s measurements . 


Electrolyte 

KC1 

CsN0 3 

k 2 so 4 

Ba(N0 3 ) 2 

MgSOj 

CuS0 4 

- — » V • W • 

WSo 4 ) 3 

a, A. 

3-8 

3-0 

30 

21 

! 30 

2-2 

3-0 


lytes are fitted by assigning to a values that are much smaller than the 
possible closest distance of approach of the ions— for instance 0-4 A. for 
KN0 3 t and 0-0 A. for KI0 3 .J The true value for the closest distance of 
approach of two ions in a solution should be either very nearly the same as 
the mean of the ionic diameters determined in crystals, or greater if the ions 
are permanently hydrated. The true values cannot be less. It must be 
reluctantly admitted that the parameter a is not a real mean ionic diameter, 
but rather a parameter correcting for a whole variety of theoretical im- 
perfections. This is especially so for solutions containing small ions. 

§13-7 More accurate solutions of the Poisson- Boltzmann equation. The 
impossibly small diameters of the preceding section can in part at least be 
ascribed to the inaccuracy of the approximation by which (1566) is replaced 
by (1567), an inaccuracy which enters so soon as ze0 is comparable with kT. 

ore accurate methods have been developed but they are necessarily rather 
e aborate; for the sake of simplicity we shall consider only a solution con- 
taining N molecules of a symmetrical electrolyte whose ions have charges 

T are aU ° f the 8ame size ‘ This restriction is not serious since we 

all find reason to believe that the results of the extended calculations can 

only be valid (if at all) in this case. We shall also only consider explicitly the 
first stage of the extension. F y tne 

The Poisson-Boltzmann equation for this simple assembly reduces to 


1<[ l 
r 2 dr \ 


dr 


S -£ 4 sinh 24, 

£> V kT 


(1587) 


* Hovorka and Rodebush, J. A mer. Chem. Soc. vol. 47, p 1614 Th« 1 r 

given m this paper are computed incorrectly owing to a JLrint n K ^ l ^ ° f a actuaU 7 
values of a. (Private communication to E.A. G.) fable of 

t Adams, J. Amer. Chem. Soc. vol. 37, p. 481 (1916) 

* HaU and Harkinfl ' J- Amer. Chem. Soc. vol. 38, p.2658 (1916). 
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The solution of this equation is required for which i/i 2 0, di/jjdr-*- 0 (r-> x) 
and dip ai dr= -ze/Da 2 (r = a). It is convenient to introduce the notation 


K= + 


Then 


/W N\i 

\DkT Z V 


p = *r, x = Kd, y — 


1 d 


D 2*y 

P 2 dp Y* dp 


z jK 

kT ’ 


6 = 


Z 2 € 2 


DkTa ' 


j =sinh 


(1588) 

(1589) 


with the boundary conditions 


V-> °> dyjdp -> 0 (p->oo), 



(p = x). 


Debye and Hiickel’s approximation consists in putting sinhy = y. 

There is no difficulty in principle in obtaining the desired solution without 
this approximation. It has been achieved in an elementary way by Muller,* 
who used the approximation sinh y = y only for sufficiently large values of p. 
For such values of p the solution of Debye and Hiickel 


y(p) = Ae~p (1590) 

is valid, but for smaller values of py(p ) deviates from (1590) and the value 
of A cannot be determined from the boundary condition at p = x. Muller 
therefore continued (1590) inwards by graphical integration to p = x , 
determined A to fit the boundary condition, and so finally found y(x) as a 
function of b and x. 

An analytical determination of the solution of (1589) has also been given 
by Gronwall.'f The complete solution of the problem given by Gronwall, 
La Mer and Sandved J is too lengthy to develop here and we shall be content 
to describe Gronwall’s first step beyond Debye and Hiickel’s approximation. 
Equation (1589) may be written 


where 


±( P 2 ^y 

dp \ dp 


> j-p 2 y=p 2 <f>(y). 


OO 


4>(y) = sinh y — y='L y 2n+1 /(2n + 1 )!. 

n= l 


(1591) 

(1592) 


We now transform the differential equation into an Integral equation by 
means of the Green’s function of the left-hand side,§ obtaining 



bx e x ~P 
1 +x p 



e z x-t-p 


<f>{y(t)}tdt 


(1593) 


This form is exact. It may be verified by direct differentiation and attention 
to the boundary conditions. 


* Miiller, Physikal. Zeit. vol. 28, p. 324 (1927); vol. 29, p. 78 (1928). 
f Gronwall, Proc. Nat. Acad. Sci. vol. 13, p. 198 (1927). 

X Gronwall, La Mer and Sandved, PhyaikcU. Zeit. vol. 29, p. 358 (1928). 

§ See Courant and Hilbert, Meihoden der mathematischen Phyaik t vol. 1, pp. 273-276 (1924). 
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The Debye-Hiickel solution neglects <f> entirely. A next approximation is 
obtained by substituting this crude solution in </>. As k—> 0 and so x—>0 this 
term is of the order x 2 , and the error at this stage can be shown to be of 
order a: 3 log a;. We have therefore 


y(*) 


i 


QO 


>.T — ( 




bx e 


X -i 


1 -bx t 


tdt , 


(1594) 


x 


l + x 1 -f-a: n=1 


- {b/( l+a:)}2"+i 


'CO 


dy. 


^ 6(1 — .r + x 2 ) — x 2 S 


(2n+ 1)! 

b2nxi 


e -2(n+l )x a _ 

o (1 -f- a) 2n 9 


n = i (2n 4-1)! (2n — 1) * 

We thus find on reverting to the original notation that 


. , , Z€ Z€K l , « 

* Ja ‘ 1 ~ Da ~ T> ( ‘ - “ + ^ ? 


(z 2 e 2 /DkTa) 2n 


(1595) 


„_,(2n+l)!(2»-l) 

The more complete discussion of Gronwall, La Mer and Sandved shows 
that (1595) may be replaced by 


zei/'a z 2 e 2 /DkTa * / z 2 e 2 

kT~~ \ + K a + s ?! \DIcTa) ^+^ Ka '>’ (1595-1) 

where the y 2i +i('<' a ) are determinable functions of wa. 

The equation for 4>p( a ) is, in this symmetrical case, derived from (1595) 
by changing the sign of z. The potential due to the distribution about the 
central ion is given by the second term correct to terms in K 2 a 2 . Using ( 1 595) 
for i p a (a) and charging up the ions as in § 8-82, we find that 



2Nz\ 2 k 

3D 


(*-« 


oo 


3 ( z 2 € 2 /DkTa) 2n 

Kd + f kcl E — ’ 

2 (2n + 2)!(2n 


) 2n \ 

-I)/ - 


The more elaborate work of Gronwall, La Mer and Sandved 
higher powers of «a. 


(1596) 

is correct to 


If the solution either of Muller or of Gronwall, La Mer and Sandved is 
applied to the experimental data more reasonable values are obtained for a 
than those of § 13-63. In fact Gronwall has shown that, if the values of a 
derived from the exact theory (equation ( 1 59 1 ) ) are denoted by a G and those 
of the preceding section by a „ , a G remains positive even if a H ^- - oo. We shall 
not however go further into the details of these solutions of the Poisson - 
Boltzmann equation because there is considerable doubt whether their 
validity extends any further than those of the equation of Debye and 
Hiickel. As we have already seen in § 8-8, the conditions of self-consistency 

= = I V N ft d ^ = N a d p 

0Z 0L VZp 

must be satisfied by the 0’s in the general case. Owing to the special sym- 
metry of (1595) the condition is here automatically satisfied. 
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Owmgto the restriction of ( 1 595) to two sets of equivalent ions only the order 
ol charging cannot be changed (preserving neutrality) in this special case 
so that the second condition does not operate. For this special case therefore 

1 6 0n i lyc0ndltlon that can fa h is the equality of to W afj and it is pos- 

sible that, though this condition cannot be exactly fulfilled, its failure is not 

serious. It is apparent at once in the general case that the <P a do not depend 

on the N a and 2 a solely through the combination XpNpzf which occurs in *, 

but through other combinations ^N p z p 2 + r as well. The conditions of self- 

consistency then inevitably fail, and far more completely than in the 

symmetrical case. It must be regretfully admitted that this most promising 

method of evaluating B(T) cannot be carried logically beyond the first 

crudest approximation. The extended theory of Gron wall, La Mer and Sand- 

ved at least for symmetrical electrolytes does not appear to be so radically 

involved in these inner failures, and as a semi-empirical extension can 

apparently be used with confidence so long as the Poisson-Boltzmann 
equation itself is valid. 


§ 13 * 71 . Bjerrum' s treatment of ion association. We have seen that 

attempts to improve on Debye and Hiickel’s theory by solving more 

accurately the Poisson-Boltzmann equation are in general doomed to 

failure in spite of their empirical success. The Debye-Huckel theory itself 
is valid when both , , 

DlcT ^ ’ DIcTa^ 


The second condition is independent of the concentration, and it is this 

restriction to large ions which we have still to find a general means of 
avoiding. 

An entirely different method of avoiding this restriction has been pro- 
posed by Bjerrum,* at first sight less elegant and more arbitrary than 
that of Gron wall, but free from inner contradictions. The principle and 
application of Bjerrum’s method is simple so long as all ions have the 
same numerical valency and we shall confine attention to this case. 

It is clear that the radius 


? = 


2DlcT 


(1597) 


is a critical radius in any theory, for if a > q then Debye and Hiickel’s theory 
applies in its original form. We imagine therefore the centre of every ion 
surrounded by a sphere of radius q. For each ion there are then the following 
alternatives: There may be (i) no other ion, (ii) one other ion of opposite 
charge, (iii) one other ion of the same charge, or (iv) more than one other ion, 
inside the spherical shell r = q. The relative frequency of these arrangements 


♦ Bjerrum, Kgl. Danske Vid. Seislc., Math.-fys. Medd. vol. 7, No. 9 (1926). 
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can easily be evaluated approximately, for in calculating distributions in 
which one ion (or a few ions) are within a certain small region immediately 
round the central ion the screening effect of the other (distant) ions may be 
ignored. The potential due to the central ion at a distance r can therefore be 
given the simple value ze/Dr. The average number of ions of the opposite or 
the same charge within the sphere r = q is therefore 


V J” 4 ” r ‘ exp ( 1 W£t) ir ■ 

the + sign referring to ions of opposite and the - to ions of the same charge. 
For sufficiently small values of N this number is small compared with unity 
even for the -f- sign and still smaller for the negative sign. We may then say 
that we have effectively a fraction a (a 1 ) of ions with an ion of the opposite 
sign within the sphere r = q y and a negligible fraction with an ion of the same 
sign. The fraction with two ions within r = q can easily be seen to be of order 
at most a 2 and may therefore also be assumed to be negligible. The remaining 
fraction 1 - a has no other ion within r = q. Of the four possible arrange- 
ments only (i) and (ii) are effectively present. 

The novel idea in Bjerrum’s treatment is to deal with these two classes of 

ions separately. The fraction a is called associated ion pairs and the fraction 

1 — a free or unassociated ions. Bjerrum’s approximation is now to ignore 

the effect of the electrostatic field of an associated pair on the remaining ions 

and to apply Debye and Hiickel’s theory of the free ions, assuming of course 

that they have an effective diameter q, for if they come closer than q they 
cease to count as free. 

For sufficiently small concentrations we have shown that 

a = ^J 47rr 2 exp(z 2 e 2 /DrlcT)dr. (1598) 

To extend the theory, at least roughly, to values of a for which the condition 
a<^ 1 fails, we can calculate a by treating the distribution as one of dissociative 
equilibrium between the associated ion pairs and the free ions, in the manner 
of § 9-6. The condition of dissociative equilibrium takes the form 


fj 2 


where/, ,/ 2 and/ 12 are the partition functions for the free ions and the asso- 
ciated pair respectively. Only the configurational factors can contribute to 
this ratio and it is easily shown that 


A/ 2 __ v 

f f? " > 

12 47t r 2 exp(z 2 € 2 /DrkT)dr 
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if the electrostatic forces between the distant ions are ignored. To this 
approximation therefore 


(1-a ) 2 N/V 


a 


= ifao = |j47rJ r 2 exp(z 2 € 2 /DrkT) drj , (1599) 


and to the next approximation 


(1 — <x) z N/V 


= K 


a 


C > 


(1600) 


where K c /K 0 0 may be derived thermodynamically from Debye and Huckel’s 
value for G € . G € , and therefore the ratio so calculated, is a function of 
k = k(ql) which must be given the value 



/ 87tN( 1 — a) z 2 e 2 \^ 

\ DkTV ) * 


(1601) 


Thus K c and a can only be evaluated together, by a process of successive 
approximation. The necessary calculations have been carried through by 
Bjerrum for aqueous solutions of uni-univalent electrolytes at 18° C. and 
the values obtained for a are given in Table 56. 


Table 56. 

Degree of association cl of uni-univalent ions in water at 18° C. 


a x 10 8 cm. 

2*82 i 

2*35 

1*76 

1*01 

| 0*70 

I 0*47 

q/a 

2*5 

3 

4 

7 

10 

15 

cj in moles 







per litre 







0*0001 





0*001 

0*027 

0*0002 





0*002 

0*049 

0*0005 

— 

— 


0*002 

0*006 

0*106 

0*001 


0*001 

0*001 

0*004 

0*011 

0*177 

0*002 

0002 

0*002 

0*003 

0*007 

0*021 

0*274 

0*005 

0*002 

0*004 

0*007 

0*016 

0*048 

0*418 

0*01 

0*005 

0*008 

0*012 

0*030 

0*083 

0*529 

0*02 

0008 

0*013 

0*022 

0*053 

0*137 

0*632 

0*05 

0*017 

0*028 

0*046 

0*105 

0*240 

0*741 

0*1 

0 029 

0*048 

0*072 

0*163 

0*336 

0*804 

0*2 

0*048 

0*079 

0*121 

0*240 

0*437 

0*854 


The entries of this table can easily be transformed to apply to other 
valencies and other solvents by making use of the fact that the osmotic 
coefficient g depends only on the ratios q : a : or is a function only of 

cz*/D 3 T z and of aDT/z 2 . The method of computing g according to this theory 

should be sufficiently obvious and it is left to the reader. 

Values of g = g{K(<x)} are derived from (1580) using the corrections neces- 
sary to allow for a. By comparing the values of g obtained from freezing point 
measurements with calculated values much more reasonable values of a are 



13 - 72 ] Degree of Association of Uni-univalent Electrolytes 555 

obtained than from the simple theory, especially for bi-bivalent electrolytes, 
and for uni-univalent electrolytes in solvents of lower dielectric constant 
such as the alcohols. 


§ 13*72. Fuoss's discussion of the choice of q. Before leaving this subject it 
is proper to enquire why precisely the distance q should have been taken 
arbitrarily as the critical radius distinguishing between free and associated 
ions. The answer is that the exact value of q is unimportant, and that the 
final result is not greatly different if we replace q by e.g. \q or 2 q. A revised 
form of the theory due to Fuoss* makes this point clearer by virtually 
eliminating the arbitrary choice of q. 

In Fuoss’s treatment every ion is paired with some one ion of the opposite 
sign according to the following convention. A positive ion and a negative ion , 
the centre of which lies at a distance between r and r -\-dr from the positive ion y 
are defined to be an ion pair provided that no other unpaired negative ion lies 
within a sphere of radius r drawn round the positive ion. Let the centre of a 
particular positive ion be taken as origin and let G(r)dr be the probability 
that this ion forms a pair with one of the A 7 negative ions at a distance 
between r and r + dr, there being no unpaired negative ion nearer than a 
distance r. We may then assert that G(r) will be proportional to A 7 ; to 
4 Trr 2 drjV\ to the Boltzmann factor exp (z 2 t 2 /DrkT) (this neglects screening); 
and finally to the probability f(r) that an unpaired negative ion is rot already 
present in the volume 47tt 3 /3. The probability that the first unpaired negative 
ion is present in the spherical shell x < r ^ z + dx is by definition G(x) dx and 
therefore the probability f(r) that no such ion is anywhere present in the 
sphere of volume 477T 3 /3 is 


fir) = 1 - 



Combining these statements we see that we have asserted that 


G(r) dr = r 2 dre 2 * ,r 

v 


h: 


G(x)dx 


(1602) 


For small r the probability G(r)dr must reduce to the ordinary average 
number of ions of opposite sign, that is to 


4tTT N 

G(r) ~ rW . 


With this boundary condition equation (1602) is easily solved giving 


47 tN 


G(r) = ~r^ex p 


( 2 q 47tA^ 


x 2 e 2q,x dx , 




* Fuoss, Trans. Far. Soc. vol. 30, p. 967 (1934). 


(1603) 
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It is easily verified that 


rv* 

J G(r) dr 



00 


G(r)dr= 1. 


\\ e now study the dependence of G(r) on r. We see that G(r) has stationary 

values when 2 2q 4nN , , , 

* r 2 eW r = 0. (1604) 

There is always one maximum value, and there is also a minimum if q > a. 
If the concentration is fairly small so that q<^(V/N)i and if also q>a, then 
the minimum occurs at 

47 tN e 2 



1 + 




or at r^< 7 , and the maximum at 


r = ( V/2nN)i {1-2 q( V \2i rN)^ + . . .} 


or at r ~ (V /2ttN)$ = p. These give 


4ttN 


Gm\n~ G (l) - - ' - 


V 


eq~, 


while for ions in contact 


0(a) ~ ~ a 2 e™ a . 


It is thus approximately true that G(a)o c N/V while G(p)oc (N/V)l so that 
at low concentrations G(p)^> G(a), while at high the order will be reversed. 
For given solvent, temperature, valency, and ionic diameter there will be 
a concentration for Ct/ , 

( r ) 5 

which these two pro- 8X10 i 
babilities are equal. 

This concentration 
c 0 + has the value 


e -3qja t 4 x 1 oN 


0X10 



+ 97 

C ° (10 8 a) 3 

If for example we 
take r=300 . Kii 

a = 4-6 x 10“ 8 cm., 

then ^ r -* ioo 200 

logio CJ = — 78*7z 2 /Z). Fig. 72. Showing the di3tribution function G(r) as a function of r. 

Thus for aqueous solutions of a bi-bivalent electrolyte the critical concen- 
tration is about ten thousandth molar. An example of G(r) is shown in 
Fig. 72 for this case. The various characteristic distances in Angstrom 
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units are a = 4-6, ( F;2A')1 = 202, l/#r-153, q = 14, P = 138, and their varia- 
tions as c + changes can be derived at once from the foregoing formulae. The 
maximum at E and the inflexions at D and F move however only at rates 
proportional to both vertically and horizontally while A and C move 
upwards at rates proportional to c+. It follows that over a very wide range 
of values of c+ there are very few ion pairs at C in the neighbourhood of 
r~q compared with those round A or E or both. It is therefore legitimate 
to divide the ion pairs up into these two classes by an arbitrary convention 
provided that the dividing radius is chosen near q as Bjerrum has done. It 
is clearly then the correct first approximation to treat the two distinct 
classes as contributing to the electrical energy according to the Debye- 
Hiickel theory for the distant pairs while giving zero for the associated 
pairs. There is therefore no ground for the assertion of Gronwall, La Mer 
and Sandved* that Bjerrum’s assumptions are arbitrary. 


§13-8. Specific interactions of ions. The most valuable contribution of 
the theory of Debye and Hiickel consists of the limiting laws for infinite 
dilution, (1576) and the formulae derivable from them. The formulae in- 
volving the mean ionic diameter a may be fairly satisfactory if a is not too 
small. When a is small they fail, and the variations, such as those of Bjerrum 
and of Gronwall, which attempt to correct for this failure are all cumbersome 
and none of them exact. Moreover the treatment of the ions as rigid spheres 
is far too crude to take account of the specific properties of various ions of 
the same valency, for the ions differ not merely in size but also in shape and 
polarizability, all of which factors have to be represented by a change of a 
in this theory and its extensions. It is an obvious suggestion for improve- 
ment that in a solution containing several kinds of ions independent values 
of a should be assigned to each ion pair. It would be necessary however to 
ensure that the partial potentials of the various ions satisfy the relationships 

3 /V _ d np e 


div, 


P 


01V. 


and any simplification of the calculation would be liable to fail to preserve 
these necessary relationships. 

Anything like a complete calculation being at present apparently out of 
e question, an attempt has been made by Guggenheim J to solve the simpler 
problem : Given the equilibrium properties of dilute solutions of each sinale 
e ec rolyte , to calculate the specific equilibrium properties of a solution con 
terming several such electrolytes. A standard of comparison is required to 
which we can refer the properties of any actual solution of electrolytes. 

Gronwall, La Mer and Sandved, loc. cit. 

Vo!. SSTSfSSr- 18M SCandmaman Scient ‘* C Co ^- Copenhagen (1929, ; Phil. Mag. 
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Among a variety of possible standards the most convenient seems to be an 
imaginary electrolyte containing a mixture of ions of the same concentrations 
and valencies as those of the actual electrolyte, which accurately obeys the 
formulae of Debye and Hiickel for a definite value of the parameter a. The 
value we shall actually choose for a is 3-08 x 10~ 8 cm. 

Let us now consider two actual ions, a and /?, in a given relative con- 
figuration. Their mutual potential energy W a p can be regarded as the sum of 
the two terms 

(1605) 

where 11 a a p is the value for the two standard ions of the corresponding 
valencies and W n a p measures the specific (peculiar) deviations of the inter- 
action of the given ion pairs from that of the corresponding standard ion 
pair. For all except small distances W a a p is effectively the Coulomb energy, 
while W n a p is negligible except at very small distances. We shall now make 
the assumption, strictly illegitimate, that the contribution of W n a p to the 
thermodynamic functions can be added as a correction additional to the 
electrostatic terms arising from \V° a p . It may be expected that this approxi- 
mation will be reasonably accurate so long as the contribution is small 
compared with the electrostatic terms. We then write G ( as before for the 
contribution of the interionic potentials to G and may break this up into 

G t = G t a + G f v , (1606) 


G ( ° being given by (1574) for the chosen a while G c n is an additive term 
vanishing when W n a p = 0. Now this additive term arises from effectively 
short range forces and may therefore be evaluated as a contribution to 
log B(T ) by the methods of Chapter viii for imperfect gases. The arguments 
there used must be generalized so that the standard value of B(T) is not 
V N for N ions but contains the interionic energies W a a p . Whereas in Chapter 
viii we found an extra contribution to Helmholtz’s free energy of 



the integrand being effectively non-zero over a short range only, so here the 
extra contribution will be, to the same approximation,’ 1 ' 


y *’P 



Wo^tfkT 



-e- Wn ^,kT) dcu -, 


(1G07) 


in (1607) denotes summation over every type of ion pair, and the 

symmetry number is 1 when oc + jS and 2 when a = /?. The expression 
(1607) is strictly F € n , calculated by establishing the W n a p at constant tem- 
perature and volume. For reasons similar to those given in §13*61 it is 

* The factor V in the denominator is here inexact. It will be a more complicated expression of 
the order and dimensions of V, depending on the temperature. We shall see however that the 
distinction need not be preserved. 
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however probably more accurate to take it as equal to G™. We thus obtain 
the following expression 

G e = G° + G € \ 


= - € ^Zpfy z p 2T ( Ka ) + ^^:<x,p j e~ n '°^ kT (l -e- Wrr ^ kT )duj. 

( 1608 ) 


Not all the specific terms are equally important; the term arising from 
pairs of ions of the same sign for which lV a a p > 0 will be small compared with 
those arising from pairs of ions of opposite sign for which W a a p<0. t We 
may therefore simplify G € to the expression 


G e =- 


€ 2 K 


kT 


r^Jj^-‘P^P Z f} 2r ( Ka )' >r y ~It,X ^R ^ X V R,X (1609) 


where R is any cation and X any anion, and v RX is a coefficient depending 
only on the temperature, but specific to the pair of ions in question. These 
Vr.x 3 m ay each be determined by the properties of a single electrolyte, and 
the equilibrium properties of a general mixed electrolyte will then be 
derivable from (1609). For example the specific contribution p w *h,o to the 
partial potential of the solvent water will be 

dG n N N 

**.° = N aivfc = “ kT ■ 

= - NRTv* St0 Xr, x c r *c x *v rx . (1610) 

For the sake of brevity we shall discuss the implications of this formula 
for the case in which all the electrolytes in the solution are of the same 
valency type, each molecule dissolved yielding q + cations of valency z + and 
q_ anions of valency z_ so that q + z + + q_z_ = 0. Let c* be the total con- 
centration of electrolyte in moles per unit volume so that 

c* = — Z»c * = — * 

?+ ?_ 

and let the composition of the solution be defined by the fractions r ... r 
for the cations and x lt x T for the anions, such that ° 

c r 1 * = r i^-‘R c R* ~ r iq+c*, c* = x 1 Z. x c x *=x 1 q_c *, 

etc. Then 

^'H,o=-NRTv* nt0q+q _ c * 2 'L Jt ' X r R x xVR ' X . 

The corresponding contribution to 1 —g as in § 13-61 is 

M 7r *H,o/w*H.O RT ZpCp*, 

™ 9 + q- 


( 1611 ) 


?+ + ?- 


C * ^R,X r R x X ^ V R,X> 


t Cf. Bronsted. J. Amer. Chern. Hoc. vol. 44. p. 877 (1922). Hia formulation of the “principle 
of specific interaction states that : “ Ions are uniformly influenced by ions of their own L n 
specifically influenced only by ions of the opposite signs.” gn and 
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this may be shortened by writing 

Then the complete expression, in the notation of § 13-63 is 

l-g = 0-W±\z + z_\I*o(lt)-qc*?: R ' X r R x x l* R ' X (1612) 

For single electrolytes this reduces to 

l-0 = O-374|z + *_|/*a(/*)- qc*l* RX (1613) 

There is excellent agreement between the best freezing point data and (1613) 
for single electrolytes of various valency types. The values of the l* RX which 
best fit the data are given in Table 57. With these values the disagreement 
between theory and observation is probably less than the experimental 
error for all ionic strengths up to tenth molar. Such data as are available 
for mixed electrolytes appear to be in good agreement with the theory.f 

Table 57. 


Values of l* RX fitting freezing point data for simple electrolytes 

1 — g = 0-374|z + z_|/!ct(/*) — qc*l* R x . 


Electrolyte 

<1 

R.X 

9.1* R.X 

Authority 

HC1 

1 

+ 0-275 

+ 0-275 

(4) 

Li Cl 

1 

-0-223 

-0-223 

(8) 

NaCl 

1 

+ 0-135 

+ 0-135 

(3). (8) 

KC1 

1 

+ 0-065 

+ 0-065 

(8) 

• • • 

— 

+ 0-083 

+ 0-083 

(1). (5) 

T1C1 

1 ! 

+ 0-40 

+ 0-40 

(4) 

LiN0 3 

1 

+ 0-26 

+ 0-26 

(7) 

NaN0 3 

1 

0-00 

0-00 

(7) 

KNOj 

1 

-0-24 

-0-24 

(7) 

• • • 

— - 

-0-29 

-0-29 

(D 

CsN0 3 

1 

0-00 

0-00 

(5) 

NaI0 3 

1 

-0-40 

-0-40 

(2) 

kio 3 

1 

-0-40 

-0-40 

(2) 

Na 2 S0 4 


-0-45 

-0-60 

(6) 

k 2 so 4 

I 

0-00 

0-00 

(2), (5) 

Ba(N0 3 ) 2 

MgSO, 

CuS0 4 

La(N"0 3 ) 3 

La 2 (S0 4 ) 3 

i 

ft 

1 

1 

a 

o 

¥ 

-0-41 

0-00 
- 1-7 
+ 2-6 

0-00 

-0-55 

0-00 
- 1-7 
+ 3-9 

0-00 

(6), (5) 

(2), (5) 

(5) 

(2) 

(5) 


(1) Adams, J. Amer. Chem. Soc. vol. 37, p. 481 (1915). 

(2) Hall and Harkins, ibid. vol. 38, p. 2658 (1916). 

(3) Harkins and Roberts, ibid. vol. 38, p. 2676 (1916). 

(4) Randall and Vanselow, ibid. vol. 46, p. 2418 (1924). 

(5) Hovorka and Rodebush, ibid. vol. 47, p. 1614 (1925). 

(6) Randall and Scott, ibid. vol. 49, p. 647 (1927). 

(7) Scatchard, Jones and Prentiss, ibid. vol. 54, p. 2690 (1932). 

(8) Scatchard and Prentiss, ibid. vol. 54, p. 2696 (1932), vol. 55, p. 4355 (1933). 

•f For further details, see: Bronsted, J. Amer. Chem. Soc. vol. 44, p. 877 (1922); Guggenheim, 
Phil. Mag. vol. 19, p. 588 (1935). 
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ASSEMBLIES OF ATOMS, ATOMIC IONS AND ELECTRONS 


§ 14T. Introductory . We have already had occasion to consider incident- 
ally examples of gaseous assemblies in which atoms, ions and electrons are 
present in dissociative equilibrium. We shall have occasion in the following 
chapters to discuss systematically assemblies, especially at high and very 
high temperatures, which are composed entirely of atomic ions and electrons. 
These discussions of course have reference to the state of matter in stars. It 
will be necessary to give a general survey of the present state of atomic 
theory, at least on the formal descriptive side, so that we may be able to 
write down at will the partition function, or an effective approximate form 
of it, for the internal energy of any atomic ion. We have then to reformulate 
the general theory of dissociative equilibrium in terms of atomic ions and 
electrons instead of atoms and molecules and introduce correcting terms for 
the electric charges of the particles. This would be a simple matter were it 
not for the outstanding difficulty of the convergence of the partition func- 
tions which must be disposed of in some way during the process. We are not 
in this chapter concerned with assemblies of electrons or atoms dense enough 
to require the statistics of Fermi-Dirac or Einstein-Bose. All the formulae 

used are based on classical statistics. The more general case will be con- 
sidered later in Chapter xvi. 

v\ e shall assume that no molecules are present in the assembly; they can 
easily be included when required. Let 

M °\ be the (average) number of neutral atoms of atomic number Z 
in a volume V; 


M r z be the (average) number of such atoms r-times ionized; 
jV be the (average) number of free electrons. 


In general atoms r-times ionized must be defined to mean nuclei accom- 
panied by Z-r electrons, each of which has insufficient energy to effect an 
escap e . These Z-r electrons combine together to form the stationary states 
of the ion in which the state of each electron can be described by four quan- 
tum numbers. The most convenient state of conventionally zero energv is 
that state of the assembly in which the only constituents are electrons Ind 
re nuclei at rest at infinite separation. The bare nucleus may usually be 
assumed to be structureless. This is of course untrue, but except when we 
scuss the break-up and re-formation of nuclei their structure is irrelevant* 

we £r„ f s w,th . formation ° f — 

relevant but important. 8 ^ that the nuclear weights are not only 
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and it is a legitimate simplification to regard them as structureless massive 
charged points, for which the standard weight dp 1 . . . dq 3 /h 3 is assigned to the 
element of phase space dp 1 ...dq 3 . The bare nucleus will therefore have a 
partition function V F z z ( T) of the usual form (172*1). The electron has a spin 
with two possible orientations in a magnetic field. We shall use m for the 
mass of the electron and m z for the bare nucleus Z. It will seldom be neces- 
sary to distinguish between m z and m z + rm (r^z). The partition function 
for the free electron will therefore be VG(T), where 


G(T) = 


2(2tt mkT)i 


h 3 


(1614) 


which we have already used in Chapter xi. 

Consider next the normal state of each atomic ion. Let the successive 
ionization energies of the atom Z be Xo 2 > X\> •••> X 2 z-i an d the weights of the 
normal states w r z . These y’s are all to be defined with reference to a series of 
normal states or states of least energy so that \ z is the work required to 
remove one electron from an atom, which has already lost r electrons and is 
then at rest in the state of lowest energy possible for its remnant of (Z — r) 
electrons, and leave it again in its state of lowest possible energy for the 
remnant of (Z — r— 1) electrons, the atom and the extracted electron being 
at rest at infinite separation. For the r-times ionized atom in its normal 
state the partition function VF r z (T) is therefore given by 

F T) = l 27r ™^ T)i n, * e <xr‘+...+x**_i>/*r (1615) 

hr 


Each ion possesses in addition a set of stationary excited states of greater 
energy content. If every excited state could be treated formally as a con- 
stituent of a perfect gas this would cause w r z to be replaced by b r z (T ), where 

b r z (T) = Z (m/^e-lXr'-ixrWT (1616) 

3=0 

The state 5 = 0 is the normal state and we continue to write w r z and Xr Z 
instead of (w r z ) 0 and (Xr 2 )o* The energy of excitation is Xr z -(Xr z ) S y so ^at 
(Xr z ) 8 the ener gy corresponding to the 5th spectral term (suitably ordered) 
of the r-times ionized atom Z. In fact b(T) does not converge. The altera- 
tions necessary will be discussed at length later in §§ 14*4, 15*4. It is evident 
from (1616) that an application of statistical mechanics to such assemblies 
requires a working knowledge of or approximation to (w r z ) s and (x/)s f° r 
all r, 5 and 2 . 

§ 14 * 2 . General features of atomic structure. We shall start by sum- 
marizing the general features of atomic structure which w ill form the basis 
of our discussion. Following Bohr it is well know n that the electrons in the 
atom can be classified first of all according to their principal quantum 
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number n (1,2,3,...) and azimuthal quantum number k (0,l,2,...,n- 1) as 
rif. electrons. The broad outlines of the periodic table of the elements can be 
at once accounted for in this way if it is remembered that just so many 
electrons and no more can be packed into each of these groups or subgroups. 
It was early recognized that the maximum number of electrons in any group 
with principal quantum number n must be 2 n 2 to fit the periodic table. 
The numbers of electrons in the n k subgroups must be 2(2k+ 1), as was first 
shown by Stoner and Pauli. We recall of course that 

22(2 k+ 1) = 2n 2 . 
o 

These numbers of electrons follow of course from the requirements of anti- 
symmetry, that no two electrons shall have the same wave-function, a 
requirement usually known as Pauli's principle, especially in this connec- 
tion. When any group or subgroup of electrons is full it forms a symmetrical 
structure without mechanical or magnetic moment and interacts with 

other electrons at least to a first approximation like a simple central field 
of force. 

We have started by introducing the closed groups in the atom on account 

of their descriptive importance, but logically they are complex and are 

arrived at at a later stage. We turn next therefore to describe the states of a 

hydrogen-like atom with just one electron, observing that owing to the 

symmetry of closed groups any atomic ion containing only closed groups 

behaves qualitatively exactly like a bare nucleus in forming states for the 

next electron. There are only quantitative energy differences in the states 
due to the different effective central field. 

The states of the hydrogen-like atom containing one spinning electron are 
described by four quantum numbers n, k,j and 5 .* The principal quantum 
number n takes the values (1,2,3,...). The azimuthal quantum number k 

takes the values (0,1,2 n - 1). The angular momentum of the spin of the 

electron is \hj2-n. This momentum compounds with the “orbital” momen- 
tum k to give the total angular momentum j of the atom. The j values of 
the atom are therefore /.a • i 

*>1. j = k±i. 

The total moment of momentum of the atom is represented as usual by 

[7 ) (3{3 + Vr- If the atom < or electron and orbit) as a whole is orientated 

by an external magnetic field, then the possible components of the momen- 
tum along the field are shj 2-n, where s takes the (2 j+ 1) values 

j ^ s ^ + j i. 

* This is usually denoted by m, which we avoid to save confusion with the 


mass of the electron. 
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The complete set of states therefore corresponds to the following sets of 
values of the four quantum numbers n, k,j, s. 


Table 58. 


The quantum numbers of the states of a one-electron atom. 



We see at once that they verify the formulae 2 n 2 and 2(2k + 1 ) = 2k + 2 + 2k 
already given, and, assuming Pauli’s principle, that the general structure of 
the periodic table must follow. We note in addition that structurally the 
spectrum of hydrogen is exactly analogous to that of an alkali; the only 
difference arises from the accidental coincidence of certain terms in the 
hydrogen spectrum for different values of k which do not coincide for an 
alkali owing to the energy variation with k in a non-Coulomb central field. 
To an approximation which is in general ample for our applications the 
terms of a true one-electron spectrum depend only on n and are given by 


the Balmer formula 


X n = RhcZ 2 /n 2 , 


(1617) 


where R is Rydberg’s constant. The typical one-electron spectrum is thus 
(in agreement with observation) what is called a doublet spectrum. It con- 
sists of sets of terms labelled 2 S , 2 P, 2 D, 2 F } 2 0 , ... corresponding to 
k = 0, 1, 2, 3, 4, ..., of which the 2 S terms are single and all the others double . 
Different terms with the same label correspond to different values of n, but 
their structure is always independent of n. All the terms are completely 
resolved by a magnetic field so that no degeneracy remains. The weight 
unity is therefore attached to each magnetic state, and we shall find that 
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this agrees with the limiting principle. The weight of all 2 S terms is 
therefore 2, of the 2 P terms 4 + 2 = 6, of the 2 D 6 + 4= 10 and so on, or in 
general the weight of each separate term is 2j + 1 . At the moment this is 
only justified for strictly hydrogen-like atoms, but we shall see directly 
that on the same basis all closed configurations have also weight unity and 
the same set of weights therefore apply to the states of all atoms and ions 
constructed of closed groups plus one extra electron. 

When we come to atoms with more than one extra electron the same 
principles can still be applied. Subject always to exclusions by Pauli’s 
principle, if we have two electrons in n, k,j , 5 and n , k\j\ s' orbits, originally 
thought of as independent of each other, we obtain thus one possible 
atomic state. Subsequent introduction of the mutual perturbations may 
alter the energy but cannot touch the existence of the state. For given n t k 
and n k\ for example, the variations of / s and/, 5 ' are independent and 
the total number of states found should be 


2 2 (2& -f 1) (2k' + 1). (1618) 

This is in fact correct. If we allow k and k' also to vary, the total number of 
states for given n and n should be 


2W 2 , (1619) 

which is again correct. In practice of course the actual states of an atom 
with two electrons do not present themselves in this way. The atom as it 
were constructs itself by compounding the four momentum vectors of the 
two orbits and the two electrons in a certain order of tightness of binding. 
Ihe four vectors have possible components in a specified direction ranging 
between ± k, ± k\ ± ± respectively. It can be shown without much 

difficulty that the order of compounding is without effect on the total 
number of terms and total weight or number of magnetic states. The com- 
position commonest in actual two-electron spectra is based on the formation 
of the vector orbital momentum l from k and k ' , 

\k-k'\ ^It^k + k' (l = k if k' = 0), (1620) 

and the electronic momentum r from £ and 


* • V A 1 ) 

Then l and r combine to give the /values specifying the total moment of 
momentum of the atomic system (or rather its maximum resolved part), 

namCly + r (j = l if r = 0). (1622) 

In the particular case of two electrons we therefore get 


J = l > (1623) 

j = l+ 1, Z, Z- 1, (1624) 
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that is sets of singlets and triplets containing four terms in all for given l 
of total weight 4(2/+ 1). If £' = 0, l = k, and this agrees with (1618). If 
k +0, then we may suppose k'^k (otherwise we interchange them), 
and the possible / values are (* + *'), (k-rk'~ 1), (k-k'). The total 

k+ k ' 

number of terms is 4(2fc'+l) and the total weight 4{ 2 (2/+1)} or 

k-k' 

4(2& + 1)(2A* + 1) in agreement with (1618). Subject still to exclusions by 
Pauli s principle the argument can be extended to any number of electrons 
extra to the closed groups. The total number of states formed bv q such 


electrons in (n x ) ki , (n q ) kq orbits is always 

2 q (2k 1 + 1) ... (2k q + 1), (1625) 

or in /ij, . . . , n q orbits for any k’s 

2 q n*...n*. (1626) 


Let us now try to put the maximum number 2(2 k-\- 1) of electrons into 
any one subgroup of azimuthal quantum number k, remembering Pauli’s 
principle. For all these electrons n and k are the same and therefore one at 
least of j and s must differ for any pair of electrons. Since there are exactly 
2(2k +1) different pairs of possible values of j and s , there is one way and one 
way only in which an antisym metrical wave-function can be constructed. 
There must be one electron in each orbit, and since the values of s are sym- 
metrical about zero the resultant j for the atom is zero, and we have a 
single state of weight unity. This is the theoretical basis of our previous 
assertions about the properties of closed groups and subgroups. 

There are of course always reductions in the number of states given by 
(1625) and (1626) whenever two electrons have the same (n,k) or the same n. 
This is of particular importance for the smallest possible values of n and k y 
when it describes the fact that certain otherwise expected spectral terms do 
not occur. For larger values of n it can usually be ignored, for what will be 
required is the asymptotic form of ( 1 626) for large n, and it is easy to see that 
(1626) remains asymptotically true in spite of Pauli’s principle. It will be 
sufficient to consider a simple case of two electrons in states of the same n , 
and to exclude all states of the same k which of course is a gross over- 
estimate. The total number of states by (1626) would be 4 n*. By the other 
estimate the actual number is at least 


or 


4 V*,* (2k+ 1) (2k' + 1) (&=#&'), 

o 


4rc 4 -V(2fc+l) 2 , 



which is asymptotically still 4n 4 . 
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In assigning these total weights we have been counting together all states 
constructed out of so many orbits of given (n.k)'s or given n' s. It is often 
permissible to group the orbits of higher quantum numbers in this wav 
because the differences of the energies of the various states in the group are 
not significant. For states of lower quantum numbers this will not always 
be true, though it is often even then legitimate to group together all terms 
formed out of orbits of given (n,k). We should therefore complete these 
rules by formulating the corresponding rules for the weights of single states 
(e.g. one of the P or D terms of an alkali spectrum) and for a group of 
multiple terms (e.g. the pair of P or D terms of an alkali spectrum). The 
necessary analysis has already been implicitly given. 

The terms of any atomic spectrum can be conveniently classified into 
multiple terms and the multiple terms into sets of sequences to which the 
labels S, P, D, F, G, ... are attached. There is just one such set for a one- 
electron spectrum; in complex cases there may be many more. The labels 
S, P, D, F, G, ... still correspond to the values 0, 1 , 2, ... of /..The number of 
components of any multiple term has a maximum value p (equal to 2r + 1). 
The number of components in the multiple S, P, D, F,G, ... terms is always 
the lesser of the two numbers (2Z+ 1, 2r+ 1). A set of terms of maximum 
multiplicity* p is labelled pS, pP, pD, pF, — In no case can p — 1 be greater 
than the number of electrons forming the incomplete group of orbits being 
compounded together. The individual terms of a multiple term are dis- 
tinguished by their j values derived from (1622) and are labelled 


PS j , pPj , pD , , PF j , 


A number n can be prefixed to this symbol to specify the current number of 
the term in the sequence, or sets of numbers n k can be prefixed to specify the 
quantum numbers of the group of orbits out of which it is constructed. In 
any case any such term is degenerate and splits into 2j+ 1 magnetic states 
in an external field, so that its weight is 2j+l. 

One other type of grouping is sometimes employed. We may group 
together all the terms arising from the addition of q electrons in given n k 
orbits to an atomic core which is not composed of closed configurations but 
has some of its electrons in an incomplete group of given n\. orbits. Remem- 
bering the effects of Pauli’s principle the set of orbits composing the core will 
give rise to a countable number of states w e , which is the weight of the core 
if its energy differences are insignificant. The result of this is of course that 
the total number of states of the final system is no longer given by (1625) 
and (1626) but is larger by the extra factor w . 

c 


,nr ' <or * " t ht 
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We collect together the leading results: 

(1) The weight of a single term pS } , pP } , pD., ... i 
atom is 

2? + l- (1627) 

(2) The total weight of any multiple term pS, pP, pD, ... (1 = 0, 1, ...) in 
any spectrum of any atom is 

(2r+ 1)(2Z+1) (2r + 1 =/>). (1628) 

(3) The total weight of all terms arising from q outer electrons in given 
n k orbits attached to a core of total weight w c is 

2 Q (2k 1 + 1) ... (2k q + \)m c . (1629) 

If the core is a bare nucleus or consists of closed groups of electrons, then 

w c = 1 • This formula is subject to reductions when any of the q outer electrons 
are in orbits of the same n and k. 

(4) The total weight of all terms arising from q outer electrons in orbits of 
given principal quantum numbers n attached to a core of total weight w c is 

2 q n 1 2 . . . n q 2 m c . (1630) 

If the core is a bare nucleus or consists of closed groups of electrons, then 
w c = 1* This formula is also subject to reductions when any of the q outer 
electrons are in orbits of the same n. 

There are no exceptions to these rules. 

In conclusion we shall find it useful in applications to have a table of the 
weights of the lowest states for a number of atoms. The weight which is of 
most value in this connection is the sum of the weights of all terms in which 
all the electrons are in orbits of the normal (least possible) values of n and k. 
In cases of doubt as to which orbit is normal after Z= 18 (e.g. between 3 2 
and 4 0 ) the most useful value refers to states of ions of large core charge. 
For these there is no doubt which is the normal orbit for the effect of the 
smaller n overwhelms that of the larger k. In these calculations full account 
has been taken of Pauli’s principle. The weight is the weight of the group 
of normal terms for the atom named or for any atomic ion with greater 
nuclear charge and the same (stated) number of electrons. After atomic 
number 18 the normal state of the atom and singly charged ion with the 
stated number of electrons may be different, as one or two of the 3 2 orbits 
may be initially replaced by 4 0 orbits. The atomic symbols are therefore 
inserted purely as a descriptive reminder, and it is not implied that the 
weights necessarily apply to the normal state of a neutral atom with Z 
electrons, but only to the normal state of ions of nuclear charge Z and the 
stated number of electrons provided Z is large enough. In the range of this 
table it is probably sufficient that Z should exceed the number of electrons 
by two or more. 


any spectrum of any 
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Table 59. 

Weights of the group of normal states for various atomic ions 
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Atom 


No. of electrons 
in groups 



No. of electrons 
in groups 

Weight 

Closed 

Unclosed* 

(type) 

18 

1 [3 2 ; 


10 

18 

2 [3 2 ; 


45 

18 

3 f 3„ ] 


120 

18 

4 

[3,] 


210 

18 

5 

3 2 ] 


252 

18 

6 

[3*] 

210 

18 

7 

[3,1 

120 

18 

8[3 2 ) 

45 

18 

9[3J 

10 

28 

0 


1 

28 

1 [4„] 

2 

30 

0 


1 

30 

1 

>,] 

6 

30 

2 

4,] 

15 

30 

3 

4J 

20 

30 

4 

4j] 

15 

30 

5 

4,] 

6 

36 

0 


1 


RhcC 2 


- I l 

* In the older theory all these suffixes would have been increased by unity. 

We have still to consider the form of the term values x . Except for 

iydrogen-hke atoms exact formulae cannot be given. But in the simpler 

one- and two-electron spectra most sequences of terms can be put approxi- 
mately in Rydberg’s form 

Xn = ( n _ a )2 ’ (1631) 

where C is the core charge or charge on the rest of the atom other than a 
sing e outer electron, and a is a constant, provided we consider terms of one 
sequence only, in which only the principal quantum number n of a single 
senes electron is allowed to vary. It is frequently important to use exact 

mustle t t 6 ef t er uT *’ 8 ’ Wh6n theSe arC reqUired ° bserved values 
must be taken. For the later smaller terms (1631) will usually suffice or 

sometimes even rougher approximations such as zero. 

The only important quantities remaining to be specified before we can 
andle assemblies of ions and electrons are therefore the ionization energies 
X. and to a less extent (*/), for small a. As we have said these must in 
general be taken from observation, but this can only be done directly when 
he corresponding spectrum has been fully analysed. Thus v* and y * 

(sometimes */, and even for several more values of r) have usuaUv 
been determined in this way, but much work will be required before the 
higher values are thus determined. It must be remembered that these are 



570 


Assemblies of Atoms, Atomic Ions and Electrons [ 14*2 

the successive ionization energies of the atom. The removal of (say) the gth 
electron often corresponds to a process well known and accurately observed 
in X-ray spectroscopy, but the energy values derived from X-ray spectro- 
scopy are valueless to us. For these energies are the energies required to 
remove certain electrons from an intact atom or molecule, while we require 


Table 60. 


Successive ionization energies for oxygen (Z= 8). 


Ionization energy 

Accuracy 

Symbol 

v/R 

Electron volts 

X7 8 

64 

865 

O 

Xs 8 

54 

730 

B 

Xs 8 

10-2 

140 

A 

x/ 

7-8 

105 

C 

X3 8 

5-7 

77 

C 

X2 8 

40 

55 

o 

Xi 8 

2-6 

35 

O 

Xo® 

10 

13f 

O 


Table 61. 

Successive ionization energies for iron (Z= 26) 


Ionization energy 


Symbol 

v/R 

Electron volts 

ACCUI 

V 28 

X25 

676 

9150 

O 

X24 2 * 

645 

8730 

A 

X23 2 ® 

149 

2010 

A 

v 28 

X22 

141 

1910 

A 

v 28 

X21 

131 

1770 

A 

v 28 

X20 

123 

1660 

A 

v 28 

Xl9 

116 

1570 

A 

v 28 

Xl8 

104 

1410 

B 

V 28 

Xl7 

97 

1310 

B 

v 28 

Xie 

90 

1220 

B 

v 28 

Xl5 

35-7 

480 

A 

v 28 

Xl4 

32 2 

435 

A 

v 28 

Xl3 

29 

390 

B 

v 28 

X 12 

26 

350 

C 

v 28 

X 11 

22 

300 

C 

v 28 

X 10 

21 

280 

C 

xh 

— 

250 

C 

XS 2 " 

16 

220 

C 

y, 26 

11 

160 

C 

X.” 





X*” 





X4*‘ 

L 


Average 


x, 2, l 

r 

— 

80 

D 

Xt 28 | 




Xi”) 




v •• 

0-60 

816 

O 
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to remove the same electron when all the outer more loosely bound electrons 
are already gone. This often requires twice as much energy — in certain cases 
it can even require five times as much. 

Table 62. 


Successive ionization energies for silver (Z = 41 ). 



In these tables O denotes observed or equally certain values. 


A „ theoretical estimates with error probably less than 3 per cent. 

^ ” »» ” >» M „ 10 „ 

^ ” *» »» *» *» >• 30 ,, 

D „ estimates quite possibly in error by more than 30 per cent. 

We must fall back therefore on theoretical asymptotic formulae and 

extrapolations by tbeir means of known results. It has been shown by 

Hartree* that the majority of the Xr can be fixed with reasonable security 

in this way. Hartree has constructed tables for oxygen, iron and silver as 

representative atoms, and others can be constructed by his methods. But 

most calculations of highly ionized assemblies such as stellar interiors can 

be carried through for representative atoms or simple mixtures and need 
not employ large varieties of atoms. 

* Hartree, Proc. Camb. Phil. Soc. vol. 22, p. 464 (1924). 
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In constructing and using a table of successive ionization energies we 
must assume a definite order in which the electrons are to be removed (or 
to return) which is the same as the order of tightness of binding. In accord- 
ance with the arguments of the earlier part of this section we assume the 

° rder 2(1 0 ), 2(2 0 ), 6(2^, 2(3 0 ), 6(3 X ), 10(3 2 ), 2(4 0 ), 6(4,), 10(4,), 2(5 0 ). 

There are of course the well-known temporary departures from this order 
already mentioned, and the two 5 0 orbits do not follow the 4 2 orbits but the 
4 3 orbits for the heaviest elements. We shall not usually make calculations 
explicitly for these. We give below tables taken from Hartree’s paper. They 
were calculated in 1924 and could be made more accurate if revised now in 
the light of later evidence. But they are amply accurate enough for the 
purpose for which they are required. Those for oxygen and iron have been 
so revised in parts. 


§ 14*3. The partition function for a single electron , bound or free , in the 
presence of a nucleus. It remains to show that the weights assigned in the 
preceding section are consistent with the limiting principle so that the 
partition function 2 w e~x» lkT 

S 8 

passes over continuously into the classical form 

p? f e ~ x,kT d Pi-- d ^- 


for large quantum numbers. Since the x’s concerned are all small and tend 
to zero for large quantum numbers like 1/n 2 , this reduces to showing that 



(1632) 


when the integral is extended over the proper region of phase space. The 
factor 2 Q ' allows for the two orientations of each electron. In the rest of the 
calculation the electron can be treated as structureless. We shall start with 
a detailed analysis of the limiting form of the partition function for a single 
electron bound or free in the presence of a fixed nucleus of charge Ze, which 
we require in full later in the chapter.* 

Consider for simplicity a volume V in the form of a sphere of radius A 
with the nucleus fixed at its centre. The classical partition function for a 
single movable electron is, in polar coordinates, 

/<r, -pJjif e -x/ kT p 2 dp dQ p r 2 dr dQ r , (1633) 

where X = ^n p2 ~^-- (1634> 


Planck, Ann. d. PhyaiJc, vol. 75, p. 673 (1924). 
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The elements of solid angle d£l p and dQ r define the directions of the momen- 
tum and position vectors respectively. Thus/(T) can be written 

f(T) = 2 L_L JJ e-x' kT {xr 2 + Ze 2 r)i rdrd x (1635) 

We will suppose that A is so large that a x ' can be chosen so that 

. Ze 2 IA<Z x '<zkT. (1636) 

This requirement is usually satisfied in practice with an ample margin. 
Then the contributions to f(T) can be divided into three parts: 

0) /i(T). co>y>0. Electron Free. Classical. 

( 2 ) h(T). 0 > x > — x • Electron Bound. Effectively Classical.* 

( 3 ) fz{T). -x'>x>-oo. Electron Bound. Quantized. 

In (3) the integral form of the partition function must of course be replaced 
by the usual sum over the possible stationary states. 

Cose (I). In f x (T) we have X >Ze 2 jr over practically the whole of the 

effective domain of mtegration. Hence we replace the factor (Yr 2 +ZeMi 
by x ir and find . KX + n 

the usual formula for the partition function of a free electron. Corrections 

be made later by app,y * g Debye and 

Case (2). In/ 2 (T) we have effectively x /kT = 0. Putting a = - x we find 

///7T x 87T 2 (2m)l ex' ra 

2 p J Q daJ^(Ze 2 r- a .r 2 frdr, ( 1637 ) 

where a is the smaller of Ze^/a. and A. 

Case (3). In f 3 (T) we have to replace the integral by the quantized sum 

UT) = Z2n 2 eX«l*T ^ = JthcZ 2 /^ (1638) 

and n' = {RhcZ 2 l x '}i. 

We now return to evaluate f 2 (T), putting r = (Z e 2 /«) s in 2 ^. Then 

f/'7U_o 167r2 ( 2 " l ) i ^ ,.o f* da. C a . 

tr~ ( Z *’)*J, -.J o sm‘tcos‘W, 

where a is arcsin(a^/Z e 2 )i if this is real or else In a k, • 
therefore divides into * ‘ The d ° ubIe 

J Zft,A d(X. farcain(oL4/Ze»)* r , 

0 jJo sin^cos 2 <f>d<f>.+ r JL*? 

or 2 C i7r COSdde C 0 3 j K5 

(*V4ji Jo ih^Jo sm4 ^ cos2 ^ + £j 2f , M p- 

• If the limiting principle is satished, as we shall shortly^rify. 
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The repeated integral can be evaluated by integration by parts and is found 


to have the value ^ Thus 


j [T) ; ,lCv 2 (2m)t(Z e ^r2 A* 


7T 


h 3 



= 2 Z 3 (i?Ac)* |j 


32 Ai 


= 2 


9n (Ze 2 )% 
32 (ZRhcA)i , ,, 

9t 7 e 3 * n 


(^ 2 )* 48( x ') f 

-1-2-1 

3(X')U’ 


(1640) 


(1641) 


We can now see at once that the limiting principle is obeyed for an atom 
with a single excited electron. For the contribution to the phase integral, 
corresponding, according to (1639), to energies \ between n ± £, say, is by 
(1641) the difference of the values of f 2 (T ) for n' ± \ or 

«(»'+*)* -(»'-m 

which is asymptotically 2 n' 2 . This result can be extended at once to the case 
of a number of electrons each independently in specified orbits of large 
quantum number n x . . . . , n q . The foregoing analysis applies formally to each 
electron if Z denotes the proper effective nuclear charge. Since Z disappears 
from the result, its actual specification is unnecessary. The corresponding 
phase space is asymptotically 2 q n 1 2 ... n 2 . 

§14*4. The approximate characteristic function. The method of excluded 
volumes. A direct and accurate evaluation of T* for the assemblies contem- 
plated in this chapter would be an affair of some difficulty. There are two 
methods possible for approximations due in essentials to Urey and Planck 
which are subject to quite different adverse criticisms. The fact that they 
confirm each other qualitatively and even roughly quantitatively can be 
regarded as some justification for a belief that the resulting formulae for 
W /k are a fair approximation to the truth. 

In the theory of Urey and Fermi* we treat the various atoms and atomic 
ions as possessing an actual volume from which they entirely exclude other 
systems, as in van der Waals’ elementary theory of an imperfect gas. We 
use the formulae of §8-6 and assume that the ionic volume in an excited 
state has a radius of the order of the diameter of the central orbit described 
(after Bohr’s theory) by the most highly excited electron. The resulting 
excluded volumes are therefore really fictitious. Physical reality can only 
be ascribed to them by the somewhat doubtful argument that they represent 
that region of space which must be empty for the ion in question to exist in 
that state at all. To the expression for 'Y/k so obtained we add a correction 
WJk for the till then neglected electrostatic charges. 

* Urey, Astrophys. J. vol. 49, p. 1 (1924); Fermi, Zeit. f. Physik , vol. 26, p. 54 (1924). 
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In the theory of Planck we proceed initially more logically by trying to 
generalize the calculations of the preceding section into a simplified 
calculation of B(T). But the simplifications which have to be made are 
rather severe, and it is satisfactory that the form of the result is checked 
by the other method using an entirely different type of approximation. 

The *F/& for the theory of Urey and Fermi, omitting the electrostatic term, 

has already been given in equation (772). Let us denote the atomic ion of 

general type (r,s,z) by the suffixes a or /3 for shortness, and use the suffix e 

foi quantities characteristic of the electron. will then mean a summation 

over all atomic types, and g a summation over all pairs of atomic types; 

free electrons are excluded from either summation. Let the average excluded 

volume of the (r,s,z)-ion for interaction with an electron be (v r z ) st , and for 

interaction with an atomic ion 0, (y r *) s/3 . Then in the notation of this 
chapter we have 


T/l = iV( log 


VG 

N 


VF. 


1 


V aB 


in which 


+ 1 j + S r ^log^r. + + ...(1642) 




(27Tm z kT)% 

A 5 


u*(T) e<Xr ‘+-+x z i-i)/kT Q = o ( 2 ^w^'T) ? 

I \ / ) ^ 1 Q % • • • 

h A 


(1643) 


«/( T) = S s (w r *),exp[ - {x/ - (Xr%}/kT - {A T (r r *) M + M^v r z )^}jV]. 


(1644) 

In transforming T /k we have left unmodified the partition function for the 
free electron. The excluded volume corrections, when not small, are only 
qualitatively correct. To determine (M r z ) s we have 


(M r z ) 


9 


M/ 


(w/) e exp[ - { x / - ( x /) s }/kT - {N(v r X ( + M p (v r %JfV\ ~ ^(T) ‘ 


(1645) 

To the 'V/k of (1642) we must add the contributions of the radiation in the 
enclosure, and of the electrostatic potentials. The former is properly additive 
the latter is not, and if the excluded volumes had a genuine physical exist- 
ence, the electrostatic and excluded volume effects would interact and ought 
to be introduced together. Since however we can only aim at qualitative 
correctness here, we shall be content with the rough approximation of 
adding a separate electrostatic term. If we could adopt the approximations 

of the theory of Debye and Hiickel, the arguments of § 13-61 would give us 
here 6 




(1646) 


In calculating this we have assumed that any ion of type (r,s,z) can be 
treated as a point charge of charge re. 
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The expression (1646) for the electrostatic correction is of course far from 
accurate. Since the ions are all small and the positive ions of high valency 
none of the conditions of validity of Debye and Hiickel’s theory are satisfied. 
Moreover we have ignored the correction of §2-64 necessary to distinguish 
between free and bound electrons. It is in fact true that the Poisson- 
Boltzmann equation (1566) can be altered to take account of §2-64, and 
Gron wall’s method can then be applied to it. * The solution is more difficult 
than that of §13-7, and raises interesting points in mathematics and of 
physical interpretation. No such correction of the Debye-Hiickel theory 
can however produce a formula applicable to stellar conditions even for the 
most massive star, since the fundamental internal inconsistencies of the 
theory for unsymmetrical ions are left uncorrected. 

Formula (1646) owing to its compact and explicit form remains however 
the most convenient way of estimating rapidly the effect of electrostatic 
forces on the compressibility and other properties of a sample of stellar 
material. In using it it is essential to have some check on the probable size 
and sign of its errors. Such controls have been provided in particular cases 
by the investigations of Eddingtonf w r ho concludes that (1646) overestimates 
the electrostatic correction by a factor of the order of three for the conditions 
typical of stars of mass about equal to that of the sun. 

In the approximations of Urey and Fermi the excluded volumes are 
treated as spherical and the radius of the interacting system /? is neglected 
compared with the radius of the (r,<5,z)-system itself. This introduces no 
error at the moderate or low temperatures which they themselves discuss 
where highly excited orbits are rare. The radius of the (r,s,z)-system is 
assumed to be the semi-diameter of the orbit of the most highly excited 
electron or more strictly the aphelion distance when the orbit is not closed. 
As a result we obtain from (1644) for hydrogen 

u-o l {T)= I^2s 2 exp > (1647) 


where 



4-tt- N 4- UpMp 

T v 


a 



*” Pc+Pa 
3 kT 



(1648) 


In (1648) a is the radius of the 1-quantum orbit in hydrogen, 5-34 x 10 -9 cm., 
and xo 1 ^ ( 1 647) its ionization energy, 13*54 volts. More generally at higher 
temperatures a better approximation to (1644) is obviously provided by 
replacing s 6 by (s 0 2 4- s 2 ) 3 , where as 0 2 is the average radius of alJ the inter- 
acting systems. This improvement will not affect orders of magnitude and 
we shall not investigate it in detail. 

* Unpublished work by Gaunt. A summary is given in Monthly Not. R.A .S. vol. 88, p. 369 (1928). 

| Eddington, Monthly Not. R.A.S. vol. 86, p. 1 (1925), vol. 88, p. 352 (1928). 
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To formulate this theory quantitatively for other atoms with one excited 
electron we obviously replace by «»,«/(r+l)», wher e n e is the effective 

quantum number and (r+ 1) the core charge. Since the excluded volumes 
are only of importance for states of great excitation, it will be sufficiently 
accm-ate to group all states of given principal quantum number together 
with the approximate excluded volume aa 6 /(r + 1)3 and the weight 2 shn 
, an atom with any number of excited electrons we must presumably 
rep ace n 8 by (n s ) max , denoting thereby the greatest effective quantum 
number among the excited electrons in the ath state. In general we shall be 
able to arrange the states into series in which the quantum defect is roughly 
constant and n„ increases by unity from term to term. These quantum 
defects will vary considerably with the lc of the greatest orbit and with 
variations m any of the quantum numbers of the other excited orbits but 
as a first approximation it will be legitimate to ignore these variations’ and 

group together all the terms in u(T) which have a given principal quantum 
number for the greatest orbit. We can then write 

u r*( T) -- 2 g {2/ (m/) l e— <Xr*-0 tr'V/fcl’} e -on,«/(r+l)» (1649) 

where 2' is summed over all states in which the principal quantum numbers 

* Ve 7 7 ^ 1688 than ° r ec * ual to * “d one at least is equal to a 

To elucidate (1649) further we must group together the terms that belong 

to given numbers of highly excited electrons; let there be q of these and 

(v ') and t°r 7 ThCn f ° r th68e 8tateS We Can i « nore the variations of 
(Xr )t and take * r - (x/)t to be effectively 

♦ Xr e + ••• + X?r+q-l> 

the energy required to remove entirely the , highly excited electrons from 
eir normal orbits. These states contribute to u r z (T) 

e -W+...+x*r+ q -,)lkT ^ ^ (^)J e -an//(r +1 )» . 

thJt ^nore reductions in the w’b for equivalent orbits, which do not affect 

stateT^th°th g ° rde , r ’ WC ^ fr ° m thG ruJ6S that > 8ummed over all 

tha^or equ^^ qUantUm ° f ^ 6Xcited eIect — 


2(«),= ®* r4< ,2« 2 tft x ... 


— w 2 


r-hj 


differentiation 


^ 8 
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~3* * 


t* 2 t 2 2 ... t a 2 y 


2 / M 

These states therefore contribute to u r e ( T) 


?±*^! 8 3Q-l 

3* 


3 qvf r+Q 2 * 

g Xr + --+X z r+q- 1 )/kT'£ i S ^Q-1 e ~(xn 9 */(r+l^ 
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In this summation we shall for this approximation omit the quantum defect 
and replace the sum by the integral 


OO 


0 


S *Q-1 e-o&Hr+l? ds, 


or 


ink) 


(r+l) 3 l 
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i<Z 


The contribution to u r z (T ) is therefore 


\ (r+m 

9a 


ru + k) 


ha 


e -{Xr z + — +X Z r+q-x)lkT 


(1650) 


There is a similar contribution for every possible value of q. The complete 
result may be written 


q = z-r 


u r *(T) = w/+ £ T( 1 + k) ^r +a 

<z=l 


f(r+l)3)*« _ 


Oa 




(1651) 


It will often be found that one term in ( 1 65 1 ) is dominant for given values 
of the density and temperature. In such a case nearly all the atoms M r z 
present will have just q excited electrons and the rest z — r — q in normal 
orbits. If there is at most a single excited electron 


u r z (T) = w r z + n i nr r+1 


' {r+ I) 3 ! 

9a 


i 

► e~Xr‘ lkT . 


(1652) 


This is the simplest generalization of the theory of Urey and Fermi. These 
authors do not give these approximate summations, whose accuracy is 
ample for most applications. 

It is naturally possible to calculate average values derived from u r z (T) 
by the same process. The average energy content of any atom is given by 

in which of course only the exponents {\ r z — (Xr*)*}/^ are c ^ eren ” 

tiated. We find 


kT* = 'T " {x/ +■■■ + XWl) r( 1 + k) ^r +8 2*; 

01 < 7 = 1 


f (r+l) 8 ; 

9a 






(1653) 


When the term q = q* is predominant in (1651) and so also in (1653) we have 


l0g U *^ T>j = Xr * + + 


(1654) 


The energy content is the same as if these q* electrons were free and at rest 
relative to the ion. 
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Other expressions which occur in the general formulae are 


V V P.< > 

These may be evaluated as 

a 


K M t v >-- + ^^1 


-Z M z 

T * r dN 


log *S(T), 


Nd_ 

VdN 


j log u r 


(T) 


respectively. 

The accuracy required in these formulae is reached by retaining only the 
dominant term q = q* in (1651). To this approximation 


5 log «/( T) = - fa* A log « = - 


dN 


k* 


dN 


( d N d 


N + 'LpMp’ 


(1655) 
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In general q*, the average number of bound but highly excited electrons, 

will varv with r fl.Ti rl y q n rl tnuof Kn ^ z \ ★ nni — 
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■M* ^ V/» 1 _ ^ N + lXpMp 
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(1658) 


§14-5. Planck s theory. In the foregoing theory there is an arbitrary 

element, the choice of excluded volume. This is physically and theoretically 

unsatisfactory. Instead of attempting to patch up the theory of imperfect 

gases in this way so as to apply to assemblies of atoms, ions and electrons, 

lanck has attempted to make a direct simplified calculation of Gibbs’ 

phase integral, and so B(T), for such an assembly by generalizing the 
calculation of § 14*3. 6 

For an assembly consisting of one electron and one fixed nucleus ( Ze) 
contained in a sphere of radius A about the nucleus, the calculations already 
given are almost complete. For the electron free we have 


For the electron bound 


A 3 


f’(T)=f 2 (T)+f 3 (T), 


n 


= S 2n 2 eX* lkT +2- 

n= 1 


[32 (ZRhcA)i 

97 t e 3 


- in' 


Now by familiar arguments we have approximately 
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1, 2n 2 eXn! kT = 2{ex i' kT + \n' z ) 
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Hence 


/'(T) = 2c-x..'*r + 


64 (ZXhcA)l 


9n 


(1659) 


In constructing partition functions hitherto we have found it convenient 
to take the normal state of lowest energy as standard. With this convention 


f'(T) = 2 + 


64 (ZRhcAl 


9tt 


(1660) 


In all such approximations it may be necessary to include a finite number 
of terms besides the first term for the normal state before the terms of high 
excitation are lumped together with the remainder. Thus the complete 
form of f(T) would be 

f‘ ’ ( T ) = h w a e-fx . -*>/* T + [ZRhcA)i g _ Xi/ * r } 

1 977 

In general either the first term (5=1) or the remainder is dominant (the 
latter for large values of T). When however the remainder is negligible, it is 
often necessary in discussing fine points, such as the appearance in absorp- 
tion of lines arising from the first few excited states, to include the first few 
terms in the former part of f'(T). Only the first term contributes sensibly to 
the numerical value of f'(T) itself, but the other terms control the distribu- 
tion of the small fraction of atoms in the early excited states on which the 
phenomena in question depend. 

When the assembly of volume V contains a number of fixed nuclei and 
one electron, /(T) is still given by (1633) with 

_ 1 2 v Z * 2 

* 2 m P r a ‘ 

It is however now impossible to carry out the exact integration, and the 
most reasonable simplifying assumption is that when \ < 0 all terms in 
are negligible except the largest. This means that we treat as free all states 
of the electron in which its energy is greater than the energy of escape from 
the nearest nucleus when all nuclei have the same charge, and is in a sense 
equivalent to ignoring molecule formation. This simplification should be 
reliable so long as the nuclei are not too close together. Each nucleus then 
makes a contribution to the phase integral like (1635) and therefore like 
(1660), which may be described by saying that each nucleus has this par- 
tition function for a bound electron, if A is so chosen that on the average the 
bound electron is nearer to the selected nucleus than to any other. If there 
are M nuclei we must therefore take 


M.±ttA 3 =V. 


The essential part of the condition (1636) is then that 


(1662) 
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The method can now be generalized for a number of nuclei of different 
positive charges. The condition that the electron should be bound to nucleus 
1 rather than to nucleus 2 is now naturally 

Z l /r 1 > Z 2 /r 2 . 

This means that to each nucleus (Ze) we must attach an average volume 
proportional to Z 3 . If we now define a radius A by the equation 

%ttA 3 E z Z 3 M z = V, (16G3) 

then the actual radius A x for use with a nucleus (Zj e) will be given by 

A * = Z * A 3 = 4 nl. z Z 3 M *' (1664) 

The partition function for an electron bound to a nucleus ( Z may there- 
fore be written 

(1665) 

L 9 tt \ 4t t ) e 3 J Z 3 ! 2 )^ 

The permanent constant in [ ] will be written Q\ it has the numerical value 

Q = 1017 x 10 12 cm.-$. 

Let us now allow the nuclei their natural freedom of movement. Their 
mean velocities are very slow compared with the velocities of the electrons, 
and to a first rough approximation the rule for fixing the particular nucleus 
to which an electron with negative energy is bound is not affected. It is of 
course strictly the relative kinetic energy of electron and nucleus which 
should be used in the binding rule, and we replace this by the kinetic energy 
of the electron (relative to the centre of mass of the assembly as a whole). 
A closer approximation here would be of interest. To the approximation at 
present proposed the foregoing formulae can be regarded as independent 
of the motion of the nuclei. The calculations of the phase integral of the 
assembly for the nuclei therefore take their ordinary form and yield the 
ordinary partition functions for massive particles; the electrostatic forces 
between the nuclei themselves lead to no complications (being repulsive), 
and are (or should be) allowed for in the term (1646). 

Let us next suppose that there is more than one electron in the assembly, 
but that no nucleus can catch more than one electron. We can ignore also 
the repulsive force between the electrons. Then the foregoing analysis 
suffices to determine the partition function of any nucleus which has caught 
an electron, and the whole value of B{T) can best be evaluated by the usual 
combinatory rules of § 5*2. In our notation therefore 

- 2 +c ( ^7 z^,)) e *P< - 

and using (1666) we can apply all the usual formulae. 


( 1666 ) 
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To extend these arguments to the capture of more than one electron is not 
difficult, provided rather rough approximations are sufficient. We shall ob- 
viously approximate fairly closely to the holding power of an atom r-times 
ionized by assuming that it holds excited electrons like a point charge 
(r + 1 ) e. This approximation will be very good when all the electrons except 
one are in normal or nearly normal orbits. In general it must underestimate 
the efficiency of the ion at holding its last electron. An overestimate of the 
efficiency can be obtained by assuming that the ion holds like a point charge 
(r + q)f, where q is the total number of its electrons in highly excited orbits. 

In order to estimate the value of u/(T) we again consider separately the 
parts arising for various specified numbers q of highly excited electrons. The 
weight of the remaining core of the atom with electrons in normal orbits is 


w 


r+n 


• This core now catches q electrons in succession into highly excited 
orbits acting on one assumption like a point charge (r + 1) € and on the other 
like (r -f q) e. The contribution to u r z (T) y estimated according to the foregoing 
version of Planck s theory, will therefore be the continued product of con- 
tributions for each electron in order with an extra factor u r r ^ Q for the weight 

of the core. According therefore to the holding power assumed we find the 
following limiting approximations for v r z (T): 


u r z (T) = w r z + i T w z 
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(1667) 


or 


u r *(T) = m r z + Q i r w 

< 7=1 


r+q 


( r + q Qv 


\'Zr*Ar + q)*(M r *\ 



X e-bfr*+...+x f r+tf_i)/*r (1668) 

In (1668) (M r z ) q denotes the average number of atomic ions of atomic number 
Z, r-times ionized, with q highly excited electrons. These equations give 
upper and lower limits for u r z (T). A closer approximation than either can 
probably be obtained by considering an (r-f g)-times ionized atom and Jet- 
ting it catch q electrons in succession into excited orbits. If we assume that 
the number of orbits so obtained is not altered by later captures and that 
at each stage the ion captures like a point ion of the new net charge, we can 
replace (r + q)Q in (1668) by (r + 1 ) . . . (r -f- q) and obtain 


q=z—r 


u r 2 (T) = ™ r z + ^ l) 3 ... (r + q)*Q q 


n=i 
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'Z'rs.q (r + 1 ) 3,Q . . . (r + q) 3lQ (M r z ) \ 


la 

► g~0Cr r +...+X*r.f i)/*r ^ 


(1669) 


If no other considerations entered one should prefer (1669) to (1667) or 
(1668) in applications. The clustering of the free electrons round the positive 
ion will however decrease its holding power for highly excited electrons, and 
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terms of large q are mainly important for large N/V when this shielding is 
largest. When as here this shielding is not directly allowed for, formula 
(1667) is to be preferred. It is undoubtedly at this point, that is in the 
correct enumeration of bound states, that the present theory is weakest, and 
a better method of enumeration is greatly to be desired. 

These u r z (T ) may be used for a direct construction of T\ which is formally 
the T* for a mixture of perfect gases with radiation and the electrostatic 
terms added. There are in this theory as here developed no excluded volumes. 
.The residual atomic cores of electrons in normal orbits do possess volumes 

which can be taken account of in the usual way. But the effect of these is 
usually extremely small. 

In applications the most important combination is u z r ^ l (T)lu r z (T). It 
sometimes happens that one term of (1667) is dominant for a given density 
and temperature, and then the dominant terms of u z r+1 (T), u r z (T) generally 
correspond to equal numbers of electrons in normal orbits, and a difference 
of one highly excited electron. In such a case 


u z r _AT) e*r ZlkT 


-t 


Vm (r+l) 3 <?lS,.,(r+l)3jtf r ‘J (1670) 

If 8 is the average number of free electrons per atom, then it is defined by 

^r.z rM f = K Z = N - 

It will then be permissible as a very rough approximation to write 


^ (r + 1 ) 3 M* = (s + 1 ) 3 2 m* = 
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and so 


(1671) 


u‘ r ^(T) {(■?+ 1 ) 3 /a}* eXr*' tr 

u r*(T) (r + l) 3 Q(V/N)$ 

When we now form the equations of dissociative equilibrium the exponential 
factors vanish. The ratios M z r+1 /M r * are controlled entirely by the (r+ l) 3 
factor. The Xr z only control the numbers of electrons in normal orbits. 

As a check on the somewhat speculative approximations which have been 
necessary at certain stages in this chapter, it is well to compare the formulae 
for u r *( T) given by the two theories in the simplest case of a single excited elec- 
tron. When the permanent constants aregiven their numerical values we find: 

For the theory of Urey and Fermi, 

u r *(T) = or,* + 7-40 x 10» x^ r+1 (r + 1 )* /-L- )* / ^)* e - 
For the theory of Planck, 


■Xr*/kT 


u r z (T) = w r *+ 1-017 x 10 12 nj* r , ] ^±il 3 /'Z'\ i 

r+1 a+ 1 \N 


e -Xr*lkT 


These formulae are in substantial agreement. 

The following chapters consist largely of applications of these formulae. 



CHAPTER XV 

ATMOSPHERIC PROBLEMS* 


§ 151. Scope of Chapters xv and xvi. In this chapter and the following 
we shall set out to apply our general theorems to special problems of the 
properties of matter in a gaseous state which is nearly perfect. We shall of 
course discuss only such problems as arise out of the study of equilibrium 
states of such matter or as can be treated at once by application of the pro- 
perties of the equilibrium state and the laws of mechanisms detailed in 
Chapters xvn and xix. Problems essentially requiring the theory of trans- 
port phenomena or of radiative equilibrium are therefore excluded. The 
problems that present themselves are of two classes: (1) atmospheric 
problems, this chapter, and (2) problems of the interior of a gaseous star, 
Chapter xvi. The equilibrium and quasi-equilibrium properties of atmo- 
spheres extensive assemblies of perfect gas constituents in a strong ex- 
ternal field of force— consist only of the properties of assemblies which can 
be treated as isothermal. We have already derived Dalton’s law for the 
distribution of the various constituents in an atmosphere of perfect gases. 
Until recently the only other problem discussed was the rate of escape of 
molecules into space from the boundary of the atmosphere of a planet or a 
star.f Thanks however largely to the work of Saha and Milne a number of 
other interesting atmospheric problems have been proposed and solved at 
least to a first approximation, Jhe contents of this chapter consist therefore 
of discussions of the following problems: ( 1 ) Theequilibrium of an isothermal 
ionized atmosphere and the permanent electrical fields and charges existing 
in it. (2) The behaviour of the absorption spectra formed by stellar reversing 
layers. (3) The normal escape of molecules from the atmosphere of the earth 
or a star. (4) The formation by radiation pressure of tenuous high-level 
atmospheres (chromospheres); (4) in outline only. Of these the first alone 
refers to a true equilibrium state. The second and third can properly be 
treated to a first approximation by using equilibrium properties. In the 
fourth equilibrium properties play a smaller part. It is however justifiable 
to give a sketch of them for the sake of a systematic account of this whole 
group of problems. An account of the third is rendered the more desirable 
because great advances in treatment have been made since Jeans’ account 
was written, and the theory is now probably in a final form. When all is said 
however it is obvious that these researches merely deal with special features 

* In the revision of Chapters xv and xvi I am greatly indebted to Mr S. Chandrasekhar, who 
has drafted all the new matter, and revised the old. 

f Jeans, loc. cit. chap. xv. 
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of a stellar atmosphere. A proper theory embracing them all, based as it 
must be on a study of the assembly subject to the flux of radiation from 
below, would lie outside our range. Though no such theory has yet been 
completed, great advances have recently been made in the study of the 
absorption spectra formed by stellar reversing layers, and we shall sum- 
marize some of the results of the more complete theory which cannot itself 
be included. 

In an atmospheric problem the main field of force may be regarded as 
external to and independent of the assembly discussed. In a star, considered 
as a whole, this is not so, and the main field arises from the gravitation of the 
matter of the assembly itself. In Chapter xvi therefore the start corre- 
sponding to that of Chapter xv would be a discussion of the isothermal 
gravitating gas sphere of ionized material. In the absence of electrical forces 
there is nothing to add to Emden.* We could make some comment following 
Rosselandf on the effect of electrical forces on the radial distribution of 
different elements. The applicability of these remarks to an actual (non- 
isothermal) star is however doubtful. It is obviously outside our province 
to attempt any discussion of the large scale interior constitution of a star, 
which depends on many other factors besides the properties of the equili- 
brium state of a given body of matter. For this the reader will naturally 
turn to Eddington . % But whatever the large scale structure of a star, the 
small scale structure is essentially that of matter in the most complete 
thermodynamic equilibrium^ The equilibrium properties of stellar material 
are important, and the main part of Chapter xvi is therefore devoted to an 

attempt to calculate as accurately as possible the equilibrium state of 
matter at stellar temperatures and pressures. 

§ 15-2. The equilibrium of an ionized atmosphere ,|| We start by discussing 
an atmosphere of a single primary constituent, say Ca, in equilibrium with 
its ionization products Ca+ and electrons. We later consider extensions to 
more complicated atmospheres, but these are not easy to make exactly. 
By (198) and (565) for the sth constituent 

n s =(n s ) 0 e^d+^v k T_ (1672 ) 

It is necessary to include an electrostatic potential i/r as well as the gravi- 
tational <f>, since Dalton’s law entails a separation of the charges Bv (7911 
for each constituent J v ' 

y 2 (m s <j> + e s ifj) = 477771 „ m s lQ - 477-<r s {E s e s 7T s }, 

* Emden, Gaskugeln. 

t Rosseland, Monthly Not. R.A.S. vol. 84, p. 729 (1924). 

(192j ddinSt ° n ' Tk ‘ tnteTnal COnSlilUlion ° ! the 3tar * (1920); Jeans, Astronomy and Cosmogony 

§ Eddington, loc. at. p. 21. H Milne, Proc. Camb. Phil. Soc. vol. 22, p. 493 (1925). 
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where G is the constant of gravitation. As these hold for all 

must have _ 0 , 

V 2 <^ = 477 G 2 m. n. , 


V V = - 4ttS s e s n s . 


[15-2 

m s and <r s we 

(1673) 

(1674) 


These are the complete equations. Owing however to the smallness of Gm* 
compared with e s 2 we may usually neglect altogether the gravitational field 
of the atmosphere itself and replace (1673) by V 2 <£ = 0 , so that <f> = gz if the 
curvature of the atmosphere may be neglected, and otherwise <f>= - GM/r, 
where M is the mass of the central body and r the distance from its centre. 

By (566) the ionization constant is constant in space, so that the condition 
of ionization equilibrium affects only the constants ( n s ) 0 . The whole equili- 
brium problem may therefore be solved without reference to this condition, 
provided the constants of integration (n s ) 0 are adjusted to satisfy it. If the 
suffixes 1 , 2, 3 refer respectively to the neutral atom, the ion and the electron, 
we have therefore, curvature neglected, 



n 1 = (n 1 ) 0 e- m i° z ' kT , 

(1675) 


n 2 = (^ 2)0 , 

(1676) 


n 3 = (rc 3 ) 0 , 

(1677) 

coupled with 

d 2 Jj 

d z 2 ~ 4‘ 7 re(n 2 — tt 3 ). 

(1678) 

For an atmosphere stratified in planes ip will be a 
recall also that m l = m 2 -f m 3 and m 2 is very small. 

function of z alone. We 

Let us write 

e, A'= - H m 2 ~ m 3 )g + kTf, 

(1679) 


denoting differentiations with respect to z by primes, and differentiate 
logarithmically (1676) and (1677). Then 


n 


n 


n 


n 


$(m 2 + m 3 )g 

J ’ 


kT 


l(m 2 + m 3 )g 


/' = 


kT 

47T€ 2 — — 

-fcjT ( n 3~ n 2) 


+/. 


We can reintegrate (1680) in the form 


n 2 = (n 2 ) 0 exp ( -az_ J f dz )’ 
n 3 =(h^) 0 exp^-<xz+ j fdzj, 



i(m 2 + m 3 )g 

kT 


(1680) 


(1681) 


.(1682) 
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From equations (1681) and (1682) we can eliminate n 2 and n 3 , and from the 
result eliminate \fdz by differentiation. We find 




( »i) 0 (n s )o« ~ 2 “ (1683) 


With the help of this equation we may determine the behaviour off and so 
the general characteristics of the atmosphere. 


§ 15-21. Form of f for large positive z, at the outside boundary of the atmo- 
sphere. If the resultant charge on the whole body and its atmosphere is zero, 
then at the outer boundary <jt' = 0 and 

f ' \( m j — m 3 )g . 

J kT ~ Ja ” 

We search for an approximate solution of (1683) by replacing / by /„ and 
writing = Then f satisfies 




2 

oo • 


(1684) 


Therefore 


4tT€ 2 


£ = fff y/(n 2 n 3 ) 0 {y exp/^z - y~ » exp( -f w z)}. 


of which the second term is negligible compared with the first; y is a constant 
of integration. Returning to f and integrating, we find 




f__ f 4tt€ 2 I — x 

™ kT v( n 2 n 3)o y a _j . 

\{m 2 — ra 3 ) g 4 ne 2 , 

= jff — \/( w z « 3 )o ye~W kT (1685) 

3 

It is easy to show that the error in this equation is 0(e~ 2m *° :lkT ). From this 
it follows that 

* £( TO 2 ~ w 3 )gz 4:-rre 2 kT . 

f dz Ft + " M 2/»2 V(»» n 3 ) 0 ye- m ** *lkT + h, 


m 3 “g 


where 8 is a constant of integration. Inserting this in (1682) we find 


(n 2 ) 0 e-W kT 


D ex p[^rSr V(«2« 3 )o ye -”*** *] 


(1686) 


*g 


and in order to satisfy (1681) we must have D = yjfc/n 3 ) 




(1687) 
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We can draw interesting deductions. Since the extra exponentials tend 
to unity as z -> + oo, we have ultimately 


n 2 ~ v /(n 2 7? 3 ) 0 yc-^ / * r 1 


(z very large). 


(1688) 


n 3 ~ \/( n 2 % 3 )o ye ~ m * zlkT , 

which is Dalton ’s law, when the electrostatic forces have become trivial. 
The “ when ” is however instructive, for this occurs when 

4ne 2 kT , 

~m VT N /( ” 2 w 3 )o ye- m ** lkT 

3 •/ 

is small compared with unity. On using (1688) we see that this condition is 


4t7T€ 2 kTn 


47re 2 p 3 




2 




< 1 . 


(1689) 


For electrons on the sun 4 t T^fm 2 g 2 is 4-85 x 10 27 . Thus the partial pressure 
of the electrons must he well below 10 -28 dyne/cm. 2 or 10~ 34 atmosphere 
before Dalton s law becomes effective. We have then reached a region so 
tenuous that the density there is far below the probable density in inter- 
stellar space! In no region which can be considered as belonging to the 

atmosphere of the sun or of any particular star do we even approach the 
condition (1689). 

§ 15*22. The form of f for large negative z , at the base of the atmosphere . On 
referring to equation (1683) we see that the right-hand side tends to infinity 

as 2 ~ 00 » anc ^ therefore if/ has a limit at all that limit must be zero. There 
are no physically possible alternatives. For large negative z the equation 
therefore approximates to 


fn . /•/ 87T6 2 , 

f + */ V( n 2«3)o e_aZ /- 


(1690) 


This equation must be solved asymptotically as z-> — oo, a and the co- 
efficient of e~°“f being numerically small. By the substitution* /=ae-’? 
(V + °°) it is easy to show that 

e-l~ + }. + 0(.H. 

From this it follows that to a sufficient approximation 


/ 


r 2 

= aexp 

L a 


l 87T€ 2 f(n 2 n 3 ) 0 )t 


kT 


e-*«*+0(ocz) 



(1691) 


From this form it follows at once that | fdz converges, and approximately 

J — oo ■ 




8we 2 J(n 2 n 3 ) 0 ~] i J 


kT 


e x0cz exp 


r - 2 


(8-rre 2 J( 


V(w 2 w 3 ) 0 ) ^ 

kT J' 


* We insert a to take care of the dimensional factor in /. 
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We canncnv suppose that -oo is chosen for z 0 in (1682). Then since /'-*0 
(re 2 ) 0 = (w 3 ) 0 . For sufficiently large negative 2 we shall therefore find 

approximately — — — 

n 2 = n 3 = (n 2 ) 0 e-° *. (1692) 

The meaning of this distribution law is that the ions and electrons are dis- 
tributed as if they were both of mass equal to their mean mass— with no 
tendency to separate out and consequently no electric field. This fusion we 
have shown to occur at the base of the atmosphere, or in the interior of the 
star, but the question of interest is where for this purpose does the interior 

start. It starts obviously as soon as j fdz is small compared with unity, 
that is to say as soon as 




Se 


a L kT J ’ ( m 2 + m z )g L 

For calcium on the sun this reduces numerically to 

5*4 x I0^p 3 > 1, 


[2^3]* >i. 


which is satisfied as soon as p 3 the electron pressure is greater than say 
10' 16 dyne/cm. 2 , or lO -22 atmosphere. Even this figure corresponds to a 
density less than that of interstellar space, so that so far as separation of 
electrons and ions is concerned, the interior of the star, in which separation 
is impossible, may be taken to include the whole of the star and any atmo- 
sphere that can properly be regarded as private to it. All we have to do in 
any problem of an ionized atmosphere in equilibrium is to use (1692) 
instead of Dalton’s law. To produce this there is a constant electric field 
acting outwards of intensity £(™ 2 -m 3 )g/e, but the separation of charge 
necessary to produce this is altogether trivial. 


§ 15*23. Further observations . If the charge on the star has a surface 
density < 7 , then, as z->* + oo, 

— €lp' -> 4'77’Cr. 

This alters slightly the form of the solution as 2 -> + 00 , but does not affect 
the conditions as 2 -* - 00 , since these are independent of /„ . Hence the 
conclusions of § 15-22 are valid whatever the charge on the star. 

Again we have shown that /-> 0 as 2 - 00 and that 

f->i(m a -m 3 )g/lcT, 

a positive quantity as z-+ + 00 . From the form of the relation for/', namely 

f = A[J~ a>fd * — (A > 0 ), 

it follows that if / starts positive for large negative z then /' > 0, / increases 
and / can never vanish. Since / has to be positive for large positive 2 it 
follows that/ and/' must both always be positive and /steadily increases. 
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For the uncharged star this implies that the resultant charge down to 
any level is always negative since as /> 0, n 3 >n 2 . But this negative charge 
is excessively minute. Applying Gauss’s theorem to (1679) we see that the 
excess charge a per unit area is given by 

- 4 77a = - |(m 2 - m 3 ) g/e. 

The excess number of electrons per unit area is therefore 

(m 2 -m 3 )g/8Tre 2 , 

which for ionized calcium on the sun is 0-3! 

§ 15-24. Multivalent ions and their compensating free electrons. The theory 
for an atmosphere of a single set of positive ions of charge + v 2 e and the 
corresponding electrons is very similar. In place of the equations (1676)— 

(1678) we have 

n 2 =(n 2 ) 0 e~< m ^^>‘ T , 


n 3 = (n 3 ) o , 

</<" = — 47re(a 2 n 2 — n 3 ). 


(1693) 

(1694) 

(1695) 


We now define / by the equation 


,, (wi„ — m,)<7 . m „ 


and replace the last equations by 


n 


= ( n 2 )o exp( —<xz — v 2 j fdz^j, 


w 3 = ( n 3)o ex P^ -02 + 

47 T€ 2 

/ = ( n 3 “ V 2 U 2)’ 


L /dz ) ■ 


/ m 2 + v 2 -, 
\ v 2+ l 


m 3 g 


kT 



the equation satisfied by / being now 


/ 


-S' 


f"+« r 

/ 


+ 




477€ 2 n 

+1,e J 


t'j+l 

~ 0U 1 (^ 3 ) 0 ^* V z( n 2 )o - 


(1696) 


The conclusions which can be drawn from this equation correspond exactly 
to those drawn from (1683). The ions and electrons never separate out 
appreciably in the atmosphere proper, and for large negative z,/-> 0,/' -* 0. 
If then Zq is taken as — oo, we find (n^ = u 2 (n^) 0 and the distribution laws 


n 2 — ( n 2)o e 


— OLZ 


(1697) 

^h = (n 2 ) 0 v 2 e- az . (1698) 

There are just v 2 times as many electrons as ions, and both possess the 
exponential factor of a neutral particle of mass (m 2 + v 2 m 3 )/(v 2 + 1 ). 
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§15*25. Atmospheres with more than one positive ion. This case is un- 
fortunately much more complicated, and it is of course more typical of 
actual atmospheres. It is sufficient for illustration to consider two positive 
ions and electrons. The neutral atoms required by the dissociative equi- 
librium are also present, but need not be explicitly considered. The equations 

then are — — 

n x = (n 1 ) 0 c- (wl i^ +y i € ^ r , 

rT 2 = (rT 2 ) 0 e ~< m 20*+ v 2C'l')lkT } 

tT 3 = (n’ 3 ) 0 e- (,,l ^ z - € ^ ) ' kT , 

= — 477-€(n 1 u 1 -f- ?i 2 v 2 — n 3 ). 


If it happens that 



(1699) 


the substitution e<// = — — — — 3 a + kTf 

tq + 1 

reduces the leading terms in all three exponentials to equality. We are then 
led to an equation for/ similar to but more complicated than (1696), but 
from which the same conclusions can be drawn. This equality will never be 
satisfied by the main constituents of an atmosphere, even approximately. 

When (1699) is not satisfied a formal approximation to the solution of 
the set of equations proposed appears to be difficult. This however is not a 
serious drawback, for in view of the extremely small separation of electric 
charges which we have found in soluble cases we may safely assume that there 
is no separation in the more general case, so that 

n i v i + n 2 v 2 - n 3 = ( n i)o + (n 2 ) 0 "2 - (^)o = 0 ( 1700) 

Starting from this proper simplification Eddington* has attempted to 

obtain further information as follows. If we write out equation (1700) in 
full it takes the form 


("i)u e^oz+v^vkT + (n j)o „ 2 = {(»,)„ ^ + (S7) 0 kT 

(1701) 

Strictly speaking equation (1701) determines 0 as a function of 2 and the 

problem is solved. It is however difficult to extract much information from 

it as it stands. Differentiating it with respect to 2 we find after rearrange- 
ment that — ® 




( ” 1 (^ 1 + l) n iH’l + V2(v2 + 1 ) 7 * 2^2 


• ”iK+ l)ni + u 2 (v 2 + l)n 2 

in which we have written for shortness 


— m 


(1702) 



m l + v 1 m 3 


iq-f 1 



m 2 -j- v 2 m 3 
v 2 + 1 


* Eddington, The internal constitution of the stars (1926), § 192. 
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It will be observed that the coefficient of g is such that this last equation 
might be cast in the form ,, . 

(1703) 

where ji is a suitably weighted mean value of the p’s for the different species. 
An equation of this form holds for any number of species. Eddington has 
now suggested that one may (roughly) integrate ( 1 703) or rather its general- 
ization for a spherical body of gas as- if p. were constant through the gas. If 

this is done one obtains formulae for the distribution of the various species 
of which the formula 


e ~0z(v 2 + lX^a- H)!kT 

n 3 (^3)0 


(1704) 


is typical. Such formulae may be taken to show that those species for which 
/x < fj, at any level will tend to concentrate into the higher levels and those for 
which /x >/x to concentrate into the lower levels; but the effect of this con- 
centration itself will be to modify /x in such a way as everywhere greatly to 
cut down the space rate of concentration. The degrees of concentration 
given by Eddington on the assumption of yu. constant must therefore be 
overestimated, but by exactly how much has not been determined. 

Some reliable information may be obtained in a simple way as follows. 
Let us suppose that in a certain region the conditions are dominated by the 
first constituent. Then approximately 


\ v i 


— m 


+ 

*h = K) oe-* 1 *, 

n 3 = ( n 3)o e aiZ > 

n^=(n 2 ) 0 e- a i z y 



gz> 


a 1 = 


_ g_ rrt 1 + fjL x g 

kT Wl +1 kT' 


where 


*_( v i + l)m 2 -v 2 (m 1 -m 3 ) g 

v x +l 

We find that a x ' < a x if 


a i = 


kT 


(1704*1) 

(1704*2) 



M2 < Mi > 


and we shall certainly find a region of control by the first constituent if we 
can go deep enough into the atmosphere (z-> — oo) without other disturb- 
ances. Generalizing we might say that in an isothermal atmosphere the 
deepest levels will be controlled by the constituent for which 


Hi or (m 1 -m 3 )/(v 1 -f 1) 

is greatest, but this only holds if the effectively undisturbed isothermal 
region is extensive enough to differentiate between the various constituents. 
In the region of control by n x the rate of space variation of n 2 given by a/ 
may even be reversed so that n 2 increases upwards (a/ < 0). 
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As we rise in the atmosphere (z-> + oo) this state of things must reverse 
and control must pass over to the second constituent. We shall then have 



n 2 = (™ 2 )o e- “ 2 M _ m 2 + v 2 m 3 g 

n 3 = ( n a)o e ~ a ** >> * 2 u 2+! kT’ 

n 1 = (n 1 ) 0 e- a *'*, 

where a ' = K + *) m i ~ »i(w 2 - m 3 ) g_ 

2 v 2 +l lcT‘ 

We can verify that a 2 ' > a 2 as it should be for this region. 

A special case of. particular interest is that in which the constituents 
1 and 2 are the single and double ions of the same neutral atom 0. Then 

m i = m o~ rn 3’ m 2 = m o~^ m 3 > »d=l, v 2 = 2. Applying these formulae we 
find that in the deep region 

= K)o e ~ m ^ z,kT , = (^) 0 e~ W' kT , 

«2 = K)o. n 3 = (n 3 ) 0 e-i^ kT , 

so that the concentration of double ions does not alter. In the high region 

no = K)o e- m °°:' kT , n l = (n l ) 0 e -^ m ^ kT , 

= ( n 2 ) 0 e ~^ m <f > z,kT , n~ 3 = (H 3 ) 0 e ~i rn^kx _ 

Here we leave this application. Our main conclusion is that large scale 
electrical effects profoundly alter the vertical distribution of the ions and 
electrons in an atmosphere, in general refusing to let them separate. In 
effect they alter g for ions and electrons in the way we have attempted to 
calculate, but the actual fields required to do this are very small, and apart 
from this modification of g the resulting fields and charges can always be 
neglected. Certain similar applications to stellar interiors will be made in 
the next chapter. We should in conclusion record the warning that an 
actual atmosphere is submitted to a strong one-sided flow of radiation from 
the photosphere of the star, and that selective action of this radiation may 
seriously modify any conclusions drawn when gravity is the only external 
force acting. The atmosphere cannot then be an assembly in statistical 
equilibrium, and the type of effect which may enter is discussed in § 15-5. 

§ 15-3. Stellar absorption spectra. The atmosphere of a star, when we have 
reached the deeper levels of the preceding sections, still of extreme tenuity, 
will consist of a mixture of atoms, ions and electrons in a state in which each 
constituent behaves approximately like a perfect gas. The mixture as a 
whole is electrically neutral as the separation of electrons and ions in the 
gravitational field is trivial. We shall verify later that the deviations from 
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the perfect gas laws required by the theory developed in Chapter xiv are 
insignificant for the regions to be explored in this section. We shall regard 
this atmosphere to a first approximation as an isothermal homogeneous 
slab in statistical equilibrium, but subject to a flow of radiation of all wave 
lengths, corresponding to a higher temperature from the lower levels 
(photosphere) of the star. Such a slab forms an idealized reversing layer , 
foiming by specific absorption dark lines in the continuous spectrum. Our 
object in these sections is to show how the theorems of statistical mechanics 
can be applied in a general way to explain the behaviour of these absorption 
lines, particularly in regard to the march of their intensities as we pass 
through the series of spectral types, and to deduce at least rough information 
as to the temperatures and pressures in the reversing layers of most stars. 
We shall not enter into great detail, since a full account is given in Miss 
i ayne s Stellar Atmospheres* to which the reader should refer. These sections 
will therefore be confined to a summary, with supplements to her account. 

I he first successful quantitative application of the theory of statistical 
(or rather in his case thermodynamic) equilibrium to stellar reversing layers 
is due to Saha, j* An atom absorbs a different optical spectrum for each stage 
of ionization, and in fact a different set of lines for each stationary state 
belonging to each stage, and therefore the relative intensities of the absorp- 
tion lines of its successive spectra in the spectrum of any star must give 
some indication of the relative numbers of atoms in the various stages of 
ionization in the reversing layer, and therefore of the temperature and 
pressure. 

The early applications of this idea may be divided into two main groups. 
The first is typified by comparisons between the spectra of the normal solar 
reversing layer and sun spots, and between spectra of giants and dwarfs of 
the same spectral type. It was shown that the intensity differences are 
largely explained by changes in the degree of ionization resulting either from 
temperature differences (sun and spot) or from pressure differences (giant 
and dwarf). J A similar successful comparison may be drawn between the 
spectra of the reversing layer and chromosphere (flash spectrum). f In the 
second group attention is devoted to the general march of the intensity of a 
line, or group of lines, through the sequence of stellar spectral types, and an 
attempt is made to deduce the temperature scale from the positions in this 
sequence of the first and last (“marginal ”) appearances of the line. At such 
a point the fraction of atoms in the reversing layer capable of absorbing the 

* Miss Payne, Stellar Atmospheres , Harvard Monographs, No. I (1925). More recent accounts 
to which reference should be made are Miss Payne, Stars of High Luminosity, Harvard Monographs, 

No. 5 (1931); Russell, loc. cit. in § 15-34. 

f Saha, Phil. Mag. vol. 40, pp. 472, 809 (1920); Proc. Roy. Soc. A, vol. 99, p. 136 (1921). 

X Saha, loc . cit. (1) and (2); Russell, Astrophys. J. vol. 55, p. 119 (1922). 
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line must be very small, and if the pressure is known the temperature can 
be calculated.* 


But the precision of the early calculations was questionable owing to the 
difficulty of formulating the conditions for the marginal appearance of a 
line.f Firstly we do not know a priori how small the ‘ very small ” fraction 
of atoms must be at marginal appearance. Secondly the point of marginal 
appearance will depend on the relative abundance of the element giving the 
line— other things being equal lines due to a more abundant element will 
persist to a smaller fractional concentration. A similar difficulty may arise 
trom different atomic absorption coefficients for different lines. Barge 
uncertainties may arise from all these causes. 

However, the general qualitative adequacy of the theory carried the 
conviction that imperfections of this kind were imperfections of our know- 
ledge and not of the theory; it is reasonable both a priori and on the evidence 
to conclude that in the main the intensities of absorption lines vary in the 
same sense as the numbers of atoms capable of absorbing them. The next 
step was to formulate this conclusion explicitly: Other things being equal, the 
intensity of a given absorption line in a stellar spectrum varies always in the 
same sense as the concentration of atoms in the reversing layer capable of 
absorbing the line. The foregoing difficulties are then in the main avoided, if 
we devote attention in the first instance to the place in the stellar sequence 
at which a given line attains its maximum intensity. This will be attained at 
the maximum concentration of atoms capable of absorbing the line, and 
the conditions therefore only involve the temperature and pressure. We do 
not now require to know the relative abundance of the various elements, 
the efficiency of any atomic state as an absorber, or the absolute number of 
effective atoms required to form a line. The temperature at which, for a 
given pressure, a given line of known series relationships attains its maximum 
is simply deducible from the properties of the equilibrium state. A number 
of such calculations will be given in the following pages. Consequently in 
the first instance each observed maximum of a fine in the stellar sequence 
connects the temperature and pressure of the reversing layer at that point 
of the sequence. This appears to be the most satisfactory way to apply 
Saha’s theory quantitatively to fix stellar temperatures and pressures.! 
We therefore summarize the results of such calculations. But we can then 
attempt to refine them in various ways, and show that each observed 
maximum can probably be made to determine directly a temperature in the 


, , * loc - cit - (3), and Zeit. f. Phyeik, vol. 6, p. 40 (1921); H. H. Plaskett “Th» . c 
+ e ^r?" type 8tara ’ t^om. A atrophy a. Obe. vol. 1, No. 30 (1922) ' ra ° 

t These difficulties were discussed by Milne, The Observatory , vol. 46, p. 113 (19231 
J Such calculations were made by R. H. Fowler and Milne Vonthlu Xnt » j <? i 
(1923). vol. 84. p. 499 (1924); R. H. Fowler. Moathty ^m(lS) ’ “ 
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stellar sequence, without assuming a pressure. The pressure is itself deter- 
mined by the theory, being that of the layer in which the absorption line is 
formed. We find that this refined theory, largely due to Milne and Russell, 
requires the height of this layer to vary in a definite way from line to line. 
Instead of assuming a pressure, we assume that a certain function of the 
properties of the atom and its abundance and gravity on the surface of the 
star may be assumed roughly constant, the value of the constant depending 
on whether we are following the intensities along the giant or the dwarf 
sequence. There is reasonable ground for belief that this assumption is true 
on the average, so that the derived temperature scale should be reliable. The 


final step, not here reached, will be to regard each observed maximum in the 


known temperature scale as fixing the value of this function and to deduce 
therefrom abundance factors or absolute values of atomic absorption 
coefficients. For this step we require a quantitative theory of the formation 
of an absorption line. Such a theory is now available from the work of Milne* 
but to discuss it lies beyond the range of this monograph. 

Lines absorbed by the neutral atom in its normal state, which we shall 
call normal lines , will be shown theoretically always to decrease in intensity 
as we traverse the spectral types from M to higher temperatures. This is 
almost obvious without calculation, for the fraction in the normal state 
(initially practically unity) can only decrease as the temperature increases. 
An exception to this absence of maximum could occur if in atmospheres of 
very low temperature the atoms in question were all removed by con- 
densation or chemical combination. Such considerations are however not 
usually of importance and w ill not be referred to again. It is easy to see that 
all other lines should have a maximum somewhere. Consider first a line 
absorbed by some excited state of a neutral atom, which we shall refer to as 
a subordinate line. The fraction of atoms in this excited state is the product 
of two factors : ( 1 ) The fraction of the atoms not yet ionized ; ( 2) the fraction 
of these neutral atoms in the proper state. The first factor decreases steadily 
from 1 to 0 as T increases, while the second increases steadily from a very 
small Value. This must lead somewhere to a maximum in the product. 
Similarly for the normal fines of any ion, we start at low temperatures with 
atmospheres in which there are no such ions, and pass through a stage at 
which almost all are once ionized, to a final stage in which all are in still 
higher stages of ionization. Again we find a maximum. f 

In the first stage of the discussion we find it convenient to calculate 


* Milne, loc. cit. in § 15-34. 

t In identifying this maximum with the observed maximum we assume that the average 
abundance of this atom changes only very slowly (if at all) along the stellar sequence. There is 
every a priori consideration in favour of this assumption which is of course essential. Otherwise, 
for example, the maximum of the Balmer lines in ^4-type stars might be due to a maximum in 
the absolute abundance of hydrogen there, a barren and unsatisfying conclusion. 
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pressures for maxima at a given temperature. The general result of the 
comparison with observation is that observed and theoretical maxima can 
be fitted together into a consistent scheme provided that the pressure in the 
layers which reverse strongly ordinary subordinate lines is of the order of 
10~ 5 atmosphere. Similarly in layers which reverse strongly normal lines of 
atoms and ions and nearly normal lines of the metallic transition elements 
the pressure must be of the order lO^-lO- 10 atmosphere. At the second more 
refined stage we see that this result is expected and that on the whole all 
observations fit into a logically consistent whole, leaving outstanding a 
number of interesting minor discrepancies. 

The observational material on the positions of maxima in the sequence of 
giant stars is mainly due to Miss Payne and Menzel.* For dwarfs there is not 
the same sequence of material, and we have mainly cross comparisons with 
the giant sequence at spectral types F and G. 


§15 31. The statistical theory of absorption lines. To carry out the calcu- 
lations suggested in § 15-3 we use equations ( 1 645) f and the method of 
§8-6 to determine the (M r z )JV, and then differentiate with respect to T to 
determine maximum values. But the general formulae simplify greatly here. 
In the first place x/bfr+i is never greater than about 0-7 for any atomic ions 
with which we have to deal in reversing layers and is usually nearer 0-5. 
The successive stages of ionization are thus well separated, and it is found 
that we never have to consider more than two consecutive stages of any 
atom at any one time for a subordinate line or three at most for a normal line. 
Secondly, excluded volumes and the electrostatic energy can be ignored 
entirely , except of course for the convergency factors due to the former in 
u/(T). We shall find further that in all calculations of maxima u(T) reduces 
to its first or at most its first two or three terms, for which the excluded 
volumes can be ignored, and that the highly excited states make no effective 
contribution. We shall therefore start the calculations with these simplifica- 
tions, which are easily justified a posteriori. 


It is convenient to express the laws of dissociative equilibrium in terms of 
p ( the partial pressure of the free electrons, and x 0 , x, , . . . , x s the fractions of 
any atom present in the neutral, singly ionized, or 3 -times ionized states. 
Then the equations of dissociation (479), generalized as in § 8-6, reduce to 

r +i r ^(2nm)UkT)i u r+1 (T) ’ 

x T *' F ~l^T) eX > ( 1705 ) 


X 


with 



Nos.^ 52 , 256 n (T924r ard CirCUl<lr ’ ^ *“ (I924) '' ^ ^ VHI; MenzeI ’ Harvard Circular, 

t It is here a matter of indifference whether we use Urey’s or Planck’s form for,, n'P \ • 

the states of high excitation prove negligible. “ f ° F V(T) ’ 8lnce 
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We need not here retain the affix 2 . Let ( n r ) e be the fraction of all the atoms 
of one type which are r-times ionized and in their sth state. Then (1645) 

reduces to (n r ) 8 = x r (m r ) s e^^xMik T ju r { T). 

For discussing the maxima of the states of the neutral atom we may ignore 
x r for r ^ 2 owing to the rapidly increasing x’s* Inserting numerical values 
in (1706), we find* ^ „„( T ) 

0 u 0 (T)e»> kT + 0-664u 1 (T)Ti/p t ' 


X n = 


K),= 


( ro 0 ) g eWA T 

m 0 ( T) eXa" cT -f 0-664 m 1 ( T) T*/p t ' 


(1707) 


The maximum value of (n 0 ) 8 for given pressure occurs where d(n 0 ) e /dT = 0, 
or where 

_ 0-664., (T) ( (x ,). + i tT + tTh.,'lu l , 

p ‘ *„( T I I 1 ’ 

This gives the pressure in dynes/cm. 2 which can be converted to atmo- 
spheres with sufficient accuracy by multiplication by 10~ 6 . We have also 


(Xo)« + t IcT + kThi^ / Ul 
( ° W Xo + ^T + kTHu.'/u.-uJUo)’ 


(1709) 


(*o) 


max 


(lD 0 ) 8 e- { Xo-(Xo)s)lfcT 

^o( T ) 


(1710) 


The same formulae hold for the maxima of the subordinate lines of the 


r-times ionized atom, when we replace the suffix 0 by r and ignore all stages 
of ionization except r and r+ 1. A simple verification, which we omit, is 
required first to show that for the relevant temperatures x r + a: r+1 ~ 1. 

We conclude that any subordinate line should have a maximum given 
by these formulae. For any normal line of a neutral atom (xo)s = Xo anc * 
(n 0 ) 8 has no maximum for JcT 2 u 0 ' /u 0 reduces to zero, and (1708) merely gives 
T = 0. Formula (1709) reduces to (^ 0 )max = 1 in this case. 

We must next examine the numerical values of u 0 (T ), u x (T) and their 
differential coefficients. From (1708) it follows that near the maximum 
pJT”- and e~*° lkT must be approximately equal, and we shall find that the 
actual orders of both are about 10~ 8 . For the approximate form of u r (T) 
we take (1651), in which a is given by (1648). We may take^=^ a approxi- 
mately. The numerical value of [(r + l) 3 /9oc]* is therefore of the order 2 x 10 6 
at most in a reversing layer. It follows at once from (1651) that we have at 
most one highly excited electron, and that the states of high excitation of 

♦ The numerical factor here is twice that (0-332) used in the work of R. H. Fowler and Milne, 
because we have here corrected for the weight 2 of the free electron. All the weights used in the 
two papers ( loc . cit.) are wrong, though the results are hardly affected. Effectively correct weig ta 

were used by R. H. Fowler, loc. cit. 
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even this one electron make a negligible contribution to u r (T) (less than 
1 per cent.). In reversing layer problems therefore it is only the first few 
terms of u r (T) which need be considered, and usually only the first (constant) 
term and the term to which the subordinate line under discussion belongs. 
We verify in the same way that the contributions of highly excited terms to 
kThi r ' (T)/u r (T) are equally negligible in the equations for the maxima. 
Returning now to the early terms, suppose that for simplicity 

U 0 ( T) = TD 0 + ( ■ G7 0 )i e- { Xo-<Xoh)lfcT . (1711) 

The " (1712) 

Unless Xo“(Xo)i> th e energy of excitation, is small compared with lcT , the 
effect of the second term in u 0 (T) is negligible both in (1711) and (1712). 
Even if y 0 — (x 0 )i is small, u 0 '(T) will still be of no importance in the formula 
for p € unless this second state of small energy of excitation is also the state 
in which the atoms must be in order to absorb the line in question. In that 
special case (xo)s = (Xo)i anc * the denominator of p € becomes 

(Xo — (Xo)i) > 

instead of (x 0 - (xo)i} u o( T), which is the value when u 0 '( T) is ignored. When 
the excited states are nearly normal this correction may be considerable. 
No effect of this sort can be produced by kT 2 u 1 '(T)/u 1 (T) J which can always 
be neglected. We can therefore replace (1708) by 


_o 1 a64K l( r)( Xo ). + |tr , 

Xo-(Xo), 


(1713) 


which in this form is always valid if w 0 is taken to mean the sum of the weights 
of just those states which differ in energy from the normal state by an 
amount which is very small compared with Xo~(Xo).- In calculating 
( x o)m*x we can always ignore u 0 '(T) and u r '(T) so that 

(XoJs + ffcT 


(• c o)max 


(1714) 


Xo + &T • 

To discuss a normal line of the ionized atom we must retain three stages. 
Then *2 0-664 u,(T) m , 

— = L T*p-XilkT 

x i P< %(T) 

x x 0-664'm.(^ 7 ) » 

— = Th~x* kT 

x o P t Uo(T) 

z 0 + x i + x 2 = 1 , n 1 = w 1 x 1 /u 1 (T). 

If we solve these equations for n, we find that 



ZD 


u } (T) + u 0 (T) T-teXolicT + u 


t{T ) T*e~x*T 

P< 


(1715) 
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Thus the maximum of n 1 will occur when 


kThi^T)- ^ { Xo + f kT- kThi 0 ' /u 0 } u 0 ( T ) T+e*** 


+ 


0-664 

P. 


f Xi + f ■ kT + kThi 2 '/u 2 } u 2 ( T) T*e~xJ kT = 0 (1716) 


If we can ignore the term in u^T), we then find 


p € = 0-664* 


(Xi + \kT + kThi 2 \u 2 u 2 (T) 


i 


T*e- i( x o+Xi) ,kT (1717) 


\xo + U'T-kThi 0 '/u 0 -u 0 (T)\ 

The order of the two terms retained from (1716) is (u 0 u 2 )^ e~^~ x ^ ),kT 
at the maximum, and this maximum occurs at a lower temperature than 
that at which the maxima of any subordinate lines of the ionized atom occur. 
The conclusions as to the negligibility of the terms of high excitation hold 
therefore a fortiori. The order of kThif (T) will therefore be 

{Xi~ (Xi)i) e~ {Xl ~ (x ' )l},kT , 

which may be important in (1716) if there is an excitation potential of the 
ionized atom comparable with %(x x — y 0 ). When this is the case (1716) must 
be solved as a quadratic for p € . At the maximum, if u x (T) can be ignored 


( w l)max 


w 


u x ( T) + O{(u 0 u 2 )b e-* ( Xi-Xo )/ * 7 '} ’ 


(1718) 


which is approximately equal to wJu^T) and therefore nearly unity. 

If, as can happen, the term in u x (T) is of larger order than the other two 
terms at the suggested maximum (1717), then the third term in (1716) can 
be ignored and we have 

0-664 kThif{T) 


P< = 


Uo(T){ X o + ^T-kThi 0 '/u 0 } 


T*e~*oi kT (1719) 


The maximum is due in this case t6 the switch over of the majority of the 
atoms from the normal state to the first excited state as the temperature 
rises, and in the determination of the maximum we can ignore second stage 
ionization entirely. If for simplicity we write here 


u x (T) = m x + (tn 1 ) 1 e _ *Xi“ ( *i ) i ) / fcr , 


then 


P< 


= 0-664(ro 1 ) 1 {x 1 -( Xl ) 1 } y$ e -{*o+x,-<xi>i >/«•. ...(1720) 


«o ( T ) {Xo + f kT- kThi 0 '/u 0 } 


In this case 


K)max ^ T) + OUwJj, e-^^ )lkT } ’ 


(1721) 


which again differs only a little from mJu^T) or unity. 

In certain cases in calculating maxima of subordinate lines of an ionized 
element of very small energy of excitation it may be necessary to use the 
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apparatus of these paragraphs taking account of three successive stages of 
ionization. But no general discussion of the negligibility of the various 
u(T) and u’(T) can expect to cover all cases, and when doubf arises it is 
always a simple matter to write down an explicit 2- or 3-term formula for 
the whole relevant part of u[T) and use the exact values of u(T) and u’(T). 


§15-32. Numerical calculations. We present in this section numerical 

applications to a selection of the available observational material. To do 

more would take up too much space, and the selection is wide enough to 

justify the theory. It is obvious from a cursory inspection of the rest of the 

material that it will fit into the same scheme. The observed positions of the 

maxima are taken from Menzel or Miss Payne, and the spectral data from 
Backer and Goudsmit.* 

Throughout the calculations we group together all the lines of a multiplet, 
ignoring the energy differences in the initial and in the final state. This is 
legitimate, and our discussion therefore refers to the maximum of the 
multiplet as a whole rather than the maxima of its component lines, but 
these are indistinguishable. The only noteworthy inaccuracy in this sim- 
plification is that the fraction of atoms at maximum is that capable of 
absorbing some line of the multiplet. The fraction capable of absorbing one 
given line is naturally less, and in some applications this point may need 
attention. We tabulate for each element or each group of lines of each 
element the dataf used in the calculations. This is followed by the observed 
position of the maximum, and then by a few calculations for a series of 
maximum temperatures of the electron pressure, the fraction of atoms in 
the required stage of ionization, the fraction in the required stationary state, 
and the product of this last fraction by the electron pressure. 

(i) V. 1 6 D — 6 F (part); AA 4395, 4390, 4385, 4379; Xo = 6-30, ( Xo ) 1 = 6-02; 
u o( I') = 28 + 30e~°’ 28lkT + 20e~ 1 ' 0blkT , u 1 (T)= 25 + 35e~°' 32lkT 

For the least blended lines no maximum is observed. It lies below M 3. 


^max 

p e atmos. 

(^o)max I {(n 0 ) 1 } ma x 

( n o)iP« 

2500 

3000 

107 x 10~» 
2-44 x 10- 7 

0-96 

0-96 

217 x 10- 1 
2-54 x 10- 1 

2-32 x 10- 10 

6-2 x 10- 8 


(ii) Ba+. l 2 iS-l 2 P; AA4934, 4554; Xo = 5-18, Xl = 9.95 


Uxi - Xo) = 2-385 > 1-512 = Xl - ( Xl ) i; 
w o(^) = 1 + 5e _1 ' 41/ * r , m 1 (T) = 2+ l0e- 1512 /*r U ^'T)=1. 


* ® acker and Goudsmit, Atomic Energy States, New York 
T Energies in electron volts. 


(1932). 
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[Variations of u 0 (T) may be ignored.] The maximum must lie at M 3 or 
just below. Ohlmax = 1. 


Tmax 

p ( atmos. 

k )p. 

2500 

1-66 x 10" 11 

1-66 x 10- 11 

3000 

4-6 x 10-® 

4-6 x 10-® 

3500 

2-72 x 10- 7 

2-72 x 10- 7 


(iii) Cr. 1 6 S — S P; XX 4497 ; Xo = 6-75, ( Xo ) a = 5-81; 
u 0 ( T) = 7 + 5e~°' 9 * lkT + 25e~ loolkT , u 1 (T) = 6 + 30e-°*° lkr + 20e- 120lkT . 
The observed maximum lies at M 1 (Menzel). 


T’max 

p t atmos. 

r"~ ■ " ~~ 

(T 0 )max 

{(njjjmax 

(«o)l P. 

2500 

5 0 x 10" 11 

0-87 

7*8 x 10-* 

3-9 x lO" 13 

3000 

1-74 xlO" 8 ' 

0-87 

1-60 x 10-* 

2-78 x lO" 10 

3500 

1-21x10-® 

0-87 

2-66 x 10-* 

3-2 x 10- 8 


(iv) Sr+. 1 2 <S — 1 2 P; AA 4216, 4078; Xo = 5-665, Xl = 10-97; 

«Xi - Xo) = 2-652 > 1-815 = Xl - ( X x)i 5 

u 0 (T) = 1, u 1 {T) = 2+ 10e _1 ‘ 815/ * T , u 2 (T)= 1. 

The observed maximum lies at M 0 (Menzel) or K 2 (Payne), the latter is 
probably the more reliable. (n!) max = 1. 


T^max 

p t atmos. 

<»»i )p. 

3000 

2-42 x 10- 10 

2-42 x 10- 10 

3500 

2-02 x 10~ 8 

2-02 x 10- 8 

4000 

6-8 x 10- 7 

6-8 x 10- 7 


(v) Mg. 


1 3 P-1 3 5; AA 5184, 5173, 5167; Xo = 7-61, ( Xo ), = 4-92; 


u 0 (T)=l, u l (T) = 2- (wo),- 9. 

The observed maximum lies at 2-5 but is poorly determined. 


^max 

p< atmos. 

(^o)max 

{(tto)i) max 

(*o)i P* 


2-42 x 10- 8 

0-68 

8-1 x 10- 4 

1-95 x 10- 11 


7-2 x 10- 7 

0-68 

2-47 x 10- s 

1-78 x 10-“ 

4500 

114 x 10-® 

0-69 

5-7 x 10-» 

6-4 x 10-* 

5000 

1-08 x 10- 4 

0-69 

119 x 10-* 

1-28 x 10-* 


(vi) Fe. 1 3 F — 3 X; X = D, F y Q; some 161inesin all; Xo = 8-15, (xo )2 
u 0 (T) = 25 + 35e~- (y95,kT + 2le~ 1S6,kT f u x (T) = 30+ 28e-°* 33/ * r + .. 
The observed maximum is well determined at K 2. 


= 6*59; 


Tm&x 

p f atmos. 

(x 0 )max 

{(n 0 )j)max 

("o)« P« 

3500 

4-0 x 10-® 

0-82 

3-7 x 10- 3 

1-47 x 10" 11 

4000 

1-67 x 10- 7 

0-83 

6-8 x lO" 3 

M3 x 10-® 

4500 

3-3 x 10-® 

0-83 

1-10 x 10- J 

3-6 x 10~ 8 





















15 - 32 ] 


% 

Numerical Calculations of Maxima 


603 


(vii) Ca+. 1 2 S— 1 2 P; AA 3968, 3934; Xo = 6-08. Xl = 11-82; 

4(Xo-Xi) = 2-87>l-69 = Xl — ( Xl ) i; 
u 0 (T)=l, u x (T) = 2+ 10e~ 1 ' 69/kr , u 2 (T)=l. 

There are observations of a maximum at K 0 (Menzel), but it is possible that 
there is no maximum before M 0 (Payne). (Wj) mai = 1. 


T max 

p k atmos. 

K)P, 

3000 

6-8 x 10- 11 

6-8 x 10- 11 

3500 

7-4 x 10~® 

7-4 x 10"® 

4000 

2-56 x 10" 7 

2-56 x 10- 7 

4500 

3-9 x 10-« 

3-9 x 10-« 


( v iii) Zn ' 13 -P~1 3 «S; AA4810, 4722 (4680); Xo =9-34, ( Xo ) 1 = 5-33- 

u o(T)= 1, m 1 (7’) = 2; (^,,^ = 9. The observed maximum is well determined 
at (70. 


max 

p t atmos. 

(-To)i^ax 

{(^o)iUai 

( n o)lPt 

5000 

6000 

1-38 x 10-« 

8-4 x 10- 5 

0-61 

0-62 

4-9 x 10~ 4 
2-52 x 10" 3 

6-8 x 10“ lc 

212 x 10~ 7 


^ There are well-determined maxima of many lines of Fe+ and Ti+ at 

F5 ’ some risin S t0 Fo and some falling to GO, but Xl for these elements 
is not yet well determined. The values 16-5 and 13-6 volts are given by 

Backer and Goudsmit for Fe+ and Ti^ respectively. The following calcula- 
tion is carried out for 15 volts and represents a mean value for the Fe+ 

and li+ lines rather than an accurate calculation for any single line of either 
element. 


(ix) Fe + . 2*P — 1 *F, AA4173-3, 4179 , 4417; approximately *, = 15 

(Xi) s - 12-3; u x (T) = 60, u 2 (T) = 37; K) s = 12. There is a well-observed 
maximum at F 5. 


^max 

p f atmos. 

(^i)max 

{( ?1 i)i)max 

< n i)i p. 

6000 

7000 

1-37 x 10"® 

1-30 x 10~ 7 

0-83 

0-84 

8-9 x 10~ 4 

1-89 x 10-* 

1- 22 x 10~ 12 

2- 46 x 10- 10 


(x) Mg+. l - 1 2 F; AA 4481 ; Xl = 15-00, ( Xl ), = 6-15; Ul (T) = 2, u 2 (T) = 1 ; 

J-^ere is a well-observed maximum at A 2. 


T max 

p t atmos. 

(^l )max 

{( n i)i)max 


9,000 

10,000 

11,000 

90x 10-« 

8-2 x 10-* 

5-3 x 10~ 4 

0-48 

0-48 

0-49 

2-58 x 10-* 

8-2 x 10-® 
212 x 10- 4 

2-30 x 10- 1 " 

6-8 x 10-» 

1-12 x 10- 7 

L 

— — 1 
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(xi) H. Balraer series; AA4861, etc.; Xo = 13-54, ( Xo ) 1 = 3-385; u 0 (T) = 2, 
(T) = 1; (m 0 ) 1 = 8. The maximum is at A 0, by definition of the type. 


T max 

p f atmos. 

(^o)max 

{( n o)i}niax 

Kb P< 

9,000 

10,000 

11,000 

3-3 x 10- 6 
2-62 x 10~ 4 

1-44 x 10- 3 

0-34 

0-35 

2-76 x 10~ 6 
1-05 x 10- 8 

9-2 x 10- 11 

2-75 x 10-® 


(xii) Si+. 1 2 D-i 2 F-, AA 4131, 4128; Xl = 16-27, ( Xl )! = 6-47; « 1 (T) = 6, 
u i{T) = 1 ; (raJi = 10. The observed maximum is well defined at A 0. 


rp 

a max 

p t atmos. 

o o 
o o 
o o 

o — 

5-9 x 10-® 

4-3 x 10- 8 

1 


(^i)max 

{(wJiJmax 

K)i p t 

0-47 

0-47 

1 

8-8 x 10- 6 

2-51 x lO" 8 

5-2 x 10- 11 
. 1-08 x 10-® 


(xiii) C+. 1 2 -D — 1 2 .F; AA4267; Xl = 24-28, ( Xl ), = 6-31; m 1 (7 , ) = 6, u 2 (T)= 1 ; 
( TO i)i = 10- The observed maximum is well defined at B 3. 


max 


14.000 

16.000 
18,000 


p t atraos. 

1-96 x 10~® 
3-7 x 10-* 
3-7 x 10- 4 


(^i) 


max 




max 


0-34 

0-35 

0-36 


1-88 x 10- 7 
1 25 x 10" fl 
5 5 x 10- 8 


("ikP* 

3- 7 x 10" 13 

4- 6 x 10- 11 
2 02 x 10-® 


(xiv) He. Sharp and diffuse series of par- and ortho-helium; AA4712, 
4471, 4922, etc.; Xo = 24 * 47 > (Xo)i = 3 * 48 (mean); u 0 (T)=l , u 2 (T) = 2 ; 
( w o)i = 3 (par-He) or 9 (ortho-He). The observed maximum is well defined 
at 5 2-3. 



max 


16,000 

18,000 


p t atmos. 


2-68 x 10- 4 
2-76 x 10" 3 


(^oWx 


0-248 

0-259 


{( n 0 ) 1 )max 

[par-He] 


1-76 x 10" 7 
1-00 x 10-® 



4-7 x 10- 11 
2-76 x 10“® 


(xv) N+. 1 1 P' — 1 *P; A 3995; Xi — 29*48, (Xi)* — 11*06; u x (T) = 9, u 2 (T) = 6; 
(w 1 ) s = 3. The observed maximum is at B 3-5. 


T max 


18,000 

20,000 


p e atmos. 


8-5 x 10~ 8 
1-35 x 10- 3 


(*i) 


max 


0-45 

0-45 


{(njjmax 


1-03 x 10-® 
3-4 x 10-« 


(n x ) t p ( 


8-7 x 10- 11 
4-6 x 10- 9 



(xvi) Si ++ . 1 3 5-2 3 P; AA4552, 4567, 4574; * 2 = 33-35, (x 2 )*= 14 * 40 ’ 
uJT) = 1, u 3 (T) = 2; (td 2 ) 8 = 3. There is a well-defined maximum at B 1-2. 


7\nax 


18,000 

20,000 


p € atmos. 


2-48 x 10- 5 
, 2-82 x 10- 4 


(Zl) 


{(**).} 


max 


0-49 

0-50 


7-1 x 10-* 
2-44 x 10- 8 




1-77 x lO' 10 
6-9 x 10-® 


(xvii) 0+. 1 2 P — 1 2 D; AA4417, 4415; Xl = 35-00, ( Xl ),= 11-53; 

Ul (T) = 4+ 10e~ 3 ' 34/kr + 6e -604/kT , u 2 (T) = 9; (ct 1 ), = 6. There is a well-defined 
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maximum at B 1. [A number of other 0+ lines with ( Xl ) 3 varying down to 

8-5 volts have maxima at B 1 or perhaps at slightly higher temperatures 
towards BO.] 


Pnmx 

p t atmos. 

(•^i )max 

{( /2 i)j}inax 

( n i ).p. 

18,000 

20,000 

22,000 

4- 7 x 10- 6 

5- 7 x 10- 5 

4-5 x 10- 4 

0-40 

0-40 

0-41 

113 X 10- 7 

50 x 10- 7 

1-65 x 10"« 

5-3 x 10- 13 

2-84 x 10- 11 

8-2 x 10- 10 


(xviii) Si +++ . 2*S-2*P; AA4089, 4116; *3 = 44-94, (* 3 ),= 20-98; 

u s,(T) = 2, w 4 (7 7 )=1; (ro 3 )„=2. The observed maximum occurs in 0-type 
stars at Plaskett’s 0 9. 


T^max 

p t atmos. 

24.000 

26.000 

1-14 x 10-* 

7-4 x 10- 6 



0-52 

0-52 


4-7 x 10-fi 
1*16 X 10~ 6 


5-4 x 10- 11 
8-7 x 10- 10 


(xix) C++. 3*S-3*P- XX 4649, 4651, 4653; * 2 = 46-35, ( X2 ) s =18-05; 

u 2 .(T)~ 1, u 3 (T) = 2; (w 2 ) 3 =3. There is a well-defined maximum near that 
of Si+++ at 0 9. 


T’max 

p ( atmos. 

(^i)max 

{( n a)*}max 

( n i ).P, 

24.000 

26.000 

1*73 x 10-5 
1-20 x 10" 4 

0-45 

0-46 

1-52 x 10-« 

4-3 x 10-« 

2-62x10-“ 

5-3 x 10- 10 

1 

1 


(XX) 1 2 $ — 2 2 P 2 ; A 4098; * 2 = 47-19, ( X2 ) 8 =l 9 .20; ^(T) = 6, 

u 3( ) 1 > (^ 2 )a — The maximum has not been reached among the 0-tvne 

stars investigated. ° 


7’max 

p f atmos. 

26,000 

28,000 

30,000 

7-3 x 10-« 

41 x 10-5 

1-82 x 10- 4 


(xxi) He+. “ 4686 
u^T)= 1; (tn 1 ) s =18. 


senes 


> > 


(x 2 ) 


0-47 

0-47 

0-48 


(KU 


5-7 x 10- 7 
1*49 x 10~« 
31 x 10- 6 




4- 2 x 10- 1 * 
61 x 10- 11 

5- 7 x 10~ 10 


A 4686; Xl = 54-16, ( Xl ) s =6-02; w 1 (T) = 2, 


ncKering series ; AA5412,etc.; ( Xl ) s -=3-39; K).- = 32. 

The lines seem nearly to have reached their maximum at the end of Plaskett ’s 

sequence of 0-stars. The observed maximum may be taken to occur at O 5 
1 he calculations are for the 4686 series. 


Tmax 

p f atmos. , 

(^i)mai 

{( n i)»)max 

[“ 4686 **] 

K ).P, 

30.000 

36.000 

40.000 

1*06 x 10-5 

5-9 x 10- 4 

4-7 x IQ- 3 

0-206 

0-222 

0-233 

1-46 x 10- 8 

3-5 x 10-» 
1-76 x 10-« 

1-54 x 10~ ls 

2 03 x 10- 10 

8-3 x 10~» 
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In addition to these maxima the observations show no maximum for any 
normal lines of any neutral atom in the sequence of giants, in full accord 
with the theory. To illustrate the way in which the concentration of atoms 
in a given state in a reversing layer varies with the temperature according 
to statistical theory, using merely the equation (1707), we reproduce a 
figure* showing typical curves. These are only roughly accurate and for 
applications are now superseded by the curves given by Russell (§ 15-34). 


§15*33. Discussion and theoretical developments. A first approximation . 
It will be evident from a survey of these tables that there is excellent general 
agreement between theory and observation as to the positions of the 
maxima in the sequence of giants, on certain conditions. We have to suppose 
that the partial pressure of the electrons in the layer in which the lines 
originate is of the order 10~ 9 -10“ 10 atmosphere for the normal lines of the 
ionized atoms Ca+, Sr + and Ba+ , and the nearly normal lines of very small 
energy of excitation such as those of V, Cr (and Ti); we suppose further that 
it increases steadily as the energy of excitation increases (compared with 
the energy of ionization) until it reaches 10 -5 atmosphere for subordinate 
lines of average excitation energy such as those of Mg, Mg+ and Si 4++ , and 
finally perhaps 10 -3 atmosphere for the lines of exceptionally great excitation 
energy such as those of He and He+. The elementary theory of the maxima 
was based on a given value of p f . This is confirmed by the more complete 
data so long as we confine ourselves to lines of similar depth in the various 
atoms. The variation of the necessary p € with variation of depth, which is 
the same thing as variation with (n a ) max , suggests the next stage in a more 
refined investigation. 

Consider any slab of atmosphere in equilibrium at a mean temperature T . 
The concentration of any atomic species of mass m and charge ve is given 
approximately by „ _ v ^ e -m a zikT -vtip/kT 

We have already seen that the electrostatic term ip may profoundly modify 
the equilibrium distribution of ions. We must be content to assume that 


v = j/q e ~ m T , (1722) 

where m' is used for the effective atomic mass. Consider the variation of 
homologous slabs of these atmospheres along the stellar sequence. Homo- 
logous slabs will be determined by equal changes in the exponent in (1722), 
and therefore the thickness of a given slab will be fixed by an equation like 



where A is some constant such as 1 or 10, and 0 and 1 refer to the bottom and 


* Fowler and Milne, loc. cit. (1). 
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top of the slab. Thus the thickness of homologous slabs varies as Tjm'g 
from star to star, and atom to atom. The number of any atomic species per 
cm . 2 of the stellar surface therefore also varies like T jm ' g . [In an atmosphere 
perfectly mixed by large scale convections, such as the lower atmosphere 
of the earth, m will have a common mean value for all atoms.] 

If V* i s the partial pressure of the electrons at any lev el in the slab, then 
the concentration of electrons v € is given by v € =p € /kT. If a> is an abundance 
factor for the element in question, defined by the equation 

1 1 _ Number of nuclei of given atomic number per cm . 3 

Number of free electrons per cm . 3 ’ 

then the concentration v of these atomic nuclei satisfies 


v = (1)V € = CUp e lkT, 


and the number of these nuclei 

will vary as 

J <JJ P € 



per cm. 2 of the stellar surface in a given slab 



or 


“>P C 

m'g 


If (n r ) 8 is the fraction of these nuclei which provide atoms r-times ionized 
in state s, then the number of atoms per cm . 2 of the stellar surface in a state 
to absorb a given line will vary as 


^PA n r)s 

m'g 


(1723) 


In (1723) (D , ( n r ) 8 , and m' are functions of Z the atomic number. 

We must now consider more closely the conditions under which a strong 
absorption line is formed. There must be enough suitable atoms per cm. 2 to 
form it. It cannot therefore be formed at too low a pressure, or too high in 
the reversing layer. But at the same time it must be formed as high as 
possible in the reversing layer in order that the temperature difference 
between the absorbing material and the photosphere may be as great as 
possible.* The actual position of the effective layer will be fixed by the 
balancing of these two factors. Viewed from the outside we may regard an 
absorption line as a particular wave length at which the absorption coeffi- 
cient of the stellar atmosphere is abnormally great, so that we can only see 
into the star down to an abnormally small depth, a depth which is that of 


the effective slab for this line. 

In our elementary calculations we start by determining maxima by 
d(n r z )JdT = 0, that is for a given value of wp € /m'g. This means that for the 
selected value of (effectively) pjg we get the best absorption at the tem- 
perature so determined. It remains to examine how to choose or fix the 


* See § 15-34 for a quantitative formulation. 
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proper value of Pt for use in this way. The maximum concentration of 
suitable atoms per cm . 2 in the slab of the chosen p ( varies as 

^{(^r )s}ma.xPe 

m'g 

The value of p ( for use here must be large enough to give enough suitable 

atoms but no larger. Now it is well known from general evidence that to 

produce a strong absorption line one needs about the same number per cm . 2 

of any sort of atom in the suitable state— or more generally that the number 

wh,oh ,s required will very a, !/,«..)„ where « is the atomic absorption 

coefficent for selective absorption of this line by atoms in the suitable state 
the argument therefore suggests that 


m'g 


Ms ’ 


(1724) 


where A is a constant, which this elementary reasoning cannot fix. There 

mucT ' 1 t r (V) * 18 ° f the ° rder 108 and not subject to 

importance ^ 100 ^ ^ *** ^ at0m t0 at ° m for the ,ines of stellar 

In equation (1724) there are several factors which it is legitimate to ignore 
a first approximation, for the argument is not sufficiently refined t/take 
account of their probable variations. We have already made some comment 
on m .or rather mg. This really represents the force of gravity on the atom 
as modified by electrostatic fields and radiation pressiL, in particlrTr 
the pressure due to the selective absorption forming the line. Gravity itself 
increases along the giant sequence approximately as T 4 but it is V e 

“ Z k e r iuim remita eff ~“ ve - 

as T and therefore mcreases, but this is a slow variation and it will 
by unknown amounts from atom to atom Tt «ppma * , , ar ^ 

from this rough argument that tin -U «' Z to conclude 

Should have a roughly constant value far all maxima of aZZZ , 
stellar spectra. This conclusion is tentative iZZrZt L^ T- 
both be replaced by a more exact theory * C ° nClU81 ° n mu8t 

This conclusion, it will be seen, at once accounts fnr ± * 

required by the calculations on which we commented bef w ° fP( 

that ifthe constant value of {(V) } p issav2x ini!^ W * 866 now 

the theoretical maxima fit coherently with fh k P( m atmos Pb e res), 
With some precision ^ 

tables. It will be observed that the equation 7 mterpolatlon from the 

Pt = 2 X 10~ 10 
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determines T m&x directly, without explicit assumption as to p ( , as the root 
of the equation (for subordinate lines) 


{Xr Z -(Xrn s }{Xr* + %kT}{uAT)y ^ ^ 

There are of course slight modifications when u r ' and u' r+1 are included. We 
derive maxima from (1725) by assuming that m'glajoi is roughly constant 
from atom to atom and star to star, and have fixed its mean value by a 
rough average over all the stellar material. 


Table 63. 

The stellar temperature scale derived from absorption line maxima 


Atom 

Temperature 
of maximum 

Spectral type 
of observed 
maximum 

V 

2,500 

Below M 3 

Ba+ 

2,700 

M 3 or below 

Cr 

2,900 

Ml 

Sr+ 

3,000 

M0 [ K5 ] 

Mg 

3,700 

K2-5 

Fe 

3,800 

K 2 

Ca+ 

3,100 

K 0 [? M0] 

Zn 

4,800 

GO 

Fe+ 

7,000 

F5 

Mg+ 

9,000 

A 2 

H 

9,250 

A0 [A 2] 

Si+ 

10,500 

A0 

N+ 

18,400 

B 3-5 

C+ 

16,800 

B 3 

He 

16,800 

B 2-3 

Si++ 

18,000 

B 1-2 

o+ 

21,100 

B0-1 

Si+++ 

25,000 

09 

C++ 

25,400 

09 

N++ 

29,100 

Not observed 

He + 

36,000 

Not observed 


This scale is eminently satisfactory, and there are few anomalies in the 
individual entries. When the uncertainties in the material are remembered, 
there remains only one glaring inconsistency, the value for N+ . It must be 
admitted that for whatever cause, this maximum does not fit in with this 
approximate theory. The approximate theory also cannot account for the 
Ca+ maximum for type K 0, but the more refined theory which we shall 
discuss in the next section makes important modifications in this case. 


§15*34. The formation of absorption lines. A second approximation. In 
the previous sections we have shown in a general way how statistical theory 
enables us to give a rough explanation of the observed linear sequence of 
stellar spectra. A more detailed and logical explanation can only be obtained 
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by combining statistical theory with a proper theory of the actual formation 

of the absorption lines themselves. We need something more exact to replace 

the quantity “average concentration of atoms in a state fit to absorb the 

line” which underlay our first approximation. We must also define more 

precisely what we mean by the intensity of an absorption line. The complete 

theory, which is largely due to Milne,* involves a solution of the problem of 

radiative transfer in stellar atmospheres and lies outside the scope of this 

monograph. We must content ourselves with a brief account of general 
principles. 


The theory of the formation of an absorption fine originated with 

Schusters]- classical discussion of the following problem: A layer of gas is 

placed in front of a bright background which radiates monochromatic light of 

frequency v with an outward flux equal to nG v for each cm . 2 of radiating surface. 

The layer of gas contains N atoms ( or molecules) per cm 2 of the radiating 

surface and each atom has a scattering coefficient <*„. The flux emerging from 

the layer of gas is ttF v per cm . 2 surface. The problem is to determine FjG v . 
It can be shown that v v 


Ty G 


1 


1 + W a 


( 1726 ) 


If now the material above the radiating surface is characterized by different 

values of a, for different frequencies, the Schuster-Milne formula gives the 

residual intensity r v as a function of v. This formula has obvious applications 

to the theory of the contours of absorption lines, but it must be remembered 

that in using it we assume that there is something in a real star corresponding 

roughly to Schusters radiating surface. In practice the “photosphere” 

lying at the base of the reversing layer is taken to correspond to this radiating 

surface; but this is merely a matter of words unless the photosphere is more 
sharply defined. 

If a„ is a sensitive function of v in the neighbourhood of a characteristic 
frequency v 0 and otherwise zero, then r„ is unity except near „ 0 and as „ 
passes through v 0 r„ will pass through a sharp minimum. We thus obtain a 
fair representation of a line contour. Hence a comparison of the observed 
contour with the Schuster-Milne contour combined with a quantum deter- 
mination of a„ provides an astrophysical determination of N the number of 


Milne, Monthly &ot. R.A.S. vol. 89, pp. 2, 17, 157 (19281* MrPma if »r r> 

vol. 91, p. 836 (1931); Milne and Chandrasekhar, Monthly Not. R.A £ * voI °Q 9 ^ 

Milne, Phil. Trans. A, vol. 228. p. 421 (1929). P* (1932) ; 

t Schuster, Astrophys. J. vol. 21. p. 1 (1905). The formula (1726) is due to Mil™ 

Schuster gave a less accurate form of it. 0 (^°c- cit.). 

X A scattering coefficient is defined as follows - Th*> flu* 
a slab of thickness Sx containing n atoms per c.c., and emerges as a tUixl"-*/ ** '“i ^ °" 

being deflected (scattered) unaltered in frequency into other diLtffins l7 "T. j hght 
called the atomic scattering coefficient for radiation of frequency ’ * ' ~ - Sx ’ 


a, 18 
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scattering atoms above the photosphere. Such comparisons and determina- 
tions of N have been made by Stewart and by Unsold.* 

The idealization of stellar atmospheres to Schuster’s conditions forms the 
basis of an acceptable theory, but the theory must provide at the same time 
for fixing the precise level of the photosphere, for otherwise “the number of 
atoms above the photosphere” has no precise meaning and Stewart’s and 
Unsold s determinations of N are useless. In actual stellar atmospheres the 
upper layers contributing to the line absorption continuously shade off into 
deeper layers contributing to the general opacity for light of all frequencies. 
To give a precise meaning therefore to these determinations of N we must 
answer the following question: What is the height of the transparent atmo- 
sphere ( i.e . one without general opacity) equivalent to the infinite column of the 
real atmosphere in which the atoms at greater depths are lost more and more in 
the general fog (opacity)? This question has been answered by Milne. If 


= J x v pdx, 


where k v is the coefficient of absorptionf of the atmosphere per unit mass 
averaged over the frequencies of the absorption line in question, r v is called 
the optical thickness of the atmosphere down to depth x. Then if x is chosen 
so that A 

— (1727) 


x is the level of the photosphere to be used with the Schuster-Milne formula, 
and the values of N determined by Stewart’s and Unsold’s methods mean 
numbers of atoms above the depth x. The physical meaning of r v is that it is 
the optical thickness (or fogginess) that the atmosphere must have so that 
the atoms down to this level (x) when fully viewed against a bright back- 
ground would produce the observed line contour. In the real atmosphere 
the atoms below t v (x) are contributing some effect, but the atoms down to 
t v are not fully viewed, and if fully viewed would produce the same effect 
as all the atoms down to r„ = oo more and more obscured as the depth in- 
creases by the general fog. 

The relation (1727) enables us at once to define the intensity of an absorp- 
tion line more precisely. Consider a given absorption line in a number of 
spectra and select in each that point on the line contour where the intensity 


* Stewart, Astrophys. J. vol. 59, p. 30 (1924); Unsold, Zeit. f. Phyatk, vol. 44, p. 793 (1927), 
vol. 46, p. 765 (1928). 

j- The coefficient of absorption is defined just as the scattering coefficient so that the flux in 
a beam (of mixed frequencies) falling on a slab of scattering material of density p is reduced by 
$ I v = I V K V phx in passing through the slab, where k v is the average absorption coefficient of the 
material for the frequencies in the beam. The difference is that the radiation so removed is not 
re-emitted without change of wave length but converted into heat energy and re-emitted as tem- 
perature radiation in equilibrium with the absorber at its actual temperature. 
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ratio r has a previously assigned value, say r = \. Determine the corre- 
sponding frequency i/$. Then — ^ 0 |» where v 0 is the centre of the line, 
measures the width of the line for the prescribed value of r, r = J. In general 
this width will vary from spectrum to spectrum. But by Schuster’s formula 
the selective optical thickness, Na v , will be constant. Since * v oc (v- v 0 )~ 2 

Wefind Nac( vi -v 0 )*. (1728) 

Consequently a study of line widths for given r provides information about 

the number of atoms N above a certain optical depth t v given by (1728). 

In particular the line will be widest for given r when N down to given r v 

attains its maximum. We may assert that the intensity of an absorption line , 

defined as the line width for a prescribed ratio r, is proportional to the square 

root of the number of atoms in a column of the atmosphere which has a given 

optical thickness r ( = fr/(r-f 1)) in the continuous background. 

This formulation explains at once, what was at first thought to be a 

paradox, why the lines of neutral atoms are enhanced as we pass from 

dwarfs to giants of the same spectral type. Other things being supposed 

equal the consequence of a smaller surface gravity on the giant is a general 

reduction in the mean pressure in the reversing layer, causing increased 

ionization and a reduction in the concentration of neutral atoms. But at 

the same time the reduction in the pressure makes the stellar atmosphere 

more generally transparent, so that to traverse a column of assigned optical 

thickness we have to descend to much greater actual depths. Hence if the 

effect of the increased transparency more than compensates for the lower 

mean concentration of neutral atoms, the observed increase in intensity 

will be accounted for. Actual calculations show that this increase must in 
fact take place. 

We have shown that according to this more accurate theory w r e have to 

calculate the number of atoms in a given state down to a given r. It is a 

comparatively simple matter to do this, given the electron pressure p € at 

the depth corresponding to r. We shall illustrate the calculation by a simple 
example. 

Let P be the atmospheric density at any level, n the atomic concentration 
of a particular atom of mass m and p the proportion by mass of these par- 
ticular atoms to the whole atmosphere at this level.* Then 

mn = pp. (1729) 

Let y be the depth measured inwards from a suitable level of reference. 
Neglecting radiation pressure, the equation of hydrostatic equilibrium is 

dp/dy = g P . (1730) 

# 

, * Th * ? UBed here ma y re 8 uire to be modified to allow for the effects discussed in §5 15-2- 
15-25. But it is unnecessary to take explicit notice of any such effect. 
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Let x 0 , x 1 , x 2 , ... be. as before, the fractions of these atoms which are 
neutral, once ionized, etc.. N their total number down to a depth h, and N r 
the number r-times ionized. Then 

N=\ ndy, N r = f nx r dy. (1731) 

Jo Jo 

Neglecting any variation of with y it follows that 

N = ^- P ~ P °) , N r = -P- \ P x r dp. (1732) 

m 9 mgj p , * y J 

We can choose the reference level so that effectively 29 0 = 0. Let p € be the 

electron pressure at depth h. The typical ionization formula (1705) can be 
written 

-^P< = K r+1> (1733) 

x r 

where K r + X is a function only of T . The general method of procedure is now 
to express p y x 0 , x 1 , ... in terms of p € , K x , K 2 , ... and evaluate the integrals 
(1732) taking T and therefore the K r ’ s as constants. The expressions for 
p , ^ 0 > x x , ... differ according to the conditions of the problem. To take an 
example : if the atoms in question are just becoming once ionized in the 
presence of an excess of atoms already once ionized, we have x x = x, x 0 = 1 — x> 
Pt — ^P- From (1732) and (1733) we then deduce 

(i734) 

(1,35) 

In these equations p € is the electron pressure at depth h. To determine it we 
have to calculate the optical thickness r down to the same depth. For this 
purpose we need the coefficient of general absorption in the continuous 
spectrum. Under stellar atmospheric conditions this is of the form* 

x v = y(v)pJTt, (1736) 

where y( v) is a slowly varying function of the frequency v. Hence r is given by 

T= f « V ?dy = \ f Kydp, 

Jo gj o 

const, p 2 / 1 7 Q 7 \ 

and in this example r = — - — ^j. 

In general we have an expression of the form 

(N\ = ^g4>{T,p.), ( 1738 ) 

(N r ) a being the number of atoms per cm. 2 of photosphere r-times ionized 

• Gaunt, Phil. Traru. A, vol. 229, p. 163 (1930). 
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and in their sth state, and associated with (1738) an expression for the 
optical thickness of the form 

y( v) 

# * * . / / ntl \ / i \ 


T = 


4>(T,p t ). 


(1739) 


(1740) 


In the proposed method of analysis we fix attention on points of the 
contour of an absorption line with a specified value of r which are therefore 
associated with a given value of r. The method of maxima therefore consists 
in making (1738) a maximum for variations of T and p € subject to (1739). 
The maximum is therefore determined by 

d(f> c6 dijj 

dT d^~ d^ ( dT ~ 0 ' (1740) 

T ^max (and the associated p € ) are therefore determined as the roots of 
(1740) and (1739). 

To examine the effect of variations of g we differentiate (1738) keeping T 
constant and treating p € as a function of g given by (1739). We -thus deter- 
mine the sign of d(N r ) s jdg. For the simple example given above in (1734), 
(1735) and (1737) it is easily proved that 

§.<0, ® <0 , /(§) <0 , 

ag d(j dg\N 0 J 

thus showing that the lines of the neutral and the once ionized atoms must 

both be enhanced as we pass from dwarfs to giants of the same surface 

temperature, and the once ionized lines enhanced more than those of the 

neutral atom, results which are nearly enough equivalent to asserting that 

there is a similar enhancement on passage from dwarfs to giants of the same 
spectral type . 

The above theory has been applied in great detail and with great success 
by Russell* whose final results are summarized in Figs. 74 and in Table 64. 

Table 64. 

Revised stellar temperature scale ( after Russell) derived 
from more accurate analysis of observed maxima. 


^°<0 
dg <U ’ 


(IH 


Element 


Si 

H(H y) 

O 

He 

o+ 

Si++ 

Si+++ 

He+ 


Calculated 
tempera tu re 
of maximum 

5,300 

7,500 

7,400 

16,200 

21,000 

20,000 

26,000 

36,000 


Observed 
spectral type 
of maximum 

GO 
A 0 

B 3 
B 1 
B 1 
B0 
O 


Calculated 
spectral type 
of maximum 

G2 
A 7 
AS 
B 4 
B 2 
B 3 
B0 
01 


* Russell, A.lrophy,. J. vol. 78, p. 239 (1933); or Ml WiUon Contribution. No. 477, 



Ca 4-226 


Ca*393 


S 5183 


e 43B3 


Ca445 


Mg f 448| 


111 


V 


Zn 4810^ 


5040/j x.8 i # 6 1.4 1.2 1.0 0.8 0.6 0.4 

g. 74 a. Behaviour of the absorption lines of metals and hydrogen for stars of the main 
sequence. The ordinates in all three figures give the relative strengths of the absorption lines 
on a logarithmic scale. 


Ca 4226 


3933 


Fe 436V 


Mg 5 1 S3 


ZT14610. 


Fe *45 ML 


Mg *4 481 


0.8 


0.6 0.4 


5040/T 2.0 1.8 1.6 1.4 1.2 1.0 0.8 0.6 0.4 

Fig. 74 b. Behaviour of the absorption lines of metals and hydrogen for the sequence of giant stars 
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log L 



Fig. 74 c. Behaviour of the absorption lines in high temperature stars of the main sequence. 


One of the most important results of Russell’s analysis is the explanation 
of the position of the maximum of the H and K lines of Ca+ in spectral 
type K. The maximum lies in type K because in giant stars the diminished 
pressure and enhanced transparency of the stellar atmosphere at low tem- 
peratures throws this maximum forward to the point at which first stage 
ionization is completed. Finally we may notice on comparing Tables 64 
and 63 that Russell’s results preserve the original results as a good first 
approximation which can in any event only be improved upon where 
detailed information about line contours is available. 

§15-35. The points of marginal appearance. Decay of lines past their 
maxima. When the stellar temperature scale is known, with or without the 
help of the positions of the maxima of absorption lines, it is possible to draw 
some information about the factor coa (§15-33) or (§15-34) from the 
temperatures of the points of marginal appearance of an absorption line. 
Whena line is just visible we maysuppose that the concentration of suitable 
atoms required to form it must reach a certain minimum value proportional 
to 1/a; that is a (n r ) a has some fairly definite value. Since we knowp f and T 
we can derive from this a corresponding value of wx. Since the values of a 
are all much the same, we can thus derive values of cu or rather relative 
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values of u> for different elements — that is their relative abundance. The 
result is of course admittedly only a rough approximation. Such calculations 
have been begun by Miss Payne (q.v.) with interesting results. 

In connection with these and future calculations there is one important 
observation to be made from the statistical side. It will be observed that 
the typical curves of the concentration of atoms in given states shown in 
Fig. 73 are markedly unsymmetrical about the maximum. The rise to the 
maximum is much steeper than the fall off for higher temperatures. So far 
as the suggested argument goes the value of o»a derived from first and last 
appearance should be the same, and these theoretical curves suggest that 
lines should fade out much more slowly than they come in. For many lines 
this is directly contrary to observation. The observed rise and fall in inten- 
sity are reasonably symmetrical about the maximum. There is however one 
well-recognized exception, the Balmer series, which unlike most other lines 
has not faded out even in the hottest stars. 

While the theory can perhaps hardly claim to be able to explain com- 
pletely the symmetry of the observed curves, the marked difference between 
the behaviour of the Balmer lines and the lines say of Si or Si+ and metallic 
lines generally is accounted for by the simple theory when the calculations 
are made so as to allow for successive ionizations. This was not done for 
Fig. 73, but has been included by Russell in preparing Figs. 74. Any line 
of the spectra HI, Hell, etc. is a line of the last spectrum the atom can 
emit, for it has no further electrons to lose. Spectra such as Si I, Fel, Sill, 
etc. belong on the other hand to atoms that can lose a regular sequence of 
further electrons at not too widely spaced ionization potentials. Spectra 
such as Si IV, Mg II and probably Nal will be effectively the last spectra of 
these atoms, for the next electron is separated by a big step in ionization 
potential, and will not become effectively removable at the temperatures 
of stellar reversing layers. The numerically different behaviour of “last 
and “not last” spectra can at once be established. 

The behaviour of any state of a “last ” spectrum will continue to be given 
for temperatures far beyond T max by equation (1707), for no further stage 
of ionization is reached. The behaviour of a state of a “not last” spectrum 
is determined on the contrary by (1705) and (1706) as before, but with 

X Q + X 1 + ••• + X r + X r+1 = ( I 74 1 ) 

if the (r 4- l)th state is the last ever relevant. This leads to (1707) near the 
maximum of a line of the neutral atom w here (1741) reduces to x 0 + x x = 1. 
But at higher temperatures we have successively x 1 + x 2 = 1, ... x r 4- x r +\ — B 
approximately, and ( n Q ) a will be substantially diminished. The physical 
reason for this decrease is easily seen. So long as the commonest ion has 
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merely to catch one electron to get into the required state, the chance of 
doing so diminishes as the temperature rises, it is true, but not excessively 
rapidly. But if it has to catch two or more electrons, its chance of being in 
the proper state diminishes more or less like the square or higher power of 
the former chance. In the case specified we have 


— p/ = (0-664) r T i - r e- { Xo+x l +-+Xr-i)lkT 1 h^±l 
*o u 0 (T) 


and so 


(«<>).= 


x , 


(w 0 ) s e~ { Xo-(xo ) sV kT 


^(7^0-664^ 


(1742) 


0+X1+ • • • +xr_ i>/fc t 


At high temperatures, far past the maximum, this can be combined with 
x r + x r + 1 = 1 and the usual relation (1705) between x r and x r+1 . We thus find 


K)s = 


(w 0 ) s e~ { Xo~<Xo hVTk 


1 


M^) + — T*e-Xr!*T u 

Ve 


X 


r+1 


(T) 


0-664\ r 


P< 


) 


P? r (>—lXo+Xi+-''+Xr-i)l fc T 


(1743) 


This equation holds through the region in which :r r + :r r+1 =l sufficiently 
nearly. It holds also for spectra other than the first if we replace the suffixes 
0 by t and the index r by r — t. 

Simple calculation for an idealized case will best show the effect of the 
extra term in (1743). We will compare the spectrum HI with an idealized 
Si I of the same term values and ionization potential, 13*54 volts, followed 
by successive ionization potentials at 20, 31*5 and 45 volts, and carry 
through the calculations for a temperature of 25,000° K. and p € = 4 x 10~ 5 
atmosphere, roughly the maximum of the Si IV lines. For simplicity we will 
ignore differences of weight and take (m 0 ) s and u r (T) all unity. Dropping 
factors the same for both atoms we find 


H I (w 0 ) 8 oc 

1 + y$ e -i3-54/*r 


= 10 - 6 ' 48 , 



( n o)«°c 

1 + 2l 664 p^ e -AbikT 

Pe 





T^e~ e5,kT 


IQ-14-89 


There is thus an extra 10- 8 « at 25,000° K. reducing the lines of the idealized 
Sil compared with those of HI. The fraction of H atoms capable of absorb- 
ing the Balmer lines at maximum is about 4 x 10-®, which is only reduced 

by an extra factor of 10“ 23 at 25,000° K. The reduction factor of similar 
Sil atoms is therefore 10~ 10 ’ 7 . 
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§ 15*4. The escape of molecules from the boundary of an isothermal atmo- 
sphere. The rate of escape of molecules from a planetary atmosphere is a 
problem which has exercised theoretical physicists for many years. The 
earlier calculations, which started with Johnstone Stoney, have been 
sufficiently described by Jeans, 41 but they all contain an unsatisfactory 
feature in the arbitrary choice of a ceiling to the atmosphere. The rate of 
flow of molecules past the ceiling, possessing more than the velocity of 
escape, is then evaluated and taken to be the rate of loss of molecules from 
the atmosphere. A numerical result can only be reached at all by this method 
for the molecular distribution law typical of an isothermal gas in a constant 
field. The calculations have however been greatly improved and cast into 
a final form by Milnef and Le n n ard- Jones, J whose work entirely supercedes 
the earlier discussions. 


The first advance on the old calculations was made by Milne by intro- 
ducing the idea of the 4 ‘cone of escape”. For simplicity he regarded all the 
other molecules as fixed except those whose escape is in question, and for 
a given position in the atmosphere calculated the solid angle above the 
moving molecule, not screened by other molecules. The restriction of fixing 
the other molecules is not very serious, and he also evaluates in some detail 
the atmospheric distribution laws under the assumption Tccr ~ n , where r 
is the distance from the centre of the star or planet. He then shows that the 
number of molecules moving past a given level into the cone of escape has 
a fairly sharp maximum at a particular level in the atmosphere — the level 
of escape — and takes this maximum value as equal to the rate of escape. 

In spite of the advance made in this calculation, which defines properly 
the hitherto undefined level of escape or ceiling, there are still not entirely 
satisfactory features, for obviously the number of escaping molecules cross- 
ing a given level must continually increase as the level rises, starting from 
zero at the surface of the planet. Though the maximum Milne calculates 
may and in fact does represent fairly accurately the escaping molecules 
integrated for all levels, we may reasonably ask for a still better theory, and 
the remedy lies in a more accurate enumeration of the molecules starting 
off at a given level into the cone of escape. Incidentally we can remove the 
restriction that the other molecules are fixed. These are the final improve 
ments due to Lennard -Jones. We shall give some account of his work here, 
which is carried out for isothermal atmospheres. An extension to Milne s 
general case has not been made. It would be laborious and lie outside our 
scope. For the isothermal case Milne’s approximate theory is satisfactorily 
confirmed, so that Milne’s results are probably reliable in general. We make 

* Jeans, Dynamical Theory of Gases, chap. IV. 

f Milne, Trans. Camb. Phil. Soc. vol. 22, p. 483 (1923). 

X J. E. Lennard -Jones, Trans. Camb . Phil. Soc. vol. 22, p. 535 (1923). 
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these applications the occasion for presenting a general calculation of the 
mean free path and the general method of enumerating molecules by the 
volume element in which they last suffered a collision — matter which we 
have not found place for elsewhere, but which is of great importance in 
many applications of statistical mechanics which lie just beyond our scope. 

All calculations are of course made on the assumption that the extremely 
slow rates of escape are without sensible effect on the equilibrium dis- 
tribution laws. 

§15*41. The free paths of molecules in a uniform or non-uniform gas. In 
accurate calculations of the type that follow the important quantity is not 
so much the average distance between consecutive collisions (free path) 
travelled by all molecules as the free path for a molecule of given velocity, 
or what is the same thing, the chance that in time dt a molecule of velocity 
c will suffer a collision. This idea was introduced by Tait.* The molecules 
are supposed to be rigid elastic spheres of diameter a. 

Consider a molecule of velocity c. The chance of collision with a second 
molecule of velocity c' in an element of time dt is equal to the number of 
molecules of this type contained in a cylinder of cross-section no 2 and 
length Vdt , where V is the relative velocity. If the direction of c' with 
respect to c be described by the usual Eulerian angles 6 , </>, then the number 
of molecules in this cylinder having velocities between c' and c' +dc' and 


moving in doj about 6 , <f> is 

e ~ imc2,kTc,2 d c ' sinddddff) x nafiVdt (1744) 

The relative velocity V is of course given by 

F 2 = c 2 -fc' 2 — 2cc' cos 0. (1745) 


If we denote by 0(c) dt the average number of collisions in time dt (the 
chance of a collision in dt) with any other molecule, then 

^ / m \$ r 00 r it r 2 -rr 

® (c) = 7rv<y2 \2^kT / Jo Jo Jo e - ime " ,kTc ' t V* c ' sin QdOd*. 

(1746) 

The -integration is immediate; the ^-integration can be carried out by 
transforming to the variable V ( c and c' fixed). By (1745) 

sin 0dd=VdV/cc\ 

The limits of integration for V are |c — c'| and c + c'. We are thus left with 
0(c) = e -imc'«/*r c '( c 2 + 3 ^ 2 ) dc > 

+ l SI e _W,/ ‘ V V 2 + 8e 2 ) dc’l . ...(1747) 

• Tait, Edin. Trans, vol. 33, p. 74 (1886). 



622 Atmospheric Problems [15-41 

The first integral can, the second cannot, be evaluated in finite terms. We 
find, after simple reductions, 


where 


0(a :) = xe~ x2 + (2x 2 + 1)J e~ y *dy. 


(1748) 


(1749) 


The average number of collisions in a small path length dl is therefore 

0(c) dl,c. 

This is therefore the chance of the free path terminating in dl. The chance 
of continuing unaffected is therefore 

i - ®<£> dl 
c 

Let f(l) be the fraction of c-molecules projected in a given direction from 
a given origin that describe without a collision a path greater than l. The 
fraction of these molecules that survive a further distance dl without a 
collision is f(l + dl), and therefore by the last argument 


It follows generally that 


f(l + dl) =/(/) | 

1 

0 

"cT 


\ c / 

• 

i df 
fdi~ 

0(c) 

• 

c 

(1750) 

-/ 

Z0(c) dz 


m = e J 

0 c . 

y 

(1751) 


in this equation at the worst both c and v in 0(c)/c may depend on l and the 
direction of projection and v also on the origin. If we ignore changes of c 

andwrite 0(c) = 0(C)/ VC, 

a function of c only, then 

— 0(c) / 1 v(x 9 ,y t ,z o ,l,0,<f>) dl 

f(l) = e J° 

It follows that the fraction of c-molecules with a path length between l and 
l + dl before a collision is r z 

— 0(c) / v dl 

7 0 


(1752) 


6(c) vdle 


(1753) 


(1754) 


When v is constant (1752) reduces to 

J(l) = — g— 0(c)//c _ e —l/Mc) , 

defining the mean free path A (c). The fraction of paths between l and l + dl 
reduces to 


dl 

A(c) 


e -iMo . 


(1755) 
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These are well-known formulae. The name mean free path is justified by the 
equation 



Idl 

Me) 


e — //A(c) _ A(c). 


(1756) 


Similar arguments hold in the general case using (1751) 
path of the molecules may then be defined by putting 

A(c, ©O d/= , 


The mean free 
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fA(c) 


or 




o 


dl = 


m 


2 Jno'kT' 


(1757) 


If c is large compared with the average molecular velocity, so that the 
argument of 0 is large, , ^ 

Jo e ~ V2dy = '! 7Ty 


i)j(x) 


x 


and formula (1757) becomes 


A(co) 1 

vds = — 
o 


77 (7 


2 * 


(1758) 


This equation gives the length of a cylinder of base no 2 which contains on 
the average just one molecule, and the free path is that which we get by 
regarding all the other molecules as fixed. For uniform density we have the 
well-known result 


A(OO) = 1 jlTVO 2 . 


(1759) 


The integral in (1751) or (1752) may, and in atmospheric problems does, 
converge when l ->oo. In that case the definition of A(c) by (1754) or (1757) 
fails — it would make A(c) infinite, and the integral in (1756) diverges. This 
means that as the path increases f(l)->f{cc) so that a non-zero fraction of 
the original molecules survives to execute infinite free paths. The fraction 
which so survives is 


/ 


0(0 


dl 


0 


-0(c) 


or 


/ 


QO 


vdl 


0 


if variations of c may be neglected. 


§15*42. The number of molecules with specified velocities which cross or 
strike a given area in given time. We have already had occasion in § 11*2 to 
use such a formula, and it will be considered in greater detail in § 17-8. The 
formula (1968) there obtained is 


( 2 ^ \t ) c3e imc ’" cTcosedcd “ J dS. (1760) 


This is the number of c-molecules which strike an area dS moving within 
a solid angle doj making an angle 0 with the normal to dS, The number 
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which cross a geometrical interface is the same, and similarly obtained. 
r l he molecular density at the w all or interface is v. 

Since this is also the number reflected from such an element of surface in 
the equilibrium state, the formula (1760) must hold for all equilibrium states, 
whatever the fields of force in the gas. It applies therefore in atmospheric 
problems for atmospheres in equilibrium , even when the free paths are very 
long. It is how ever of some interest to obtain this formula in a more special 
way , using the idea of the free path, so as to see w r hat contributions the 
various elements of the gas make to the actual number. 

I he molecules in (1760) must have had their origin, that is their last 
collision, somewhere in a cylinder of infinite length on the base dS w r ith 
generators parallel to the molecular velocity. If the molecules move in a 
field of force, the cylinder becomes a tube of flow enclosed by the family 
of free trajectories passing through the perimeter of dS. In accounting for 
the molecules w r hich cross dS we shall associate all the molecules with the 
volume element in which they last collided , a classification w hich is important 
in many applications. Molecules which cross dS with velocity c in dw start 
from their last collision as c 0 -molecules moving in d<v 0 . 

When the gas is in equilibrium the number of collisions per unit volume 
after which one molecule has specified velocities must be equal to the 
number before which one molecule had the same specified velocities. Hence 
in a length dl of such a cylinder or tube there will be 


/ m A 
*\ 2rrfcT / 


eAmc 0 VkT Co 2 dCod(xJoQ{c j dl cos dodSo 


such collisions per unit time, since Q(c 0 )dt is the fraction of c 0 -molecules 
that suffer a collision in time dt. This can be written 

^{2 ^) ie ~ irw ° ,,kTc 0 3 ^ 0 )cose 0 dc 0 dco 0 dldS 0 (1761) 


This is the number of proper molecules which are shot off per unit time from 
an element at distance l along the tube from dS so as to cross dS if undis- 
turbed. Not all of these reach dS. The number which succeed is reduced by 
collisions to the fraction 

~ / 0(c.) v 0 dl 

e 

The total number of c-molecules crossing dS in the specified direction in 
unit time is therefore 

( 7W A 1 -/ 0(C')v,cU 

2^t) Jo ^ MkT Co 3 0(c 0 )co s 0 o daj o dS o dc o e dl. ...(1762) 

Such formulae can sometimes be used in non-equilibrium states provided 
Maxwell’s law remains valid. To see how in equilibrium (1762) reduces to 
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(1760) we consider the simplest case of a uniform field of force at right 

angles to dS. Then j o » « i 2 * * 

& dk 0 = d8, 4mc 0 2 = \mc 2 + mgz 0 , 

c 0 2 dc 0 dco 0 = du 0 dv 0 dw 0 = J ( - 9 ’ v o> w o \ c 2 dcdix) 

\ u>v,w J 


Also 


Hence (1762) reduces to 


= ^ c 2 dcd<jj = — c 2 dcdtu 

cw w 0 

v 0 e~ in ° z oi kT = 


’f v o 6 ( c o) e 


0{c,)f.dl‘ 

dl. 


v=v 0 e w 


which is (1760). This reduction holds equally in the general case. 

§ 15-43. Free paths in an upper atmosphere. We will now apply these 

results to an upper atmosphere where the free paths are very long, so that 

the change of v along the path cannot always be neglected. When account 

is taken of the decrease of gravity with height we have, at a distance r from 
the centre of the planet, ^ a (r _ a) 

r . ......(1763) 

where v 0 is the density at the base of the isothermal part of the atmosphere 
9 is the value of gravity and a is the radius of the planet (both strictly for 
the base of the isothermal atmosphere). As is well known this formula leads 
to a finite atmospheric density at infinity. The “atmosphere” would then 
space and there would be no problem of escape. It is not however con- 
sistent with obvious physical facts to regard such an extensive atmosphere 
as belonging in any sense to a particular body. The atmosphere has effec- 
1 , VeI /, e " ded at distances comparable with the planet’s radius at most. The 
c ief difficulty in (1763) arises from neglecting the mass of the atmosphere 
tself and treating g as constant. Milne* has shown that when this is taken 
into account an appropriate formula applicable at all distances is 

^ 0 ( 7 ) (q 0 = mgr 0 /kT — 2), (1764) 

where r 0 refers to any convenient level in the atmosphere. This gives an 
atmosphere of zero density at infinity though of infinite mass. The mass of 

the atmosphere does not really seriously affect the distribution law in anv 

mportant region or the rate of escape, but the use of (1764) avoids trouble 7 
some difficulties in the calculations. 

We shall now investigate in such an atmosphere the free paths of r 
mo, ecu, e., w,th the .impUfic.tion that w. »ha„ ig „„ re the effect „„ ttet« 

* Milne, loc. cit. equation (25). 
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path of the change of c in the gravitational field and the curvature of the 
path. The first of these steps is justified because for the molecules that will 
interest us (escaping molecules) c must be large compared with (2 kT/m)^ in 
any region in which collisions matter. In the integrand of (1751) ip/c 2 is 
only slowly variable and we may use (1752). The second is justified because 
the length of the exact hyperbolic path is sufficiently represented by its 
asymptote. 

If the c-molecule starts at radius r at 6 to the vertical and proceeds to R 
after a path s , then the exponent in (1752) is 


- *> /! 


v(R) ds , 


where with sufficient accuracy R = r + s cos 6. This neglects terms due to the 
curvature of the layers of the atmosphere of order (s sin 6/R) 2 . Using (1764) 
this reduces to 


v o r o 0(c) 


{e«» r o' r - 1}. 


(1765) 


q 0 e Q °cos 6 

The fraction of c-molecules projected from a level r at an angle 6 w ith the 
vertical which could escape to infinity without a further collision is given by 
taking the exponential of (1765). 

§15*44. The loss of molecules from a simple isothermal atmosphere. By a 
trivial adaptation* of (1761) we see that the number of c-molecules shot off 
in unit time from a spherical shell of radius r and thickness dr at an angle 
between 6 and 6 + d8 with the vertical is 

( "V'T ) e~^ mc2,kT c 3 6(c) sin ddQdc x 4 tt r 2 dr (1766) 

\ Z7T K JL J 

We have hitherto been studying only the conditions for avoiding further 
collisions. We must now introduce the further condition for escape that 

c > c g , where Cff =2ga 2 ir . (1767) 

We find therefore at once that dL , the total number of escaping molecules 
produced by the level r, is 

* 


277 


dL = &rr 2 v 2 r 2 dr 


m 



2tt/cT 

£ 77 - 

exp 


e k mc2/kT c 3 9(c) dc 


*o0(c) 


] 


q 0 e q ° cos 6 1 

To find L, the total rate of escape, d,L must be integrated with respect to r 

from the surface of the planet to infinity . 

There is no need to give the further work in detail since no further question 

of principle arises, and the calculations are somewhat laborious. Molecules 

• In (1761) the volume element waa cos 9 a dldS 0 , which here becomes 4nr dr. 


15 * 44 ] Rate of Escape from a Simple Isothermal Atmosphere 627 

of course theoretically escape from all levels, but owing to the exponential 
factor in (1768) only effectively when the argument does not much exceed 
unity. In order to obtain a concrete picture we may usefully simplify (1768) 
by replacing the exponential by zero when its argument is greater than unity 
and unity when its argument is less than unity. In fact since only orders of 
magnitude are of interest this simplification may be used in computations. 
This is the method used by Lennard -Jones ( q.v .). 

Jo obtain an idea of the level at which escape effectively begins we quote 
the results obtained by this simplified method of calculation for the 
outer helium* atmosphere of the earth, for which g = 981, r 0 = 6-39x 10 8 , 
T=219°K., k/m = 2-08 x 10 7 . We have therefore q 0 = 135*6. We may take 
further o= 2*0 x 10~ 8 , v Q = 7*46 x 10 12 (base of the stratosphere assumed to 
lie at 20 km. height). We then find that the exponent falls to unity for the 
most favourable conditions c = oo, 6 = 0 at a critical height r c given by 

r c = l-085r 0 . 

The critical level is about 540 km. above the base of the stratosphere. Above 
this height we can define a rapidly expanding cone of escape in such a way 
that the exponent becomes less than unity inside a cone of given semi- 
vertical angle about the vertical for c = oo as soon as r reaches the values 
given in the table below. 


Table 65. 

Variation of cone of escape with height. ( Earth's helium.) 


Semi-vertical 
angle of cone 

rjr 0 = 1-085 
( r-r c )/r 0 

r — r 0 km. 

0° 

o 

540 

25° 

000086 

545 

45° 

0-0030 

559 

65° 

0-0075 

588 

85° 

0-0212 

676 


Inside the cone of escape for given r and 6 the velocity must exceed a 
certain lower limit to reduce the exponent to unity. The variation of this 
with angle is shown in Fig. 75. The variation of finite free path with direction 
(defined as the distance required to reduce the undeflected beam to 1/e of 
its initial strength) at a point in the upper atmosphere is shown in Fig. 76. 

In terms of the critical level r c so defined it can be shown by treatment of 
(1768) that with sufficient accuracy 


L _ Zttct 2 v 0 2 r 0 4 e“2«o e?<fol r e / 2tt1c TA 




m 




(1769) 


* Chapman and Milne, Quart. J. Roy. Mel. Soc. vol 46 d 1S7 naon\ th. • 

of aU the meteorological data in the Zcuseion her! P ' ( > ‘ ^ “ th<S * OUrCe 






Fig. 76. Showing the variation of free paths with direction in 


the earth’s upper atmosphere. 
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The critical level r c as we have defined it makes the exponent in (1768) unity 
for cos 9= 1, c = oo, 6(c) — tto 2 (see (1748), etc.). Hence 


gQo r ol r c — 1 = 


q 0 e q ° 

TTVgtJ^r 


(1770) 


0 


an equation in which, owing to the size of q 0 , 1 may be neglected. The use 
of this reduces (1769) to 

2v 0 q 0 r 0 3e ~ Q ° / 2irkT\^ _ 2v 0 gr 0 *e- mffr ° lkT / 27rra\* 
r c l m ) r c { kT ) 


L = 


(1771) 


The equation (1771) will hold so long as r c is free to be fixed by (1770), that 
is until r c falls to the solid surface of the planet. After that, when r c is so fixed, 
the equation (1769) can be shown to hold. Equation (1771) makes L pro- 
portional to v 0 and independent of a. The independence of a is interesting 
and might have been foreseen. For the rate of production of possible 
escaping molecules is proportional to cr 2 , and the rate at which these are 
thwarted by collisions is inversely proportional to a 2 . 

Table 66 gives various calculations of the rate of escape by these formulae 
for various gases from various bodies. The rates are in all cases slower than 


Table 66. 

( 1 ) Rate of escape of helium from Mars . 


Isothermal atmosphere. 


Surviving mole- 
cular density at 
/the planet’s 
surface 

Years elapsed; 173° K. 

Years elapsed; 273° K. 

Helium 

atmosphere 

Mixed 

atmosphere 

Helium 

atmosphere 

Mixed 

atmosphere 

10 16 

0 

0 

0 

0 

10 12 

2-97 x 10® 

2-97 x 10® 

1-58 x 10 4 

1*58 x 10 4 

10® 

5-94 x 10® 

5-94 x 10® 

3 16x 10 4 

3*16 x 10 4 

10* 

9-77 x 10 11 

8-91 x 10® 

2 08 x 10 8 

4-74 x 10 4 

10® 

9-77 x 10 12 

1*19 x 10 10 

2 08 x 10 7 

6-32 x 10 4 

10 4 

9-77 x 10 13 

1-49 x 10 10 

2 08 x 10® 

7-90 x 10 4 

10 3 

9-77 x 10 14 

1-79 x 10 10 

2 08 x 10® 

9-48 x 10 4 


(2) Earth's hydrogen. 



1-89 x 10 13 
1*89 X 10 8 


219° K. 


0 

2 x 10 24 


0 

2 x 10 24 


300° K. 


0 

2-68 x 10 18 


0 

2-68 x 10 18 


those given by Jeans, so that the interest lies rather in the cases which are 
regarded by him as critical. The table also includes calculations for mixed 
atmospheres for which the original paper should be consulted. The much 
greater rate of loss of the lightest constituent from a mixed atmosphere in 
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the final stages is due to the effect of collisions with the other constituents 
in keeping up the supply of faster moving molecules. The calculations for 
mixed atmospheres give of course a better representation of the facts for 
the later stages, but the later stages are not of much astronomical import- 
ance. 

Applications of these formulae may also be made to determine the limits 
of the electrostatic pot ential of a star set by the possibilities of escape in this 
way of electrons or positive nuclei. For these reference should be made to 
Milne’s paper.* 

§ 15*5. Problems of the calcium chromosphere. Observations at eclipses of 
the spectrum of the high level gases surrounding the sun show that the H 
and K lines of ionized calcium are emitted up to very great heights above 
the apparent limb. Heights of 14,000 km. above the limb were recorded in 
1905 by Mitchell, t and still greater heights have been recorded in more 
recent work. This means of course that calcium ions must exist continually 
(presumably more or less in an equilibrium state) up to such heights, and the 
problem at once arises as to how they are supported. A simple calculation 
shows at once that no such extensive atmosphere can possibly exist in 
ordinary statistical equilibrium. Beyond the apparent limb of the sun we 
should expect the atmosphere to consist of matter which in equilibrium 
would have the properties of a perfect gas, and therefore we should expect 
the atmospheric density law to hold — that is 

v = v 0 e- TnozlkT y 

and g has its solar value 2*73 x 10 4 . Even if we assume a temperature of 
6000° K. (the actual temperature must be less), we find that this means a 
density ratio at the top and bottom of a 10,000 km. layer of 10 800 . This 
would be somewhat reduced by the electrostatic fields as in § 15*2. If the 
atmosphere were a simple mixture of calcium ions and electrons the factor 
would be 10 400 , but in no case can we suppose that the index of the factor is 
reduced much below this order. If therefore we suppose that we have a 
calcium atmosphere in ordinary equilibrium the density ratio must fall off 
at this prodigious rate. The density at the sun’s limb may not be exactly 
known, but it is certain that it is not excessively large. The pressure is 
certainly not of order much greater than one atmosphere, and if this were 
all due to calcium atoms, the density would be 10 18 . A reduction of this to 
1 q—382 leaves us practically no calcium atoms at all, certainly not enough to 
be visible. In fact the thickness of the effective calcium atmosphere woul 
be of the order of 100 km. at most, rather than 10,000 km. or more. 

• Milne, loc. cit. 

■f Mitchell, Astrophye. J . vol. 38, p. 407 (1913). 
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This has long been recognized, and the consequence admitted that the 
calcium atoms seen at eclipses which constitute the permanent calcium 
chromosphere cannot be matter in approximately thermodynamic equi- 
librium. They cannot therefore be matter supported by the ordinary 
material pressure gradient of which the underlying mechanism is molecular 
collisions, and the only other possible mechanism of support is radiation 
pressure. This idea has been developed in quantitative form by Milne* in a 
series of important papers, with the result that much new light has been 
thrown on the nature of such atmospheres supported by radiation and many 
allied questions, and the observed facts roughly but satisfactorily explained 
We shall give an account here of so much of these researches as does not 
require a study of the general laws of the flux of radiation, and summarize 
the rest. We must naturally make free use of the laws of radiative pro- 
cesses which are collected in Chapter xxx, to which we shall refer forward 
here. 


If the pressure arising from the reaction of the atom to the flow of radiation 
from the photosphere is to balance the force of gravity, the pressure must, 
on the atomic scale, be very large indeed. An atom of course interacts with 
light of all frequencies, but only strongly with light of the frequency of its 
own absorption lines (§19-2) or of a frequency great enough to ionize it 

( ? 19 ' 3) - For Ca+ near the sun there will be practically no photo-ionization 
since the absorption edge lies too far in the ultra-violet, so that the calcium 
chromosphere must be supported (at least mainly) by the radiation pressure 
ue to the formation of the H and K absorption lines themselves. 

The H and K llnes of Ca+ form a close doublet 1 2 S - 1 2 P. It will obviously 

. | in a first survey to imagine that the two lines are fused to form 

a single one of their united strength. The states of the atom concerned are 
then to be thought of as two only, of weights 2 and 6. We shall find that any 
Ca atom is only in the excited 2 P state for a very short fraction of all time 
so that multiple absorptions to still higher states will be comparatively 
infrequent and may be disregarded. From the 1 2 P state the excited Ca+ 
atom can return either to the normal 1 2 S state emitting H and K or to the 
intermediate metastable 1 2 P> state emitting the lines AA8498, 8542 8662 
which may also be regarded as fused, and the W state as a single state of 
weight 1°. It follows that this group known to astrophysicists as X should 
be visible in the sun’s chromosphere wherever H and K are visible and with 
closely connected intensities. Owing to photographic difficulties in the deep 
red and infra-red region of these lines this has not yet been established 
observationally, but the X lines have been traced to great heights by Curtt 

(1925 Mi l926) J/07!<% jV0 '- * V01 ' 84> P - 354 (1924) - TOl - P- “I (1924), vo.. 86, pp. 8, 578 
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and Burns.* The existence of this metastable 2 D state is a complication to 
the analysis, which however may be avoided at first by the following con- 
siderations. Since the state is metastable and the densities in the region to 
be discussed turn out to be extremely low, a Ca + atom in the 2 D state will 
remain there permanently until it reabsorbs one of the .X lines and returns 
to 1 2 P. Consequently for present purposes the 2 D state acts like an extra 
normal state. If the wave lengths of H and K and X were approximately 
equal we could even regard the 1 2 S and 1 2 D states as fused into a state of 
weight 12. Though this cannot be done, it is clear that a first discussion 
omitting all reference to the 1 2 D state will be correct in essentials, liable 
merely to subsequent numerical correction. 

We propose therefore the simplified problem of the formation of a high 
level chromosphere of Ca+ atoms (and electrons) supported by the pressure 
of the absorbed H and K radiation, the atoms being idealized systems of 
two stationary states only, of weights 2 and 6. The problem is not an 
equilibrium one, but the state of the matter in this atmosphere must be 
determined by enumerating and balancing all the atomic events, using the 
atomic formulae of the equilibrium theory of § 19-2. The only atomic events 
of importance are absorption and emission of H and K , satisfying Einstein s 
laws. 

Consider the state of an atom at the upper boundary of the chromosphere 
— that is so high that there are too few atoms above it to alter effectively the 
outflowing H and K radiation or to return radiation to the atom from above. 
We may suppose that the sun’s continuous photospheric radiation I(v) is 
that of a black body at temperature T (about 6000°K.).t From the point 
of view of the Ca+ atom this may to a first approximation be regarded as 
uniformly distributed over the hemisphere below it and reduced by absorption 
below to a fraction r of the photospheric value. Such an atom must on the 
whole be in equilibrium so that the average rate of absorption of upward 
momentum from the radiation must exactly balance the rate of increase of 
downward momentum due to gravity. Spontaneouse mission of radiation 
by the atom is isotropic and so contributes nothing on the average to the 
momentum. Stimulated emissions are directed, but for the frequencies in 

question too rare to need inclusion. 

By (2015) the chance of absorption by a normal atom in time dt is 
B 2 l(v)dvdt in isotropic v-radiation. The chance is reduced here to 


\rB x 2 I(v) dvdt. 

* Eclipse of 1928, Jan. 24. Curtis and Burns, Pub. Allegheny Obs. vol. 6, p. 95 ,/l^frv com 6 
recently Davidson. Monthly Not. R.A.S. vol. 88, p. 30 (1927), has recorded preliminary 

parisons of H, K and * by observations without an eclipse. Pla9 kett Pub. Dom. 

| Fabry and Buisson, Comptes Rendus , vol. 175, p. 156 (1922), H. H. 

Astrophys. Obs. vol. 2, p. 253 (1923). 
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The average time r' that a normal atom remains in the normal state before 
absorbing* is therefore given by 

1/ T ' = \rB x 2 I(v)dv. (-1772) 

Neglecting stimulated emissions, the chance of emitting in time dt and the 
average life r in the excited state are given by Af and r= 1/A, 1 . Using 
(2020) and Planck’s law for I(v) we find 

_ b'B l 2 I(v) dv zn 2 \r 

r A 2 l ~^ l e^ikrZTi' (1773) 

Now the average life in both states together, during which the atom absorbs 

just one quantum, is r + r', and the upward momentum absorbed with this 

quantum is Wos 6jc which averaged over the hemisphere has the value 
\hvjc. It follows that for equilibrium 


mg(r-br , ) = ^hv/c. 

For the numerical values 7 , = 6000°K., A =3950, 

wi = 40 x 1-65 x 10- 24 and g= 2-73 x 10 4 , td 2 Ito 1 = 3, we find 

r/r' = r x 3-54 x 10~ 3 , 

t + t'^t' = 4*6 x 10“ 5 . 


(1774) 


hvjkT = 6*05, 


r = r x 1*62 x 10 


-7 


The Ca+ atoms here considered on the upper boundary of the chromo- 
sphere will be almost ideally undisturbed and their absorption lines will 
have their natural narrow width. The observed H and K lines of the sun 
and many stars are broad, but it can only be the centre of the line with 
which we are concerned in the upper chromosphere. The observed value 
o r for the centre of the H and K lines averaged over the sun’s disc is about 

O il. We thus find , „ „ 

r = 1-8 x 10 -8 , A 2 * = 5-5 x 10 7 . 

The simplicity of the argument and the data leading to this result are 
noticeable, and give this determination of r great weight.f 

A number of interesting deductions may be drawn from these formulae 
Equations (1773) and (1774) may be used to derive a formula for r, namely 


- 5 ^ <—-■>. 


(1775) 


A, * “ ,h * *■«»>»> .. , 

«• 

th ' strength of th. combined H end K sbsorption eoeffietnt SlmM ™ ",l tor 

atom carried one classical electron vibrating with this frequency The Y ** lf each 

leas than the value derived by Milne. The ftoms are more absolute Th h* ^ ° f T “ 8 ’ Ightly 
accounted for by the proportion of doubly ionized calcium alLZ v I d,8C [ e P anc y ma T * 
equilibrium by the radiation pressure of the H and K lines alone. ““ 8u PP° rted * 
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If F(v) is the residual central intensity in the line, so that F(v) = rl(v), this 
can be expressed very simply in the form 


F(v) = 


w 1 %mgv 2 T 


w 


(1776) 


If the right-hand side of equation (1775) is greater than unity there can be 
no absorption line, and the type of high level chromospheric equilibrium 
here contemplated cannot occur. This will happen if the atom is too heavy, 
if g is too large, if v/T is too large, or if r is too large. Using the value of r 
deduced from the sun for Ca + , the critical photospheric temperature below 


which a calcium chromosphere cannot be formed is 4400° K. for a star with 

the same surface value of gravity as the sun. 

If the right-hand side of (1775) is less than unity a calcium chromosphere 
may still be impossible, for the photospheric v-radiation will be reduced 
below I(v) in the lower absorbing layers (reversing layer). But so long as the 
r of (1775) is less than r, , the reduction ratio when the ^-radiation is free of 
the pressure-supported layers, a chromosphere will be formed at once, for 
equilibrium is impossible for Ca + atoms at the top of the reversing layer, and 
they will be driven out by the radiation pressure until a screen is formed 
sufficiently deep to cut down the finally emergent v-radiation to the 

fraction r. 

Values of r for various stars have been given by Milne as follows. 


Table 67. 


Residual intensities in the centre of the H and K lines. 


Star 

Mans 

[Sun’s mass =1] 

9 

T 

r 

Capella 

Sirius 

Plankett’s massive O-star 

4-2 

2 43 

86 

0 067 x 10 4 
1-73 x 10 4 
0*56 x 10 4 

5,500 

11,000 

24,000 

- 

0010 

00043 

0 00019 


This table shows that for hot stars the residual intensity in the centre of 
the line must be very small indeed if a calcium chromosphere in equilibrium 
is formed. It is probable that the formation in these cases is never complete 
for two reasons. Firstly there must always be a loss of Ca+ atoms from 
chromosphere for a variety of causes of which the most importan n j a y 
photoionization. For stars with a hot photosphere this will be no longer 
negligible. Secondly there will be a loss by radiative ejection from the rt 
into space which will be continually going on especially during the a P 

formation of a chromosphere of a hot star. 

The simple arguments so far presented essentially fix on y 

boundary conditions for the calcium chromosphere. They apply o y 
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normal absorption lines of an atom (or ion) whose ionization potential is so 
high that photoionization hardly occurs. All that we have said of Ca+ 
applies also to Sr+ and Ba^ but probably to no other atoms whose radiations 
we can observe in stellar spectra. For example the TMines of sodium are 
found in the chromosphere only to 1000 km. They could be supported like 
Ca+ by radiation pressure if the ionization potential (5-1 volts) were prob- 
ably not too low. Hydrogen and helium extend to considerable heights in 
the chromosphere but mainly by absorption of light in the visible region 
from excited not from normal states. For helium certainly there is a meta- 
stable state concerned, the lowest state of the triplet system 3 S, which is 
almost certainly the reason for the occurrence of the lines of the triplet 
system much higher in the chromosphere than the singlets. In general 

however the discussion of the support of such atoms is much more com- 
plicated. 

In all the arguments above we may suppose that the calcium ions are 

accompanied by an equal number of free electrons, since the electrostatic 
fields will prevent any separation of the charges as in § 15-2. 

We have yet to show that the density distribution in space of the calcium 
chromosphere set up in this way is such that the chromosphere can extend 
to the great heights at which it is observed. For this the reader must refer 
to the original papers.* The result of this investigation is that the pressure 
of radiation at any given level is proportional to F( v ) defined above and 
to (n l - n 2 )j(n x + n 2 ). The ratio n 2 /v x decreases outwards and 


(»i-rc 2 )/(»i + » 2 ) 


increases outwards and at great heights tends to a limit fixed by the boun- 
dary conditions already discussed. The density P of the chromosphere at 

height x is given by „ 

_ STTkT 0 hv 3 Av rn, 

P — : r. . (1777) 


mg 2 c 3 (x + x 0 ) 2 roj + m 2 ' 

In this formula T 0 is the “temperature” of the chromosphere assumed 
uniform , as measured by its pressure, that is by the mean kinetic energy of 
its constituent systems, A, is the effective width of the absorption line of 
residual intensity F(v) and z 0 a constant fixed by the theory, equal to the 
eight of the equivalent homogeneous atmosphere. Heights are measured 
from an assumed level at which the intensity of ,-radiation has its photo- 

w^: d .r ,ture of the layers and chan8e of 9 " ith height h *™ 

Milne discusses also the case in which at the upper boundary the radiation 
p ssure supports a fraction 1 — /* of the weight of the atom and shows that 

* Milne, loc. cit. (2). v 

zx&r “ * ,ph * ,k ‘ i ™ b “ ^ »* d ' * -■ a. t.*.,, 
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the distribution law changes over rapidly to the exponential type as if the 
atoms had an effective mass pm. Such chromospheres he calls “ partially 
supported”, and those with /x = 0 above “fully supported”. In the case of 
partial support, remembering the electrostatic effects (equation (1692)), 

we have p = Po e~> irn ° xl2kT ° . (1778) 

The theory therefore gives just the type of extended atmosphere required. 
F or calcium on the sun the density theoretically decreases in a fully supported 
chromosphere by 1/23 in 14,000 km., compared with 10 -800 when radiation 
pressure is neglected or 10 -8 and 10~ 80 for p = 0*01 or 0T. Values of p as great 
as 001 must be impossible on the sun. 

§15*51. Further developments in the theory of the chromosphere. Milne s 
theory outlined in the preceding section has removed the outstanding 
difficulty caused by the great extension of the calcium chromosphere. 
There remain however very serious difficulties over the finer details of the 
chromospheric structure. The recent work of Pannekock and Minnaert and 
of Menzel* has shown that to a rough approximation the density distribu- 
tion in the chromosphere mimics that of an isothermal atmosphere at a 
temperature so high that the calcium atoms would have random velocities 
of the order of 15 km. /sec. Menzel and McCreaf further have given evidence 
based on Doppler broadening to show that these velocities are real. 

At first sight these facts seem to be in such marked disagreement with 
Milne’s theory of support in monochromatic radiative equilibrium, that 
entirely different theories have been put forward, none of which however 
could be regarded as logical deductions from the laws of atomic physics 
and statistical mechanics. A theory which preserves the satisfactory features 
of Milne’s theory and at the same time removes its outstanding difficulties 
has however recently been proposed by Chandrasekhar. This theory has 
not yet reached a final form but it promises to prove completely satisfactory. 

Chandrasekhar starts from the observational result that the emergent 
flux of radiation in the chromospheric lines is not constant over the sun s 
surface but oscillates considerably about a mean value equal to the resi u 
intensity in the line used by Milne. Spectroheliograms taken in calcium 
light indicate that the emergent flux varies from place to place by a fac r 
of 2 or 3, the average distance on the sun’s surface between neighbouring 
maxima being about 10,000 km. If in conformity with Milne’s ideas we 
assume that the mean emergent flux corresponds to full support, 
calcium ions over a hot spot will be accelerated upwards and over a com 

- Pannekock and Minnaert, Verhand. d. Kon. Akad. v. Weten. Amsterdam, vol. 13, No. 5 (1928); 

Menzel, Lick Obs. Publ. vol. 17, p. 1 (1931). 

| McCrea, Monthly Not. R.A.S. vol. 89, pp. 483, 718 (1929). 
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spot accented downwards, and from a consideration merely of dimensions 
it follows that the velocity fluctuations so engendered will be of the order 
VIA;?), where A is the linear scale of the flux fluctuations over the surface If 
A = 5 °00 km., then f(Xg) = 36-8 km./sec. This is of the correct order of magni- 
tude. Following out these ideas Chandrasekhar has shown, with suitable 
approximations, that the density distribution, though not strictly an 
exponential function of the height, is not widely divergent from the ex- 
ponential law suggested by the observations, and that the atoms should 
actually possess the observed velocities. 

We are still, however, far from a complete theory of the chromosphere 
I he hydrogen chromosphere for example still presents an unsolved problem ’ 

McCrea^ * 61 " lnf ° rmatl ° n reference shouJd be made to a recent discussion by 

* McCrea, Monthly Not. R.A.S. vol. 95, p. 80 (1935). 



CHAPTER XVI 

APPLICATIONS TO STELLAR INTERIORS* 


§ 16*1. j Rosseland' s theorem. We shall start this chapter with some com- 
ment on an application by Rosselandf of the theorems of §§ 15-2-15-25 to 
the far interior of a star. He there discusses the effect of electrical fields on 
the relative distribution of different elements in the interior of a star, as we 
have done for atmospheres in the sections quoted. 

It will be sufficient to consider the assembly of § 15-25, but we must now 
use the general equations (1672), (1673) and (1674), since both gravitational 
and electrical fields arise from the matter of the assembly itself. The point 
made by Rosseland is that, if (1699) is satisfied, then the substitution 


m, — m 


m 2 -m 3 


(1779) 


reduces all the exponential factors in the three distribution laws to the 

Common value / 771,4- ViW*\ 

E = e ~kT\v x + \ ) = e ~kT\v t -rl ) (1780) 


The equation for (f> remains 

V 2 <£ = 4t TGElrh^n^Q + m 2 (n 2 ) Q + m 3 (n 3 ) 0 }, 
and the equation for ip becomes 


V 2 0 = 


4'7T€ 2 (u 1 4- 1) 


m i — m 3 


E {v ^(n o + v 2 (ri 2 ) o (^ 3 ) 0 }- 


These two equations are consistent and the relation (1779) is a possible 
solution of the problem if the values of (njo, (n 2 ) 0 > (n 3 ) 0 are suitably fixed, 
that is if the ratio of the mass density and charge density at a particular 
point has the correct value. The analysis of §§ 15-2-1 5-25 shows however 
that in that simple case even if the initial condition is not satisfied the exact 
solution approaches the corresponding particular one with extreme rapidity , 
and one may safely assume that it does so here too. In the interior of a star 
therefore whose material consists of any number of mixed ions, if the 
conditions (1699) equivalent to (1779) are satisfied for each pair, the gravi- 
tational and electrostatic potentials will be everywhere in the ratio (1779) 
and the constituents will be everywhere mixed in the same proportions. The 

space variation common to all components is given by (1780). 

Interesting conclusions could be drawn if this uniform constitution could 
be established even in the restricted isothermal case. It is therefore neces- 

* I have to thank Dr Hartree for the numerical calculations in this chapter, 
t Rosseland, Monthly Not. R.A.8. vol. 84, p. 720 (1924). 
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sary to examine (1699) with some care to see how closely it could be satisfied 
in a star. Since atoms are largely reduced to nuclei and free electrons, and 
since the masses and charges of nuclei are very nearly proportional, it seems 
at first sight as if (1699) would be very nearly satisfied for stellar material 
and Rosseland’s theorem might apply. But the satisfaction is not exact.’ 
r or oxygen , iron and silver nuclei, for example, the values of (m, — m, ) l(v + 1) 

are 1-78, 2 08, 2-25. In order to assert that the electrical forces really main- 
tain the isothermal stellar material at a constant constitution, an almost 
exact equality would be required. VVe may conclude that this effect will very 
much reduce the rate at which the relative concentrations of the heavier 
elements increase towards the centre, but on the stellar scale the concentra- 
tion to the centre in an isothermal star would still be overwhelmingly great. 
As we have said, further consideration of large scale effects is beyond our 

scope and we pass on to the study of the properties of matter in equilibrium 
at stellar temperatures and densities. 


§ 16-2. Stellar material. In the radiative theory of the steady states of a 

star the important quantity that must be provided by statistical theory is 

the equation of state of the stellar material. The material consists of atomic 

ions and electrons in dissociative equilibrium, and the equations of Chapter 

xiv permit this equilibrium state to be calculated so long as the densitv is 
not too high. J 

To a fi r8 t approximation stellar material behaves like a perfect gas of that 
number of constituents which is required by the dissociative equilibrium 
it is therefore customary to write its equation of state as the perfect gas 
equation m terms of the temperature, density and the mean molecular 
weight n In the first instance this is calculated from the number of atomic 
ions and free electrons, but any corrections to the pressure, for example for 
electrostatic effects, can be incorporated as corrections to the mean mole- 
cular weight. It is this corrected mean molecular weight /a* which is required 
in stellar theory. * 

In addition to the mean molecular weight, the pulsation theory of Cenheid 

variables requires a knowledge of the ratio y of the specific heats of the 

material together with the radiation it contains-or in other words of its 
adiabatic curves in p, V coordinates. 

Both fi*' and y can be derived at once from the formulae of statistical 
theory given in Chapter xiv. The calculations however are somewhat 
intricate and have not been completed on any reliable theoryf except for 

t Fairly extensive calculations were made by R H Fowler n , . 

A-A.S. vol. 85, p. 939 (1925), using an earlier less accurate version of the thf^™ Not * 

been used by Eddington, loc. cit. especially § 180, to check the more el ^ Their reauJts tave 
The alterations marie in their results lor J l y tlm XSt 
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H*, for which some results are given in this chapter. Finally stellar theory 
requires a calculation of the mean absorption coefficient of stellar material 
in the state specified for the radiation passing through it, which xs practically 
black body radiation of its own temperature. This calculation leads us far 
afield into atomic theory and we shall not attempt to give it here. 

We will now summarize the formulae to be used, with the notation of 

Chapter xiv: 


'F 

k 


= N- 


, VG , 
Iog w + 


+ ^K Z 


VF Z 

log^ + 1 


M z 


+ 


8t tWvt 3 r 


45 c 3 h 3 


+ 


k 


(1781) 


The electrostatic contribution WJk is not accurately known. Debye and 
Hiickel’s theory (§§ 13*61, 14*4) gives 

3 


_ 2 V 776 " liV 4- S r 2 M 


(1782) 


We have also, repeating former equations, 

(2tt mkT)* 


O(T) = 2 


h 3 


F/( T) = ( 27T7n *kT)l U 'Z( T ) e ( Xr ‘+...+ X ‘,- 1 )lkT > 


h 3 


u T *(T) = w r *+ 9 £ r w* r+a (r + 1 )^Q Q 

q= 1 


(1783) 


(1784) 


is 


Q= 1017 x 10 12 , N = S r>z rM r z . 


\^ P ,(P + 1) 3 M/ 

X g — 0(r*+*"+X r r+g— (1785) 

(1786) 


We define s z , the average number of free electrons per atom of type Z, by 
the equation 


s z M z = M z = Z r rM z , 


so that 


N = X Z s z M z 


(1787) 
(1788) 

The pressure p is given by p=Td y ¥/dV, (1789) 

the material (as opposed to the radiation) pressure by (1789) in which the 
term arising from the radiative term aVT 3 in (1781) is omitted. The density 

p is given by 


(1790) 


p — ~Z z M z m z / V . 

If the dependence of F z on V is ignored, so that the gas mixture is perfect, 
we should have 


P = 


RpT 


'L z M z m+ z 

H ' = N + Z'M*’ 


(1791) 


where R is the gas constant per mole and the chemical atomic weight. 
As it is we have 


P = 


RpT 


(1792) 


defining /x*. 


16 - 2 ] 


Nature of Stellar Material 


641 


The equations of dissociative equilibrium are obtained by making dT' = 0 
for all variation of the type 

8N = = Sa. (1793) 

11 T, p and the ratios of the various 4/ 2 ’s are then given (matter of given 

chemical constitution, temperature and density), the equations can be 
solved completely. 

The actual procedure is rather to assume values for N/V and T, and solve 
by successive approximations. It must be remembered that Planck’s 
theory is only shown to give a valid approximation to B(T) so long as in all 
cases the private catching region of each ion is so large that on its boundary 
the potential energy of an electron due to the central nucleus is small com- 
pared with IcT . This condition is (1662) in the simple case there considered. 
It easily extends to <£ (r+l\ 3 M* i 

- rA - y ’ r <kT, 

y 

which may be taken with sufficient accuracy to be 

5+1 JN\* 




kT. 


(1794) 


^ w 

It must be remembered also that 'F e is not accurately given by (1782). We 

have to conclude at present that as soon as the terms arising from T 

become important in evaluating p* the present theory ceases to be reliable, 

and, in view of Eddington’s discussion,! that the electrostatic correction 
is overestimated by (1782). 

For simplicity in the actual calculations the equations of dissociative 
equilibrium have been taken in their perfect gas form, ignoring the effect of 
the variations on the u/(T). It is easily verified that the omitted factors 
never differ much from unity; the greatest value they take is about 10 01 . 
Therefore their omission can hardly affect seriously or give an undue bias 
to the calculated values of p*. It is not worth while including them until 
we have a proper theory of the electrostatic effects. 

Calculations have so far been made only for stars composed of iron which 
are given below in Table 68, and are shown plotted in Fig. 77. 

The first six columns in Table 68 need no comment. The seventh gives 
the fj.* of (1792). When we apply (1789) to (1781) we find 

P = Y{ N + log V ) • 

Now the various terms in u T z correspond to different numbers of excited 
electrons, and therefore F31ogir r 2 /3F takes the simple form 

2, (M r *) q i<lr ■ 

• Eddington, loc. cit. § 14-4. 



Table 68. 

Equilibrium states of matter in stars of iron (m+ = 55-84). 

(Electrostatic corrections are omitted except where specially recorded.) 
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It follows that 
and therefore that 


& j 7 

P = y {X + S r , 2 My 1 + W)}, 



M'-my 

N + Z rt . My i + \ q y 


M-my 

S + S 2 M z { 1 + J q z ) ’ 


(1795) 


when electrostatic effects are neglected. 

On inspection of these results we see that the values of p* seem to differ 
in a rather irregular way (but not seriously) from the old results of Fowler 



and Guggenheim except for the highest densities, where the new values are 
higher as they should be. The irregular differences arise from a number of 
partially compensating changes in the data and the theory used, and are 
not significant. It is satisfactory to record that the old values are not far 
wrong at least for the more massive stars. 

Ihe control calculation with the estimated electrostatic correction has 
only been made for one temperature, but this is sufficient, for its importance 
can be seen to depend almost entirely on the mass of the star, that is on 

3 lp, and hardly at all on T or p separately for given T 3 /p. The following 
comments therefore apply sufficiently nearly to all temperatures. The 
estimated correction becomes sensible (1* per cent, in p.*) at a mass about 
wenty times the sun’s mass, and has increased to 31 per cent, for a mass 
a out 1-7 times the sun’s mass. The average number of highly excited 
electrons per atom is here about 2-4, calculated of course neglecting the 
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screening power of free electrons. Comparing /z* and p we see that we have 
reached a mass at which the number of highly excited electrons has an 
appreciable effect on /lz*. For the reasons given we cannot claim that our 
theory gives a reliable value for q (the true value being less), so that we have 
here reached the limit of safety; the next entries show that q and the electro- 
static correction are beginning to increase rapidly. The electrostatic cor- 
rection has however been overestimated by a factor of the order of three. 
We may conclude that the values of p* as calculated without electrostatic 
corrections are sufficiently reliable down to masses twice the mass of the 
sun. By a cancellation of neglected effects the values given for p* without 
electrostatic correction are probably nearly correct down to masses equal 
to the mass of the sun. Below that mass none of our calculations can be 
relied upon. 


§16*21. An approximate method for evaluating the mean molecular weight 
of stellar material. The numerical results of the preceding section illustrate 
the general principles involved in determining as accurately as possible the 
mean molecular weight of stellar material at a specified temperature and 
density. But in actual applications the chemical constitution of a star is 
not known and it is therefore convenient to have some rough but ready 
method which will yield rapidly sufficiently accurate results. Such a method 
has been developed by Stromgren.f 

In this method the approximation made is to ignore differences between 
the states of first and second if-electrons, or between the states of any 
of the L-electrons, etc., and to ignore the differences between the states 
of //-electrons belonging to normal or excited configurations. Any atomic 
configuration is then specified sufficiently by the numbers (n K >n L ,n M ,...) 
specifying the number of its K - , L - , M - , ... electrons. The energy of such 
a state with a nucleus of atomic number z may be taken to be 


u kXk u lXl ~ u mXm z 

where the \ ’s- are constants representing the mean ionization potentials of 
the various shells, and the weight of the state by 


When Pauli’s exclusion principle is allowed for it is easy to verify that 


™ K n K = 2 C n K > 


ZD 


L _ 


= C 

n L 8^n L > 


™ M n M = 18 C n 


(1796) 


Similar formulae could be used to replace the weights given in Table 59. 

We next observe that the equations of dissociative equilibrium can be 
cast into the following form. We can consider the equilibrium between 


t B. Stromgren, Zeit. f. Aslrophysik , vol. 4, p. 119 (1932), vol. 7, p. 222 (1933). 
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atoms in the single configuration (n K ,n L ,n M ,...) for short (n) and free elec- 
trons and the corresponding bare nucleus which is here denoted by the 
configuration (0,0,0,...) or (0). It is obvious that the equation of dissociative 
equilibrium then takes the form 

N n K +n L+ n M +...M iQ) * [VGIT)]*m*l*m+---[VF/(T)] M7Q7 , 

M (n) z - VF u f(T) ( 

This equation embodies a general principle of considerable value. It shows 
that dissociative equilibria can always be handled when convenient as 
between single states or single groups of states of all the systems concerned 
instead of as between the whole corpus of states. 

Now in the present problem V F z z ( T ) and VF (n) z (T) both contain as com- 
mon factor the partition function for free particles of mass m z in a volume V . 
Dropping these factors 

*jjJ¥l = t C nt e*MxSiicT x a C r , 1 e n iXi lkT x 18 C nj ,e W/« x (1798) 

It follows that 

AT, z r Y "I n ■*+••• 

^ = tPtxk*'™***!** x *P nL e n iXL lkT x. \%C nM e n MX M ! kT x — 

(1799) 

The evaluation of the total number of bound electrons by this method 
will be sufficiently illustrated by the calculation of n L . Let 

<*•"> 

so that -MJ n) */3f (0) * depends on n L only through the factor 8 < C nL xTiL . It follows 
that oo 

— r - 0 T ^ ^ 1 +*) 7 8 (|tn|| 

1^7 ^ (180I) 

r=0 r 

The other shells give similar contributions. Quite generally we see that the 
number of bound electrons of principal quantum number n round a nucleus 
of atomic number z is 2 n 2 

— r Trpfr, • (1802) 

i + VG{ J ] e-Xn «/M 

N 

It has been convenient to follow Stromgren in this derivation in order to 
show the nature of the approximations involved. We now see by inspection 
of (1802) that it is, as it must be, of the standard electronic form 

l + e^/A’ 
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in which A has been evaluated from the density N /V of the classical free 
electrons. 

Stromgren has used (1802) to compute the electrons retained by the 
elements O, Na, Mg, Si, K, Ca and Fe for various values of T and VG{T)IN, 
considering only K-, L- and Af -electrons. Electrons if present in higher 
orbits have important excluded volumes which cut down their numbers 
and they can be entirely neglected without serious error. He assumed that 
in the stellar material O, (Na + Mg), Si, (K+Ca), and Fe are present by 
weight in the ratio 8 : 4 : 1 : 1 : 2 (“Russell’s Mixture”), and calculated the 
number of free particles per unit mass of the mixture for various values of T 

and VG(T)/N. The following Table 69 summarizes his results. The unit 
mass chosen is the mass of one hydrogen atom. 


Table 69. 


The average number q of free particles per unit mass 
(the mass of one hydrogen atom) of Russell's mixture. 


togio T 

log^fFG'fT)/^} 

3 

4 

5 

6 

7 

8 

9 

10 

6-4 

— 

— 

— 

0-46 

0-49 

0-50 

0-51 

0-52 

6-6 


— 

0-48 

0-51 

0*52 

0-53 

0-53 

0-54 

6-8 

0-44 

0-48 

0 51 

0 53 

0-53 

0-53 

0*54 

0-54 

70 

0-50 

0-52 

0-53 

0-54 

0-54 

0-54 

0-54 

7-2 

0-46 

0 51 

0-53 

0-54 

0-54 

0-54 

0-54 

0-54 

7 4 

0-47 

0 51 

0 53 

0-54 

0-54 

0-54 

0-54 

0-54 

7-6 

0 47 

0-51 

•0 53 

0-54 

0-54 

0-54 

0-54 

0-54 


The value 054 is the limiting value for complete ionization for all the atoms of the mixture. 


The table can be used to determine /z* for matter which contains any 
proportion of hydrogen and Russell’s mixture. If the proportions are x 
parts hydrogen and 1 —x parts mixture by weight, then 



1 

2x + q( 1 — x) ' 


(1803) 


In stellar applications /z* is usually determined “astrophysically ” from 
Eddington’s mass-luminosity -effective temperature relation and (1803) is 
then used to determine x. Stromgren and Eddingtonf have both made such 
calculations and found that according to this analysis there should be about 
30 per cent, hydrogen by weight in the material of the sun, and a larger 
percentage in more massive stars. Further discussion of these developments 
lies outside the range of this monograph. 


t Eddington, Monthly Not. R.A.S. vol. 92, p. 471 (1932). 
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§16*3. Matter of great density. We have not yet investigated whether 
matter of the densities and temperatures appearing in Table 68, or of still 
greater densities, can really exist and still more behave approximately like 
a gas of mixed dissociating constituents approximately perfect. We have 
omitted all mention of excluded volumes in the foregoing discussion. It is 
these, and the fields of force arising from permanent electronic structures, 
which will make the mixture depart from perfection — in particular reduce 
largely its very high compressibility. The highly excited electrons and the 
electrostatic corrections do not have any such effect, and can be ignored in 
this connection. 

A complete formulation of the problem might have started by assigning 
to every possible type of electronic structure with its electrons in their 
lowest or at least in tightly bound orbits a definite field of force — with 
sufficient accuracy an excluded volume, such that no part of any pair of 
such excluded volumes may overlap. The characteristic function for such 
an assembly can be written down to a first approximation, using § 8-6. It is 
easy to see however that such elaboration is unnecessary, for the large 
volumes of the more complex electronic structures will make them occur 
on the average still less often than in the assembly for which the calcula- 
tions have been made, where their excluded volumes are all zero. If 


therefore we take the simplified assembly for which the calculations have 
been made, estimate reliable excluded volumes for the dominant tightly 
bound electronic structures, and show that such excluded volumes are 
insignificant, the existence of matter at such densities with the properties 
of a perfect gas will be established, and the foregoing procedure fully 
justified. 

On examining the details of the calculations it appears that the most 
important surviving electronic structure contains two electrons only in 
their normal orbits — that is helium-like iron. Apart from the excess nuclear 
charges which contribute only to the electrostatic correction (the complete 
electrostatic correction increases the compressibility), we may be certain 
that the helium-like iron ions will interact as if the radius of their excluded 
volumes bore the same ratio to the radius of the excluded volume of two 
ordinary helium atoms as do the radii of the corresponding Bohr orbits of 
the two electrons.* Allowing for screening, the ratio of the radii of the 
orbits of helium-like iron and normal helium is about 1*7/25*7. The excluded 
volumes for helium-like iron are therefore smaller than those of helium by 
a factor (1-7/25-7) 3 or, say, 1/(15) 3 . 

For a gas of M helium-like iron ions in a volume V and N ( = 243/) 


♦ The radius of an orbit of the old quantum theory is a reliable guide to the position of maximum 
density of electricity (the important region) in quantum mechanics. 
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we shall have to a first approximation an equation of 

= N + M + y {NMv tc + hM*v cc }. 


The electrons are practically without volume. The excluded volume for a 
free electron and a core is v €C and for two cores . It is perhaps legitimate 
to suppose that v €C = v ^ on the average. The ratio of the correcting term to 
the main term is therefore nearly enough Mv €C /V. In the same way the ratio 
of the correcting term to the main term for normal helium is (say) \M'v' . 
The excluded volumes affect the pressure of ordinary helium gas by 1 per 
cent, at a density of about 0*0043 gm./c.c. The 1 per cent, correction will 
therefore be reached in a gas of helium'-like iron plus electrons at a density of 


0*0043 x ^ x (15) 3 x 4 = 840. 

In two important respects we have probably underestimated the density 
for a 1 per cent, correction in this calculation. The greater temperature of the 
stellar material must diminish rather than increase corresponding excluded 
volumes, and it is likely that the volume excluded to free electrons may not 
be comparable with \ v cc . We may conclude that stellar material will in 
general reach densities of the order of 1000 gm./c.c. or more before we find 
any departures from the compressibility of a perfect gas due to those pro- 
perties of finite extension of the constituent systems which make the 
ordinary gases of our experience imperfect. 

Whether we can go further than this — to densities of 10,000 or 100,000 
with the same compressibility — the theory we have developed is unable to 
say. Such matter can only be discussed when we have a proper method of 
including electrostatic effects and use the correct Fermi-Dirac statistics for 
the free electrons. We shall not attempt to introduce the electrostatic 
corrections more accurately, but neglecting them shall apply the Fermi- 
Dirac statistics to stellar conditions. The effect of Pauli’s exclusion principle 
undoubtedly dominates the properties of matter at very high densities such 
as are met with in w r hite dw arf stars and controls their ultimate fate as 
“black dwarfs”. We shall take this opportunity therefore of deriving the 
exact equation of state of matter of great density (degenerate matter) 
allowing for the relativistic variation of mass with velocity. 


§16-31. Assemblies of electrons with relativistic energies. At extremely 
great densities the equation of state of matter is entirely controlled by the 
electron pressure; the contributions of the heavy nuclei can be entirely 
ignored. We have already discussed electron assemblies obeying Fermi- 
Dirac statistics in the region of degeneracy in § 2*73 and again in Chapter xi, 
when we used freely the formulae for such assemblies to build up the elec- 
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tron theory of metals. In § 11*21 equation (1019) we gave the formula for 
the electron pressure which we shall require here for stellar applications, 

n ‘ me ' y , . 


P* = i n o r )* = 




(1804) 


60 m \ it 

This formula was derived on the basis of Schrodinger’s equation, and there- 
fore assumes a non -relativistic relationship E =p + 2 /2ra between momentum 
p* and kinetic energy E. For present purposes therefore, where it will be 
necessary to consider also the more general relativistic relationship 

2 \ h 


E = me 2 


1 + 


P* 


m 2 c 2 


1 


(1805) 


it will be convenient to obtain (1804) de novo by a slightly different arrange- 
ment of the arguments. 

Consider an assembly of N electrons in a volume V. The amount of six- 
dimensional phase space available for an electron whose momentum lies 
between p* and p* +dp+ in absolute value is then 47 rVp+ 2 dp+ and the num- 
ber of states available to such electrons is accordingly 

2 ^ 47rj9* 2 (£j9* . (1806) 

a* 

The generating function Z can therefore be put in the form 

877 1 7 


Z = 


h 3 


J'”p* 2 log(l + \e~ BlkT ) dp+ , (1807) 


which is easily reduced to (224) when E =p* 2 /2m. On using the relativistic 
(1805) this can be put in the forms 

q y r 00 

Z = -zr^rj (E + mc 2 ){E(E + 2rac 2 )}* log(l + \e~ E!kT )dE\ (1808) 


Z = 


c 3 h 3 

877 V 
M 3 


I* " ( E' 2 - m 2 c 4 )* E' log( 1 4 - Xe- E '‘ kT ) dE' (1 808* 1 ) 

J me * 


In (1808*1) E' is the total energy including the rest energy me 2 and in con- 
sequence A has been differently defined. 

From these formulae, with the help of the standard relationships 


N = A 


dZ 
0A * 


E = kT 2 dZ/dT, p = JcTdZ/dV , 


all the details of statistical equilibrium with relativistic energies can be 
derived. For example using (1807) we have the formulae 

SttV f® p+ 2 dp+ 


N = 


h 3 


pV 

kT 


1 


+ e ElkT IX ’ 


(1809) 
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§16-32. Classical assemblies of relativistic electrons A We pause for a 
moment to obtain the limiting forms taken by these formulae when the 
assembly is still classical and the exclusion principle can be ignored but not 
the relativistic variation of mass with velocity. This will occur at tempera- 
tures sufficiently high. We then can simplify (1808-1) to 



SttVX 

c 3 h 3 



-m 2 c 4 )* 


E'e~ E/kT dE' 


and by the substitution E = tnc 2 cosh fj, to 



87 rVm 3 c 3 X f 00 

h 3 



e -(mc 2 /kT) cosb n sinJl 2 ^ COS h fldp. 


This can be expressed in terms of the Bessel function K n (x ) in the formj 



877 Vm 3 c 3 X 
4h 3 



(1810) 


I he case of interest to us is when 1cT^>mc 2 \ in the other limiting case 
mc 2 ^>kT the relativistic effects can be ignored and the formulae reduce to 
those of the ordinary classical assembty. Either from ( 1810) or more directly 
by neglecting me 2 in (1808) we then obtain 



16ttVJc 3 T 3 

M 3 A 


(1811) 


The coefficient of A in (1810) is the relativistic form of the ordinary partition 

function and (1811) shows its limiting form for exceedingly high temper- 
atures. 


§ 16’33. The equation of state of completely degenerate matter. When T -+0 
the factor 1/(1 +e E/kT /X) tends to 0 or 1; its limit is unity whenp* <^ J#c °and 
otherwise zero, p*° being fixed by the condition that (1809) then gives the 
correct value of iV . The limiting formulae are therefore § 

N 877 

V = 3h^ 3 ’ < I812 > 

(1813) 

(1814) 

f See Jiittner, Ann. d. Physilc, vol. 34, p. 856 (1911); Zeit. f. Physilc, vol. 47, p. 542 (1928). 

% See Watson, Bessel Functions , p. 181, Cambridge (1922). 

§ These formulae can be derived in an entirely elementary way from (1806) and the condition 
that when T — ► 0 the lowest N states are all full and the rest empty. The pressure is then given as 
the rate of transport of momentum across any interface in the assembly which can be calculated 
as one-third of the integral of (the number of electrons w ith momentum between p+ and p m x dp+) 
x {p+) x (the velocity of these electrons ( = dE/dp m )). 


8t r r , dE . 

£ = fr j 0 Ep.*dp.. 
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From (1813) and (1814) it follows that 




(1815) 


If the relativistic mass-variation with velocity is neglected so that 
E = p* 2 /2ra, (1815) becomes 


87 T 


P = T1- 


1 5mh 3 


( V * 0 ) 5 - 


Combining this with (1812) we reobtain (1804). In stellar applications to 
the theory of white dwarfs one assumes that the matter is sufficiently dense 
and cool for (1804) to be a valid approximation. The equation of state of the 
material is then 

P = KiP J , (1816) 


where 



9-89 x 10 12 



(1817) 


In (1817) fi* is again the mean molecular weight of the stellar material on 
the chemical scale and m I{ the mass in grams of a conventional hydrogen 
atom of atomic weight unity. We have used the relation p = (N/V)n*m H 
which agrees with p* defined in (1795) only if the electrons are much more 
numerous than the nuclei. In other cases it defines /x*. 

For matter in this completely condensed state a simple estimate shows 
that the negative potential energy is very roughly equal tof 8-9 x 10 13 p*, 
while from (1814) the total kinetic energy of the assembly is roughly 
4*2 x 10 12 /A Comparing these two estimates we see that for matter of the 
density occurring in the white dwarfs, about 10 5 gm./c.c., the total kinetic 
energy is about twice the negative potential energy. This fact removes a 
difficulty, originally pointed out by Eddington, that on classical statistics 
dense matter would ultimately contain far less energy than the same matter 
expanded in the form of atoms at rest at great separations. But if the 
dense matter behaves according to the theory here given, a sample ex- 
tracted from a star could reconstruct itself as an expanded gas at a very high 
temperature. 


§16*34 Relativistic degeneracy. We will now consider the exact form of 
the degenerate equation of state allowing for the variation of mass with 
velocity. On substituting (1805) in (1813) we have 


8 tt p**dp+ 

3 mh 3 J o ( 1 + p+ 2 /m 2 c 2 )^ 


(1818) 


t R. H. Fowler, Monthly Not. R.A.S. vol. 87, p. 114 (1926). The index of p must be * on almost 

any view of dense matter. The actual proportionality constant here given is uncertain and likelv 
to be overestimated. J 
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This can be integrated in the form 

7 m 4 c 5 .. , / 7 ? sic 0 \ 

p -3 W* X) \ X -±)’ 0819) 

where f(x) = x(2x 2 - 3) (x 2 + 1 )* 4- 3 arc sinh x. (1 820) 

The parameter x is fixed by the equations 

N 87rm 3 c 3 _ N . 

y r== 3^3 x ’ P = y P 0 m H > (1821) 

which yield p = 9*885 x 10 5 jz*x 3 . (1822) 

The function f(x) has been tabulated by Chandrasekhar, f 
From (1820) it follows that as x->0 

/(*)~f* 5 , (1823) 

while as a: do /(x) ~ 2x 4 . (1 824) 

tt 27 rm 4 c 5 . 

Hence as x-+oo p — — x 4 

^ 3A 3 

or p-Ktf*, (1825) 

v ^ / 3\^ 1*228 x 10 15 . 

where = ( - ) - 4 = 7 . (1826) 

\ n / 8(/u*m H )* jjl** 

Comparing (1817) and (1825) we see that these limiting forms of the exact 
equation of state yield the same value for the pressure for a density p 
given by /R , 3 

p' = ^J =1*9x10 V*. (1827) 

We infer that for densities greater than 10 6 the relativistic effects become 
important. 

Finally it is worth noticing that the setting in of relativistic degeneracy 
does not revive any difficulties of the nature of that discussed in § 16*33. 
This is clear on comparing (1826), which also gives the kinetic energy, with 
the estimated negative potential energy 8*9 x 10 13 p*- The total kinetic 
energy is more than ten times the negative potential energy. 

The equations of state of degenerate matter here discussed have been 
applied to the theory of stellar structures particularly by Milne J and Chan- 
drasekhar^ but such applications lie outside the scope of this monograph. || 

f Chandrasekhar, Monthly Not. R.A.S. vol. 95, p. 225 (1935). Such calculations were first made 
by Stoner, Monthly Not. R.A.S. vol. 91, p. 444 (1931), but less accurately and less extensively. 

% Milne, Monthly Not. R.A.S. vol. 91, p. 4 (1931), vol. 92, p. 610 (1932). 

§ Chandrasekhar, Monthly Not. R.A.S. vol. 95, p. 321 (1935). 

|| It has recently been contended by Eddington, Monthly Not. R.A.S. vol. 95, p. 194 (1935), 
that (1805) is invalid and does not apply to an electron in any stationary state in an enclosure, 
but only to electrons represented by progressive waves. If his contentions are correct then the 
formulae derived from (1805) are meaningless and we must always use formulae derived from 
E =p+ 2 /2m (i.e. Schrodinger’s equation) for electrons represented by standing waves in an 

enclosure. 
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§ 16*4. Assemblies of electrons and positive electrons. It is now certain that 
a quantum of radiation of sufficiently high frequency on interaction with 
matter, or even two quanta interacting with each other, can be converted 
into a pair of positive and negative electrons, and conversely that a pair of 
positive and negative electrons can be annihilated, emitting in the process 
one or two quanta of radiation. The minimum energy required to create a 
pair is 2 me 2 and such effects will therefore only occur with a frequency to 
make the pairs significant for the equilibrium properties of the assembly at 
temperatures of the order 2 me 2 Ik, that is 10 10 degrees. But at such tem- 
peratures, if they anywhere exist, the number of ordinary electrons is no 
longer fixed, but only the excess of the number of ordinary electrons over 
the number of positives. The modified equilibria so established can be 
calculated at once by a simple extension of the usual method. 

Let € r be the energies of the states of an electron and 2mc 2 + r) r those for 
a positive electron. Let N be the number of electrons when there are no 
positives, and the energy zero be taken to be the state in which there are 
no positives and the A electrons are all in their lowest state. The electrons 
and positive electrons each obey the Fermi-Dirac statistics. We therefore 
form the generating function 

n r (1 + xz € r) U r 1 1 -f ^z 2rnc2+r )r 

and can see at once that the total number of complexions is given by the 
coefficient of x N z E . Thus 

c = (2^)2 If n r ( 1 + xz<r) n r ( 1 + ~ **"“■+*) . ...(1828) 

The necessary extensions of the usual theorems to integrands of this type 
which have an essential singularity at the origin are easily made. It then 
follows that, if N_ and N + are the average numbers of ordinary and positive 


electrons present in the assembly, 

= log( 1 + A e-‘ rlkT ), (1 829) 

0 

N += -A^S r log(l+e- (2mc, +’?r)/*r/ A ) > (1830) 

A being determined by the condition that 

X_-N + = N. (1831) 


From these equations any desired formulae can be obtained. We shall 
be content to discuss here the classical limit since the temperature is so 
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high before N + is sensible that degeneracy is unlikely to have set in. In that 
case, if we ignore the variation of mass with velocity, 


N = A 


2(2-n-mlcT)i V 


h 3 


N. =4 


1 2(2tt mkT)i V 

• ™ _ . /I 


+ 


h 3 


e -2mc*lkT t ...(1832) 


so that the number of pairs is determined by the “reaction isochore” 


N+N_ _ 4:(2irmkT) 3 


V 2 


h 3 


(1833) 


The pressure is given by the obvious equation p = (N + + N_)kT IV which can 
easily be reduced to 


p = kT< 


IN 2 
V 2 


+ 


16(27 rmkT) 3 , 

h3 Le-iw'ikTl . (1834) 


The pressure is always greater than, and on these approximations tends at 
high temperatures asymptotically to, the value 


4 ( 27 r 7 n )*& 5 » . 

p ± = v ' T’-e-™*** . 


(1835) 


At these high temperatures however the neglect of the variation of mass 
with velocity is hardly justified, and the limiting form will be better repre- 
sented by taking the partition function from (1811) and so using 
16 t rVk 3 T 3 /c 3 h 3 in place of 2(2TrmhT)l V/h 3 . The argument is otherwise 
unaltered. We then find 


N,N_ 25677 2 ^- 6 7 ,6 , 

± — p —2mc 2 lkT 

V 2 c*h* 



32tt^ 4 T 4 

~~c 2 h 2 ~ 


e -mc 2 /kT 


(1836) 

(1837) 


The pressure p ± may be regarded as the unavoidable material pressure 
in an assembly due to the creation of pairs. It is interesting to compare it 
with the ordinary radiation pressure at various temperatures. The maximum 
value of the ratio p±lp R according to (1835) occurs at a temperature of 
about 4 x 10 9 and is then only 10“ 4 . The value of^ ± according to (1837) can 
be larger. Inserting numerical values into (1837) and (332) we have 

p ± = 4*66 x 10~ 15 T 4 e _5 ‘ 91x 109/71 , p R = 2-53 x lO" 11 ? 74 . 

Thus P±IPr tends to the limit 1*8 x 10 -4 as T -> oo, and is otherwise always 
smaller. 

Though these pressures are always trivial compared with the radiation 
pressure, the actual electron densities that they represent are still very high. 
When T ~mc 2 /k~6 x 10 9 the material pair density mp ± /kT reaches values 
between 10 3 and 10 4 . Interesting speculations based on this result have 
been made by Heitler.* 

♦ Heitler, Proc. Camb. Phil. Soc. vol. 31, p. 243 (1935). 
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§16*5. Assemblies in which nuclear transformations can occur and reach 
equilibrium . It is now recognized that, provided the necessary energy con- 
ditions are satisfied, very large numbers of nuclear transformations can 
occur, so much so that we may conclude that, given time, nuclei could attain 
relative concentrations in equilibrium. It is still doubtful whether nuclei 
should be regarded as composed solely of protons and neutrons and whether 
these are independent particles or should be regarded as capable of trans- 
formation into each other with the emission of positive or negative electrons. 
But these doubts concern mainly the mechanisms by which equilibrium is 
reached. Whatever the ultimate constituents of nuclei may be, an analysis 
into protons and neutrons or protons and electrons will equally enable us to 
study conveniently the statistical equilibrium of an assembly of nuclei. 
We shall adopt here an analysis into protons and neutrons as likely to be 
closer to the truth than any other. 

Discussions of such assemblies with transmutation obviously provide a 
basis for an equilibrium theory of the abundance of the elements and 
calculations of this kind have been made in some detail by Sterne.* We 
shall give a brief sketch of this work without intending to imply that the 
actual abundances of the elements in terrestrial or stellar matter must corre- 
spond to equilibrium abundances under some particular conditions. Indeed, 
since we believe for good reasons that hydrogen is the dominant constituent 
of stellar matter, it is palpable that such matter is not now and probably 
never has been in an equilibrium state for nuclear transformations, though 
it may be on its way thither. On the other hand we shall be able to draw 
some conclusions which may have significance for the abundances observed 
in the earth’s crust and in meteorites. 

Let us consider then an assembly of protons, neutrons and various com- 
posite nuclei. The electrons necessary to neutralize the assembly are present 
but need not be referred to explicitly. The protons and neutrons obey separ- 
ately the Fermi-Dirac statistics; nuclei of odd mass number (odd total 
number of protons and neutrons) obey the same statistics, and nuclei of 
even mass number the Einstein-Bose. We take the state of zero energy of 
the assembly to be that in which all the nuclei are completely dis- 
sociated into protons and neutrons at rest in their lowest states. The energy 
of formation Q s of a composite nucleus of rest mass m s , that is its energy 
in its lowest state relative to the defined energy zero, is then given by 

Qs = C \ m 8 - Z s m p~ N 8 m n\- 

In this formulation c is the velocity of light, m p and m n are the rest masses 
of the proton and the neutron, which it is sufficiently accurate to equate, 
Z s and N 8 are the numbers of protons and neutrons in the nucleus respec- 

* Sterne, Monthly Not. R.A.S. vol. 93, p. 736 (1933). 
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tively. It then follows by the usual arguments that, if X p , X n and X ~ are 
the average numbers of free protons, free neutrons and nuclei of type s in 

the assembly, g 

X p = V ~T lo g ( 1 + r)e- € ' kT ), 


Jf n = ^- a -2 r log(l + {e-‘r« )p 



2r±log(l ± H-8 e ~ €r,kT )’ 


where 



(1838) 


The upper signs refer to nuclei of odd, the lower to even mass number, and 
the € r enumerate the kinetic energies of the states of motion of the various 
systems, the least possible value being zero for each system. Using these 
equations and given total numbers of protons and neutrons, the equilibrium 
concentrations can be calculated in any given case. We shall not however 
give any such calculations, since the most interesting consequences of 
these equations are qualitative. 

Equation (1838) may be written in the form 


T log /x 5 = Z 8 ( T log 77 ) + N s ( T log £ ) + [(Z 8 + N 8 ) m p * 



= Z.( T log r, ) + N 3 ( T log 0 + (Z. + N„) (f p 

(1839) 

In the form (1839) f p and f 8 are Aston’s packing fractions. They are so 
defined that for any atomf of mass on the scale 0 16 = 16, 

m # * = (Z a + 2^)(l + 10-y # ). _ 

We observe further that each pair of variables X p and rj y X n and X s and 
increase together and that for even nuclei, when the lower signs are taken, 
X 8 -> oo as fjL s -> 1 , so that \x 8 < 1 . 

We can gain valuable information by using T log rj ( = x) and T log £ ( = y) 
as cartesian coordinates and drawing the “abundance lines ” 

z ° x + N °y + i£rR ( z « + (fp -/.) = 0 < 1840) 

for all even nuclei. Since /x s < 1 only points below and to the left of all these 
abundance lines represent possible states of the assembly. Moreover when 
the representative point ( x , y) moves towards the abundance lines, the 
assembly must consist almost solely of that even element whose abundance 
line is first approached by the representative point. Fig. 78 shows that this 

t In an expression such as (Z, + N.) m p * - m* we need not distinguish between nuclear and 
atomic masses. 
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line can belong to light, heavy or medium elements in various regions of the 
diagram. In the central region that abundance line is first approached for 
which the perpendicular distance from the origin 

i o 4 ^ (Z, 2 + a;V ~^ s) (1841) 

is greatest. Since (Z s + N S )/(Z S 2 + N $ 2 )^ is never greatly different from J2 for 
nuclei of even mass number, this perpendicular is greatest for that nucleus 
for which f p -f s is greatest or for which the packing fraction f B reaches its 
greatest negative value. This occurs for iron or among the nuclei of the iron 
group. It is possible therefore to find conditions — very extreme conditions 
it is true — for which the nuclear equilibrium is one in which the nuclei of 
the iron group are in great excess as they are in fact in iron meteorites and 
perhaps the earth’s core. 



No such effect can occur under conditions for which classical statistics 
are sufficiently accurate. For then the concentration ~JC 8 is roughly pro- 
portional to p s and that nucleus is dominant for which 

Z S X + + jqT^ ( Z S + N S ) (fp -fs) 

has the least negative value. Roughly speaking this is that nucleus for which 

I Q4 ft ( Z s + Ns) (fp — fs) 

has the greatest value or that nucleus which has the greatest mass defect- 
nuclei from the neighbourhood of tin. We know of no matter for which a 
maximum abundance is realized in this region. 


CHAPTER XVII 

MECHANISMS OF INTERACTION. COLLISION PROCESSES 

§17-1. The nature of the equilibrium state. We have pointed out in the 
introductory chapter that the Equilibrium Theory of Statistical Mechanics 
is essentially of a thermodynamic nature. Its laws are independent of all 
mechanisms of interaction. It has merely to be supposed that the necessary 
interactions can occur. It is only when we begin to discuss the far more 
difficult theory of (non-equilibrium) steady states of flow that the actual 
laws of the mechanisms acting become relevant, or can be deduced from the 
experimental facts. It was also pointed out that the laws of equilibrium, 
being thus in some sense universal, must be conformed to by the laws of any 
mechanism. The actual details of the laws of interaction between molecular 
systems and between such systems and radiation are in general no longer 
obscure, being given by theoretically straightforward applications of 
quantum mechanics. But such applications are often too difficult or tedious 
to carry through in practice. Statistical mechanics can still help towards 
the development of the theory of steady states by analysing carefully the 
restrictions thatitslaws impose on the laws of interaction, so as to leave vague 
for further calculation as little as possible in these laws. This is valuable help, 
and this chapter gives an account of such help as can thus be given to the 
study of the laws of interaction by collision in assemblies of perfect gases, or 
between perfect gases and solid walls. The laws of interaction with radiation 
are treated in Chapter xix. The treatment is primarily classical, but the 
modifications of form required by Fermi-JDirac or Einstein-Bose statistics 
are noted at the appropriate places. Quantum mechanics introduces no 
modification of principle into this field. 

In the classical kinetic theory the laws of interaction of structureless 
molecules are all that interest us ; we visualize molecular encounters as purely 
conservative collisions either of elastic spheres or point centres of force. 
This conception has of course long proved fruitful in the study of transport 
phenomena initiated by the work of Maxwell. By way of introduction to 
this chapter we shall present the classical theorems of Maxwell and Boltz- 
mann, including the latter’s famous //-theorem, from this slightly unusual 
angle. 

In the equilibrium state of a classical perfect gas the positions and 
velocities of each set of molecules satisfy Maxwell s law. The distribution 
function for any one set is, let us say, 

f(u y v,u') dudvdw 


(1842) 
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per unit volume, and the function/ must be the same whatever the mechanism, 
by which it is set up. X lids is the position at which we are left by the general 
mechanismless equilibrium theory. It remains to examine whether the usual 
mechanism of classical conservative collisions is a possible mechanism which 
will preserve (1842). Now if a certain type of collision between molecules 1 
and 2 with velocities u lt v } , uq and u 2 , v 2 , w 2 transforms these into u x *. v t *, 

an d u 2 *, v 2 *, w 2 * , then the number of such collisions per unit volume per 

unit time is , , , , T . j , , 

J l J 2 du 1 ...dw 2 Vpdpch/j. (1843) 

In this expression V is the relative velocity of the two molecules before the 
encounter begins, and p and <p are polar coordinates, in a plane tlirough one 
molecule normal to the direction of V, which define the position of the initial 
asymptote of the necessary relative orbit. The symbol /, is short for 
f( u i, v i ,w x ), etc. These collisions all destroy molecules of velocities u l , v y , w l 
and u 2> v 2 ,w 2 and create molecules of velocities «,*, v x *, w x * and u 2 *, v 2 *. w 2 *. 

Conversely, since any conservative orbit can also be travelled in the reverse 
sense there are a set of reverse collisions, in number 


fi*f**du* ...dw 2 * V*p*dp*di/j 


(1844) 


which destroy molecules of velocities V, w* and u*, v*, w 2 * and create 

molecules of velocities u 1 ,v 1> w 1 and u 2 ,v 2 , w 2 . The relation between (1843) 

and (1844) can be simplified. By applying Liouville’s theorem to the 

element of phase space of the conservative system formed by the two 
molecules we find that 

du 1 ...dw 2 Vpdpdip = du l * . . . dw 2 *V* p* dp* dip* . ...(1845)1 

The proposed collision mechanism will therefore certainly conserve the 
equilibrium state if this requires that 


A/. “A*/.*, 


(1846) 


a relation equivalent to Maxwell’s law. Since equation (1846) is a suffi- 
cient condition for the preservation of equilibrium, the classical collision 
mechanism is therefore a possible mechanism which can act and preserve 

the equilibrium state, a conclusion which was of course sufficiently obvious 
without calculation. J 

Detailed balancing. It is important to observe that equation 

1846) has far wider imphcations than we have just drawn, for it asserts 

that there is a detailed balancing of all the individual types of collision which 
can be specified by the velocity exchanges as above. According to (1846) 
exactly the same number of collisions of any one type and of the corre- 

under'a'aentnil^pre^and^^U^lmae'ancrOTrawnetrilcal IZW" ^ 7**" °** * 

Thus in this simple case !“' ab ° Ut ^ P=P*. dp=d P *. 
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sponding reverse type must occur per unit volume per second. This condition 
of detailed balancing is naturally sufficient for th e preservation of equilibrium , 
but asserts (at least at first sight) far more than is asserted by the mere 
requirement that equilibrium is preserved. It does not necessarily follow 
without further investigation that detailed balancing is also necessary and 
therefore equivalent to the demand for the preservation of equilibrium. On 
certain assumptions however it is possible to prove this equivalence for the 
classical collision mechanism and the proof, given in §17-2, constitutes 
Boltzmann’s //-theorem. Thus for the particular mechanism of classical 
conservative collisions under central forces the two requirements of 

(a) Detailed balancing , 

(b) Preservation of equilibrium 

are equivalent. 

For other mechanisms it is not always possible to prove this equivalence, 
and in fact examples are known for which condition (b) is definitely less 
restrictive than condition (a). The study of particular mechanisms in this 
way has in the past been a study of considerable importance by which much 
light was thrown on the laws of particular mechanisms before their funda- 
mental properties were properly understood through the development of 
quantum mechanics. We now know that all mechanisms of interaction conform 
to the requirement of detailed balancing . This is guaranteed by the Hermitian 
character of all interaction matrices in quantum mechanics. The frequency 
of transition from a state r to a state s is governed by a factor of the form 
|J^ S | 2 , where V is a certain matrix and V rs the term in its rth row and sth 
column. The frequency of the reverse transition differs only by containing 
the factor \V sr \ 2 and for Hermitian matrices these factors are always equal. 

In spite of the fact that we now know that all mechanisms conform to 
detailed balancing and know so much more about mechanisms in general 
thanks to quantum mechanics, it is still not without value to study particular 
mechanisms from the statistical point of view without appeal to quantum 
mechanics. One can in this way better than in any other obtain a deep 
insight into the nature of the equilibrium state. We shall analyse particular 
mechanisms keeping both requirements in mind, in order to see when require- 
ments (a) and (b) are or are not equivalent from the statistical point of view. 

§17-12. Unit mechanisms. In classical kinetic theory molecules are 
structureless. In the extensions now required their electronic structure 
becomes relevant and in general more than one mechanism may be causing 
a specified change of state in any system. The question then presents itself 
whether or not we can discuss separately the effects of the separate 
mechanisms. The arguments that follow are those of the classical radiation 



17-12] Detailed Balancing. Unit Mechanisms 661 

theory. Suppose we have a system X which can undergo a specified change 
by interaction with other systems Y or Z. Suppose we can effectively change 
the concentrations [ Y ] and [Z] independently of each other, of [X] and of 
the temperature. This will be the case if Y and Z are separable in the equi- 
librium state from each other and from X. They will be so separable for 
example if they refer to different atoms, but not if they refer to different 
states of the same atom. Interactions between X and Y and X and Z will 
then certainly occur with unconnected frequencies. This still applies if Y 
means the temperature radiation in the assembly, with the proviso that then 
the “concentration”— the density of the radiation— cannot be varied in 
equilibrium independently of the temperature. Let P Y be the frequency 
with which {X, Y) interactions occur per unit volume at unit concentrations, 
converting Z from a state 1 to a state 2, and Q y be the corresponding fre- 
quency of the reverse process, for an assembly in full statistical equilibrium. 
We consider now only an assembly of effectively perfect gases, and suppose 
that the systems are distributed entirely independently of each other, in 

accordance with the ideas of classical statistical mechanics. Then we see 
that for equilibrium we must have 

[^l] { P rad + [ Y] P Y + [2] P z + . . . + [ Yf Pyy + . . . 4- [ T] [Z] P YZ + . . . 

+ [T]P y rad q- — } 

Wrad + |W] Qy + [Z] Q Z + ••• + [f] 2 ^y + ... + [Y] [Z] Q YZ -)- ... 

+ [-^j^y.rad + •••}• (1847) 

We have here allowed for all sorts of interactions, radiative, simple and 
multiple collision processes, and mixed radiative and collision processes. 
Now so long as [F], [Z], ... are independent variables, and there is a unique 
equdibrium relationship between [X,] and [Z 2 ], this equation has important 

consequences. If the ratio [Zj/fZ,] is independent of [Y], [Z], ... and so is 
a function of the temperature only, then 



(1848) 


The effects of plain interactions by collision between X and Y and inter 
action by collision accompanied by the absorption or emission of radiation 
cannot be separated, and such terms really occur in every fraction Apart 
from this however we see that the ratio of the frequencies of each separate 
process and its reverse process must be equal to a definite function of the 
temperature [Z X ]/[Z 2 ]. The process and its reverse are inseparable and form 
together what we may call a unit mechanism. We can go stiff further than 
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this later. For the present we can be content to note the independence of 

the different processes, whose laws therefore can be separately analysed. 

If the change from X 1 to X 2 is one of dissociation, the arguments are the 

same, though the form is a little different. Suppose for example that Jfj 

dissociates into X 2 and Y . Then [JfJ [F]/[XJ is a function of the tempera- 
ture only, and we have 


0 


0 


$rad Qz + Qz ,rad 

_ + F*z, rad 

QyZ + Q YZ .rad 


... = _ fy + A'.rad _ 

Qy + Qy, rad Qyy + QyY.t&A 

= - [^»1 [ Y ] 


(1849) 


Thus, naturally enough, no process in which no Y is concerned can make up 

an X x from an X 2 . The Q’s of all such processes must vanish. More generally 

every process must, pair off with a reverse process in which one more Y is 

concerned— the Y in fact which is to be caught by the X 2 to make it into 

an Xj . The pairing off is therefore such that it is possible as a dynamical 

reversal of the original process, and the laws for such pairs can in general be 
discussed separately. 


No difference is made in these conclusions by the requirements of Einstein- 
Bose or Fermi-Dirac statistics. The number of transitions by X’s from state 
1 to state 2 under the influence of radiation for example is then no longer 
[^il ^rad tmk depends on the number of systems already in the state 2 and 
in particular must vanish in the Fermi-Dirac statistics when the state 2 is 
full. The number of transitions must be now assumed to be 


[Xl]Prad{A 2 ±[X 2 ]}, 

where A 2 is a constant defining the number of distinct states in the group 2; 

+ 8 % n refers to the Einstein -Bose and the — to Fermi-Dirac statistics. 

The number of reverse transitions is similarly now [X 2 ] <3 rad {A 1 ± [X,]}. 

The same extra factors occur for all types of transition, and equations (1848) 
are replaced by 

= P y + P y> rad = P A ± ^rad _ _?YY _ _ P Y z _ [X 2 M{A 2 ± [X 2 ]} 

Q rad Qy + Qy,t*<1 Qz + Qz,t** Q YY Qyz M/Ml ± t^lJ} ‘ 

(1850) 

From these equations all the same conclusions can be drawn. 

It remains impossible by these general arguments to separate the effects 
of, for example, two different states of the same atom, and these must be 
considered together in any further analysis. We have however shown that 
it follows merely from the assumption of a unique equilibrium state that 
the laws of interaction between any molecule and radiation or any molecule 
and any other group of atoms or molecules must lead separately to the laws 
of statistical equilibrium. The precise forms (1848)-(1850) in which these 
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conclusions are embodied are those for perfect gases. There are analogous 

forms for the interaction of solids and gases which we shall also discuss. The 

conclusions can be extended in slightly different forms to imperfect gases, 
but these we shall not discuss here. 

§17-2. The numbers of classical collisions of given type in a gas. The general 

form of the number of collisions of a given type per unit volume per unit time 

as already been given in (1842). To derive it we recall that fdu.dv^dw, 

which we shall here contract to/, do , , is the number of molecules of the first 

type in unit volume at any time, and near each of them there is a volume 

► pdpdf in which the centre of the molecule of the second type must lie in 

order to effect contact within the specified time. The number of such 

molecules is f 2 do 2 per unit volume; hence the formula. For elastic spheres of 

diameter cr, if 0 is the angle between V and the line of centres at collision we 

have p = asine and dp = o COS ed0. The element pdpdf can then be con- 
veniently replaced bv 

r y cj 2 cos 6dQ, 

where is an element of solid angle about a direction specifying the line 
of centres at the instant of collision. The number of cpllisions then becomes 


/ 1/2 <* 2 V cos 0 do, do 2 dQ . 


(1851) 


This is the number of collisions which destroy a pair of molecules u , , v, w 
and m 2 , v 2 , w 2 and create a pair «,*, a,*, w * an d u 2 * u* w* Since' 
do, do, - do, *do,* and dO-dQ., the correspond, ng ol r eve” 

and 7.” “T4 a P ‘ ir and »■ *" d V, »,*.*,* 

2 2,2 fi'ffo'VcoaOdo^dQ. ( 1852 ) 

In these collisions the velocities after collision are given in terms nf 

“ “ «— of the ,L™r; f 1 

w 1 * = w 1 + lFcos0, u 2 * = u 2 — lV cos 6, 
v 1 * = v 1 + mVcosO, v* = v 2 ~mV cos 6, 
w i * = u>i + n V cos 0, w 2 * = w 2 — nV cos 6 

V 2 = (“2 ~ “1) 2 + (t' t - v,)* + (w 2 - «.,)* 

V cos 0 = l(u 2 - M,) + m(v 2 - V x ) + n(w 2 - it-,). 


(1853) 


We shall confine attention in this section to properties of the em„TK • 
state deducible from (1851) wh.„/ ha s Max Jk fo™ 6<!U ‘ 1 ‘ b "“” 




m 


\2t t!cT 




*+v*+w 2 )ikT 


(1854) 
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important quantity. If the velocity of the centre of gravity of the pair is 
U, V, W, and the velocity of 2 relative to 1 is f, 77, £, then 

U = \(u x + u 2 ), i = u 2 -u lf etc. 

If we transform (1851) to these new variables, we find 


do x do 2 = d U dV d W d£dr)d£,, 

\m(u x 2 4- v x 2 4- w x 2 ) 4- \m(u 2 2 4- v 2 2 4- w 2 2 ) = U 2 4- V 2 4- W 2 ) 4- F 2 , 

and the number of collisions of the specified type is 

v2 { e- {MUt+V2+ '" i)+imVi)lkT ° 2 V cos 9dV...dtdD. (1 855) 


If we integrate this for all values of the motion of the centre of gravity of 
the system, which is always unimportant in questions of collisions, we find 

\i . 

I e -l’ nV2 ' kT <j 2 V cos 0d£ dr) d£dQ (1856) 

If we express the relative velocity in spherical polar coordinates F, 6 , <f > , 
with the direction of the line of centres for axis, we find 


m 


\rrkT 


v4— e-* mV,lkT a 2 V 3 sin 9 cos OdV dddcfidn (1857) 

\47tJcT J 

For a given direction of the line of centres 6 can range from 0 to and <f> 
from 0 to 27 r, and prr r 2 -n 

sin 6 cos QdQd<f> = n. 

Jo Jo 

The direction of the line of centres can then range over the whole sphere, 
but every collision is then counted twice over, since every collision is 
counted separately with the molecules interchanged. Dividing by 2 to 
correct for this, we find the total number of collisions per unit volume per 
unit time, with relative velocity between F and F 4 -dV, to be 

2 ” 2 » 2 ° 2 (j^fe- imV ' lkTV3dV - ( I858 ) 


This is the important result. If we finally integrate over all relative velocities 
we obtain for the total number of collisions per unit volume per second the 

well-known formula _ „/4 t (1859) 

m. I 


v 2 a 2 1 


We shall require also similar formulae for collisions of unlike molecules. 
Suppose these have masses m 1 and ra 2 , diameters a x and cr 2 . The distance 
apart of the centres on collision is now a 12 , say, where 

<7 12= i( a l + cr 2)* 

If (7 is replaced by a 12 the form of (1851) is then still valid. The reduction to 
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the motion of the centre of gravity and the relative motion now however 
requires the equations 

(m 1 4- m 2 ) U = m 1 u l + m 2 u 2 , € = u 2 — u l9 etc. 

In these variables do x do 2 = dU dV dW dgdrjd^, 

\rn x (u x 2 -f- v x 2 + w x 2 ) + \m 2 (u 2 2 + v 2 2 + w 2 2 ) = \(m l + m 2 ) (U 2 + V 2 + W 2 ) 

, 1 m i m 2 J/2 


Formula (1856) is therefore replaced by 


2 m l + m 2 


l m i 

' lV2 \2i T{m x + 


m 


\2Tr(m x + m 2 )kT 
and formula (1858) by 


i - - 1 - m » m « V'ltcT 

e 2 m.+m, (J 12 2 V cos 6 d£drjd£dQ, (1860) 


47 t 2 v x v 2 o X2 2 (-— 

1 2 12 \2 t T(m x -\ 


m 


+ m 2 )kT 


e 2 m x +m % VHV (1861) 


Since the molecules are now distinct, collisions are not counted twice over 
as before. The total number of collisions is now 


A 2TT(m x + m 2 )kT\* 


g’h’W — - 1 87 . (1862) 

m l m 2 v ’ 

It is frequently convenient in applications to rewrite (1854), (1858) and 
(1861) in terms of kinetic energy, or kinetic energy of the relative motion. 

If we write 1 / 2 , 2 , ?\ 

\m(u 2 + v 2 + w 2 ) = rj , 

then Maxwell’s law for the number of molecules per unit volume with 
kinetic energy between 77 and rj + drj becomes 


2771 ' 


_r__ e -v ikTr ji (1863) 

This will frequently be written fj.(r))drj, and the molecules with this kinetic 
energy will be called 77 -molecules. Similarly, if 

\mV 2 = r 1 , 

the number of collisions per unit volume per unit time in which the kinetic 
energy of the relative motion lies between 77 and 77 + ^77 is 

2v 2 (J 2 l 77 \ - 

fmlW e 7?rf7? - < 1864 ) 




If 


1 77? j 771 2 


V* = v, 


2 771 x -f 77 ? 2 ’’ 

the number of collisions between molecules of different types per unit 

volume per unit time in which the kinetic energy of the relative motion 
lies between r) and 77 + drj is 




(1865) 
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§17*3. Boltzmanns H -theorem for a simple gas. We have examined in 
§ 1711 the logical position of this famous theorem in the equilibrium theory 
as here developed. We may enunciate it most satisfactorily thus: 

Theorem 17-3. Boltzmann's H -theorem. In an assembly of perfect gases , 
in which the only interactions between the systems are conservative collisions 
with central forces , the preservation of an equilibrium state requires detailed 
balancing . 

Since detailed balancing (/ 1/2 =/i*/ 2 *)> which is equivalent to Maxwell’s 
law, obviously preserves the equilibrium state, the theorem tells us that 
detailed balancing, Maxwell’s law and the preservation of an equilibrium 
state are in the case of this mechanism all equivalent. The idea of Boltz- 
mann’s proof is of course to construct a function H (practically the entropy) 
whose constancy requires detailed balancing. We start with the simplest 
case of a gas of a single kind of hard elastic spherical molecule of diameter a 
in the absence of external fields. 

For such a gas / can be changed only by molecular collisions, f so that we 
can combine (1851) and (1852) and integrate over all the velocities of the 
second molecule to give its time variation in the form 


^ = a* JJ (/,*/** -/ 1 / 2 ) V cos 0do 2 <l(l ( IS66) 

The integrand is considered to be expressed as a function of u x , w 2 by 
means of equations (1853). 

It will be observed that it is essential to the argument that the same 
molecular distribution laws of the equilibrium state, whatever they may be, 
should hold for specified volume elements near selected molecules as for 
the gas as a whole. This is true according to the general equilibrium theory. 
In discussions which seek to avoid the use of the general theory it becomes 
a necessary explicit assumption. 

Consider now the function 

(1867) 

an expression depending only on the number of molecules and the form of/, 
and therefore constant in the equilibrium state. Then 


dH 

dt 


= J(1 +log fi)-£do lt 

= <T2 JJJ (I+1 ° g/l)(/l ^ / 2 * 


—fif 2 ) Fcos 6do l do 2 d£l. 


(1868) 


f Except by the boundary fields or collisions with the walls. For the effect of these see- $17 8. 
They are there shown not to affect the argument. 
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But it is equally true that 


H 


= J/« lo g/: 




and that 


% 

dt 


= ° 2 jj (/1V2* -/1/2) ^ cos Odo x dCl; 


combining these we find an expression similar to (1868) with log/ 2 in place 
°f log/j , and combining this with (1868) we find 

dH = k 2 J JJ (2 + log fj t ) (f*f + -fj 2 ) V cos ed 0l do 2 dn (1869) 


dt 


But by precisely similar arguments we can start with 


and find 


H = j A* log f l *do 1 


dH 

dt 


= V + logf *f*)(fj 2 -f*f *)V* cos B* do* do* d£l*. ...(1870) 

The variables of integration may now be changed from the starred variables 
back to the old variables, and 

V* cos 0* do x * do 2 * dCl* = V cos Odo 1 do 2 dQ . . 

If we make this change and combine (1869) and (1870) we find 

Tt = ~ * a2 jJ/ (l°gfif* ~ lQ g/i*/.*) (/ 1/2 ~/i V.*) V cos 0d Ol do 2 dCi, 

( 1871 ) 

^ °> (1872) 

because the integrand is never negative. The equilibrium state is possible 
if and only if * y 

that is if there is detailed balancing. 

We include for completeness the familar proof that 

logA + logf 2 = const, (coll.) 

implies that/ is Maxwell’s distribution function. Let x(u,v,w) be any func- 
tion of the velocities of a molecule such that Xi + Xz is constant in a collision. 
Then . , 

lo g /= X 

is a solution of the equation for the distribution function, and log/- x 
satisfies the same equation. The most general solution is therefore 

lo g/=*iX' + “2X" + a3X'" + "~ 

where the *’s are all the functions of u, v, w such that Xl + y 2 is constant in a 
collision. We know of five such functions, energy, three components of 
momentum, and mass. There are no others possible, for the four constant 
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relations involving velocities give four independent relations between the 
six u x *, . .., w 2 * and the old u lt ..., w 2 . Two relations must be left unfixed in 
this way to depend essentially on the direction cosines of the line of centres 
at impact. Thus 

log/ = 04 + a 2 mu -f a 3 mr 4- a A mw 4- a 5 \m(u 2 4- v 2 4- w 2 ), 

J — im{(u-u 0 ) 2 +(v- v 0 P+<u:-U' 0 ) 2 } , 

where A.j, u Q , r 0 , iv 0 are constants, which is of the required form. 

It will be observed that the detailed collision relations hardly enter into 
this proof. It is only necessary that there should be some relations giving 
the w*, ..., in terms of the u , which conserve momentum, energy and the 
extension of the element of phase space of the system. 


§17*31. Exteyisions of Boltzmann s H -theorem. The extension to the case 
of a number of different types of molecules is very simple. In place of equa- 
tion (1866). when classical collisions are the only mechanisms acting, we 
find a set of equations of the form 



- frfs ) V cos Odo s dQ. 


If we now define the function H by the equation 


(1873) 


ff = Z.J7,log/.do, 


and apply the same analysis, we find 


^ <J rs 2 [IT (log/./, - lGg/ r */.*) (frfs ~fr*f.*)V COS ddo r do s dQ. 

JJJ (1874) 

From this it follows that H is constant if and only if 

frL=fr*fs* (allr,s), 


that is to say if we have detailed balancing for every choice of a pair of 
molecules in collision. From the equation for a pair of similar molecules 
Maxwell’s law follows as before. From the dissimilar pairs it follows by the 
same argument that the mass motion and temperature of each species of 

gas must be the same. 

Let us finally extend the theorem to general classical encounters under 
central forces between molecules subjected to an external field of force. The 
distribution function now depends on the position in the gas and we may 
write it explicitly for a volume element dco ( =dxdydz ), 


so that 


f(u 9 v,w,x,y,z,t)da>, 

j jfdodoj extended to a unit volume is the molecular density there. 
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We will assume that force components X r , Y r , Z r per unit mass act on the 
molecule of the rth kind, so that its equations of motion are 

i r = u r , u r = X r , etc. 

If we now consider all the molecules of the rth type in the element dodw at 
u, v, w, x, y, 2, t, we see that, apart from collisions , after a time dt these mole- 
cules will lie in an equal cell of the same space and velocity ranges as before 
but centred about the point 

u r + X r dt, v r +Y r dt, w r + Z r dt, x r + u r dt, y r + v r dt, z r + w r dt, t + dt. 

Moreover since the motion is determinate these molecules are the only ones 
(apart from collisions) which at time t + dt have the u, v, w, x, y, z so specified. 
The number of such molecules is by definition 


fr( u r + X r dt, ...,z r + w r dt,t + dt) do r daj, 

and we have just seen that this differs from f r do r dw only by the collision 
term. Thus proceeding to the limit dt-*- 0, 


d A 

dt 




For general classical encounters under central forces we have 


coll 

(1875) 


EL = s ‘jlf (/r * /s * Vp dp # d ° s (i8?6 > 

where the starred velocities are given in terms of the initial velocities (and 
p and </.) by the detailed laws derived from the central orbit. Equations 
(1875) and (1876) together form a very important integro-differential 
equation for / which should be satisfied for all states (not merely equi- 
librium ones) of a gas of molecules undergoing classical encounters. It is 
known as Boltzmann s equation. 


§ 17*32. The equations of mean values. To derive the general form of the 
//-theorem we must introduce the equations of mean values. These equa- 
tions form the starting point for all accurate investigations of transport 
phenomena in gases, | but these lie outside the range of this monograph and 
we shall formulate them only to lead up to the //-theorem. 

Let <f>(u,v,w,x,y,z,t) be any function of the arguments specified, such that 
all the integrals in the following arguments are absolutely convergent. 
If we multiply every term in Boltzmann’s equation for f r by <f> r do r and 

t A general account in Jeans, luc. cil. chaps, vui-xiv. The main recent detailed investigations 
re hapman, Phil. Trans, vol. 211, p. 433 (1911), vol. 216, p. 279 (1916), vol. 217, p. 115 fl917)- 

. , k .° e ' \ na f!?\9 tas - U P aala ( ,,J17 )> Arkivfor ilalemalik, vol. 16, No. 16 (1921), Kunnl. Svensk 'a 
Akad. vol. 63, ko. 4 (1922); J. E. Jones, Phil. Trans, vol. 223, p. 1 (1922). 
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integrate for all velocities of the molecules in any specified volume element, 
we obtain 




+ 2 








= 2 g JJJJ <t>r(fr*fs* ~frfs) V P d P d+dO r do„ 


say. In this notation A^(<£ r ) denotes the rate of change in the average value 
of <f> r in the given volume element for molecules of type r produced by 
collisions with molecules of type s. We can express the last equation more 

simply in terms of mean values if we remember that 

» 

f r <£r d °r = N r 'Pr> 

where is the mean value of <// r and N r the total number of molecules of 
type r in the given volume element. Then 

dfr do r = l(\J r )-X r -£, 



r dt 


ct 


Cfr 


U r<f>r {L d° r = ^ (N r U r <f> r ) ~ N r U r 


dx 


dx . * 




Inserting all these expressions we obtain 




dt x r dx r x du r ) 


+ E 8 


These are the equations of mean values. Putting 

<t>r = iog/ r 

we obtain for the right-hand side of (1877) 


(1877) 


or 


J>,[! + ^ «, ± + Z, X, gi] log/, do, + Z, A„(log 

+ + <‘ 878) 


On referring to Boltzmann’s equation, (1875), and (1876) we see that (1877) 
can be written 

J WJI (/ ' Vs * ~ /rL) Vp dp d4> ^ } d ° r + A - (i ° g/r) ’ 
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and the first terms obviously vanish. The equation of mean values reduces 
here to ^ ^ 

dt ^ T r l °Sfr) + ~ (K^gf) = Z, A^log/J, (1879) 

which is to hold for every volume element. Written at length this becomes 

dt j l °Sfr d °r + ~j U r f, log f r do, . 

= JJ JJ lo Sfr(fr*L* frfs) V P dp dtp do r do 3 (1880) 

When there are space variations the function H is naturally defined by 

H = z r J J/r log fr do r dio. 

Multiplying (1880) by do,, integrating over the whole gas and summing for 
a ll types of molecule, we find 


dH 

dt 


+ 


> j 3^ J U rf r logf r dO r daj 


^ ^ j ^°&fr(fr*f 8 * f r fa) V P dp dip do r do Q dto , 


and by the usual repetitions 


JMf 


The last terms on the left must vanish on integration, for the integration 
includes the whole gas and therefore extends to regions in which the mole- 
cular density vanishes. In a volume element in which the molecular density 

vanishes f r must also vanish and therewith j u r f r logf r do r . We therefore 
end by obtaining 

~dt = ~ // JJ f ( lQ gfrfs - log f*f*) (frfs -fr*f.*) Vpdpd+do r do a du,. 


(1-881) 


This is the general //-theorem and requires as before detailed balancing for 
the equilibrium state. 6 

§ 17-33. The general form of Maxwells law for equilibrium states. It is not 
without interest to complete the argument and see how the laws of the most 

H 8-Jt Tu hri T State {ollow{rom frfs =fr*L* and Boltzmann’s equation 
( lo / 5) which m this case reduces to 


£ u — 4-S X 
1 ^ — 


= 0 . 


(1882) 
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The form of f r for detailed balancing in each volume element is of course still 

f r = e -irn T {lXu r -U'p) ? 

but so far as detailed balancing is concerned v r , j, u Qi v Qy w 0 may all be func- 
tions of x y y , 2 . We may substitute this value of f r in (1882) and require the 
equation to be satisfied for all u r , v r , w r . On equating coefficients we find 

d ±J±Jl=Q 

dx dy dz 


du n dv n d w 


-° = o, 


dv 0 du c 
dx dy 


dx dy dz 


du 0 _ dw 0 dv 0 _ du 0 
dv dy dz dz 


dw { 

dx 


= 0 . 


The first three of these equations require that the temperature shall be 
constant throughout the assembly. The next six are the equations which 
characterize a rigid body. They specify that, though the mass motion may 
vary from point to point in the assembly in the equilibrium state, the 
variation is such that the assembly moves as a rigid body, with a certain 
uniform rotation superposed on a translation. These equations being satis- 
fied we are left with 

2 x tt r j^- 2 jm r X r + 2jm r ~Z x X r u 0 =0. 

This can only be satisfied if X r ,Y r , Z r are derived from a potential function 
Xr > 80 that V/ . = (i' r ) 0 e“2> m rXr ({v r ) 0 constant ), 


and finally 'L x X r u 0 = 0. 

The last equation demands that the lines of force and the lines of flow must 
be everywhere at right angles. 

The complete specification of the general equilibrium state is therefore 
that the gas moves as a rigid body , with temperature everywhere the same , in a 
field of force of potential with a molecular distribution function 

fr = ( V r)o[ , 

in which (^ r ) 0 i s constant and u 0 , v 0 , w 0 the velocity components of a rigid body 
motion such that the lines of flow are everywhere normal to the gradient of Xr • 

§17*34. Quantum reformulation of the effects of gas collisions on distribu 
tion laws .* The analysis of §§ 17-2, 17-3 needs only slight emendations to 
yield the number of collisions of a given type per unit volume per unit time 

* Started by Jordan, Zeit. f. Physxk, vol. 41, p. 711 (1927); Ornstein and Kramers Zeit. /. 
Physik, vol. 42, p. 481 (1927); Bothe, Zeit. f. Physxk , vol. 46, p. 327 (1928). More comp le ye - 
sions by Nordheim, Proc. Roy. Soc. A, vol. 119, p. 689 (1928); Nordheim and Kikuch,, Zext. f. 
Physik , vol. 60, p. 652 (1930); Uehling and Uhlenbeck, Phys. Rev. vol. 43, p. 552 (lyjJ). 
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and the form of Boltzmann’s //-theorem strictly according to quantum 
mechanics. We shall not aim at maximum generality, but merely at a 
sufficient account to show how the reformulation can be carried through. 
In unit volume of the gas there ar ef 2 do 2 molecules of type 2, each of which 
may be regarded as a scattering centre for an incident stream of molecules 
of type 1 approaching with relative velocity V. Quantal scattering, like 
classical, leaves the motion of the centre of mass of the pair unaffected, and 
provides a definite chance of deflecting the relative velocity through an 
angle 0 into a solid angle dw. The stream of molecules incident on each 
scattering centre has a flux density of molecules per cm. 2 per sec. given by 

Vfx do l . 

Quantum theory enables us to calculate explicitly, when the law of inter- 
action of the molecules is given, a target area o(V,6)dw, which for sym- 
metrical molecules depends only on V and 0, such that each scattering centre 
deflects molecules into dw from an incident beam of unit flux density at a rate 

<r{V y d) d<jJ. 

In our problem therefore each such scattering centre produces a pair of 
molecules with their relative velocity V in dcu at a rate 

Vf 1 do l a(V y 0)dw. 

The rate of production of such pairs [velocity components u x * y v x * y w x *; 
u 2 * > v 2 * y w 2 *] by such collisions per cm. 3 of the gas is therefore * 1 






The required formula is however not yet complete. We have taken no 

account of the statistics satisfied by the molecules so that (1883) is only 

correct if there are present in the assembly no molecules with the velocity 

components of the product pair. To allow for these interferences! we have 
to multiply (1883) by the factor 


(1±/iVA*)(1±/ 2 ^V), 

taking the upper signs for the Einstein-Bose and the lower for the Fermi- 
Dirac statistics. The A’s are such that A* do*, A* do* give the number of 
possible quantum states in the velocity ranges do*, do*, so that these 

actors vanish with the lower signs when the/’s have such values that all 
the possible states are full. With the definition of/ here in use 

A 1 * = A 1 = m 1 m 1 3 /h 3 , and A* = A 2 = To 2 m 2 3 /h 3 , 

but it is unnecessary to use these actual forms. The complete quantum for- 
mula therefore for the number of collisions per unit volume per unit time 

- f"' - b. correct 

plausible. ' er “ can be 3een at once to be at least 



674 Mechanisms of Interaction . Collision Processes [17-34 

which convert a pair of molecules (u li v 1 ,w 1 ;u 2i v 2 ,w 2 ) into a pair 

u 2 *> v 2 *> w 2 *) by deflecting the relative velocity through an angle 6 into a 
solid angle dcu is 

±/iW(l ±/ 2 *M 2 *) Vomdo^du* (1884) 

Little progress can be made with this formula on the lines of § 17*2 unless 
the statistical interference factors can be neglected so that (1883) with 
classical statistics and quantal interactions is sufficiently accurate. When 
(1883) may be used the equilibrium value of f x is still of Maxwell’s form 
(1854). If the velocity components are expressed in terms of the com- 
ponents of the velocity of the centre of mass and the relative velocity so that 

U = (m 1 u 1 + m 2 u 2 )/(m 1 + m 2 ), g = u 2 -u lt etc., 

the number of collisions of the specified type is 


. v l ( m l m 2 )^ \ 3 c — r^( mi+ yyu t yU2- t -va 4 .wg)4-Im 1 yn,r^/(m 1 4-m t| )]/A:r Va(V,9) dU 

\ 2ttJcT / 


. . d£da>y 


(1885) 


which djtfers only from (1855), generalized to unlike molecules, in replacing 
<r 2 cos 9 by cr(V,6). On integrating over all velocities of the centre of mass of 
the pair we find as before 



m x m 2 


$ 


27 r(m 1 + m 2 ) JcT 


V<j(V t 0)d£d7)d£dw. 


(1886) 


This is the number of collisions in the gas per cm. 3 per sec. in which the 
molecules have relative velocity V in a given direction, which is deflected 
by the collision through a given angle 0 into a given solid angle dcu. We find 
the total number of collisions at relative velocity between V and V + dV by 
integrating independently over all directions of V and all directions do in 
any order. We thus find 


where 


S(V) 


dcu 


(1888) 


integrated over the complete solid angle 47 r. It will be seen that these formulae 
do not differ in form in any essential way from those of § 17*2. 

The revised form of Boltzmann’s //-theorem is more important. Each 
collision enumerated in (1884) removes one molecule from the set f 1 do 1 . 
The final velocities are fixed in terms of the initial velocities and the direction 
oidcu, so that to find the total rate of removal of molecules from the group 
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fi do i we have to integrate (1884) with respect to do 2 and dco. These collisions 
therefore contribute to dfjdt the term 


- J J AU 1 ±fi*IA*) ( 1 ±f 2 */A*) Va(V,d) do 2 dcu. ...(1889) 

We must now account for the reverse collisions which create molecules in 
the group f 1 do l . The general collisions of this type in which a pair of mole- 
cules with components (u*,v*,w* -u*,v*,w*) becomes a pair 

u 2 ,v 2 ,w 2 ) by deflection of the relative velocity through an angle 9 into the 
solid angle dtu* occur to a number 


±fi/A)( l ±filA ) V*a*{V* ,9) rfcq* do 2 * dcu* ...(1890) 
per unit volume per unit time. In this expression it is possible to replace 
V*<j*do 1 *do 2 *duj* by Vado x do 2 d w, on account of the reversibility condition, 
a fact that is most easily seen as follows by changing over to the velocity of 
the centre of mass and the relative velocity. In these coordinates 

do 1 *do 2 * = C* 2 dC*<Kl*V* 2 dV*du> 
and do 1 do 2 = C 2 dCdnV*dVdco*. 

The solid angle elements occur in this manner because the element of solid 

angle dw which contains the relative velocity before the reverse collision is 

the same as that which contains the relative velocity after the direct collision 
and similarly for dcu*. Moreover 


V=V*, C = C*, dQ = dQ* 

since none of these quantities are affected by the collision. The reversibility 
condition therefore reduces to a = a*, a relationship which expresses the 
Hermitian character of the interaction matrix, and is therefore an im- 
mediate consequence of quantum mechanics. We are now in a position to 
combine (1889) and (1890), thereby obtaining 

dt = // [ ^ 2 * (1 ± f l/A l)(1 ±/i*Mi*)(l ±f 2 */A 2 *)] 


ao 2 du>, 


- - - . . ( 1801 ) 

m which the integrand is expressed in terms of , tq , uq ;u 2 ,v 2 , w 2 and the 
direction cosines of dcu. 

Let us now restrict attention to a simple gas, so that/, and f 2 represent 
e same distribution law, and consider the function 


/ 


1*““ “ ‘ h * “t 8 ” ° f The Wer < F '™ «M«.) can 

oollLTot " ar8Ument by 0,1 “ 8i " g the 8ign of due to 
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which reduces on using (1891) to 

f - J If 108 m&t, [a */.*( 1 + xj ( 1 + -A/.( ■+£.)(>+£ 

X Pa(K0)cfo 1 £fo 2 rfco (1893) 

But it is equally true for a simple gas that 

w-/ l 0 *r ffer,#*’*’ 

S" JJ[a*a*( 1 + x.) ( 1 + xj -/./=(* + xf*) ( ■ 1 + S)] 

(1894) 

Equations (1893) and (1894) can be combined in the form 

ft - H 1 + xj ( 1 + 1 

1 + ( 1 + ^)] x V °W) <tOido 2 dco (1895 

We can also start with 

^=f[/i*log/ 1 *-Mi*+/i*)log(l+/ 1 */^ 1 *)]<to 1 * 

and by the same devices as in § 17*3 reach the final result 

dH 1 fffl ,_ /l/2 (1 +/l*Ml*)(J+/,*M,*) 

dt 4 JJJ g / 1 */2*(1+/ 1 M 1 )(1+/ 2 M 2 ) 

x M 1 + ^ ) ( * + ^*) - A *A*( 1 + X, ) ( 1 + X, 

X F<r(K^)rfOido 2 <ia>. (1896) 

From (1896) it follows as before that 

dH n 

7t <0 - 

and therefore that equilibrium is possible if and only if 

/ 1/2 (1897) 

(I+/ 1 M 1 H 1 +/ 2 M 2 ) (l+/i*Mi*)(l+/i*/V) 

when the velocity components » v 2 » ^ 2 ; w i*> v i*> w i > w 2 » ^2 > Wt i 

are connected by the conservation conditions holding in a collision. It 
follows at once that the equilibrium state demands detailed balancing and 
that for a gas with no mass motion 

/l _ c -\mc 2 !kT 

1 +/lMl 

which is equivalent to the usual formulae of Einstein-Bose or Fermi-Dirac 
statistics. 



17 - 4 ] Boltzmann' s H-theorem in Quantum Theory 677 

We conclude by observing that a strict analogue of Boltzmann’s 

integro-differential equation (1875) remains true in quantum mechanics if 

the space-variation of the external fields of force remains so slow that the 

considerations of Darwin * apply, showing that the wave-packet representing 

a particle undisturbed by collisions moves in nearly uniform external fields 

like a classical particle. The distribution function / therefore satisfies the 
equation 



where the right-hand side is given by (1891). 



§17-4. Collisions of the first and second kind, f The next mechanism 

which we shall examine is that of inelastic impacts between electrons and 

atoms. It is well known that such collisions occur freely as soon as the energy 

of the electron exceeds a certain minimum energy, which is that required 

to excite the atom hit from its normal stationary state to the next state of 

greater energy. No such process can occur and preserve equilibrium unless 

it is accompanied by a corresponding reverse process, the two together 

forming a unit mechanism. The associated process is here a superelastic 

collision, called by Klein and Rosseland a collision of the second kind. T his 

balance of inelastic and superelastic collisions is of course now clearly 

understood as an example of quantal reversibility (§ 17-11). The analysis we 

shall use here is purely statistical ; its importance was first made clear by 
Klein and Rosseland. 

We start as usual with a classical formulation. The frequency of occur- 
rence of any type of collision can always be expressed in terms of a target 
area, which must be a function solely of the atom hit and of the relative 
velocity and line of impact of the electron hitting it. This target area which 
determines the chance of a successful collision may in an individual collision 
depend on the orientation of the atom or molecule struck relative to the line 
of impact, and on other variables. The average target is however usually all 

that matters, and is obtained by integration over all these other variables, 
which are then no longer effective. 

The electrons are so light that in a first treatment the velocities of the 
atoms can be neglected compared with the velocities of the electrons, and 
the atoms treated as fixed (or of infinite mass). If Vl is the density of the 
type of atom or molecule under discussion, then the number of collisions per 
unit volume per unit time between these atoms and ^-electrons in which the 


* Darwin, Proc. Roy. Soc. A, vol. 117, p. 258 (1927). 
and Kikuchi, loc. cit. 


For a more complete proof see Nordheim 


t Klein and Rosseland, Zeit. f. Phyaik, vol. 4, p. 46 (1921). 
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line of impact lies at a distance between p and p + dp from the atomic 
nucleus (or centre of mass of the molecule) is by (1863) 





n(v)d r i- 


(1898) 


If £] (p,rj) is the probability that such a collision will excite the atom struck 
from state 1 to state 2 , the number of such successful collisions is 



2-rrpdp .£^(^, 77 ) 



p(r))drj. 


If we now define a function <S 1 2 (tj) by the equation 



( P>v)pdp , 


we find that the total number of successful collisions of the first kind by 
77-electrons per unit volume per unit time in the equilibrium state is 


v i s i 2 (v) 



/*(*?) *7- 


(1899) 


The foregoing analysis in terms of an impact parameter p is not valid in 
quantum mechanics unless p is large compared with the de Broglie wave 
length of the electron. When this condition is not fulfilled we start as in 
§ 17-34 with an incident stream of electrons of flux density (2 v /m)^ p( v )drj 
electrons per unit area per unit time impinging on v x centres each of which 

possesses a total target area *5^ j 2 ( 77 ) for excitation from state 1 to state 2 . 
The result (1899) remains unaffected. 

This expression is only relevant when 77 ^ rj l2 , where 77 12 is the extra energy 
of the atom in state 2 over that in state 1 . When v<Vi 2 ’ S i 2 (v) = °- 

By the general discussion of § 17-1 the reverse process can only be one 
which occurs with a frequency proportional to v 2 and to the electron density. 
It must therefore be some sort of collision. It is hardly possible to suppose 
that any other sort of collision can be concerned except those which are 
the direct reverse of the inelastic impacts. These are collisions in which an 
77 -electron interacts with an excited atom and removes its superfluous 
energy, leaving it in its normal state. The energy removed is carried off by 
the electron as extra kinetic energy of translation, so that the collision may 
be termed superelastic. The total number of successful superelastic collisions 
by 77 -electrons per unit volume per second can be written 


v 2 S 2 l ( r i ) 



^(v)dv> 


(1900) 


where v 2 is the density of the atoms in the state 2. It is possible that S 2 1 (rj) > 0 
for any value of 77 . 

It must be noted that and S 2 1 (tj) have a purely atomic significance; 



* 7 ' 4 ] Inelastic and Superelastic Collisions 679 

they may be called the mean effective target areas of the atom for ^-elec- 
trons. It is important to observe that these areas by definition cannot 
depend on any statistical parameter such as temperature or density.* 

By considering the conditions for the preservation of the n(-q )- law for 
the velocity distribution of the electrons a fundamental relation can be 
established between S^t)) and S 2 1 (rj). The concentrations v 1 and v 2 are 
connected by the relation (see (197)) 


v 2 /v 1 = (tn 2 /ta l )e- 7 >^ kT . 


The number 77-electrons destroyed by inelastic collisions is 


(1901) 




fl(r))drj (7 l^r) l2 ), 


0 


(V<Vl2)- 

The number of 17-electrons created by inelastic collisions 


18 


v i s i 2 (v + V 12 ) 


■ Mv + Vnfdv (v > 0 ). 


The number of 77-electrons destroyed by superelastic collisions 

217' * 


IS 


v 2 & 2 


^ dr > (V > 0 ). 


The number of 17-electrons created by superelastic collisions is 

v 2 S 2 1 (v~Vi 2 )^-~ fi — ) n(v~Vi2)dr) (17^17,2), 


0 


(V<Vl2)- 

Putting in the equilibrium values of and v J Vl we see at once that the 
action will balance and leave the equilibrium undisturbed if and only if 

e-W* t Fi 2 {t)) _ FAv _ ^ = 0> 

where F*( 17) = afofo + Vl2 ) S^( v + ,„) - 

“° (v<0), 

and x is a constant. But by a step by step argument this condition can be 
shown only to be satisfied if 


(V$0), 


Hence 


= 0 (all v ) 


TO i(v + Vi2)S 1 Hv + Vi2) = ^2VS 2 1 (r ) ) ( 190 2 ) 

This is Klein and Rosseland’s result. It guarantees the preservation of the 

.tl? ort:^ " ith “ “"a m . and 

p. 224 (.027,) the target iu»a* for jI^vpnawdtch^aiTwelMw'rff 11 ^" ^ A ’ «'• 

collisions. „ is oWions ** th is is!„ 
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equilibrium distribution law of electron velocities for all T . It also 
guarantees the preservation of the distribution law of atomic states (1901). 
F or the rate of destruction of atoms in state 1 by this mechanism is 


Vl f Vt SAv) {m) i 

and the rate of creation 

v sj 0 S 2 X (v) (ff)' n(v) d V- 


These rates will balance when 



S 1 2 ( r ) + 



V^2 l ( r l)^~ VlkT dr), 


(1903) 


which is satisfied for all values of T in virtue of (1902). 

It should be observed in passing that conversely (1902) can be deduced 

directly from the fact that (1903) must hold for all T. Equation (1903) is 
of the general form 

J o f(v)e~ v,kT dr ] = 0 (all T), (1904) 

and there exists the following 

Lemma. Iff( 77) is a continuous function of r)forr) ^ 0 and satisfies the general 
conditions of Fourier's integral theorem , and if 


0 


then 


f( V ) e~ r >' kT d v = 0 ( all T), 

/( 7 ?) = 0 (? 7 ^ 0 ). 


This lemma is a direct corollary of Fourier’s integral theorem. There is 
no physical reason to question the applicability of the conditions of the 
lemma to the function /( 77 ) derived from the atomic target areas in (1903). 

The relation (1902) just obtained on the hypothesis of the preservation of 
the equilibrium state can be obtained at once on the hypothesis of detailed 
balancing by equating (1899), with 77 replaced by r) + r) 12 , to (1900). Thus for 
this simple mechanism of interaction between electrons and atoms with only 
tw o stationary states the hypotheses of preservation and detailed balancing 
are again equivalent. 

One might expect to be able to deduce from the preservation hypothesis 
that a relation of the form (1902) holds for the frequencies of every possible 
switch by collision in an atom with n levels. It appears however that 
no such deduction can be drawn. An atom with n possible levels has 
£ n(n — 1 ) possible switches, all of which we must regard as forming a single 

mechanism. 

A detailed presentation of the case n = 3 is instructive. There are three 
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switches (to and fro) to consider. Sufficiently slow 77-electrons are created only 
by collisions of the first kind at a rate 


v i ^i 2 ft + ^12) 


f 2ft + i? 12 ))* , ^ ^ 

' H-iV + Vi 2) dr] 


m 


+ v l S l 3 (V + Vl3) 
+ v 2 S 2 3 (V + V23) 


2 ( 7 ? + 7 ?13)) i ( > , 


m 


f 2 ( 7 J + 770 ,)] f 

- rtn+v a )dri (1905) 


m 


They are destroyed only by collisions of the second kind at a rate 


2 v \i 

Mfa)*? (1906) 

The condition for the preservation of the equilibrium state can be written 

e-^ kT F l 2 ( v ) + e - r >i^ T {F 1 3 ( ri ) + F 2 3 ( v )} = 0 ( all T) (1907) 

an equation valid only when 77 is less than the least of tj 12 , 77 ^ and rj 23 . When 
77 is unrestricted the first terms in (1905) and (1906) continue to give the 
numbers of 77 -electrons created by the switch 1 ->2 and destroyed by the 
switch 2-»- 1. There are now in addition 


+ • / 3 'V( 1 ?) + ‘' 3 ^ 3 2 (*?)} ^ 


2 h\ i 

m) 

77 -electrons destroyed by the switch 1 -+2 and 

v 2 S 2 1 (v- r h2) — m T?12 ^| M 1 ? ~ ’’In) dr\ 

77 -electrons created by the switch 2->l. There are similar terms for the 
other two switches. The complete form of (1907) is therefore 

~ { F Av ~ V12) + - !»«)} + e-W*^ 2 ^) _ F z (l _ Vm)} 

+ e~Vidi'r{F i 3( v ) + F 2 3( v )} = o ( all T, 77 ) (1908) 

This is equivalent to the three equations 

F Ay ~ V 12 ) + F i(l ~ V 13 ) = 0, 

F Av) - ^(t, - 77 , 3 ) = 0 , 

F i 3 (v) + F 2 3 (v) = 0 , 

of which only two are independent. They reduce to 

F Av) = F 2 3 (r)-r)23)= - ^(77 - 77 23 ). (1909) 

We can infer that equation (1902), F*{r,) = 0 , still holds for v < Vm , but we 
can infer nothing more as to the vanishing of the F’s. The assumption of only 
two stationary states is equivalent to making Vi3 infinite. If we were to 
exclude all switches by collision of types 2->3 and 3 -> 2 , then F*(ri) = 0 
and we can infer that F^ v ) = 0 and F^y) = 0 for all 77 . This would be the 
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expected generalization of (1902). But it can only be made when by some 

means or other we can rule out the possibility of the cyclic process 1 -> 2, 

2-^-3, 3 -> 1. Such processes seem quite natural,* and are not incompatible 

with the hypothesis of preservation. In actual fact all the F’s must vanish 

and detailed balancing must hold to satisfy the reversibility requirements 
of quantum mechanics. 

It remains to determine the conditions under which the distribution of 
atoms between the three states is preserved. For state 1 this can be written 

e-W*r J q F*(-q) e~^ kT dr, + e~W*r J " F^rj) e~^ kT dr, = 0, 

and finally reduced to the form 



+ Fi 3 (v-r J 23)}e-'>' kT dr ) = 0 


(all T). 


(1910) 


Condition (1910) is equivalent to one of the equations (1909) and gives us 
nothing new. In the same way for states 2 and 3 we get 



- ^ 1 i 2 ( r ?) + F 2 3 (v - V23)} e ~ v kT drj = 0 


(all T ), 




(all T), 


which are also equivalent to components of (1909). Equations (1909) are 
therefore necessary and sufficient for the preservation of the equilibrium 
state. In the general case we shall obtain on the preservation hypo- 
thesis just n— 1 necessary and sufficient relations between \n(n — 1) 
functions F. 


§ 17 * 41 . Inelastic and superelastic collisions between heavy systems. Owing 
to the small mass and high average velocity of the electron compared with 
an atom it was legitimate to ignore the momentum of the electron and the 
velocity of the atom in the preceding section. When both interacting systems 
are of comparable mass the calculations must be revised. The action must 
now depend only on the relative velocity V of the interacting systems. 
There are now obviously tw o sorts of interaction possible — (a) An atom of 
type 1 may play the part of an electron and excite an atom of type 0 with 
expenditure of energy (^ 70)12 • (b) An excited atom of type 1 may excite an 
atom of type 0 with the expenditure of its energy of excitation returning 
itself to its normal state. Such a collision may be either inelastic or super- 
elastic according as energy is taken up from or surrendered to the relative 
motion of the systems. 

♦ In all atoms this particular cycle might be ruled out by selection rules, but other cycles such 
as 1 -> 2, 2 3, 3 4, 4 1 will always be possible. 
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Case (a). Ordinary inelastic collisions between heavy systems. If we replace 

the 77-CTJ2 2 of (1865) by the more general S r 2 ( y) for the effective target area for 

excitation, then the number of successful collisions per unit volume per 
second will be 4 (1 , , \j 

frT}i( 2 (1911) 

We use v 0 (1) to denote the concentration of systems 0 in state 1 . We recall that 

1 m 0 m 1 V2 
2m 0 + m 1 9 

the kinetic energy of the relative motion. This is the number of collisions 
per unit volume which destroy members of v 0 (1 >, create members of v 0 < 2 >, 

destroy pairs of molecules of relative velocity V and create other pairs for 
which the energy of the relative motion is 


and the relative velocity 


V =V-Tli 2 > 


(1912) 


Y'2 _ J/2 __ 2 m ° 


m 0 m 


V12 


The number of reverse processes creating v 0 ^> out of v 0 < 2 > by collisions with 
relative energy rj' will be 


0 


(1913) 


On the hypothesis of detailed balancing if v and y are connected by (1912) 
the expressions (1911) and (1913) must be equal. This gives on reduction 


m l( r ) + V12) Si 2 (v + V12) = ™2V S 2 1 (v)’ 


(1914) 


which is (naturally ) the same relation as (1902). Here again if there are only 

two states of the system of type 0 concerned and no other complications it 

can be shown that, since S may not depend on T, (1914) is necessary and 

sufficient on the hypothesis of preservation only. Relations similar to ( 1 9 1 4 ) 

may be expected to hold when the systems of type 0 have a number of 
stationary states. 

We observe finally that 

S i 2 (v) = ° (v<Viz), (1915) 

that is when the energy of the motion relative to the centre of gravity is less 
than r, . If momentum as well as energy is to be conserved, it is of course 
only the energy of this relative motion which is available for excitation It 

Zl°T Ver ru y t0 866 8implC conditions for preservation of the 
Is energy imp ° 88ible Unless the y conserve momentum as well 
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Case ( b ). Transference of excitation. This case is very similar, but the 
direct and reverse processes are now practically identical. We start with the 
system of type 0 normal (^o (1) )> and the system of type 1 excited (r/ 2 ^, and 
end with the system of type 0 excited (y 0 (2) ), and type 1 normal (iq (1) ), and 


conversely. The equation of relative energy is now 

V +(Vo)i 2 = V + (Vi)i 2 > (1916) 

and the condition of detailed balancing as before 

( ro o)i (^i)2V^i 2 (v) = (® 0 ) 2 (®i)i v'S 2 l (v')> (1917) 


subject to (1916). One or other of the S' s will be zero for a range of relative 
energies less than a definite limit depending on the relative sizes of (^ 0 ) 12 
and (^7! ) 12 . As before these relations follow from the preservation hypothesis 
only, if there are no added complications. 

§17*5. Practical applications of the theory of inelastic collisions. Some 
direct consequences of the hypotheses of preservation and detailed balancing 
have been developed in the foregoing sections. Quantitative applications 
require exact knowledge of one of a pair of S' s or target areas, but the mere 
qualitative knowledge that one S is not zero implies that the other S is also 
different from zero, and this leads to the recognition of the existence of 
processes which might otherwise have been overlooked. In the hands of 
Franck and others the theory, mainly used qualitatively, has been of first- 
class importance in the interpretation of a variety of phenomena, some of 
which we shall mention briefly. 

The most striking of such qualitative confirmations of the theory is 
provided by the work of Cario* on the excitation of special lines in the spectra 
of thallium and silver by illuminating a mixture of the vapours of mercury 
and thallium or silver with the resonance radiation (A 2536) of mercury. It 
was possible to show with certainty that the thallium or silver lines were 
excited when and only when excited mercury atoms were present in the 
mixed vapour, and the energy relations were such that this may be regarded 
as a complete proof of the process (6) of excitation discussed in § 17-41. It 
was shown further that the thallium lines must be emitted by abnormally 
swiftly moving thallium atoms, in virtue of their very small absorption in 
the thallium vapour. This confirms in a general way the laws of conservation 
of momentum in the process of excitation . For some energy is left over when 
the excitation is transferred and can only be used up in increasing the 
relative kinetic energy, and so on the average the actual kinetic energy of 
both atoms. These studies of excitation have also been extended to other 
atoms such as Cd, Na, In, Sb and As. 

* Cario, Zeit. /. Physik, vol. 10, p. 185 (1922); Cairo and Franck, Zeit. f. Physik, vol. 17, p. 202 
(1923); Donat, Zeit. f. Physik, vol. 29, p. 345 (1924). 
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In addition to this it has been shown by Franck, and Cario and Franck, in 
other papers that excited mercury atoms can probably dissociate H 2 . These 
authors have also accounted for many of the effects of pressure, in particular 
the effects of foreign inert gases on the resonance spectra of mercury, sodium 
and the iodine molecule. The strength of the resonance radiation emitted in 
these gases is greatly reduced by too high a pressure or by the presence of an 
inert gas. The energy of excitation is used up in superelastic collisions instead 
of in re-emission of the resonance line. The same authors have also given a 
theory of the red sensitization of photographic plates by a red-absorbent 
dye. All these phenomena are intimately connected with the foregoing 
principles.* The same ideas are of importance in a discussion of the 
mechanism of excitation underlying so-called unimolecular gas reactions. 

§17-6. The process of ionization by electronic impacts. We shall again 
start with fixed atoms, equivalent to atoms of infinite mass. We know that 
processes exist in which an ^-electron (or a-particle) can knock another 
electron out of an atom provided that r? > rj 0 , where Vo is the energy necessary 
to remove this electron. This process of ionization can certainly occur when 
f] only just exceeds r) 0 , so that the process can occur without the emission 
of any radiation, nor need radiation be absorbed. The rest of the energy 
V-Vo can be distributed in any manner between the two electrons after the 
collision. Coupled with this process of ionization there must be some process 
of capture which for all values of the temperature and concentrations will 
preserve the laws of dissociative equilibrium. The only possible process of 
capture is, after §17-1, a collision of three bodies, two electrons and one 
ionized atom in which the two electrons so interact that one of them is 
bound by the atom and the other is thrown off with the kinetic energy of 
both before collision and the ionization energy t 1o thrown in. If the super- 
fluous energy is not to be radiated it can only be carried off by at least one 
other material body ! 

We again start classically. The number of impacts by ^-electrons on atoms 

with their line of impact between p and dp is given by ( 1 898). Let us suppose 

that the only possible result (other than trivial elastic collisions) is ionization 

(provided rj > Vo ), after which there will be two free electrons, a new £- 

electron and the old one, now an (r, - Vo - ^-electron. It is necessary that 

V Vo-£^0. Let T.^(pX,-n)d^ be the probability that such an encounter 
gives rise to a new £ -electron. If we introduce the function 


s iHC,y)-2n pZ^lpX.-njdp, (1918) 

922^ anCk ’ Ze,L/ ' Fhy,ik ' V01 ' 9 ’ P - 259 (1922): Franck and Cairo - &"./• Physik, vo], 11, p. ] 
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then we find that the total number of such collisions is 


[17-6 



p(v) d v ■ Si 2 (Lv) d C 


(1919) 


The total rate of production of ions in this way must be obtained by inte- 
grating w ith respect to £ from 0 to r/ — t] 0 , and then with respect to rj from r) 0 
to infinity. There is a simple physical meaning for 


v~v« 

0 


s AC,v) d C- 


It is the mean effective collision area for ionization by ^-electrons. Equation 
(1919) obviously continues to hold in quantum mechanics when we can 
distinguish between the incident and ejected particle. 

The reverse three-body process can be similarly formulated. Consider 
first of all an ionized atom in process of being hit by a ^-electron on a line 
of impact between p x and p 1 +dp 1 . There are 

v 2 . 2np 1 dp 1 . p(£)d£ 

of these occurrences per unit volume per second. The other electron is to 

enter into collision on a path on which (if undisturbed) it would reach its 

apse at a time between r and r + dr seconds after the first electron reached 

its apse. With every collision with a ^-electron there is therefore associated 
a volume ^ 

(m) dr - 27T P2dP2 


in which a ^-electron may lie, whose passage through its apse on a p 2 ~^ ne 

of impact w ould occur in the specified interval. The number of ^-electrons 
in such a volume is ^ 

dr . 2rrp 2 dp 2 . p($)d{. 

The number of three-body collisions in which ^-electrons and ^-electrons 
on p x - and ^ 2 *^ nes °f impact and time difference r are concerned is therefore 

V 2 ‘ ( m ) P(£) d £ - 27T Pi d Pi- 27T P2 d P2 d T. 

(1920) 


This number has been so specified that it disregards the relative directions 
of the line of impact of the electrons and the atomic orientation. Averaged 
over all such directions and orientations there will be a certain definite 


probability 


W(Pi,P 2 ,r,C,£) 
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that any one of these collisions will lead to a successful interaction in which 

the {-electron is bound and the {-electron thrown off as a (£ + £ + v )- 
electron. Writing 0 



(PvP2,r,U)dr = S 2 \U), 


...(1921) 


which will then be a purely atomic function of dimensions [Z] 4 [7 V |, we can 

express the number of successful triple collisions in which a {-electron is 
bound by the interaction of a {-electron in the form 




ti£)d£-8S(U)- 


(1922) 


These collisions each create a neutral atom and a ({ + { + ^-electron at the 
expense of an ion, a {-electron and a ([-electron. Equation (1922) continues 
to hold in quantum mechanics when we can distinguish between the 
particle bound and the particle rejected in the collision. 

The appropriate law of dissociative equilibrium is, after (479) and (1643) 





(27rmkT)* 2 w 2 
h 3 zd x 




(1923) 


I* the su SS ested processes form a possible mechanism they must preserve 
(1923) subject only to a purely atomic relation between S 2 and S 2 \ which 
turns out to be very simple. On the hypothesis of detailed balancing we 
must equate at once, subject to (1923), the numbers (1919) and (1922) with 
the proper relation between ., { and {. This means that we must write 

« t f0r V ^ (1919) and id6ntify the in the two expressions. We 
then hnd after a simple reduction that the relation between S 2 and S 4 
must be 1 2 


(Vo + C + £) SS(t, Vo + { + {) = HWU) (allC,£), ...(1924) 

s A£,v) = o (v<-no+0- 

It i, however not without interest to see once again how far one can get on 

s h Z 8u PP°sing that this process of ionization 

s the only process of the type that is acting. 

Consider first the preservation of the electron distribution law for 

bv C |T’ C<Vo ^ y the P rocess of ionization new {-electrons are produced 
by .-electrons at the rate (1919) and the old .-electrons are converted to 

rate of production of {-electrons in £ XZs 1^“ 

Vl (m) fJ -W dr ){ S i 2 (Z’V) + S 1 2 (r ,- Vo -{,.)}<*{ (.>.„ + {), 
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and otherwise zero. The total rate of creation of ^-electrons is therefore 

r (~) { S i 2 (C’V) + S Av-Vo-C>v)}p(v) d V •••(1925) 

per unit volume by the ionization process. This holds for all £, but when 
£ < Vo there is no destruction of ^-electrons by this process. 

Taking now the capture process we see at once that it creates no ^-electrons 
(£ < Vo)’ f°r the resulting free electron has always an energy greater than -q 0 . 
It destroys each time both a £- and a ^-electron. The number of ^-electrons 
destroyed by binding (£-type) is therefore 

£,i£ J„” (5)* 

The corresponding number destroyed by conversion into fast electrons 

(f-type)is / 2 n* r» / 2 fi\i 

i) («) 

The total rate of destruction of ^-electrons per unit volume is therefore 

l ' 2 (S) i/i(Oc ^/ 0 ° + ...(1926) 

for all values of £. For preservation of the distribution laws for £ < rj 0 we 
must therefore equate (1925) and (1926). When we use the laws of the 
equilibrium state the resulting equation reduces to 

* e~ alkT (Vo + £ + «) {S*(£ 9 ri 0 + £ + a) + S x *( a,^ + £ + a)} d a 

= 16 ^' JV^aflS^.oc) + ^ 1( a,£)}da (£<,„) (1927) 

This holds for all T , and it follows at once from the Lemma that we must have 
(Vo + 5 + °0 WU + ^ + a) + S^cc^q + £ + a)} 

= ^««) + S 2 >,£)} (1928) 

for all a and all ^<rj 0 . 

It is necessary in addition that the rates of production and destruction 
of atomic ions should balance. The condition is easily obtained. It is 

, J" ” (5) >n 

(1929) 

which reduces with the aid of the lemma, and the laws of the equilibrium 
state, to 

(vo + «) r + «) d z= r ^ «<« - o s m>« - £> # w a) - 

1 0 (1930) 
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This condition however is not entirely new. For if we write a — £ for a in 
(1928) that equation becomes 


(Vo + °0 {Si 2 (t>Vo + °0 + ^i 2 ( a ~ £>Vo + a )} 

I6nmm 


w l h 3 




If both sides of this equation are integrated with respect to £ from 0 to a, 

it reduces to (1930), which will therefore be satisfied in virtue of (1928) 

when (1928) has been established for unlimited £. 

It remains to consider the electron balance for £ > r) 0 . Expressions (1925) 

and (1926) still give the rates of creation by ionization and destruction bv 

capture. There is now in addition a destruction of £-electrons by ionization 
at a rate 



2£ 

m 




^i 2 (a,£)da, 


(1931) 


equal of course to the rate of formation of ions by £-electrons. There is also 
creation by capture. The first argument of S 2 1 ( a,£) refers to the electron 
that is bound. The energy of the electron left free on binding an a-electron 
in interplay with a ^-electron is £ -f a + rj 0 . If therefore £ -f a + rj 0 = £, we 
have to sum over all triple encounters of the type 

a,£-<x-77 0 (0 < a < £ — rj 0 ) i 

and shall so find that £-electrons are created at a rate 


{ -*/2a\* 2(£ — a — t^o) 


o 


m 


m 


M(«) S 2 1 (x,C- a - Vo ) da. . . .( 1 932) 


The electron balance equation now contains four terms, and equates (1925) 
plus (1932) to (1926) plus (1931). But on account of (1930) the extra terms 
(1931) and (1932) balance by themselves. For they will so balance if 


C 




-V(«>Dda = 


ICmnzDo f 


a (£ a ^o) — rj 0 )doL y 


which is (1930). 

The hypothesis of preservation therefore demands only the necessary 
and sufficient condition* (1928) for all « and £; the hypothesis of detailed 
balancing requires the somewhat more restrictive (1924). But we have 
carried through the analysis quasi-classically to this extent that we have 
all the time assumed that the two particles (electrons) concerned are dis 
tinguishable. When the two particles are both electrons, which is the case 
here discussed this is not correct, and the necessity for using antisym- 
metncal wave-functions in the interaction calculation brings in all the effects 

(1923^75 giVe “ COmP ' etely COrr<iCtly ^ R ‘ BeCter ’ Ztit '- vo >- 18, P- 325 
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of electron exchanges. It is impossible to propose any formula such as (1919) 
for the number of collisions in which an incident 77-electron knocks a £- 
electron out of an atom and itself becomes an (77 — 77 0 — ^-electron. We can 
only propose a formula for the number of collisions in which an 77 -electron 
is incident on an atom and £- and (77 — 77 0 — ^-electrons emerge. If we change 
the notation and consider collisions in which an (770 4- a 4- £) -electron pro- 
duces £- and a-electrons, then the number of such collisions could be written 


2(770 -f a + 0 


m 


f*(Vo + * + £) IA 2 (^0 + * + £) + V( a,T7o + a + £)] <££, 


the terms in [ ] having no separate meaning. In the same way it is not 
possible to distinguish in recombination collisions between the bound and 


rejected electron, and only the expression [*V(£,a) + ^(a^)] retains a 
meaning. When allowance is made therefore for the indistinguishability of 
the electrons, we shall arrive at (1928) on the basis either of detailed 


balancing or of preservation. The really correct form of the relationship 
between the target areas for ionization and recombination is obtained by 
casting (1928) into the form 


(^0 + £ + a) + £ + a) = 


i07rmzD 2 


i * 3 


a C S 2 1 (£,a); (1933) 


Sj 2 is the target area for ionization by an (770 4 - £ 4 - a)-electron with the pro- 
duction of a pair of a- and ^-electrons; S 2 * is the “target ” for recombination 
under simultaneous bombardment by uniform isotropic streams of a- and 
^-electrons. 

After these illustrations we shall confine further analysis to the hypo- 
thesis of detailed balancing, since we know that this condition is in fact 
fulfilled. The examples given suffice to show that detailed balancing is not 
a necessary consequence merely of the existence of an equilibrium state. 


§ 17-61. Approximate form of the target areas S^^rj) and S 2 l (£, V ). Values 
of S 1 2 (£,r)) and S 2 l (£,rj) can in principle be derived directly from quantum 
mechanics, and many such calculations have in fact been made. It is 
however very difficult to make such calculations except to rough approxi- 
mations, and seldom that the results can be cast into a closed analytical form . 
It is therefore perhaps still worth while to put on record the result of the 
classical theory of Thomson* and Bohrf for S ± 2 (CfV) and the derived result 
for aS' 2 1 (£, 77 ) ; the classical theory is in fair accord with the observations on the 
ionization produced by /Trays, and with /Tray ranges. 

If for the moment p denotes the distance of the line of impact of the 


* J. J. Thomson, Phil. Mag. vol. 23, p. 449 (1912). 
t Bohr, Phil. Mag. vol. 24, p. 10 (1913), vol. 30, p. 581 (1915). 


I 7 ' 7 ] Classical Ionization Target Areas 691 

77 -electron from the electron, which is to be knocked out of the atom and 
become a ^-electron, there is (classically) a precise relation between this 
p and C, namely* e* / v \ 

p 2 = Ark r 1 )’ < 1934 > 

, 7T-6 4 d£ 

■ < 1935 > 

This is the effective target area of the present theory for each electron 
of ionization potential rj 0 . In the notation of the preceding section 
^1 2 (vXy^)^ — 1 f° r this area and is otherwise zero. Thus 




7 re 


V ( C + Vo ) 2 


(1936) 


(1937) 


for each electron. For the process of capture we deduce 

£ ■(£,<*) = — lF — _ ne * 

2 ™™izD 2 oLC(t + Vo y 

This makes the mean effective “time-(area) 2 ” for capture tend to infinity as 

a^0or(->0. This means that very slow electrons are very good at being 
caught or at helping the capture of others. 


31//. general Jrequency relations far 2- and 3-body encounters leading to 

dissociation and recombination. We shall now reformulate the results of the 

preceding few sections accurately for bodies of comparable masses. We have 

already sufficiently analysed a 2-body encounter; we have now to extend 
this analysis to 3-body encounters. 

The nature of any encounter can only be a function of the relative motion 
of the systems, and the motion of the centre of gravity of the systems will 
be unaltered by any interaction in which momentum is conserved. For an 
encounter of 3-bodies we therefore write 

{m 0 + m 1 + m 2 ) U = m 0 u 0 + m 1 u 1 + m 2 u 2 

£i = u 1 — u 0 etc. 

£ 2 = U 2 U Q 

These equations can be solved at once for u 0 , u x , u 2 , and we find 


(1938) 


= 1 , 


(1939) 


d(U,£i,£ 2 ) 

3(m 0 ,Mi,m 2 ) 

m o m 0 2 + rn x u? + m 2 u* = (ra 0 + + m 2 ) U 2 

1 

m 0 + m 1 + ra 2 + ™ 2 ) ~ 2m x m 2 ^ £ 2 + 7w 2 (m 0 + m x ) £*}. 

(1940) 


+ 


Soc. vol. 21, p. 521 (1923). 


* See, for example, R. H. Fowler, Proc. Camb. Phil. 
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We shall use similar equations for the other components, and 6 for the angle 
between V lt (fx.r/M and V 2 , (f 2 , V2 ,( 2 ). 

Now the number of triple combinations in which systems of types 0, 1, 2, 
masses m 0 , m 1 , m 2 and velocity components u 0 , u lt u 2 , etc., lie simul- 
taneously in volume elements da> 0 , dco lt da> 2 is by the usual formula 

(iTt m m 

‘'o — ° l e- vlkT do 0 do 1 do 2 dw 0 d Wl du> 2 , (1941) 

( 'Ztt fc 1 ) - 

where 


V = i m o( u o 2 + v o 2 + w o 2 ) + h m \( u i 2 + V + u\ 2 ) + lm 2 ( u 2 2 + v 2 + w 2 2 ). 
Using the substitutions of the preceding paragraph this reduces to 


^0 *1 ^2 


7^T exp i 2 IcT 


r__i 

L 2k‘. 


(m 0 + m 1 + m 2 ) (U 2 + V 2 + W 2 ) 


+ 


1 


m 0 + m 1 + m 2 


[m 1 (m 0 4- m 2 ) V x 2 — 2m 1 m 2 V 1 V 2 cos 6 


-I- m 2 (m 0 H- m 1 ) K> 2 ] j J da> 0 dco l dtu 2 dU ... d^ 2 (1942) 


General 3-body collisions may be classified according to the position of 
the lines of impact of bodies 1 and 2 on body 0 (asymptotes of orbits) and 
the time interval between the instants at which the undisturbed relative 
orbits of (1,0) and (2,0) would bring these pairs closest together. To obtain 
the number of triple collisions per unit volume per unit time in which the 
lines of impact of 1 and 2 on 0 lie between p x and p Y + dp x and p 2 and p 2 4- dp 2 
with a time interval between r and r 4 -dr we take 


dcu 0 = 1, dcu 1 = 2np 1 dp l V 1 , da> 2 = 27rp 2 dp 2 V 2 dT (1943) 


We next change (1942) into spherical polar coordinates for the relative 
velocities, using the direction of V x as the polar axis from which to specify 
the angles defining the direction of V 2 . Then 


d£ x ...d£ 2 = Vj 2 dV l sin (pdt/jdxV 2 2 dV 2 sin 6 dOd<f> (1944) 

We are only interested in the relative configurations of the orbits, specified 
by Pi , Vt. > T > K > ^2 > an< ^ 0* ^e other variables may be eliminated by inte- 
gration. We then find that the number of collisions so specified is 


Stt 2 v 0 v 2 


{m 0 7n 1 rn 2 l (m 0 -f m l -f- m 2 )}% 

(27 rkTf 


x exp 


r m 1 (m 0 -f m 2 ) V x 2 - 2m 1 m 2 V 1 V 2 cos 6 + m 2 (m 0 + m x ) V 2 2 l 
|_ 2 (m 0 + m 1 + m 2 ) kT J 


x 27Tp 1 dp 1 27Tp 2 dp 2 dTV 1 2 V 2 z a\n9dV 1 dV 2 dd . 


(1945) 
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The process of capture is a triple encounter of this type resulting in a 

radiationless union of the bodies 0 and 2. The relative motion of (0,2) and 

1 is to take off the superfluous energy. If Z 2 l (p v p 2 ,r ^,9,1^) is the probability 
of this event, and 


J oo C 00 I* 


then the rate of captures per unit volume of the (^,0,1^) type is 

8 ” 'Wa L (2nkT? —S i '(V 2 ,9y i )e-vi>‘W 1 W*sm9dV 1 dV 2 de. 

(1947) 

In this formula v is the energy of the relative motion before the event, which 

is given explicitly in [ ] in (1945). The energy of the relative motion of the 

2-body system (0,2) and 1 after the event is r, + Vo , where Vo is the energy of 
dissociation of (0,2). 

By analogy with (1861) the number of 2-body collisions of type (p,V) 
between (0,2) and 1 per unit volume per second is 

* r mi(m 0 + m 2 )V 2 


477^02 v. 


(ra 0 -f -m 2 )m 1 


( 27rkT(m 0 + + m 2 ) J 


exp 


2(ra 0 -f -m l + m 2 )kT 


t 


(1948) 


The suffix 02 refers to the body (0,2). These collisions are effective if they 
result in the dissociation of (0,2) into 0 and 2. There are then three bodies 

moving with certain relative velocities and the type of collision depends 
on the distribution of the available energy. Let 


~^~^i 2 (PMV)V 2 sin9dV 2 de 


(1949) 


1 J ab !‘ ty that a b ° dy 1 With relative velocity V will so break up 

( ,2) that 2 is thrown off with velocity between V 2 and V 2 + dV 2 relative to 0 

and in such a direction that the angle between V 2 and the velocity V, of the 

body 1 relative to the body 0 after collision lies between 9 and 9 + d9 If V 

^wh SPeCified> th6n Fl ^ determined by the ovation of 


1 W lK + »l;) 

2 m 0 + m, + m. 


V 2 


= Vo + 


l m 1 (m 0 + m 2 )V^ — 


We now write as usual 


2m 1 m 2 V 1 V 2 c >s 9 + m 2 (m 0 + m l ) V 2 8 
m Q + m x + m 2 


(1950) 


^i 2 (^,0, V) = 2t7 J ” P E , 2 dp. 


(1951) 
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The number of dissociations of type (V 2 ,6, V) per unit volume per unit time 
is therefore 


* 7TV 02 V l 


(m 0 -f m 2 ) m. 


27rkT(m 0 + m 1 + m 2 ) 




x exp 


+ -1 ■ inedVdVde 
2(m 0 + m 1 + m 2 )/cTj 2 2 


(1952) 


Let us now assume that there is detailed balancing. Then we must assert 
here that if the F’s are related by (1950) the expressions (1952) and (1947) 
must be equal. The resulting relation between S 2 X and S x 2 refers only to the 
process (0,2) 0 -f 2, each body being in a unique internal state before and 

after the interaction. To see that the process preserves the equilibrium laws 
with a purely atomic relation between S 2 X and S^, we must consider the 
equilibrium laws for just such a reaction. For bodies with more than one 
internal state, including in this strictly speaking both internal oscillations 
and rotations, the equilibria of the separate states must be discussed with 
separate coefficients S. For the bodies here considered the law of dissociative 
equilibrium, after (479), takes the form 


^2 


V 


02 


m 0 rn 2 

772 o + 772 2 


1 (2 irkT)* a 0 w 2 bT 


h 3 


ZD 


(1953) 


02 


Inserting this value of v 0 v 2 /v 0 2 in the equation balancing (1952) and (1947) 
we find 




m 2 \ 2 2ma 0 m 2vv ^ y ,6,V 1 )dV 1 (1954) 


ZD 02 h 3 


On differentiating (1950) we find 


id, 


using this in (1954), 


VdV = V l dV 1 (^l 

1954), 


772 


v 2 


772 


0 


T7 cos 0 
+ m 2 V x 


(1955) 


V 2 S 1 2 (V 2 ,O f V) 


1 


772 


V 


772 o -f 772 2 Fj 

,772 


2 COS 0 


/ 

\ 772qH 


2 

+ 772 


2 27TTD °^ Vl 2 V 2 2 S 2 '(V 2 ,0, Vl ) 

ZD 02 fl 


(1956) 


An important special process of this type is ionization, in which m 2 is 
negligibly small compared with m 0 . In that case when the body 1 is of 
atomic (not electronic) mass classical dynamics requires that V 2 < 2V, while 
\\ arid F are only slightly different. Thus V 2 j\\ is of the order unity at most, 
zd 2 =2 and the { } reduces to unity. Thus (1956) becomes with sufficient 

accuracy 


4 77 277 r, 772 o 2 


V 2 S 1 2 (V 2 ,6,V) = - -™ 0 " 2 VSVJSJMAVJ, 

ZDq 2 !1 


(1957) 
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with the energy relation 


1 T79 1 m 0 ?n 1 ... t _ ro 

o — V- 1 - V 2 = rj 0 + - — V + \m 2 V 2 (1958) 

2wi 0 + mj ,u 2rw 0 -f 1 * 2 2 v ' 

These equations are the result of ignoring the momentum of the electron in 
the equations of conservation. 

Now that 0 no longer appears explicitly in ( 1 957) and ( 1 958), it is possible 

and often convenient to reformulate these relations more in accord with the 

relations of the earlier sections, where both the bodies 1 and 2 were electrons. 

We recall that is the fraction of all (p^p^r-V^O^)- 

collisions that result in capture. The derived function /S^Ij.fl,!') is the 

“target" ([L]*[T]) for (F 2 ,0,F,)-coIlisions to be successful, and so leads to 

the number of successful (I 2 ,0,Fj)-collisions when these are distributed at 

random in p 1 ,p 2 and r. If is the mean value of this with respect 

to 6 , so that i 


S 2 l * 


S^iV^Oy^sin Odd, 


(1959) 


then S 2 1 * is the [L]*[T] “target” for successful (F,, ^-collisions distributed 
at random in p 1 , p 2 , r and d. 

In a similar way ’Li t (p\V 2 ,e,V)m 2 V 2 s\nddV 2 dd is that fraction of (p,V)- 
collisions which result in (FiAFjJ-relative motions after causing dissociation. 

Then <V(r 2 ,0 > F)7H 2 r 2 sin0rfI^0 

is the [ L ] 2 target for F-collisions distributed at random in p to have the 
result specified. If finally 


l 


then S 1 2 *m 2 y 2 dV 2 is the target for F-collisions distributed at random inp to 
have (V 2i V x ) relative velocities after dissociation. The complete ionization 
target for F-collisions distributed at random in p is 


(V.) 


0 


max 


S^*(V 2 ,V)m 2 V 2 dV 2 . 


(1961) 


The relation between S x 2 * and S 2 l * must be 


V 2 S i 2 *(F 2 ,F) 


S7TZD 0 m 2 2 

uj 02 h 3 




(1962) 


With the energy relation (1958). Expressed in terms of energy (1962) is 

identical with the formula (1924) for electron impact. It is easy to see that 

all the formulae of this paragraph which contain £’s but not I’s retain 
their validity in quantum mechanics. 

It is beyond the range of this monograph to discuss the detailed forms of 
these target areas. 
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§ 17 71. The laws of detailed balancing for general collisions . It is perhaps 
worth while in conclusion to consider a very general formulation of the laws 
of detailed balancing for collisions given by Dirac,* which brings out the 
main features better than the discussion of § 17-7. 

We start by observing that in its ordinary form Maxwell’s law for the 
density-in-velocity or density-in-momentum of systems per unit volume 
is invariant for a transformation from any set of axes to another moving 
relatively to the former with constant velocity. For relative to the old axes 
the densitv-in-momentum is 


f= Ae~ <p2 + p * i + p s 2)I2rnkT , 

and if the transformation is pf =Pi + 8, then relative to the second set the 
density-in-momentum is 

f = ,4 e-KPi^+Pi^Pj^mJfcr 


which is unaltered (/=/'). 

We then consider a general encounter between n material systems in 
which the rth system has initially a momentum in a region (dp 1 dp 2 dp 3 ) r , 
and in which as a result of the encounter n' material systems leave the 
scene of action, the rth having a momentum in a region (dp 1 'dp 2 'dp 3 ') r . 
A material system may be of course any molecule, atom, or ion in any 
specified stationary state, or a free electron, but not here a quantum of 
radiation. The n' systems must have the same material constituents, but 
recombined in any manner whatever. The velocity of the centre of gravity 
of the systems both before and after is C. We then transform to a frame of 
reference in which the centre of gravity is at rest, and use a zero suffix to 
distinguish quantities measured in this frame, which we call the normal 
frame. If we assume for the present that the momenta before and after 
the encounter are all independent, the number of such encounters per unit 
volume per second will be of the form 

[n f r (d Pl dp 2 dp 3 ) r l .<f>.h(d Pl 'dp 2 'dp 3 ') r , (1963) 

L i Jo i 

where </> is an atomic probability coefficient which must be independent of 
T and C and depend only on the momenta of the systems in the normal 
frame of reference both before and after the encounter. It is unnecessary 
here to analyse </> further. It must be supposed to contain the velocity 
factors for the speeds with which the various systems approach the scene 
of action. In the same way the corresponding number of reverse encounters is 

• 4>’ ■ n (dp^p^dp^r 

* Dirac, Proc. Boy. Soc. A, vol. 106, p. 581 (1924). 


(1964) 
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By the principle of detailed balancing we may equate these two expressions 
and obtain r r , , , 

[/l • • •/ n]o 4 = [/l •••fn' ] U 4 • ( 1 965) 

Our provisional assumption that all the momenta are independent is not 

true. There are at least seven relations (energy, and zero momenta in the 

normal frame before and after the encounter), and there may be more in 

special cases. We can allow for this most simply by making <f> and 4>' zero 

except when these necessary conditions are fulfilled. There will then be fewer 

ifferentials in (1963), but on account of the complete reversibility the same 

differentials will drop out of (1964), and (1965) will remain generally true 

it we now transform back to the frame in which the whole assembly is at 

rest, owing to the invariant property of Maxwell's law, we find the general 

collision relation , , , , „ ,, , 6 

flf 2 "'fn*!* ~f if 2 •••/„'<£'. (1966) 

Now if Nj , F n are the partition functions for the internal energies of 

the corresponding systems, and „„ their total concentrations, then, 

m the equilibrium state, 


fi f 2 • • • f n — 


_ W l • • • 


• • • 


V 


n 


j F, F 

1 ••• r n 


If (27 Tm r lcT)i 
1 






•* V }/ 


kT 


With a corresponding expression fovffff There is also the equation of 
dissociative equilibrium 


and the energy equation 

1 


/ 


2k + 
1 


n 


' / 


2mr (Pl 2 +P2 2 +P3 2 )r\ = X‘ 


1 


' • \ w 

Combining these equations we find the relation 


+ 2 ^? (Pi 2 +P 2 2 


4' _ cq ... m n 


4 




(h 3 ) 71 ' 


—n 


(1967) 


The relationships of the preceding sections are special cases of (1967) in 
andV * 6 COefficients S have been defined somewhat differently from <f> 

§ J 7 ' 8 / Lawa °f interaction of gaseous molecules with solid walls We can 

S y tfe G gC " eraI f ar f ments of § 1712 to show that collisions of molecules 

preservineThe l h C ° ntaining Z eS8el must separately be capable of 
P eserving the equilibrium state. For the equilibrium state of the gas is 

an b d de r s the «>f 

can. He shows, He deduced fro/ the £op«£ oTthewS ° ^ 
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independent of the shape of the enclosure containing the gas, and by vary- 
ing the shape of the enclosure the relative importance of the surface can be 
varied independently of all other parameters. Collisions with the walls 
vary in frequency as the surface multiplied by the molecular density and 
therefore differently from collisions between molecules ([density] 2 ) or radia- 
tive effects (density). 

We have already made use of this principle in discussing the relation 
between the emission and absorption of electrons at a metal surface in 
§11*31. It will therefore only be necessary to generalize the analysis of that 
section here. If the gaseous phase is practically perfect, and contains a set 
of systems (atoms, molecules or electrons) at concentration v, then the 
number of such systems with velocities between c and c + dc which strike 
unit area of any solid surface per unit time in a direction within a solid angle 
d£l at an angle 9 with the normal to the surface is 


^( 2 ^t ) c3e ~ mc * ,2kT cos &dcdQ. 


(1968) 


This is the number of such systems which is destroyed in unit time by unit 
area of wall. By the same reasoning an equal number moving in the reverse 
direction must be thrown off by the wall in unit time in order to preserve 
equilibrium. 

As we are no longer dealing with single atoms and molecules we can no 
longer argue that elementary processes must be independent of the tem- 
perature. 

In very high vacua collisions with walls are all important in controlling 
the equilibrium state, and a series of researches notably by Knudsen*> 
Millikanf and Langmuirf have been undertaken to elucidate the properties 
of the equilibrium state and steady non-equilibrium states under such 
conditions. These investigations have thrown much light on the nature of 
the mechanism which we call “collision with a wall”. The conclusion is 
that in general the greater part of the molecules striking a solid surface 
actually condense on the surface (stick to it) for a limited period and are 
then thrown off again. Their direction and velocity of ejection will then 
naturally have no connection with their direction and velocity of incidence. 
If this idea of complete lack of correlation is correct, then the molecules 
evaporating must be thrown off by the wall at a rate given by (1968). This 
is a conclusion of considerable importance in the researches quoted. It 
embodies what is known as Lambert's law of diffuse reflection. It contains 

• Knudsen, Ann. d. Physilc, vol. 28, pp. 75, 999 (1909), and a series of other papers up to vol. 
34, p. 593 (1911). 

t Millikan, Phys. Rev. vol. 21, p. 217, vol. 22, p. 1 (1923). 

X Langmuir, Trans. Far. Soc. vol. 17, pp. 607, 621 (1921). 
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however more information than Lambert’s law which refers only to dis- 
tribution with angle. When we study steady states in which we have no 
longer a temperature equilibrium, the T in (1968) ceases to have a definite 
meaning. The general form of the molecular emission law may be expected 
to hold good, but T becomes a parameter determined by the temperature 
of the incident molecules and the temperature and other properties of the 

wall. A great part of Knudsen’s researches deals with particular cases of 
this type. 

In other cases we have evidence, from the rate of transfer of momentum 
to the walls during steady states of flow, that an appreciable fraction of the 
incident molecules do not condense, or at least do not communicate momen- 
tum to the wall on impact. In such cases it is usual (and probably adequate) 
to describe the interaction by means of an accommodation coefficient / 
which is such that the interaction proceeds as if the fraction / of all the 
incident molecules condenses on impact and 1 -/is reflected according to 
the laws of reflection of light (“specular reflection ”). It is easy to see that 

specular reflection also conserves (1968). It is usually assumed that f is 
independent of c and 0. J 


here is good evidence for condensation and consequent uncorrelated 
e-emission obeying (1968). Beside this perfectly diffuse reflection the only 
s mple types of reflection which preserve (1968) are perfectly specular 
eflection and reflection by direct reversal of path. The latter is physically 

fectlvlffu S' ? rmer h \ S Und ° ubtedl y been use d to supplement per- 
fectly diffuse reflection on the ground of its simplicity. A more correct 

analysis would doubtless fuse both the perfectly diffuse and perfectly 
specular reflections together into a single law with a varying coreelation 
between the direction of mcidence and all possible directions of re-emission 
It would present no difficulty to formulate such laws satisfying (1968) but 
at present they do not appear to be of interest. 8 ’ t 



CHAPTER XVIII 

CHEMICAL KINETICS IN GASEOUS SYSTEMS 

§18 1 . General nature of reactions in gaseous assemblies .* When gases 
which undergo a chemical reaction are mixed, it is natural to look to the 
collisions between the reacting molecules for the source of the rearrange- 
ments thatoccur. The ideas and the formulae of the preceding chapter should 
t herefore enable a satisfactory account to be given of those gaseous reactions 
which do not depend observably on radiation, f and proceed sufficiently 
slowly for the calculation of collisions by the equilibrium theory to be applic- 
able. Classical statistics can always be used. We shall see that this expecta- 
tion is in general fulfilled, but there is at least one quite exceptional example 
in explaining which the theory is severely strained. It is possible that some 
other considerations may enter. 

Let us start by defining more closely what we mean by “sufficiently slow ” 
for the reactive collisions not to upset the numbers of collisions calculated 
on the equilibrium theory. All reactions of course proceed to their equili- 
brium point, at which all the considerations of the equilibrium theory must 
a pply. But in chemical kinetics we are concerned with the speed of un- 
balanced reactions proceeding primarily in one direction, and it is these 
which we try to record by observation. In order to calculate such speeds 
from the equilibrium theory we have to assume that certain types of 
collisions are effective, and that these types occur (in spite of the one-sided 
reaction) with a frequency corresponding to that which would be deduced 
from the properties of an equilibrium state. It will be best to examine the 
requirements of this condition in the various special cases discussed. 

In the examination of a gaseous reaction the first point to be established 
is that it is a reaction between gases (homogeneous reaction) and not a 
reaction occurring primarily between gas molecules condensed on the walls 
of the containing vessel — catalysed by the walls — (a heterogeneous re- 
action). We shall only discuss homogeneous gas reactions here: hetero- 
geneous reactions are more naturally discussed as part of the kinetic theory 
of surfaces. Though catalysis by the walls dominates the great majority of 
apparently homogeneous reactions, quite a considerable number of simple 
homogeneous reactions are now known. A selection of those that are know n 

* For a general account see Hinshelwood, The Kinetics of Chemical Change in Gaseous Systems 
ed. 1 (1926), ed. 3 (1933). This chapter is based almost entirely on Hinshelwood's book. I do not 
however agree with his conclusion that in some cases all collisions with sufficient energy lead to 

reaction nor with the derivation and use of some of his formulae. 

f The best known example of a photosensitive reaction, or photochemical change, in gases is 

the reaction H 2 + C1 2 -+■ 2HC1 under the influence of visible light. 
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to be simple and homogeneous, for which the velocity of a perfectly definite 

molecular event can be and has been observed, are described in detail by 
Hinshelwood.* 

Having established the homogeneity of a reaction, its velocity is studied 
as a function of the temperature and the concentrations. The dependence 
on the concentration generally classifies the reactions into different orders 
of which we need only consider two here, namely: 

First order or unimolecular reactions, with a velocity proportional to the 
concentration so that » 

~ir Kv ' ( 1969 ) 

where k depends only on the temperature. 

Second order or bimolecular reactions, with a velocity proportional to the 
square or product of the concentrations so that 


dv 2 dv x dv 2 

-di = KV ° T (1970) 

and k again depends only on the temperature. This function * is called the 
velocity constant of the reaction. These equations of course only hold before 
the products of the reaction interfere in any way such as by beginning the 
reverse reaction. But k is usually measuredf under conditions in which 
(1969) and (1970) are sufficiently exhaustive. We shall not discuss the 
methods by which the k of these equations is determined in practice. 

When we compare the observed rates of reaction expressed in numbers of 
molecules per second with the numbers of collisions per molecule per second 
we find that at most one collision in 10 8 can lead to a reaction. Gaseous 
reactions cannot ordinarily be quantitatively studied if the initial concen- 
trations of reactants fall to half value in a time as short as one second, and 
the usual time to half value is of the order of at least a minute. But by ( 1 859) 
the number of collisions per molecule per second is 



Inserting numerical values with a=3xl0- 8 , £= 1-37 x 10- 16 

v= 2-7 x 10 18 , m= 1-65 x 10 ~**A, where A is the chemical molecul 
this reduces to i-SxlO* 


T = 273, 
weight, 


4 * ' 

This is to be compared with a number of reactive collisions at most of the 
order one per second. Thus reactive collisions are completely exceptional. 


• Hinshelwood, loc. cit. In his first edition he described all ikon i 

difference in presentation between the editions of 1926 and 1933 is a record fTu examp * e8, The 
ment of the subject during that period. 1933 is a record of the great develop. 

t See Hinshelwood. loc. cit. ed. 3. mv ftft in 
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The clue to this behaviour is provided by the strikingly large temperature 
variation of the velocity constant k. Whereas the total number of collisions 
varies as yJT, that is hardly at all over wide ranges of temperature, the 
velocity constant ordinarily doubles itself for a rise of temperature of about 
10 C. This suggests at once that the effective collisions are selected not from 
all collisions, but only from all collisions with more than a certain large 
minimum of distributable energy. 

The actual form of k which can be successfully compared with observation 
is suggested by equilibrium considerations. Consider for definiteness a 
bimolecular reaction between unlike molecules of types 1 and 2 which 
combine to form two other molecules of types 3 and 4. There is an equi- 
librium point which is given by 


V 1 V 2 
V 3 V. 


Ji(T)f 2 (T) 

f*(T)fAT) 


= K, 


(1971) 


where K is the equilibrium constant. For all concentrations we know from 
the velocity measurements that the rate of destruction of systems 1 and 2, 
with creation of systems 3 and 4, is kv 1 v 2 . By the arguments of § 17*12 the 
rate of creation of systems 1 and 2 and destruction of 3 and 4 must be of the 
form k' v z v x , and at the equilibrium point these are equal, so that 

K = k'/k. (1972) 

Now it follows from the definition of K, by (480), (481), that 


d log K q 


Q 


dT kT 2 RT 2 ’ 


(1973) 


where q is the excess of the average energy content of systems 1 and 2 at 
temperature T over that of 3 and 4, so that Q is the “heat of the reaction 
Therefore rflog* log ^ q 


dT 


dT kT 2 ' 


V 


The form of this equation suggests putting 

d log k _ £ d log k _ 

dT ~kT 2 ' dT ~kT 2 ' 

where £ — £' = — q 

and the known approximate constancy of q suggests that perhaps £ and £' 
are also roughly constant. In that case we find after integration 

K = Ae-Z' kT . (1974) 

This is the well-known empirical equation of Arrhenius for the velocity 
constant of a homogeneous gaseous reaction. As so far presented it is purely 
tentative, but by plotting log k against l/T for observations over a sufficient 
range of temperatures, it is found that (1974) with A and £ constant gives 
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an entirely adequate representation of the facts. The energy £ is called the 
heat of activation of the reaction , for, as we shall see, it is closely related to 
the necessary minimum disposable energy present in a possibly effective 
collision. We shall show in the following sections how the collision mechanism 
gives an entirely adequate account of the phenomena we have described. 

§18-2. Simple theory of bimolecular reactions. Equation (1865) gives us 

the number of collisions per unit volume per unit time in which the kinetic 

energy of the relative motion lies between v and v + d v for simple unlike 

molecules. Let us suppose that <7(7?) is the fraction of these collisions that 
lead to reaction. Then 


K 


f, 


In order to mimic (1974) the simplest assumption is that 

°(V) = 0 (*K£), <r(y) = a (t 7 >£), 

where a is a constant less than or equal to unity. On this assumption 

2tt(wii + m 2 ) , ^ 


k = 2a cr 12 2 


m x m 2 


U 


e ~ ClkT [H’ +1 


(1976) 

This is very nearly of the prescribed form. It is to be observed that the 
1 -variation of * is so dominated by the exponential term when (as in all 
actual examples) £/AT is fairly large, that the experiments cannot possibly 

distinguish between Ae _ ClkT and * y 

for any moderate value of a. The same difficulty has been already en- 
countered in Richardson’s thermionic formulae. This simple assumption 
therefore yields, for fairly large values of £/A7\ the formula for the velocity 

C ° nStant K -A'T-*e-t*T 7 

^ • • • • 


in which 


A' = 2a<7,„ 2 - 


f 2nk(m 1 + m 2 ) 
m l rn 2 


(1977) 


r 


(1978) 


A 6 / 

he theory thus gives us at once a satisfactory form for * We hav P ™ 

“ knOWledge ° f “ d “ therefore be d forlned from 

Arrhemue- equation. When this ha. been done, the theory gives us , com 

p letely in terms of a coefficient « which must be less than unity and a 
molecular diameter ” cr 12 . For like molecules m, = m and the f * 

2 drops out from any formula for the number of collisions but not fov tZ 
Equations (1977) and (1978) therefore hold for like or uni 

neither of which (it may be argued, is precisely deled T,™ Them i ’ 
however, some virtue in not amalgamating them. One can suppose ideally 
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that tt(j 12 2 has been determined (though possibly as a function of the tem- 
perature) by viscosity measurements, when it will have the physical meaning 
of the effective target area for momentum exchange in an encounter, or 
from general ideas of molecular magnitudes at any relative velocity. The 
effective target area for reaction at sufficiently high relative velocity, 

(X7T(J i 2 2 > then a distinct quantity, which as we shall shortly see is probably 

appreciably smaller than 

7rcr 12 2 * 

To proceed further we must consider an actual example, and choose the 
decomposition of HI discussed by Hinshelwood. This is primarily homo- 
geneous and bimolecular from 550° K. to 780° K., and its temperature varia- 
tion satisfies Arrhenius’s equation accurately with £/jfc = 22,000 (# = 44,000 
calories). With a = 2xl0- 8 , m 1 = m 2 = 128 x 1-65 x 10~ 24 , and JT = 25 this 

glves A' = 5 0 x 10 _8 a, /f = 2xl0- # ar !! .° oo,! '. 


From the definition of k 


1 dv 
v dt 


= — KV 


Therefore the fraction of molecules reacting in one second at a concentration 
of one gram-molecule per litre (v = 6-06 x 10 20 ) and a temperature 556° T is 

8 x 10~ 6 a. 

The observed value is 3*52 x 10~ 7 . The observed value is thus obtained* if 
a = 1/23. 

This is entirely satisfactory so far as it goes. It only remains for us to 
verify that this fraction of reactive collisions is small enough for the calcula- 
tion of collisions with energy more than £ to be substantially unaffected, i.e. 
to verify that the reaction is “sufficiently slow”. A certain proportion of 
collisions with relative energy more than £ will concern at least one molecule 
whose last collision was also one of the same class. This is the phenomenon 
of the persistence of velocities In default of an exact theory of transport 
phenomena, correction for persistence of velocities was successful in re- 
moving the greater part of the numerical error in the simpler theory of these 
phenomena. In order to be certain that the equilibrium calculations are 
adequate it is sufficient to assure oneself that allowance for persistence of 
velocities is unimportant here. The proportion of collisions affected can be 
fairly high, but even if it is nearly unity only the fraction a at most will be 
removed by the reaction and the effect on numerical values cannot possibly 
reach 10 per cent. At the same time the numerical values might begin to be 
seriously affected if a were larger. The interpretation given by Hinshelwood 
to his result a = 1 is therefore hardly acceptable. It is necessary for a to be 

* Hinshelwood, loc. cit., concludes that approximately a = I, but he has used an inaccurate 
formula for the number of collisions. 

j- Jeans, loc. cit. pp. 260, 276, 312. 
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small for the simple theory to apply at all. But of course the results of a more 

exact theory are not likely to be widely different, and will onJy differ in a 
numerical factor. 

Summing up. we may say that the simple theory of homogeneous bi- 
molecular reactions, namely that they are reactions by collision which can only 
occur in a fairly small fraction of collisions in which the relative kinetic energy 
of the molecules exceeds a certain lower limit determined by Arrhenius's equation, 

gives a most satisfying account of the observed facts. We have discussed it 
only with reference to the reaction 


(1) -HI -*H 2 + I 2 , 

but the following other reactions have been shown by Hinshelwood to fit 
fairly well into the same theory: 


(2) H 2 + I 2 ->2HI, 

(3) 20 3 -*■ 30 2 , 

(4) 2N 2 0 -*2N 2 + 0 2 , 

(5) 2H 2 0 -*2n 2 + o 2 , 


with other more complicated examples in which the homogeneous bi- 
molecular reaction must be disentangled from other simultaneous effects. 

It is at the same time to be remarked that there is not much margin in the 
above theory as it stands. A different form for o( v ) might at once require 
a> 1. For example, if ct(t?) = a£/7? the number of effective collisions is prac- 
tically unchanged, but if in conformity with some of the collision targets of 
the preceding chapter we have, say, 



we find the number of collisions smaller by loss of the factor ijkT. The num- 

er of collisions is also smaller if calculated as in § 18-21 below. Effective 

collisions in which the relative kinetic energy of translation exceeds £ may 

herefore be somewhat scarce, and it seems to my mind better to recognize 

even here that there are other sources of energy as yet unexplored in this 

connection. We proceed therefore in §18-3 to develop formulae for the 

number of collisions with given transferable energy in which the transferable 
energy from all sources is taken into account. 


§ 18-21 Bimolecular reactions, using only the head-on component of the 
relative velocity It has frequently been proposed that in calculations of the 

* 0fCO l r u S Wlth Sllfficient e » er gy only those collisions should be 
included ,n which the energy of the motion along the line of centres at impact 

exceeds the critical value. Though there is no particular merit in such a 

formulation from the point of view of quantum mechanics, it is perhaps 
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worth while to put the correct formulae for this proposal on record since 
incorrect ones are frequently in use.* 

In formula (1860) we have an expression for the number of collisions per 
unit volume per second in which the line of centres at impact makes an 
angle 6 with the relative velocity whose components lie in the ranges 
f + d£\ 77, 77 + ^77; £, £ + d£. We can rearrange this in the form 

(1979) 

We can then integrate (1979) with respect to 77 and £ to obtain all collisions 
with a relative velocity along the line of centres between £ and f + 
occurring on the selected element of surface cr 12 2 d£l and after that integrate 
over the whole surface of the sphere of radius cr 12 . We thus obtain 





(1980) 


for the number of collisions per unit volume per unit time in which the 
energy of the component of the relative motion along the line of centres at 
impact lies between 77 and 77 + ^77. The number of such collisions in which 


this energy exceeds £ is 


v i ^2^12 


c _ ifkT 


(1981) 


By comparison with (1976) we see that values of k based on this use of 
head-on components only are smaller by lack of the factor (C/kT -f- 1). The 
loss of this factor would already lead to known difficulties in the application 
of the theory to the decomposition of HI. 


§ 18*22. The reverse reactions. In any discussion of a reaction mechanism 
it must never be overlooked that the reverse reaction must be able to occur 
and form a unit mechanism which will preserve by itself the equilibrium 
state. For a simple reaction such as 1+7 Z -f W or X + Y 2Z the 
reaction is bimolecular in both directions and no new features are found in 
the reverse direction. But other reactions may not be so simple. If for 
example! the bimolecular decomposition of ozone occurs in a single step 
correctly represented by 20 3 ->30 2 , then the reverse process must be a 
termolecular collision between three oxygen molecules. It has been 
suggested that the reaction proceeds by the stages (1) 0 3 ^=^ 0 2 + O in equi- 
librium, the reaction being rapid, followed by (2) 0 3 -f 0->20 2 , the slow 

* Hinshelwood, loc. cit. ed. 3, p. 123, argues as if the velocity component of each molecule 
along the line of centres contributes each one square term to the available energy, apparently 
forgetting that it is only the single component of the relative velocity that can be effective. 

■f Hinshelwood, loc. cit. p. 80. 
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reaction whose rate is measured. Since the concentrations of 0 3 and O in 
the presence of excess of 0 2 must be proportional, the measured reaction 
will have a rate proportional to the square of the concentration of 0 3 . If 
this mechanism is the true one, it is the first (fast) reaction which contains 
the termolecular encounter. The ozone molecule cannot just break up 
into 0 2 + O but will require a collision to dissociate it, and the true form of 
this reaction is probably 0 3 + 0 2 ±^20 2 + 0. The function of the inert 0 2 
could probably be played by any other molecule. 

Since the direct occurrence of termolecular reactions can thus be inferred, 
it is of special interest to examine whether any such reactions can be experi- 
mentally studied, and their termolecular character established by direct 
experiment. Few such reactions are known, hut 

2NO + 0 2 2N0 2 

has been shown by Hodenstein* to be such a reaction, by verifying that its 
velocity obeys the equation 


d [ NOJ 

dt 


= 4 N0]*[0 2 ]. 


This velocity constant « is almost independent of the temperature, and 

actually falls slightly as the temperature rises. Such behaviour is reason- 
able if the activation energy is practically zero. 


§18-3. The transferable energy in collisions, including internal energy of 

the molecules. It is hardly possible to obtain simple formulae if we consider 

the rotations and internal vibrations of the molecules as quantized It will 

however be sufficiently accurate for present purposes to assume that the 

molecules are equivalent to molecules whose Hamiltonian function contains 

« square terms (kinetic or potential) associated with such low frequencies 

that classical mechanics applies. Then the classical partition function for 
the internal energy of such a molecule is 


J...JV 




where p lt ...,p t ,q lt are a complete setfbf Hamiltonian coordinates and 


8 


7? = 2 0,/q 2 , 

1 


M being either a p or q- all the p’s must occur. The integration is extended 

glome^r UCS fF °h? ~ °° to + 00 for an y /*. and with respect to the other 
g metrical variables over their proper ranges. To find the fraction with 

* Bodenatein and Lindner, Zeit.f. physikal. Chem. vol. 100, p. 68 (1922). 
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energy between r) x and rj x + drj x we have to take out that part of the complete 
integration which corresponds to 


Vi < 2 a,/*, 2 ^ Vl + drji . 

l 


The number of molecules per unit volume 
therefore 


with this internal energy is 


/•/ e r i ,kT dfj . 1 . . . dfjL a 


v i 


lVi < 17 ,+ drj t ] 


H c vt kT dfi x . . . dfi 8 


(1982) 


[— co] 


By the well-known procedure of Dirichlet* this can be reduced to 

~ ls -1 e-VxlkTJn 


rfj 8 - 1 e-nd kT dr] x 

1 r 00 9 

I r) ia - 1 e- r > lkT df] 


(1983) 


or 


v i ( Vi\ 

r ik*)\kTf 


1*-1 


e TJi/kT 


d Vi 

kT 


(1984) 


The number of molecules with internal energy greater than tj 0 is 


— - [ -r i-'e-vi^dr,, 

\s)(kT)^U. 


which, for rj 0 /kT large, is approximately! 


(1985) 


v i ( Vo \ 

r(is)\kT) 


1«-1 


g—rjo/kT . 


(1986) 


Let us now combine (1984) with (1865). We find that the number of 
collisions per unit volume per second between a molecule of type 1 with 
energy between 7) x and rj x -f drj x and a molecule of type 2 with energy between 
rj 2 and tj 2 -f drj 2 and relative kinetic energy £ is 


2v x v 2 a i 2 2 f 2^(7^! + m 2 ) ) * e~ <r h+ r >*+b /kT 


r(£*i)r($* a ) ( m x m 2 


(JcT)t 8 i+t 9 * + i 


r) l ^- 1 r) 2 ^- 1 ^dr)idr) 2 dg. 


(1987) 


So far as energy considerations go it is conceivable that any collision in 
which r) x + r) 2 -f £ ^ t ) 0 may have a non -zero probability of producing an 
active molecule or causing a reaction. The total number of such collisions is 

* Whittaker and Watson, Modem Analysis , ed. 3, p. 258. 

f It must be emphasized that s in these equations is the number of square terms in the energy , 
not the number of degrees of freedom, so that any harmonic oscillation contributes 2 to s, an any 

free rotation 1. 
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therefore obtained by integrating (1987) over all tjj , 77 2 and £ satisfying 
7 h + r )2 + i^ 7 lo- This number reduces by simple substitutions* to 

2 *'i>'8 cr i2 2 27r(m 1 +m») * 1 f® , 

f < k + !«! + 2) 1 -< 1988 > 

which, for rjJkT large, is approximately 


2v x Wu 

+ i s 2 + 2 ) 


2n(m 1 + m 2 ) tT )i I 

J \ 


Vo_ 

kT 




e -VolkT 


(1989) 


If the two molecules are of the same species, then of course m l — m 2 and 
<t 12 = a and the factor 2 must be removed, for every collision will as usual be 
found to have been counted twice over in all the foregoing formulae. 

The fraction of all collisions with “enough” available energy is easily 

seen to be (, Jo /fc7 , )*«.+*«,+i e -W« 

T(K + K + 2) ’ (1 " 0) 


which may be very large indeed compared with the fraction e ~^ lkT , often 
used in error in this connection. 

If it is denied (as is perhaps natural in certain applications) that the 
internal energy of the second molecule is ever available to serve towards 
the activation energy of the first, then the formulae (1988) and (1989) will 
still apply if we put s 2 = 0. In fact more generally we can in these formulae 
always use a, and s 2 for the number of square terms in the internal energy 
whose energy content is available for redistribution in the collision. 

The total number of activations can of course only be expressed in terms 
of a probability coefficient o(i} v ij 2 ,£). Thus on multiplying (1987) by 
CT ( 7 ?i' 7 ?2.^) and integrating, we find 


2 ct 12 2 2n(m 1 + m 2 )|* 1 

r (£«,) r($* 2 ) m 1 m 2 (&7 , )i*i+i«»+J 


/// e^ Vl ^ t+e),kT °(Vi>V*£) r li i,l ~ 1 li i ‘ t '' 1 £dT )l dr l2 dg-, 




(1991) 


the preceding formulae arise from putting < 7=1 when r)i+V2 + i>V o • 

When internal energies are taken into account a more accurate investi- 
gation of the precise use of Arrhenius’s equation is necessary. In practice 
the observations are used to plot log* against 1/T and determine a slope, 
which defines the activation energy £ of the equation 


d log k £ 

dT~ = icT " 1 ' 


Whittaker and Watson, toe. cit. 
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The theoretical * derived by putting simple forms for a in (1991) is however 
generally of the form 

k = B 

so that j log k_ Vo t 

dT tcT 2 T' 

Thus the rj 0 of the theory and the £ determined by observation are connected 

by the equation v ^ 

Vo = C + tkT. (1992) 

The apparent constancy of the experimental £ in no way prevents £ being 
really of the theoretical form (1992), for the experiments could not detect 
these variations, tkT being small compared with rj 0 . In calculating whether 
there are sufficient energetic collisions to give the observed rate of reaction 
with a small efficiency a we must use the Vo of ( 1992) with the observed £ and 
a mean value of T . We thus retain the correct temperature variation of k. . 

If we now examine how these considerations affect the typical homo- 
geneous bimolecular reaction between simple molecules we see that for a 
molecule such as HI we must have at least s = 2, or for a triatomic molecule 
& ~ 3 &t least. Thus for the reaction 2HI— >H 2 -f-I 2 (s = 2 say) we have to 
replace the factor r 

p-Z/kT 

kT 

of (1976) by the factor ^ (a-J 7 ) e ~ Vo/kT 

of (1989), with rj 0 = £ + 3 kT, £ having its observed value. There are therefore 
substantially more collisions with enough energy than the simple theory 
indicates, the extra factor being about 13, which leaves an ample margin. 

§18*4. Homogeneous unimolecular reactions. There are well-known diffi- 
culties in the theory of those unimolecular reactions which are apparently 
insensitive to radiation. The simplest assumption which will account in 
any way for the facts is to suppose that the reaction is not elementary but 
consists of bimolecular activation and deactivation processes, which by 
themselves would keep up a normal equilibrium between activated and 
inert molecules, while superposed on this there is a definite chance for the 
spontaneous disintegration of the activated molecules. Provided this dis- 
integration is slow compared with the activation process, the equilibrium 
concentration of activated molecules will be unaffected. This concentration 
will therefore be proportional to the total concentration and the reaction 
will apparently obey the unimolecular law. If this theory is correct, then 
there should come a concentration for any unimolecular reaction below 
which its rate begins to fall below the expected unimolecular rate, for the 
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underlying bimolecular process is then beginning to work too slowly. This 

form of collision theory for unimolecular reactions is usually associated with 
the name of Lindemann.* 

The state of affairs according to this theory is formally very simple. Let 

x and y be the concentrations of activated and inert molecules at any time. 

Let the total number of activations and deactivations in time dt be Z'ydt 

and Zxdt respectively. Let Bxdt be the number of disintegrations of 

activated molecules. Then the differential equations which control the 
process are 


dx 

dt 

dy 

dt 


= Z'y-(Z + B)x, 
= — Z'y + Zx. 


(1993) 


* 

On Lindemann s theory B is a molecular constant and Z and Z' are them- 
selves proportional to x + y or perhaps rather are of the form Ax+ By -f Cz , 

where z is the concentration of any diluents plus the gaseous products of 
reaction. 

If we solve equations (1993), assuming that Z and Z' are constants, the 
general solution takes the form 


(1994) 


(1995) 


x = L x e -V + L 2 e~‘ V , y = M x + M 2 V , .... 

where X x and A 2 are the roots of the equation 

D 2 -D(Z + Z' + B) + BZ' = 0. 

Using the initial condition that the equilibrium is undisturbed by dis- 
integration, which is ( Z'y) 0 = (Zx) 0i we find that the coefficients in (1994) 
Batisfy __A_ _ _ _J k _ _ z, 

2 2 — ZX 1 /X 2 — (Z' — A 2 ) Aj/A 2 ’ 

This is exact and the rate is of course not that of a unimolecular reaction 
If now we suppose that B/Z is small the values of A, and A 2 reduce approxi- 
mately to BZ'j(Z + Z'), A.-Z + Z-. 

Since (x/y) 0 is in general rather small, Z'/Z will also be rather small and at 
any rate less than unity. Then L^L^O{BiZ) and M 2 /M 1 = 0(BZ'/Z 2 ), 
which is still smaller. Therefore the second terms in (1994) are negligible 
even initially and a fortiori at all later times owing to their much more 
powerful exponential factor. They are still negligible initially and so always 
lf (*/y) o is altered by terms of order B/Z. The solution thus reduces to 


x = X Q e~ BZt z '\ y = Y 0 
which is of unimolecular form. 

* Lindemann, Trana. Far. Soc. vol. 17, p. 599 (1921). 


(1996) 
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A more exact treatment of equations (1993) or more general forms can 
be given by treating them as of the form 


dx 

dt 


=f(t)y-{g(t) + B}x , 



-f(t)y + g(t)x, 


( 1997 ) 


the coefficients f(t) and g(t) being slowly varying functions of the time, rue 
precise variation of f(t) and g(t) is only assignable a posteriori, but this does 
not affect the argument. We can then apply the general theory of such 
equations, which is equivalent to the theory of the asymptotic forms of 
solutions of such equations for large values of a parameter.* It follows from 
this theory that the first approximation to the solutions of (1 997) is of the form 


x = L x e 



-f- L 2 e. 





y 


where and A 2 are functions of t which are the roots of (1995) with Z and 
Z' replaced by f(t) and g(t). Since A x = BZ' j(Z + Z') = Bx,(x + y), X x is 
independent of the concentrations, and therefore of t , when BIZ is small. 
The Z/j , L 2 , M x , M 2 are constants to this approximation. We obtain the same 
unimolecular form as before, with an accuracy dependent on the slowness 
of the variation of f(t) and g(t). The fundamental condition for the validity 
of the unimolecular forms is that B Z should be small, or BxjZ’y small, that 
is that the number of disintegrations in time dt should be small compared 
with the total number of activations or deactivations in the same time. 

From equations (1993) 


1 dv ^ 1 d(x-\-y) Bx BZ' 

v dt x + y dt x + y Z + Z’ 

Thus in this theory k is B times the fraction of activated molecules. If these 
are molecules with more internal energy than y 0f then by (1986) 

"T < I998) 

This will therefore fit the observed form of Arrhenius’s equation if 

Vo = C + (is- l)kT. (1999) 

For the correctness of the theory there is also the over-riding condition that 
Bx or kv is small compared with Zx or the number of activating collisions. 
The maximum number of such collisions is given by (1989). and the actual 
number should be a small fraction of this. 


* Schlesinger, Math. Aytn. vol. 63. p. 277 (1907); Birkhoff, Trans. Amrr. Math. Soc. vol. 9, 
p. 219 (1908); Fowler and Look, Proc. Lorui. Math. Soc. vol. 20, p. 127 (1922). 
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If we use the exact form (1985) and define £ as usual by K = Ae~t' kT , a 

simple physical meaning can be given to £. It is easy to show by differentia- 
tion that 

r oo 

rjhe-V Iki'dr) 

J Vo 


£=^ 2 4,io g «= 


oo 


rji 8 l e v kT dr) 


— I skT . 


Thus £ is equal to “the average energy of the activated molecules” less 
“the average energy of all the molecules 

§ 18-41 . N umerical discussion of some unimolecular reactions. We will now 
discuss shortly, in the order of the severity of their demands on the theory, 
five reactions known to be homogeneous and (apparently) unimolecular.* 

(1) Decomposition of gaseous diethyl ether. This reaction proceeds at a 
convenient rate between 700—860' K. and is homogeneous and unimolecular 
down to pressures of 200 mm. Hg. Below that pressure of the reactant the 
reaction proceeds more slowly and approximates to a bimolecular type. The 
final result of the reaction is roughly 


C 2 H 5 . O . C 2 H 5 -> CO ■+■ 2CH 4 + }C 2 H 


4 > 


though of course this does not represent the primary process which is 

probably the formation of CO and two unstable hydrocarbons. Sufficient 

admixture of H 2 , for example a partial pressure of 300 mm. Hg at 800° K., 

will preserve the unimolecular rate unaltered down to a pressure of 40 mm. 

Hg of the reactant. He, N 2 and the reaction products have no marked effects. 
The velocity constant observed is 


log /c = 26-47 - 53,000 /RT. 


( 2000 ) 


(2) Decomposition of gaseous dimethyl ether. This is very similar. The 
final result of the reaction is 

CH 3 . 0 . CH 3 -* CH 4 + H 2 + CO, 

proceeding at a convenient rate in the range 700-825° K. unimolecularly 
down to a pressure of 400 mm. Hg. A pressure of 400 mm. Hg of admixed 
H 2 at 775° K. will preserve the unimolecular rate to a pressure of 30 mm. Hg 
of the reactant. N 2 , He, CO and C0 2 have no such effect. The velocity 

constant observed is > _o n o C K q r>m 

log k — 30*36 — 58,500 f RT . (2001) 

(3) Decomposition of gaseous propionic aldehyde. The main feature of the 
reaction is C ,H K CHO ->CO + [various hydrocarbons] ; 


* J hC f 6 reacti ° ns are th * fir f five 40 ** P roved homogeneous and unimolecular. A large number 
toe c°< ^ 0Wn ’ ° rm a repreSCntative sam P' e - DetaiIs are Uken from Hmshelwood, 
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it is of convenient speed for 725—875° K., and unimolecular down to a 

pressure of about 80 mm. Hg. No effect of admixed gases has been detected. 
The velocity constant observed is 

log k = 28-56 - 55,000/ jRT . (2002) 

These three reactions can be discussed together. 

The molecules concerned are all fairly complicated and have a rather 
large number of degrees of freedom which might have their classical energies. 
We shall find in all these cases that Lindemann’s theory gives a com- 
pletely satisfactory explanation of the observations even if we only take into 
account the internal energy of the molecule to be activated and put s 2 = 0. 
By way of making the calculations precise we shall take cr 12 = 10~ 7 , s 2 = 0, 
and determine for what value of s x the number of collisions given by (1989) 
falls to 100 times the value of kv for the least value of v for which the reaction 
remains unimolecular. Since we deal with collisions of like molecules 
m 1 = m 2 and the factor 2 falls out. 

We find that this condition is fulfilled: 

For C 2 H 5 . O . C 2 H 5 , v = 2*4 x 10 18 , with s x between 6 and 7. 

For CH 3 . O . CH 3 , v=5 x 10 18 , with s 1 between 10 and 1 1. 

For C 2 H 5 CHO, v= 1 x 10 18 , with s x about 8. 

These values of s x are all acceptable. The molecules may be thought of as 
consisting of at least three loosely bound structural units. The first of these 
gives a rigid framework to which the others are fitted. Ignoring torsional 
oscillations each of the others has 3 freedoms in this framework yielding 
6 square terms, and the rotations of the whole complex another 3. Values 
of s x up to 15 at least are thus to be expected. There is thus an ample margin 
for an activation rate slow compared with the number of sufficiently energetic 
collisions and a disintegration rate slow compared with the rate of activation, 
even when we do not admit that any part of the internal energy of the other 
molecule is available. 

In the case of the two reactions maintained by a sufficient pressure of H 2 , 
the activating collisions must be supplied by collisions between H 2 and the 
reacting molecule. There is no theoretical difficulty in this. The difficulty is 
rather to understand why all diluent molecules do not act in the same way. 
This point lies deeper than the simple collision theory. It is likely that it is 
connected with the slow rate of transfer between kinetic and vibrational 
energy found in the study of the specific heats of simple gases other than 
Ho (Chapter in). 

We now pass to two entirely different cases. 

(4) Decomposition of gaseous acetone. This reaction is homogeneous and 
unimolecular and of convenient speed for the temperatures 780-900° K. 
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and shows no signs of deviation from the unimolecular law down to pressures 
of 100 mm. Hg. No diluents tested have been found to have any effect. The 
nature of the reaction is 

CH 3 . CO . CH 3 ->- CO + [hydrocarbons], 
and the velocity constant observed is 


log k= 34-95- 68, 500/RT. (2003) 

On carrying out the same calculations as before, we find if we take v= 10 18 

and = 15 that there are only just about twice as many possible activations 

as disintegrations. The unimolecular law could not possibly be maintained 

on this margin. Even if we assume s, = 24 (24 square terms) we have only a 

marginal factor of about 30. There might well be 1 5 relevant square terms in 

the acetone molecule, or even so many as 24, but this is hardly enough, and 

there is no evidence that the reaction does not remain unimolecular to still 
lower pressures. 

We have hitherto confined attention to the internal energy of the molecule 

which is to be activated in the collision. But this is arbitrary, for there is no 

a priori reason why some or indeed all of the energy in certain coordinates 

of the other molecule may not in certain circumstances be available for 

activation. The consequences of such an assumption of availability are 

considered in the next section in the light of the theory of detailed balancing. 

Such an assumption makes a large difference, for the fraction of activated 

molecules in equilibrium depends only on s x and is unaltered, but the 

number of possible activating collisions is largely increased. If we take 

«i = s 2 = 15 there is a marginal factor of 3-6 x 10 4 which is probably ample. 

A comparatively small value of s 2 will increase the previous margin sub- 
stantially. 


(5) Decomposition of nitrogen pentoxide. This, the best known and most 

exhaustively investigated homogeneous unimolecular reaction, shows no 

signs of deviation from the unimolecular law down to pressures of 0-06 mm. 

Hg but at about this pressure it has recently been shown that a distinct 

falling off in the rate sets in. The convenient temperature range is from 

273-340° K. No effect of any diluent in maintaining the rate at pressures 

below 0-06 mm. Hg has been recorded. Admixtures of numerous gases have 

been shown to be without effect on the rate of the reaction, the only positive 

effects being obtained with various organic vapours which are themselves 

attacked by N 2 0 6 and may therefore be disregarded here. The result of the 
reaction is 


n 2 o 5 -*n 2 o 4 +*o 


2 ’ 


but of course this does not represent the actual mechanism which probably 
may be described by the following sequence of processes: (i) N 2 0 5 -kN 2 0 3 + 0 2 
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unimolecular and slow determining the measured rate ; (ii) N 2 0 3 ->N0 + N0 2 , 
very fast; (iii) NO 4- N 2 0 5 -> 3N0 2 (or N0 2 4-N 2 0 4 ), also fast. Thus each 
primary decomposition of N 2 0 5 consumes two molecules. The N0 2 and 
N 2 0 4 molecules produced may be assumed to come to dissociative equi- 
librium. The velocity constant observed is 

log at = 31*45 - 24,700 /BT. (2004) 

For 2-13 x 10 15 (0*06 mm. Hg at 0° C.), cr 12 = 10~ 7 and s x = 16 we find a 
maximum rate of activation 10 times less than the observed rate of dis- 
integration. It is possible to suppose that at the temperatures concerned 
the energy content of N 2 0 5 is even greater than is represented by 16 square 
terms, but even an increase to 24 square terms only increases the maximum 
activation rate to twice the observed rate of disintegration. To retain 
Lindemann’s form of the theory it is therefore essential to include in the 
available energy the energy of the other molecule. If we take s ± = 1 6, s 2 = 14, 
we find an activation rate 10 3 times the observed rate of disintegration. It is 
feasible to suppose that either s x or s 2 could be greater so that the margin is 
probably ample. But the conditions for obtaining such a margin are extreme. 
It is impossible to obtain it, practically speaking, unless the greater part of 
the internal energy in both molecules is available for the activation energy 
of one, and such activations occur in something more than one per thousand 
of all sufficiently energetic collisions. f 

§18*5. The requirements of detailed balancing. In view of the extreme 
form of the theory required to account for the decomposition of N 2 0 6 
it is desirable to examine the consequences of the assumption we have 
been driven to, that all the energy in a large number of freedoms in both 
molecules is available for the activation of one, and is actually so used 
in a fraction of all sufficiently energetic collisions which may be as large 
as 1/1000 or even possibly 1/100. Obviously not all “collisions with 
enough energy” can be activations, for the class must include all de- 
activations as well. 

When rj x -f 77 2 4- $ ^ Vo , a collision with the initial conditions Vi*V 2 >£ can 
yield a pair of molecules with energies between tjC, Vi* + dVi* (Vi* > Vo) anc * 
V2*> V2* + dV2*y the res t of the energy being absorbed in £*. The effective 
target for such an exchange, in conformity with the notation of the preceding 
chapter, will be taken to be 

&(Vi>V 2>£ Wi*>Vt*) ^v\*^V2* • 

Then in the equilibrium state (or other state not seriously disturbed fioin 

t The conditions are extreme, but not so extreme as was at one time thought; sec for example 
this section of the first edition of this book. 
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this) the number of collisions per unit volume and unit time which convert 
Vi> V 2 > € info Vi*< V 2 *< €* is proportional to 

>< S (VvV2>£>Vi*>V2*)dvi*dr) 2 *. 

(2005) 

By the same argument the number of collisions which convert rj 1 *, r) 2 *, 
into 7 ] l , rj 2 , f is 

(Vi*) iai - 1 (V2*) h2 -H*e^ v '‘ +r,, ' +( ' ),kT dr )l *dT )2 *d€* 

x s (Vi*’V2*>£*’Vi> r )2) d Vi d V2 (2006) 

By the principle of detailed balancing these must be equal. Moreover, since 
r h + V 2 + € = Vi* + V 2 * + f *, for given tj’s, d£ = d£*. Hence 

== Vl isi ~ 1 V2 iH - 1 £S(r )l ,r l2 ,£-,r) 1 *,r ]2 *) (2007) 

If now it is to be possible for the number of activations to be comparable 
with the number of collisions with enough energy, we must have 


S (Vl’ r )2’£>Vl*, r l2*) d Vl* d V2* 


of the same order as na 12 2 (equal to a.no 12 2 say), when Vi + V 2 + €>Vo and 

Vi*>Vo- For the sake of investigating orders of magnitude we will take S 

constant over the ranges of and jj 2 * in which it has a non-zero value. 
Then, very roughly, 



S( V 


h + Vt+i 


Vi+V>+t-Vi' 


d V2* = a7rcr 12 2 . 


° r S (Vl>V 2 >£) = 2a7r<7 12 2 /(7 7l + V 2 + £ - Vo) 2 - 

There is nothing unacceptable in (2008). Then by (2007) 

fcl- 1 / 7J 2 \ 1*2-1 f 


(2008) 


S (Vi*’V2*>Z*',Vi’V2) = 


2cC7T(T 12 2 


Vi 


(Vi + V2 + £-Vo) 2 Wi'/ W 2 



(2009) 


To find the corresponding total collision area for deactivations we have to 
integrate with respect to ^ and 7 12 , the ranges being respectively 0 to t ? 0 and 

0 to tj 0 or Vi* + V 2 * + t*~Vi whichever is the lesser. It is not necessary 

however to carry out this integration explicitly. We can see at once from 

(2009) that in certain circumstances the deactivation target must be very 

large compared with the activation target a7ra 12 2 . Such a molecular property 

is not entirely impossible and dismissible on a priori grounds. Formula 

(2009) means that a very slow molecule or a molecule with exceptionally 

little energy finds it exceptionally easy to bring about deactivation. In the 

present state of molecular theory all we can do is to bear such possibilities 
constantly in mindf. 

t A valuable critique of the extreme collision theory here Dresent^l will k * f a • ^ , 

Yost and Dickinson, Proc. Nal. Acad. Sci. vol. 13, p 188 (7927) " d “ T ° lman ’ 



718 


Systems 


[18-51 


§18*51. The reverse process for unimolecular reactions . We have accepted 
as a mechanism for unimolecular reactions a mechanism of which one stage 
consists of the spontaneous explosion of an activated molecule into two or 
more, probably two parts. This stage is closely analogous to the radioactive 
disintegration of an atomic nucleus by the expulsion of an a-particle. If this 
mechanism is correct, then the reverse process consists of a collision between 
two particles leading to a transition which unites them into one. There is 
no difficulty in supposing that such processes can occur to the necessary 
frequency. One is tempted to argue that they can practically never occur 
because the relative kinetic energy will never be adjusted exactly to fit 
any possible value of the quantized internal energy of the united system, 
and no third body is concerned in the process to carry away the excess 
energy. This objection however overlooks the fact that, just because the 
combined system is unstable and able to explode, its levels cannot be per- 
fectly sharp, and the breadths of its levels will exactly enable the reverse 
recombinations to occur at the proper rate. It is of course also possible 
that the process of explosion involves the absorption of a quantum of 

radiation lying within a wide range of frequencies which could be quite 

% 

low. In that case the reverse process would involve the emission of a 
quantum in the same band, and no difficulty would arise even with sharp 
levels for the united system. No such explanation is necessary however, 
and any such explanation is perhaps ruled out by the recorded insensitivity 
of the reactions to radiation, though it is doubtful if the low frequency region 
has been sufficiently studied for this conclusion to be certain. 

§ 18*6.* We have confined the foregoing account of homogeneous gaseous 
reactions to the simplest collision mechanism. Interesting and important 
questions are raised by following up the subsequent history of the products 
of reaction which may often contain excessive amounts of energy, especially 
when the reaction is thermodynamically exothermic with a large heat of 
activation. In these cases we shall expect to find the formation of reaction 
chains and explosion waves. It would take us too far afield to follow up 
these possibilities which have been studied by numerous investigators and 
expounded in a notable work by Semenoff.* Nor have we in this chapter 
discussed photo-sensitive gaseous reactions. Some account of these is given 
in the next chapter. It should be mentioned that the homogeneous uni- 
molecular gaseous reactions of this chapter have frequently been considered 
to be due primarily to a radiative process on account of their unimolecular 
character. It is however almost impossible to maintain such a theory in the 
face of the abnormal molecular absorption coefficients which it requires,! 

* Semenoff, Chain Reactions , Oxford Press (1934). 

f Christiansen and Kramers, Zeit. /. physikal. Chem. vol. 104, p. 451 (1923). 
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which would have to manifest themselves in the absorption of external 
radiation. When the attempt is made to modify such a theory by claiming 
that these abnormal coefficients are only typical of the interaction of two 
molecules in resonance with one another,* we are really abandoning the 
radiative theory altogether and again groping after a theory of molecular 
interaction, of the nature of quantum resonance, which may just as pro- 
perly be regarded as a collision process. This may be the direction in which 
an improved theory will one day be found. f 

* G. N. Lewis and Smith, J. Amer. Chcm. Soc. vol. 47, p. 1508 (1925); G. N. Lewis, Proc Nat 
Acad. Sci. vol. 13, p. 623 (1927). 

t The quantum theory of gas reactions has recently made great advances, the basis of which 
is described in outline in § 218. 


CHAPTER XIX 

MECHANISMS OF INTERACTION. RADIATIVE PROCESSES 


§19-1. The nature of radiative processes. The analysis of §17-12 was 
arranged to cover both collisions and radiative processes. We recapitulate 
the conclusions as to the latter. If X, and X 2 denote two different states of 
the same system such that the equilibrium ratio of the concentrations 
[Xj] and [X 2 ] is a function of the temperature only, and if P rad and Q Tad 
are the frequencies with which an A' x is converted to an A' 2 and an X 2 to 
an Aj by interaction with equilibrium radiation alone, then 


P. 

Q 


rad 


rad 


[A'.l 

[*ir 


( 2010 ) 


If the change from X x to X 2 is one of dissociation, so that an expression 
such as \X 2 ] [ Y] t [X x ] is a function of the temperature only, then 


P, 


rad 


[* 2 ] [ Y] 


( 2011 ) 


Qy+Qy. rad m * 

Here Q y means the frequency of interaction of an X 2 and a Y to form an X x 
without any radiative action, and Q y rad that of the similar interaction with 
radiative action. 

It is now possible to analyse this result a little further and see that in 

8 eneral Qy = 0. 

In general there will be a difference of energy between the free X 2 + Y and 
the combined X 1 . Consequently no radiationless interaction between X 2 
and Y is possible, resulting in X x and conserving energy. In general therefore 


Q Y = 0, and we have 


rad 
Qy, rad 


m [ Y ] 

[*l] 


( 2012 ) 


In this interaction of course the radiation can adjust the energy balance. 
We proceed to examine in detail the consequences of (2010) and (2012). We 
shall content ourselves with classical statistics; extensions to quantum 
statistics can easily be made. 


§19*2. Interaction of radiation with the stationary states of fixed atoms. 
This problem was the first of such problems to be discussed in this way — 
by Einstein* in a classical paper. Consider first an atom with only two 
stationary states 1 and 2, of negative energies \i anc * X 2 * Xi > X 2 » anc * weights 
U7 1 and rn 2 . The atom can proceed from state 1 to state 2 with absorption 
of radiation and from state 2 to state 1 with emission of radiation. This 


* 


Einstein, Physikal. Zeii. vol. 18, p. 121 (1917). 
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radiation will be monochromatic, of frequency v given by hv=xi~Xz’ 

Bohr’s frequency condition-, we need not at this stage consider the finite 

sharpness of the upper state. It follows from the properties of the partition 

function (Boltzmann’s law) that the equilibrium ratio of the numbers of 
atoms in the two states is 

ro 2 e-0ti-x,)/*r- (2013) 

We have now to specify the dependence of the rates of emission and 
absorption of the atoms in either state on the intensity of the radiation of 
frequency v. These specifications are of course immediate consequences of 
the quantum theory, but may be introduced a priori as natural assumptions. 
Let I(v)dv be the intensity of radiation of frequency between v and v + dv, 
that is the quantity of energy in radiation of this type which crosses unit 
area normal to its path per unit solid angle per second. It is connected with 
the density of this radiation p(v)dv by the equation 


Q 

n P ^' (2014) 

We may now assume that the chance of absorption of one quantum by an 
atom in state 1 in time dt is d 2 t t \ 1 a. 

dvdty (2015) 

and that the chance of emission of one quantum by an atom in state 2 in 
time dt is 

{A 2 l + B 2 l I(v)dv}dt, (2016) 

the A’s and B’s being atomic constants. They are commonly referred to as 
Einstein’s ^4’s and B’s or Einstein’s coefficients. The form of (2015) is the 
obvious one to choose, that of (2016) is more obscure and the second term 

. is necessary, as we shall see, for the mechan- 

ism to preserve Planck's law for P ( v ), and it can be seen to be necessary 

a priori by a deeper consideration of classical* or quantalf radiation theory. 

In equilibrium the absorption and emission of quanta and the numbers of 

switches from l->2 and 2-> 1 must be equal. Using therefore (2013) Bohr’s 

frequency condition, (2015) and (2016) this necessary and sufficient equa litv 
is equivalent to J 

UJ i B i 2 f( l/ ) dv = xD 2 e~~ hvikT {A^ 4- B 2 1 I(i/)dv} (2017) 

Solving for I(v) we find 

A 1 

(v)dv= (u} 1 !w 2 )B 1 2 e hylkT — B 2 l ’ ( 2018 ) 

On comparing this with Planck’s law, 

Ti \s] _%hv z dv 1 

H^dv ( 2019 ) 

* Van Vleck, Phya. Rev. vol. 24, pp. 330, 347 (1924). 
f Dirac, Quantum Mechanics , ed. 2, § 67. 
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we see that the form is correct and equilibrium will be preserved if 
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ra 1 fi 1 2 = 


( 2020 ) 


2hv 3 dv * 

These relations are extremely important. 

Some comment is called for on other arrangements of the foregoing 
argument. It has been arranged here purely to derive the relations (2020) 
and to verify that our assumptions formulate a possible unit mechanism. 
We may note too that there is here no difference between preservation of 
equilibrium and detailed balancing. 

In the first place the forms (2015) and (2016), though the only forms con- 
sistent with classical or quantal radiation theory, are not only the forms 
which satisfy (2019). If we replace them by f a (I{v)dv)dt and f r (I(v)dv)dt 
respectively, the functions f a and f c have only to satisfy the necessary and 
sufficient relation 


/*(*) = 


2hv 3 dv/c 2 + x 


x 


fa( x )> 


( 2021 ) 


In the next place we have actually assumed more results of the equi- 
librium theory and atomic theory than are strictly necessary for the proof. 
Einstein, in his original presentation, assumed the forms (2015) and (2016), 
Wien’s displacement law (a theorem of pure thermodynamics) and Boltz- 
mann’s law, and deduced from these premises Bohr’s frequency condition 
and Planck’s law. Eddington* has recast the discussion and taken as his 
premises Wien’s law and Bohr’s frequency condition, and deduced Boltz- 
mann’s law and Planck’s law. These theorems however are of interest from 
points of view different from that adopted in this monograph. 

The discussion extends at once to atoms with any number of stationary 
states. For each pair of stationary states which are connected by a radiative 
transition there is a set of relations identical with (2020). Moreover this 
is true whether we work on the hypothesis of preservation or of detailed 
balancing. The difficulty of § 17*4 does not arise here, for in general we may 
assume that every possible transition affects radiation of a different 
frequency. 


§19*21. N umerical values . We can proceed to estimate numerical values 

without specific reference to quantum mechanics. The connection between 
B x 2 and the mass absorption coefficient is obtained as follows. Of the energy 


of radiation /(*,) dvdcv cos OdSdt 

incident in time dt within a solid angle dev on a slab of matter of area dS and 
thickness dx at an angle 6 with the normal to the slab, the fraction 

k v pdx sec 6 


* Eddington* Phil. Mag. vol. 50, p. 803 (1925). 
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will be absorbed, p being the mass density of the atomic distribution. This 

expression defines the mass absorption coefficient k v . In terms of B x 2 the 

energy absorbed is , 

a x dxdS x B 1 2 I(v) dvdt € — x hv, 

47 T 

where a, is the number of atoms in the state 1 per unit volume. Equating 
the two amounts we find 




B l 2 hva l 

47 Tp 


(2022) 


We can write p - ma, where m is the atomic mass and a the total concen- 
tration. Then 


K= 


B 1 2 hva l 

4tTrma 


(2023) 

Unless aja is small the mass absorption coefficients are extremely large. 

The direct experimental evidence for the Hg line A 2536 ( 1 1,5-2 3 P) the 

Ca + lines H, K, AA3968, 3933 (l*S-2 2 P) of the chromosphere and’ the 

Na lines D (1 2 5-2 2 P), all lines for which in the conditions of observation 

«i/«= 1, is that k v is of the order 10 9 . Einstein’s absorption coefficient is 
then of the order 01 to 0-5. 

In order to evaluate A 2 l numerically we have to know the value of dv. 
The meaning of this is of course that Bf is a mean absorption coefficient 
integrated through the line, no line of any set of atoms (even if all at rest) 
being of mathematically zero breadth. The total absorption is therefore the 
mean absorption coefficient B,* multiplied by the mean breadth dv, and it 


l 


V W 

coefficient A 2 \ If we estimate on observational evidence the ordinary line 
breadth at 10 10 cm., then for A = 3000, 8v=3x 10 9 , B*dv= 1-5 x 10 9 The 
numerical order of AJ is then 2 x 107 There is direct experimental confirma- 
tion of such a value, for we observe that 1/AJ is the mean life of the atom in 

e excited state 2 before it spontaneously radiates and returns to the 
state 1. lhis mean life r is therefore approximately 

r = 5 x 10~ 8 sec. 

Mean lives of this order or rather shorter are determined by experiments 
such as Wien s on the light emitted by streams of positive rays and by the 

tested h . Ch 7 m ° 8phere - This “ ako mean time of radiation sug- 
gested by classical radiation theory and confirmed by quantum mechanic! 

The rtf ! f m T° nS are ° ften of ne g^ble importance numerically' 
The ratio of stimulated to spontaneous emissions is y 

B^I(v)d v c 2 I(v) 1 
A t l ~~2hv*^~ 


ghv/kT 2 * 
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For the region of the spectrum near A max hv,kT is about 5, so this fraction is 
negligible and a fortiori for all higher frequencies. For very low frequencies 
the fraction approximates to kT jhv and the stimulated emissions become 

important. 

The ^4’s and 2Ts and the natural widths of spectral lines can now all be 

calculated in principle by quantum mechanics for all systems. Complication 

prevents the actual execution of the calculation for any but the simplest 

spectra, but where the calculations have been carried out, as for hydrogen, 

helium and the alkalis,* the results are in full accord with the experimental 
evidence. 


§19*3. T he photoelectric liberation of electrons from fixed atomsf Besides 
the line emission and absorption spectrum of an atom, associated with 
transitions between stationary states, there is also a continuous emission 
and absorption spectrum associated with capture and loss of electrons. We 
will again consider the atoms as fixed, and at first for simplicity as possessing 
a single stationary state of negative energy x and weight w 0 . The process to 
be analysed consists of absorption of radiation of frequency v such that 
hv > x with the ejection of an electron of velocity v or energy rj such that 


rj = \mv 2 = hv — x , 


(2024) 


which is Einstein’s law of the photoelectric effect. The relic of the atom is 
an ion in its normal (at present sole) stationary state of weight w 1 . If y is 
the concentration of free electrons and x 0 , x 1 the concentrations of (single 
state) atoms and ions, the equilibrium state is characterized by 


Xjj/ = ( 2 tt mkT)* 2ujj e _ xlkT 
ar„ h 3 w 0 


(2025) 


To obtain this result we use (479) and (1643), the u/(T) being here all unity. 
The mechanism is controlled by (2012) and the reverse process is the en- 
counter of an ion and a free electron resulting in capture with emission of 
radiation. 

Let i p(v) I(v) dvdt be the chance that a neutral atom will in time dt, 
under the influence of isotropic v-radiation of intensity l(v)dv, become 
ionized by absorption of a quantum hv. The total number of ^-quanta 
absorbed in time dt will therefore be (per unit volume) 


x q ip(v) I(v) dvdt. (2026) 

♦ The first calculations of this type were given by Schrodinger, Ann. d. Physik , vol. 80, p. 437 
(1926); Heisenberg, Zeit. f. Physik , vol. 39, p. 499 (1926); Sugiura, J. de Physique, vol. 8, p. 113 
(1927), and Phil. Mag. vol. 4, p. 495 (1927). 

t Milne, Phil. Mag. vol. 47, p. 209 (1924). This is the most complete original account, bee 
also Kramers, Phil. Mag. vol. 46, p. 836 (1923), and R. Becker, Zeit. f Physik, vol. 18, p. 325 

(1923). 
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By (1898) the number of collisions in time dt between ^-electrons and ions 
in which the line of impact lies between p and p-\-dp is 

x x . 2rrpdp . H-i 7 }) dr) dt. 

Let the probability that such an encounter results in capture with emission 
of ^-radiation be „ x , T/ v , v 

We shall find that stimulated captures are necessary here as for line emission 
and absorption in order to conserve Planck’s law. Then the total number of 
captures with emission of ^-radiation in time dt is 

X 1 . 2-rrpdp . {f(p,T]) + I(v)g(p,r])}^-~^ p(r])dr]dt. 

In order to conserve energy tj and v are connected by (2024) so that we have 

als ° dr] = hdv. 

Inserting the equilibrium value of p(rj) from (1863) and writing 

F( r i) = 2nj^ pf(p,v)dp, G(t]) = 2tt pg(p,ri)dp, 

we find the total number of captures of ^-electrons in time dt with emission 
of ^-radiation to be 

^~ r)lkT dr] dt (2027) 

Either for preservation or detailed balancing (2026) and (2027) must be 
equated. On using (2025), (2024) and its resulting differential relation this 

<2028, 

. 47rmc 2 2tu 1 „ 

— — V F (v) (v = ^~x) (2029) 

Of course 0(0 = 0 (v< x /h). 

These relations (2028) are independent of the classical formulation adopted 

in this paragraph and remain true in quantum mechanics. The ratio of 

stimulated to spontaneous captures is again l/(e'»'* r - 1), and is still less 

important than for line emission, since in this process we are never con- 
cerned with frequencies less than x /h. 

§19-31. Extensions to complicated atoms. If we consider more complicated 

atoms with more than one stationary state, then we can always write the 

equilibrium relation between single states of the neutral atom and ion in 
the form* , . .. 7 ^ , 

(* x),y 2(m y ), 

(*o). ’ ( 203 °) 

* First pointed out explicitly by Milne, Phil. Mag. vol. 50, p. 517 (1925). 
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where xJ is the ionization energy required to remove an electron from the 
neutral atom in its stfr state and leave the ion in its tth state. This can be 
effected by radiation of frequency rejecting an 77 -electron, provided now that 

hv = v + Xi- 

We introduce exactly the same coefficients -^( 77 ), O(rj) and as before 
for each such photoelectric process. On the principle of detailed balancing 
it follows at once that the relations (2028) hold for each set of these coeffi- 
cients. On the preservation hypothesis matters are rather complicated and 
it is hardly of sufficient interest to discuss them in detail. The balancing of 
^-quanta and 77 -electrons involves in general more than one set of coeffi- 
cients. Only the atomic balance involves a single set (and then only when the 
ion is assumed to have only a single state), and the condition of atomic 
balance for all T does not imply so much as (2028). We may be content to 
expect that, as in § 17*4, preservation could be shown to demand less 
restrictive conditions than detailed balancing. 

It is obvious that the foregoing argument applies to any two consecutive 
stages of ionization. 


§19*32. Free-free transitions. In addition to radiative captures transi- 
tions from one free orbit to another are possible with emission or absorption 
of radiation. The greater part of “white ” X-radiation is of this nature. The 
probability of these transitions can in principle be calculated by quantum 
mechanics, but the calculations are very complicated. In the meantime 
the laws for such processes can easily be formulated, but do not give much 
significant information, since the process and its reverse are essentially the 
same, with change of sign of v. 

By (1898) and (1863) the number of encounters per atom per unit time 
with ( 77 ,p)-electrons is * 

The chance of a switch to an ( 77 ',^') -electron with absorption of ^-radiation, 
hv = 77 ' — 77 , is naturally taken to be 

I( v ) cr ( 7 7 >P; 77 / ,p / ) dr )' . 2np , dp\ 


If 


Sa(V’V') = 4tt 2 f f pp / a(77,p;77',p') dpdp', 

J 0 J 0 


then the number of switches of 77 -electrons to 77'-electrons per atom per unit 
time with absorption of ^-radiation is 


/ 2 \* 2 77 ?/ 

\m) ( nlcT )* 


e ■n' kT I (v) -T) S a {r) ,7)' ) diq d-q' , 


(2031) 


a result which remains true in quantum mechanics. In exactly the same 
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way we must then take the number of switches of ^'-electrons to ^-electrons 
per atom per unit time with emission of ^-radiation to be 

(Sffi e ~ v ' lkT { 1 + v'SM',1) d v d v' (2032) 

On the principle of detailed balancing we must equate (2031) and (2032) 

obtaming e. hvlkT lS a (r ] , 1 ')I( v ) = r 1 ' S e (r,' ,^{1 + olI(v)} (2033) 

If /( v) is to satisfy Planck’s law, then we must have 

a = c 2 /2hv 3 , (2034) 

c 2 

vSa = 2 h^ V ' Se - (2035) 

The analogous process to this in Chapter xvn would be merely a simple 

3-body encounter with energy exchanges between the 3 bodies, from which 
we should have derived little of importance. 


§19*33. Numerical values of continuous absorption coefficients. Little is 
known experimentally or from direct astrophysical evidence as to the 
numerical values of the mass absorption coefficient which is derived from 
the tp(v) of (2029) by the equation analogous to (2023), 



£ </C>( v) a„ 
a 


...(2036) 


We do knowthat the continuous absorption grades off continuouslyinto the 
massed hne absorption at the series limit and that there is no infinity at the 
limit itself. Hence Lt r,F(r,) must be finite and non-zero. This means that 

the chance of capture of a very slow electron must ultimately vary like 1/n 
or 1/v 2 . It does not imply however that ^(v)ccv- 3 and k v oc v" 2 , and in 
fact these relations do not seem to be true. The X-ray evidence is that 

* -• calculations of and so t, for atoms wl one 

electron, which probably apply to the absorption of X-rays and roughly 

to the optical absorption by any simple atom or ion, have now been made.* 


§ 19-4. General processes involving emission and absorption of radiation 
We have considered hitherto only simple radiative processes in which a 
single quantum is absorbed or emitted. In order to generalize these con- 
siderations on the basis of detailed balancing to apply to processes involving 
two or more quanta such as the Compton effect (scattering of radiation 
by free electrons) a convenient way is to generalize the method of 8 17-71 to 
include radiation, f at first a single quantum only. To define the encounters 


• Oppenheimer, Zeit.f. Physik , vol. 41, p. 26S (1927); Sugiura loc cit 
vot F,r8t drad fr °“ the — ^ Pauli, *»./. 
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we must now specify in addition the solid angle dD. within which the radia- 
tion is directed, and also, when continuous ranges of frequencies are con- 
cerned, the frequency range dv. These specifications are first required in the 
normal frame of reference (d£l 0y dv 0 ), the momentum of the radiation being 
taken into account if it is significant. As before the probability coefficients 
4> and <f> are to be independent of C and therefore also of I(v), though they 
may of course depend on the direction of the radiation. We find as before 
that the only simple assumption is that, in the normal frame, the frequency 
of the absorption process is proportional to I 0 (v 0 ) and the frequency of the 
emission process to {l+a/ 0 (i/ 0 )}. The equation of detailed balancing, see 
(1965), now reduces in the normal frame to 

1 o( *0) If if 2 - = °c/ 0 K)} LA'/.'. . fn’l 0 <£'• 

Since I( v)/v 3 is invariant under a Loren tz transformation* this reduces, in 
the original frame in which the assembly as a whole is at rest, to 


/ 1/2 •••fn $ ~ 


<xv 0 3 I(v) 


+ * Zl'/.'.-./n-V'. 


(2037) 


It is of course only this form for the ratios of the emission and absorption 

* See, for example, Einstein, Physikal. Zeit. vol. 18, p. 121 (1917). 

The proof is simple and may be repeated here for reference. In the original frame K , in which 
the assembly as a whole is at rest, the radiation is isotropic in all frequencies and of intensity in 
a given range and direction 

I(v) dvdoj. 

Consider a system at rest in a frame K' moving with velocity v in the frame K along the x-axis. 
A given bundle of radiation of intensity I(v) dvcUo in K will belong to an interval dv' and solid 
angle dUo and be of intensitv 

J I'iv'tf) dv'dw' 

in K , where 0 is the angle between the x'-axis and do* . . Obviously in K\ V is not isotropic but 
depends on O' , not on <f>'. 

Between these two expressions for the intensity or energy density of a given beam there must 
obviously be the same relation as between the squares of the corresponding frequencies, so that 

l'(v\0') dv'do*' /V\» 

I(v) dvdot y v ) 

The transformation equations (2050) give us at once Doppler’s law and the aberration in the form 


, _ v{l - ( v/c ) cos 0 } 


cos 6' = 


cos 0 - vie 

(1 -v*/c*)* ' U ~ 1 - (v/c) cos 0 ' 

It follows that = 

dv v do* d cos 0 \v' ) 

Therefore (to all orders) ~ /( ) ^ = (~) * 

The full expression for /'( v\0') in terms of v and 0' correct to v/c is 

I’(v',0') = |/(0 + V cos S'** 1 ; (l-3|cos^. (2038) 

An alternative method is to apply the general theorem used by Dirac (see footnote to § 17*71, 
p. 696) that for any set of systems (here quanta) the law of density-in-momentum is invariant for 
a Lorentz transformation. If the density-in-momentum of p-quanta per unit volume in A is 

n(v,0,<fi) x^dvdo*. 


It follows that 


Therefore (to all orders) 


_dcoa0' ( v\* 
d cos 0 ~\v' ) 


l\v\0') = {/(.»') + cos 0' j (l - 3 V - cos $'} . 


(2038) 
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coefficients which it is necessary and sufficient to postulate. Writing Planck ’s 
law in the form 


2 h 


c 2 I( v ) 


+ 1=e AW*r 


we see that, if 


a = 


2h 


' o 


(2039) 


tlie equation (2037) of detailed balancing reduces to 


2 hv 


rfif * ■••/„<£ = e hvlkT fifi . 


(2040) 


Only in this form can the relation be satisfied with coefficients «£ and </>’ 

independent of T and C. It will be observed that v 0 , the frequency of the 

necessary radiation, is measured in the normal frame and so is a constant 

of the process independent of C. The rest of the argument proceeds exactly 
as in § 17-71 except that the energy relation is 


hv + Z ■ j 
i 


€r + 2^(Pl 2 +P2 2 +P 3 2 )r 


1 


= 2 le r ' + 

i 1 r 2m. 


;(Pl 2 +P2 2 + P 3 ' 2 ) r 


The final result of the introduction of the equations of equilibrium is now 

V 


%hv 0 3 w x ... w n 


c 2 w 


• • • 


TD 


-,(h 3 ) n '~ n . 


(2041) 


We have considered above a process and its reverse in which a single 
quantum is absorbed and emitted respectively. It is easy to generalize the 
argument to cover processes in which any number of quanta are absorbed 
and emitted with the corresponding emissions and absorptions in the reverse 

frame the equation of detaiJed balancin s must 

n .M»K ( * > )} n<{l + 0 HWWJr-.fM 

= n,{i+a r / 0 (^ 0 (»))} (2042) 

lire proportional. t. k0nm8 ^d v doj and {/(*)/*} dvdu, 

arrangement of the protf*b!>vJ Lrt fhTfour Van “ nCe theorem> whict > is of course only a re- 
bera u%,m 1 and m 4 connected by the relation m ° menta of the of reat “ass m, 

T . . .. . + + = 

- a “*«' r, w “ 5 «■. *•.<-, - 

to the same law aa the reciprocal of a volunf P ° partl ^ es and therefore transforms according 
the same law as m 4 . Hence m ° Vlng Wlth the velocity of the particles, that is 

^i.Wi.w,) dm , dm r dm , 

. . m 4 

is invariant. But by the equations of transformation 

i>aX\ < 

V / m 4 * 

ere ore d^dm^/m. is invariant, so that is invariant , which is the theorem . 
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which reduces in the original frame to 

(„M)3 


II 


(£) 


( a <( ‘V' 1 ) 3 vi,) ) + 1 

, (^) 3 


/ 1/2 •••/n ^ 


+ 1 


n (2043) 


hs(^V 3 ^ (s) ) 

Provided that all the “coefficients of stimulation ” a satisfy 


2 




<Xs = 


2h(v 0 (s) ) 3 ’ 2h( v 0 {i) j* 9 

equation (2043) reduces, on using Planck’s law, to 


(2044) 


= U ? h(v / ? (2045) 


The energy equation is 


n 


S a Ai/*> + 2- 

1 


1 


‘r + lf-ipS + pS+Pz 2 ) 


n 


1 


= 'Z l hv&+ D ] €/ -f (Pi 2 + V2 2 +P* 2 ) 

w 1 w L — 


and the final relation between the <£’s, 

2h(v 0 (s) ) 3 


<f>' _ n * 


C7| ... TD 


n 


i 


2h( f/ 0 ( °) 3 cJi' ... cj /t 


^(A 3 )“-». 


(2046) 


It is easily seen that in no other way can we eliminate T 7 and C from the 
equation of detailed balancing and so obtain a statistically acceptable 
relation between the </>’ s. It is not necessary to take the exact form chosen 
for the various emission and absorption coefficients as functions of I 0 (v 0 )- 
Only the ratio of each pair is relevant and determinate. If however the 
form chosen is accepted, then we must accept also the following general law: 

Any atomic process which results in the emission of one or more quanta of 
radiation is stimulated by external incident radiation of the same frequency as 
that of any of the emitted quanta , the ratio of the stimulated to the spontaneous 
emission being proportional to the intensity of the incident radiation divided 
by the cube of its frequency and independent of the nature of the process con - 
cerned , the direction of the stimulated radiation being the same as that of the 
incident radiation. 


§ 19 a 41. The Debye- Compton effect * Compton’s process of the scattering 
of radiation by free electrons is an example of a process to w hich the fore- 
going general theory will apply. In this case there is one material system, 

* A. H. Compton, Phys. Rev. vol. 21, p. 483 (1923); Debye, Physikal. Zeit. vol. 24, p. 161 (1923). 
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n' = n = l, one quantum of frequency i> is absorbed and one quantum of 

frequency v is emitted, the difference between v and v' being of course 

controlled by the laws of conservation of energy and momentum. The 

weights ra, and mf are equal. Consequently the scattering process will 

preserve the equilibrium state (Maxwell’s law for the electrons and Planck’s 
law for the radiation) if 

<t> l V O \° 

( 2047 ) 


£ 

<f> 


Here v 0 and v 0 ' are the frequencies of the incident and scattered radiation 
respectively in the normal frame. By ( 2042 ) the chance of one electron 
scattering ^-radiation into r 0 '-radiation must be 


) d" ^ >3 ^0(^0) ^o( v o ) 


<£> 


( 2048 ) 


which is the result first given by Pauli. Reduced to the ordinary frame, the 
chance of the elementary scattering process must be 


' I(v) c* /(„) I(v’) 

' Cl L 

V” v 


v 3 ’ 2 h *' 3 ’*' 3 




( 2049 ) 


Further details of the interaction are not necessary for formulating its 
laws, but it is perhaps desirable to summarize the details here for reference. 
In the original frame we have initially a quantum with energy E = hv. and 
(vector) momentum T = hvjc and an electron with (vector) momentum 


G = wi o v(l-0 2 )-* (/?= | v I /c ) , 


and energy 


U = m 0 c 2 


1 + 


G 2 


?n 0 2 c 2 


i 


_ 


(1 - /S 2 )i 


The quantum and the electron “collide” and go off with a new frequencv 

V neW Velocit y v ' in new directions; energy and momentum are con- 
served, so that 

G + r=G' + r', E+U=E' +v. 

We are not concerned here with the distribution of scattering with angle 

If the electron is initially at rest in the ordinary frame we derive at once 

Compton s formula for the change of frequency of the radiation scattered 
at an angle Q with the direction of the primary beam, 

\ - cos = v'y 


or 


A '~ A = ™ 0 c (1 - cos ^- 
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In order to understand the nature of the interaction we reduce to the 
normal frame. The transformation equations are of course typified by 

( r jr)o-- (r v ) 0 = r v , (rj 0 =i\, — (B=c/c), 

(2050) 

with similar equations for G and U . In the normal frame there is no 
resultant momentum, so that 

G o+r 0 = G 0 '+iy = 0. 

To reduce to the normal frame we choose the x-axis in the direction of 

G + r and take C.c*|G + r|/(^+ U). 

When the total momentum is zero 

h Vo = m 0 c*/3 0 !( 1 -&«)*, 
and from the energy relation (E 0 + U 0 = W 0 ) 

_(W 0 /m 0 c 2 ) 2 - 1 

P ° (WJm 0 c 2 ) 2 +l- 

It follows that P 0 , and therefore v 0 , and therefore are fixed by W 0 , so that 
in the normal frame 


v o = » 


v 0 = v 0 


The nature of the interaction in the normal frame is thus simply that the 
quantum and the electron make a head-on collision and rebound with 
directly reversed momenta. The chance of the scattering process in the 
normal frame must be 

f/K) + £ 2 //(^o)\ 2 ) 


2 h 


)>-»*• 


§19*42. Further inferences from Dirac's discussion . The discussion of 
§ 19*4 proceeds throughout on the basis of detailed balancing, and the 
requirement that the atomic laws in the normal frame shall be independent 
of T and C. Certain of the conclusions implicitly drawn there deserve 
further emphasis. 

( 1 ) Every quantum of radiation concerned in every process must possess 
both energy and momentum. For every one must transform according to 
the usual Lorentz transformation in order that the atomic laws may be 
independent of C. Thus all emitted quanta are emitted in a definite direction. 

(2) All processes, radiative or not, contemplated in §19*4 preserve 
Maxwell’s law for the density-in-momentum of material systems and 
Planck’s law for the radiation. Thus in particular if we generalize the dis- 
cussions of §19-2 and §19-3 and allow the atoms to move (thereby ex- 
changing momentum as well as energy with the quanta), the atoms will take 
up (as they must) Maxwell’s distribution law. 
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We have arrived at these important results on the basis of detailed 
balancing and the use of very general arguments. On account of their im- 
portance it is worth while to pause here and consider the more specialized 
but more direct arguments by which Einstein in his original investigation 
was led to the conclusion that in the process of line absorption and emission 
every quantum must be directed (have momentum), and that then Maxwell’s 
velocity distribution law for the atoms would be preserved. Einstein con- 
sidered only the mean square atomic velocity. We shall give the discussion 
as completed by Milne.* From the present point of view this discussion may 
be regarded as a study of the process of line absorption and emission by 
atoms free to move on the assumption of the preservation hypothesis It is 
satisfactory to confirm all the conclusions on this narrower hypothesis in 
the simple case of an atom with one pair of stationary states. 

§ 19-5. Extensions of Einstein's argument to free atoms and the conditions 
for the preservation of Maxwell’s law by line absorption and emission In a 
frame in which an atom is at rest the radiation is as we have seen not isotropic 

tend, to .low it up while the enhs.ion (in this fnune, i. iso,' opt Ld Zout 
order proportional to v, so that tft h t 


dv 

dt 


= —Xv. 


The actual value of A will be investigated later. We mieht at o 

“ a T* T rt fr ° m at0miC coIJi8ions > wou Jd ultimately come toreT 
ut this is not so. Superposed on the steady deceleration there will be in anv 
given time interval t a net gain of velocitv u ariQinrr r n ^ 

the directions of absorption and emission. The mean vai ue of v d & fi nV 

is zero, and obviously to the first order in „ independent oYt yTt 
anisotropy of the radiative field-that is independent of v . It is then dear 
that a necessary condition for the equilibrium state is that 


(ve~ Xr + u) 2 = i> 2 , 


... __ - (2051) 

which means that W is unaltered after time r bv the twn rQ n; ~ 

The further development of these ideas belongs more properly 

xx, but may be conveniently taken up at once. Since and 

vidual values of u are independent of v HU -0 aJ tu d h mdl ' 

reduces to _ _ ’ UV ~° and the equation (2051) 

u 2 = v 2 (1 — e~ 2 * T ) 

or for small r D5 = p /2A (2052) 

/ / OA rr o \ 


• Milne, 

in § 20-62. 


(2053) 
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The direct calculation of u 2 is also simple, but is temporarily postponed. 

In the foregoing, velocities may be interpreted everywhere as velocity 
components in any given direction. 

When u 2 and A have been calculated directly from the properties of the 
assumed mechanism v 2 is determined by (2053), and Einstein showed that 
it had its pioper equilibrium value. This verification is not however, as 
Einstein pointed out, a complete solution to the problem. But further 
detailed investigation of this particular mechanism is rendered unnecessary 
by the following general theorem. 3 *' 

Theorem 19-5. If the centre of mass of the atoms moving with velocity (or 
velocity component) v moves according to the equation 



(2054) 


and if i/i addition in any small interval r each atom acquires a velocity (or 
velocity component) increment u, independent of v , such that u = 0, then in the 
steady state the velocity (or velocity component) distribution function f(v)dv is 


g,venb « /(,.)_ c-l-W, 

where v 2 is given by (2053) and c is a constant. 


(2055) 


This theorem is of somewhat wide importance since it applies under the 
conditions stated, which need not correspond to statistical equilibrium. In 
the present application it justifies confining a discussion of the particular 
mechanism to the values of A and u 2 . We take its proof next, confining the 
discussion to one dimension, or one velocity component. 

Of the atoms moving with velocity v at a given instant let the fraction 
<f>(v,w)dw acquire increments of velocity between w and wA-dw during the 
succeeding interval r. Consider the atoms at the end of this interval which 
are moving with velocities betw een v' and v' + dv’. Those of them which 
were originally r-atoms have had an increment w , where 


w = v' — v, dw = dv ' ; 

they therefore form the fraction <f>(v,v' — v)dv' of the v-atoms, which were 
originally a fraction f(v)dv of the whole. Hence if F(v')dv' is the new 
distribution function, 


F(v') dv' = dv' j f(v) <f>(v,v' — v) dv. (2056) 


The condition for the preservation of equilibrium (or more generally a 
steady state) is F =/ or 


f(v') =j f(v) <f>(v,v' - v) dv. 


(2057) 


* Milne, loc. cit., whose account we follow. See also Fokker, Ann. d. Phyaik, vol. 43, p. 810 
(1914); Planck, Berl. Sitz. p. 324 (1917). 
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The increment w is given by 

w=(ve~ Xr — v) + u y 

or for r small w= -\ T v + u. 

The function - \tv + u)du is by definition the fraction of v-atoms which 
acquire by fluctuations increments between u and u + du in time r. By 
hypothesis this fraction is independent of and we therefore write 


— Xtv + u) = ip(u). 

The function i/j(u) satisfies 


(2058) 


iP(u) 


J + *> 
— 00 


(p(u)du = 


J + CO 


u<fj(u) = u = 0, 


and we shall write 


/ + CO 

u 2 ip(u 


)du = u 2 . 


In order to make use of (2058), and this is the point of Milne’s proof, 

make the substitution . , W/ , x v 

v = (v —x)j(l - At). 

Then equation (2057) becomes 


we 




and after using (2058) this becomes 


f(v>) ~ rhr T /_ . f {b^r ) ^ dx ( 205f) ) 

We can now for small r expand / in powers of x and integrate term bv 
term. We find after rearrangement 

^c^ T [/(,^ T )-/<o + ^r( r!7r ) + ...]. 

It is necessary to assume that u\ u 6 , ... are of a higher order in r than u *. 

Letting now r->0 we find that 


Let us now put 


if"(V) + [/(»') + </>')] Lt t = o. 

T-> 0 u 2 

Lt t- h . 

T-.0U 2 


(2060) 


Then the complete solution of the differential equation (2060) 


is 


Since 


f(v') = j*eM’dq 

J +00 

f(v')dv’= 1 

— CO 


+ B 



and the ^-contribution does not converge, we must have 

-4 = 0, B = (/x/7r)I. 
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+ OO | 

v 2 e~v v *dv = — , 

- cc 2 ll 


and finally 


( v ‘- i h t X) <2061) 


§19-51. Corollaries and extensio?is of Theorem 19-5. A more exact treat- 
ment of the theorem, not confined to small r, is of considerable interest, at 
least mathematical. The </> defined in (2058), though independent of v, 
depends on r, as of course does u 2 . When r is no longer restricted to be small 

we must everywhere replace 1 - At by the exact e~ Xr . Equation (2059) then 
takes the exact form 


l 


This equation must hold for all v and r and the right-hand side must be 
independent of r. We can show that these conditions serve to determine not 
onl y f(V ) but also ifj(x,r), that is both the steady distribution law and the 
law of diffusion of random velocity among a subgroup of atoms, moving 
initially all with the same velocity. 

By the study of small r we have already shown that 


/(*>) = 


Inserting this in (2062) and changing the variable of integration we find 


J + OO 


e — ve~ Xr f T)di\ 


If we differentiate this with respect to r and simplify by integration by parts 
we find r + ao t i\ p - 2 Xt 

{*——***-& -e-**dv = 0 , 

J - °o { M 

in which the variable x has the value 7 / — ve~ Xr after differentiation. This 
equation thus reduces for fixed r to the form 



+ a? 


g(v" - v) e-^dv = 0 ( all v") 


— 00 


which requires that g = 0.* We thus have 


‘Pxx = 4>r . 


(2063) 


* A simple proof of this theorem can be given under sufficiently wide conditions by connecting 

/ + ao 

\g\ dx exists. 

-0O 


Then from the hypothesis of the theorem to be proved 

ao 

dx i e 


/ -foo fao _ /+co feo 

dx I e" t(x -»)«-»* dv =l_ ^ dfj o ; ' g(() *-•* 


dv. 


ao 

ao 


= (Jo dv ) (f-2 s(() e<(> d( ) • 
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which (on the proper time scale) is equivalent to the standard equation of 
illusion. It is reducible to the ordinary form by the change of variable 

t = 1 - e _2Ar . 

Its solution for a “point source”, that is for an initial concentration of all 
the particles at the origin of *, is, when the constant is adjusted so that 

/* I 


r)dx = 1, 


,p(X ’ T) ~(n) ‘ (2064) 

This function exhibits the growth of the distribution law for the random 
velocities. Its initial value is zero except for x = 0, and as r->oo 

e-^ 2 . 

Thus the subgroup of atoms moving initially with a given velocity ultimately 

acquires a Maxwellian distribution, which is naturally independent of its 
initial velocity. 

§i9-5 2 . Einstein’s calculation of A and u*. We proceed next to the 

calculation of A. By (2015) the number of absorptions of isotropic radiation 
per atom in state 1 per unit time is 

B l 2 I(v)dv . 

This can be generalized to radiation in a given solid angle, thus applying 
to anisotropic cases. The number of absorptions is then g 

B*r( v ',e’)d v ’du>'l4Tr, 

measured in the frame K' moving with the atom. The coefficient -fi. 2 cannot 
depend on orientation unless there is a field orientating the atoms The 

thTefore° f abSOrPtl ° nS ^ at ° m “ avera « ed over a11 the atoms is 

zo, eXi lkT ^ _ 

f(T) I ( v ',^')dv'da>' /4n. (2065) 

We recall that Xl and * 2 are negative energies and f(T) = w, eX^r + w eXl , kT 
e ry s uch absorption conveys to the atoms X ' -momentum to the amount 

— cos d'. 
c 

The first integral factor is e H ual to * > e"** end never vanishes. Therefore 

I ^ COS 

/-oo ?(f) 8in (f<)</ f = 0 ("«0. 

But by Fourier’s integral theorem (Hobson, Fusion* of a Real Variable, vol. 2 p 7 -> 7) 

, x 1 I 00 , / + 0 ° “ ' 

9 ' X '~~irJ o (/v J_ oc 9( t )coB{iit-z))dt = 0, 

since the inner integral vanishes. 


e 2Ar _ l 
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The stimulated emissions must also be anisotropic, for they must take 
place always in the direction of the incident radiation. We have as yet not 
considered this point, but it is required by the classical analogy discussed 
by Van Vleck.* More forcibly, unless the stimulated emissions are in the 
same direction as the incident radiation, they will not concern light of the 
same frequency in all frames of reference, and the whole argument of 
§19-4 applied to this process must break down. Due to the radiation 
incident in dot' there are 

77 } pX 

?£Lj-Bsr(s,e')d v 'd<o'/4n 

such emissions per atom per unit time, each contributing to the atom the 

recoil momentum * / 

-—cos O', 
c 


In the frame K' the natural emissions must be isotropic and contribute 
nothing to A. 

If now we collect these results and recall that uj 1 B x 2 = w 2 B^ we 
the total average momentum contributed by the radiation to each atom 
per unit time is 

V A / li rr> _ . , V rry \ . a f y 0 a a /W . A/ Y / 


Using (2038) and carrying out the integration we find that this rate of 
transfer of momentum is 


~ v fjVr } ( 1{v ' ] ~ K B ' dv ' {eXl,kT ~ eXrlkT) - 

The coefficient of - v is by definition m\, and the formula now contains only 
the isotropic I(v'). Using Planck’s law and the relation hv’ = Xi~X 2 we 
reduce this to * 2 . >2 m il( v '\dv' 


— v 


A = 


h 2 v ' 2 m l e x ^ lkT B-?I{v ')dv' 

c 2 f(T) 3mkT 


(2066) 


We may observe that in this calculation we have for simplicity used a 
frame K' and neglected the change of mass of the atom on absorbing hv. 
This is sufficiently accurate here, but the exact method is of course that of 

§ 19 ' 4 - — 

We have finally to calculate u 2 , the fluctuational increment of velocity 
in time r, to an approximation which ignores the slight anisotropy and 
treats the atom as at rest. A single absorption or emission at an angle 0 T 
exerts an impulse (hv'jc) cos 0 r on the atom in the A -direction. Thus for 

any atom mu = (hv' /c) £ r cos 9 r , 

* Van Vleck, loc. cit. in § 19*2. 
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and averaged over all atoms u = 0, and 


mhi 2 = 


AV 2 


(Z r cos 2 9 r + 22 r cos 6 r cos 6 e ). 


The average value of the product term is obviously zero. The average value 

of the square terms is \n, where n is the total number of emissions and 

absorptions in time r, that is double the number of the absorptions. Thus 
by (2065) 


and finally 


2 cj* eXi ,kT _ 


AV 2 w 1 eXi lkT 2B 1 2 I{v')dv' 

2 ^ / m v c\ T • 


U 2 = 


f(T) 


3 m 2 


(2067) 


Comparing (2066) and (2067) we find 


u 


2At 


kT 


m 


so that by (2053) \mv 2 = \kT , 


as required for preservation of the equilibrium state. 

If we did not assume Planck’s law for I(v) in reducing (2066) and (2067), 
we should eventually find 




(2068) 


§19-6. The emission and absorption of solids. A solid body, or for that 
matter a liquid or a sufficiently dense gas, can generally be regarded as 
emitting light of all wave lengths (e.g. incandescent filaments, electric arcs, 
the sun). In an assembly in equilibrium this is a surface effect, and therefore 
must preserve equilibrium independently of all volume effects. 

In unit time the energy of v-radiation which strikes a unit surface within 
a solid angle dw at an angle 6 with the normal to the surface is 

I(v)cos6dvdoj. 

In order to preserve equilibrium (isotropic radiation) the same amount of 
^-radiation must be sent back in the reverse direction. This must hold for 
all v and all T . The surfaces of condensed bodies are usually described by 
an absorption coefficient k(v,d), which is the fraction of ^-radiation incident 
at an angle 6 that they absorb. The rest of the radiation, the fraction 
1 — k(v,8), is reflected in some manner, but with a definite phase relation to 
the incident light. The existence of a phase relation is the defining property 
of reflection, and forces us to distinguish between the reflected radiation and 
the radiation re-emitted after absorption for which there is no such phase 
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relation. It is this point which leads (at least on classical theories) to a 
discussion somewhat more complicated than that required for the impact 
of particles on walls. If there is absorption there must of course be emission 
as well, and the emission coefficient €(v,0) is so defined that the ^-radiation 
emitted in unit time by unit area into a solid angle da> at any angle 0 with 
the normal to the surface is 

€(v,0) cosOdvduj. 


The radiation reflected from all incident beams into the same solid angle 

may be defined to be w m , 

r(v,V) cos Vdvdu). 

The hypothesis of the preservation of equilibrium requires that 

7H = 6(i/,0) + r(i/,0). 


(2069) 


According to the hypothesis of detailed balancing we are entitled to assert 
separately the equality of the absorbed and re-emitted fractions and of the 
unabsorbed and total reflected fraction, i.e. that 


r(vfi) = {\-k(vfi)}l(v), (2070) 

6 (v ,9) = k(v ,9) I (v) . (2071) 


This is a familiar result of the classical radiation theory. It will be true on 
the hypothesis of preservation alone if for example the reflection is perfectly 
specular or perfectly diffuse, or obeying any mixture of these two laws, or if 
the surface is such that Helmholtz’s reciprocal theorem on definite beams of 
light holds. * It does not seem that Helmholtz’s theorem can extend to the 
most general condition of reflective scattering contemplated here, but it is 
undoubtedly true for most reflections actually found in practice. 

A body for which k(v,9) = 1 is usually called a black body , or, since 

€(l/,0) = /(!/), 

a full radiator. A body for which k(v,9) is a constant (less than unity) is called 
a grey body. It emits radiation distributed according to Planck s law, but at 
less than the normal rate. 

The surface coefficients actually depend on the state of polarization of 
the incident beam. It is necessary to imagine I(v) broken up into two plane 
polarized components, one in the plane of incidence and the other at right 
angles to it. The theory is easily extended to cover this distinction. 

§19*7. Photoelectric emission of solids. The emission of electrons by cold 
solids under the influence of radiation has already been discussed in § 1 1*37. 
The energy of the electron and the frequency of the incident light are con- 
nected by Einstein’s equation r) = hv~x> where x * s tb e photoelectric 


* See Lorentz, Problems of Modern Physics, Note 17 (1927). 
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threshold or work function of themetal. Theconverseof thiseffectistheemis- 
8i° n of ‘'-radiation when an electron of energy hv- x strikes the solid. Such 
effects have never been recorded and are perhaps too scarce and too difficult 
ever to observe. That radiation is emitted in stopping the electrons striking 
a metal target (X-ray emission) is familiar enough. The radiation of con- 
tinuous frequency so obtained is probably almost entirely atomic in origin, 
arising from free-free transitions in the field of a single atom; the character- 
istic radiations are obviously atomic. The interest of the converse photo- 
electric effect would lie in hv exceeding (by a few volts) the energy of the 
impinging electron. 

We shall not give the details in this case, but it follows at once by 
arguments now familiar and the use of (1023) that if ^ is the chance that 
a ^-quantum striking the solid shall produce a photoelectron, and 

*'( 1+ db /(, ' ) ) 

IS the chance that an ^-electron ( V = hv- X ) striking the solid shall be 
absorbed with the production of a equantum of radiation, then 



(2072) 


In the region of A 3000 <£ may perhaps be numerically comparable with 

unity, but 4 ,' is then of the order 10- 5 -10- 6 . The converse effect is thus very 

small. It must also be remembered that the calculations leading to (2072) 

refer to the equilibrium state, and that a solid is no longer (like an atom in a 

given state) a definite system, but itself depends on the temperature. The 

solid may be capable at high temperatures of capturing impinging electrons 

in this way with the calculated frequency, but it does not follow that the 

same solid cold, bombarded by electrons, will be able to achieve the same 

fraction of captures. There may not be the same vacant orbits for the 
electrons to occupy. 


§19-8. Photochemical reactions and chemi-luminescence. It is a familiar 

fact that certain gaseous reactions are initiated by the absorption of external 

radiation— usually light of the visible region or nearby. It is however 

difficult to find simple unambiguous examples, in which we can be perfectly 

sure of what is happening, so that we shall be content to discuss such 

mechanisms and their converses in general terms without attempting precise 
applications of any theoretical results. 

In the photochemical mechanism the primary action is the absorption 
o a single quantum of eradiation. There is no known case of dependence 


742 


Mechanisms of Interaction . Radiative Processes [19-8 

on a power of I(v) higher than the first, so that only a single quantum can 
normally be concerned. The result of this absorption may be either 

(1) An activated molecule. 

(2) Immediate dissociation. 

In either case we may expect (and find) a threshold frequence' v 0 below 
which radiation is ineffective. We may observe further that, whether 
v> VqOt v<v q , ^-radiation must be ineffective unless it is absorbed by the 
molecule and therefore that only the lines and continuous stretches (if any) 
of the absorption spectrum of the molecule can be effective photochemically. 
This point is well brought out by the practice of sensitizing photographic 
plates to red light by staining them with red-absorbent dyes. The plates are 
normally insensitive to red light not because r red < v 0 but because they do 
not absorb the red light. Once absorbed the energy of the red light is trans- 
ferable by other. mechanisms, and the photographic reaction occurs. 

In simple cases we shall expect to find with either mechanism (1) or (2) 
that just one molecule is transformed for each quantum of effective light 
absorbed. This is called Einstein' s law of photochemical equivalence. There 
is however no reason to expect its universal validity, owing to secondary 
effects such as the formation of reaction chains carried on by the products 
of the primary photochemical act. Einstein’s law is found to hold in many 
cases, but there are marked exceptions, such as the reaction 

H 2 -b Cl 2 -> 2HC1, 

in which the number of reacting pairs may be many million times the 
number of light quanta absorbed. 

The converse reactions are either 

(1) Emission of ^-radiation and deactivation. 

(2) Recombination of two free atoms or molecules with emission of 
^-radiation to get rid of the excess energy. 

Experiments will certainly be able to distinguish between (1) and (2) 
and no doubt will do so soon, but owing to subsidiary effects this is never 
easy. In the meantime we may be certain that examples of both types of 
mechanism occur in nature. A quantum of visible light represents a heat 
of activation per gram-molecule of 50,000 calories, more or less, which is 
just of the order of the heats of activation with w'hich we are familiar in 
reactions proceeding by collision. On the other hand, examples of the con- 
verse mechanism (2) are known, though not in the gaseous state. This is 
the phenomenon of chemi-luminescence.* 

* See, for example, Noddackj Handfruch d. Physik, vol. 23, p. 631, art. Photochemie (1926). 


CHAPTER XX 
FLUCTUATIONS 

§20*1. We have hitherto, in calculating average values and asserting 
that they represent properties of the assembly characterizing the equilibrium 
state, generally ignored the fact that at any moment the actual assembly 
will always deviate more or less from the average state. From the definition 
of average value the average of these deviations must of course vanish, but 
the average numerical value of the deviation will not vanish, and will be a 
measure of the closeness with which the assembly conforms to the theoretical 
equilibrium state. It was necessary for the logical development to point out 
at once, as we did in Chapter u, that in general these average deviations are 
insignificant compared with the average values themselves. This at once 
justifies our treatment of the equilibrium state and the possession of all its 
average values as a normal property of the assembly in the sense familiarized 
by Jeans. We have also had occasion to prove certain theorems, particularlv 
in Chapter xix in connection with Einstein’s discussion of the interaction of 
radiation and atoms, which are closely concerned with fluctuation problems 
and will be applied further. 

It is therefore our primary object here to develop systematic methods of 
calculating such average deviations, (a) for the sake of the logical develop- 
ment of the whole subject, and (6) for direct application where possible to 
physical observations such as Brownian movement and opalescence near 
the critical point. In taking up these calculations we find at once that the 
average value of the numerical deviation is awkward to handle and is 
naturally replaced by a calculation of the average of the square of the 
deviation. This is moreover the quantity ordinarily required in applications, 
and we have usually spoken of this quantity hitherto as the fluctuation . If P 
is any quan tity whose average value is P, then the fluctuation in this sense 
is (P-P) 2 . In devising general methods of calc ulatin g these fluctuations, 
we find it almost equally simple to calculate (P — P) n for any positive 
integral value of n. We shall therefore speak of all such quantities in this 
chapter as fluctuations, and refer to particular ones as fluctuations of order 
n, the “fluctuations ” of other chapters being here fluctuations of the second 
order. Fluctuations of orders other than the second are not of much im- 
mediate physical importance, but the results are elegant and perhaps not 
without intrinsic interest. They generalize in many cases the corresponding 
results due to Gibbs.* 

* Gibbs, Elementary Principles in Statistical Mechanics, chap. vii. The results for non-dis- 
sociating assemblies were given by Darwin and Fowler, Proc. Catnb. Phil. Soc. vol. 21, p 391 
( 1922), but the discussion there given for dissociating assemblies is inadequate and is here revised 
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§20-11. General formulae for a r n , a /'a™, etc., and E A " . Before starting 
to discuss fluctuations it is convenient to assemble certain formulae for 
average values which are immediate generalizations of those of §2-4. We 
can obtain full generality by considering first an assembly of two types of 
permanent quantized systems, obeying one or other of the possible forms 
of statistics (unspecified). The results extend at once to any number of types 
of systems and the form for the classical limit can be deduced. Dissociation 
is for the present excluded and considered separately later. 

In the notation of § 2-4 


c — 1 

f f f dxdydz 

(2m) 3 J 

Ca = 1 

'J J x M+1 y N+1 z E + l 

f f f dxdydz 

r (27 tz) 3 J 

1 J J x M + \ yK + l z E +\ 


U,g(xz e ‘) n tgfyzvt). 



n t dFr9{xz t ‘) n tgfyz 1 ”). 


The last equation is easily generalized by use of the same arguments and 
we find 




A further generalization on the same lines is at once possible to 

dxdydz (” / 3 \ n 


(2073) 


Iff 


+ l - r£+l 



dx 


[(* ly 

n, + rg g f (xz‘‘) 


It is clear that any number of such factors may be introduced. 

No integral has yet been given for CE Ay since W A was deri ved from 

S r a r c r . We can easily construct one, and in fact by considering (2 r a r f r ) n 

construct integrals for CE A n . The general term in this expression is of the 
form f 


n \ . 
s!s ,f 8"i 


£ 8 ^ '8 /i 8 si 8 aw 8 


/ / 


r "r 


a r s a T ' s a r . 


corresponding to a general term in the integrand of (2074) of the form 

aWfiT. ^V*V 8 "-[(x *(«•')] \_{ x Vj [(* ic)’ *<«*">] 

X ... x n t ^ r yy» t ... Q(XZ €t ). 

The € r -factors can be absorbed by replacing the operators xd/dx by zd)dz. 
By an application of Leibnitz’s theorem it is then easily seen that the last 
expression reduces to / d \ n 

\ z Wz) 

It follows that 

“ < 2 isp/ff . [( l s)’ n <»<”' ) ] n '^‘> (2075) 


CE* 


20 - 2 ] General Fluctuations in the Partition of Energy 745 

§20*2. General fluctuations in the partition of energy. It would be possible 
to evaluate the dominant terms in E A “ directly from (2075) by the usual 
ap plication o f steepest descents, but we really require the dominant term 

* n ~ PaY'< and in passing to this by expansion and use of E 4 n a number 
of leading terms cancel and a more or less complete expansion of E A ‘ l must 
b e used . VV e avoid this difficulty by first constructing an exact integral for 

C(E A - E A y\ which can be simply evaluated in the usual way. 

A change of notation is expedient. Put x — e u ,y = e v ,z = e w , 

g(xz e >) = g(e u+t ' w ) = exp{£(u + e,w)}, (2076) 

with a similar expression for G x . Then 


CE a » = - 

A (2 ni 


J/J dudvdwex V[ ~ Mu - Nv — Ew + S, Gflv + Vl w )] 


d \ n 

fa j expfS, G(u + e,w)] (2077) 


where the contours y' are now straight lines from logA-t 7 r to logA + tV, 
log y — i-n to log p + i-TT, log & — in to log 0 + in respectively. These contours 
are of course those required for the application of the method of steepest 

descents. To form the integral for C(E A -E~ i ) n we replace E by W A +W B 
and again use Leibnitz’s theorem; thus 


°( E A -P A ) n = C[E A n - E A n-'E A + n C 2 E a *-*(E a )* -...(-)» (E A )»l 


jjj dudvdwex p[ 
x exp[S, G(u + e t w)] 

J/J 


0 \"-2 


dw 


(E A ) 


Y 

0 \* 


B W + + 77 ,W)] 


dw 


) ex p[2, 


G(u + e,w) — E a U)]. 


(2078) 


This is the desired integral. We know that effectively the whole value of 
this integral is provided by the immediate neighbourhood of the saddle 
point at log A, log/*, logO. We therefore write u = log A + i«, etc., and G for 
<5(log A + e^ogO^), and recall that in this notation 


E.= 


— 'L t c t G'. 


Then S, G(u + e t w) — 


°( u + wi 

L — IlogA, log/a, logd 

E a w - Mu = 2, G - ^7 log & - M log A 

- iS, (a + €,y)* G” - |tS, (a + «, y )3 G 


// / 


I • • • • 
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There is a similar expression for S, G x (v + e ,w) - E„w - Nv. The integrations 
are now with respect to a, y and range effectively from - oo to + oo, while 
other terms such as S, (a + «,y) 3 G'" are still small. Thus 


C{E A -E A r = 


(»)-" 

(2nf 


eZtQ-E A \og§-M\og XF'L,G l -E B \og i> — .V 1 og n 


X 


/J J _ oo d<xd P d ? e_ - S ' (fl+r) ‘ y) ’ G '"{ 1 + 0 ( 2 , (0 + T), 

i.)” [6 -iZ, (a+ e ( yW {1 + 0(2< (a + e<y) 3 


an expression in which the O-terms may be differentiated. In the special 
case n = 0 we obtain C, and the O-terms cannot contribute to the leading 
term in the integral which is 

+ oo 

dtxdpdy (P+Vty) 2 °i'-iZt (a+*,y) 2 a" _ j (2079) 


say. Thus 



— oo 


(E a -E a )* = 


(i)~ n 

J 

d 


dy 


(2080) 


Jff + ’° dei dpdye-iz><P+’i'yW "{1 + 0(2, (p + V ,Y) 3 G'i"')} 
j " (a + e<y) 3 £"')}] 

The order of the O-terms may be expressed more clearly by writing them in 
the forms 0[N(fi + rjy) 3 ] and 0[ M(<x. + €y) 3 ] respectively. 

The further approximation to (2080) depends on the parity of n. It is 
clear that in any case the first differentiation of the bracket {1 +0[i/(a-ffy) 3 ]} 
does not alter the order of the integrand. Instead of the leading term 1, we 
then have a term of order M { a -f- ey) 2 . But every time we differentiate 
c -iE,(a-f€,y) 2 <7" we multiply the integrand by 2, (a + € t y)€ t G", which is of 
order M(cc + cy) and increases its order after differentiation by <JM. Thus 
the highest order term arises from differentiating the exponential n times 
and the O-terms are both of lower order, provided that this highest order term 
does not happen to vanish identically on integration . It does not vanish for 
n even but does so vanish for n odd, when further consideration is required 
to which we return. If now we put n = 2v , we find for the required asymptotic 

form of (E a — E A ) 2v 

^ ^ /// + °° d(X dP dy e ~ iXt ( Vt y )2 ° l " ( jr ) iZti 0 « +€ty)2 °''- 

(2081) 

To evaluate this integral its integrand may be written for shortness in 


(E a -E a )»>- 


the form 


e -hBp+2U0y+C t y*) 


dy 


n e -\(A ot t +2Vya+C l y z ) 
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and the a- and ^-integrations may be carried out immediately, the order of 

the operations jdx and j being inverted. We are then left with 

(E A - E A ) 2v = e -i«7, -vVA^dy (2082) 

Let us now write 

7 « = ( - ) v f + ^ ( f>2 < f > i 2l) dy = ( - )*+' f + " <j>fW- r > dy ; 

J - CO J - 00 

the latter form follows by repeated integration by parts, and <j > x , <f> 2 are short 
for g-hCt-WAiyi respectively. Then since 

<f> I = - y(C 2 - U*/B) <f > x , <f> 2 ’ = - y ( c i - V 2 /A ) <f , 2 , 

we find that 

C 1 + C i -U 2 IB-V 2 IA _ , f + - 

(Cj— V 2 /A) (C 2 - U 2 IB) Iv ~^~^ V ) V( ( t > 2 <t>i 2v + <f>i<t> 2 (2v x) )dy. 

On integration by parts the right-hand side becomes 

2 Iv-I + ( - r- 1 f + “ y(<j>f <t>^ v ~ 2) + <t> 1 '<f> 2 (2v ~ 2) ) dy, 

J - CO 

and by continued repetition 

2 »/_! + J * “ y(<f> 2 <v) <f>i v ~ 1} + <f>i (v) <f> 2 iv ~ 1) ) dy 

OF (2i»-l )/„_!. 

Thus I =(2v — 1) 3 l F 1 - ^ 2 M) (£ 2 ~ U 2 /B ) ~ [ p 

1 ’’ ' L Cx + C 2 - V 2 /A - U 2 /B J /o (2083) 

and it is easily verified that 

/ _ j 

Thus ) (<7 2 - 17 2 /i?)-f 

1 ^ ( U 1) - 3 - 1 Lc i + <7 2 -F 2 M-^/ j bJ > 

= (2v — 1) ... 3 . 1 [(E a -E a ) 2 Y, (2084) 

Tit Fbi _ {Ci- - V 2 /A )(C 2 - V 2 jB) 

A ^ C x + C 2 - V 2 /A - U 2 /B ' (2085) 

This result must now be interpreted. The physical variables M, N, W 

and E b are given in terms of A,-/*, 0 and the O ’ s by familiar equations which 
in the present notation take the form 

M = 'L l G , N = 'E l G 1 ', E a = E, e t G' t E B =z'Z ( rj t G 1 '. 



Fluctuations [ 20-2 

We regard these variables as functions of A, ^ and Then 

c 2 =z,vGV'=&a^aa; (20861 

A = Z'G" = \dM!d\, B = X t Gy" = fj.cN/dfj.; (2087) 

F = 2, et G" = &dM/d& = A dE~/dX ; (2088) 

u = ^tV t G i " = & ?N/d& = ya dE^jdfj.. ( 2089) 

We can now show that 


C V2 _ a SJS A BE a 
Cl ~A-*-d¥- X ~d\ 


n dM /, 53 / /SEA 

9 -?» / a sa - i w )„ <2 °' J0) 


and similarly that 


c u ‘-J se b\ 
B-* SF) 


(2091) 


The first equality in (2090) follows at once from the relations (2086)-(2089). 
b or the second we note that when M is constant A varies and therefore 


J™ A 


L 


„ h£, .SB. I SA 

- 9 W + 9 aT 51 


).• 


(2092) 


and since 


„ dM .. dM 

d\ dX+ ao 


(SL-f/f (->■ 

Combining (2092) and (2093) we obtain the second equality in (2090). We 
thus obtain finally the relation 


(■ v a -e a ) 2 


r »(dE A /d*) M i 

L WEIdWvj , J 


(2094) 

Fluctuations of the energy of all even orders are thus completely determined. 

We now return to the odd orders. To an equivalent approximation these 
all vanish, and they are actually of order lower by or *JN than £he 
corresponding even orders. We must retain the exact terms in 2/(/?4- VtY) 9 @i" 
and 2, (a 4- e*y) 3 O'" in (2080), the terms 2, (a 4- € ( y) 4 G ly etc. and higher terms 
being negligible. We then find after simple reductions 


(E a -E a )**-' = P v +Q v , 


p = 


(-) 
6 J 


JJJ doidpdy e-i(BP+2U/ly + C t y*)[X ( (P + Viy) 3 G/"] 


v—1 


x (A 1 e -faa , +2 rya+C l y t ) > 


6 J 


JJJ + a> d«df3dye-i(A* + 2Vy a+ c l y'>p :i (a + e<y )3 G"’] 


x (A 1 e -hBp'+2Vfiy+C,y t )_ 
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It is sufficient to consider one of these expressions. Carrying through the 
a- and /3-integrations we find for P. 0 


P v = 


(-)” 2tt 


6 J ( AB ) 


+ CO 

dy 

— oo 


e -$(C 2 -t/ 2 , B)y2 


[ r ’ E ' if' + S 


By using the identities 


ye 


1 ; ( e_iCjV ). y 3 e“ ic 


[ cA 


3 \ 3 3 3 


?y/ c 2 '*0y. 


-Ic.'y* 


we can reduce this expression to integrals already evaluated, and find 


• a( 1 ) • • • 3 - 1 L^j + C 2 — U 2 /B — V 2 /A J 


r f 3 ( 

Li c; 


(2w+ 1) (C 1 — V 2 IA) 


+ C 2 — U 2 jB — V 2 /A J 


Xtto-UIBfGf" . ? S, ( Vl -U/B)G 1 ' " 


(■ C 2 -U 2 /B ) 2 


+ 


The corresponding expression for (?,. is 

L <?i + ^2 - U 2 jB - V 2 /A J 


B(C 2 - U*/B) 

(2095) 


~lo (2»+l) 
_( C 1 + C 2 — 


)(C 2 -U*/B) 


U 2 jB-V 2 iA\ 


VIA)* G’" , M t -V/A)Q’" 


(Cx — V*iA)* 


+ 3 


A(C X -V*IA) 



(2096) 


These expressions cannot be substantially simplified. We observe however 
that it is easily proved that 

(2097) 


KM, G-M- A , 


(2098) 


with the help of which the formal evaluation of (E A — E A ) 2v ~ l may be 

completed. The order of ( E A -HTj 2 '-' in M onV is v - 1 , that is \{2v - 1) - i, 
while that of (E A - E A ) 2e is i(2v). 

An important special case of these formulae occurs when N$>M, so that 
the M systems of the first type A are a small part of a very much larger 
assembly. This corresponds to the physical condition of being in a thermo- 
stat or bath formed by the B’s. The formulae then simplify. We derive at 
once from (2084) and (2094) 


(E a ~E a ) 2 " = ( 2 v - 1) ... S.lt^/gayr 


( 2099 ) 
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From (2095)-(2098) we find also 


[20-2 


(e a -e a )*>- i=( 2 «- i) ... 3 . i mdEjdWxTr 1 



1 HdE A /dZ) M 



1(Ma\ 


( 2100 ) 


Formula (2099) (and also (2094)) is the same for all statistics. Formula 
(2100) simplifies further for classical statistics when (dE A /dM)$ is in- 
dependent of A and the second term vanishes. Then 


(E a - E a )*- i = ±(v- 1) (2v— 1) ... 3 . 1 



....( 2101 ) 


Formulae (2099) and (2101) give the dominant terms of the formulae given 
by Gibbs,* which alone are relevant when M is large. 

In their final forms these fluctuations are obviously independent of the 
assumption that the “ rest ” of the assembly is composed of only one sort of 
system. It is easy to carry through these calculations, for the extra variables 
of integration introduced by the extra systems can be eliminated by in- 
tegration before we start on the processes of this section. The only factor 
in the formulae depending on systems other than the A 1 s, &[dE/d&] AIpN is 
merely replaced by 


0 


dE~ 

ao_ 




We observe in conclusion that integrals for more complicated fluctuations 
c an be set up in a sim ilar way. It is no use setting up an integral, for 

C(E a — E A ) m (E b — E B ) n for example, in an assembly of only two types of 

system since in such an assembly E A — E A = — ( E B — E B ) . We therefore 
formulate it for an assembly of three types when it takes the form 

c(E A -E~ A r{E B -w B r 

-j2k‘SiSS/ udMx {{r x 


• exp[Z, 0 2 (w + tpc) — E c x — Ow]. 

(2102) 



dx 


) ex p[2 < G x 


(V + TjfX) — E b x — iVv] 



Such integrals cannot be evaluated for general values of m and n by the 
devices of the preceding section but for small values of m and n may be 
evaluated directly without difficulty. 


* Gibbs, loc. cit. p. 78. Gibbs’ formulae all refer to N M. 
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§20*21. General fluctuations of a r . The determination of the general 
fluctuations of a r can be carried out in the same way as for E A . From (2073) 
we can at once derive the equation 


C(a r — a r ) H = 



dudvdw 


x exp[ — (M — a r ) u — Nv— Ew + G(u + a t w) + T^Gflv + rj t w)] 



(2103) 


In this discussion it is convenient to allow the energy values to be degenerate, 


so that the substitution (2076) is replaced by 

[g(xz € ')]™< = exp [G(u + € t w)] } (2104) 

and we have ~a~ r = 6 T '(log A -f e r log 0). (2105) 


Since effectively the whole of the integral is again contributed by the im- 
mediate neighbourhood of the saddle point, we can obtain at once by the 
same arguments the analogue of (2080), namely 


- — (i)-" 

-a.) n = K -E- 


K--«r) 


J 


j j 


* r + » 

I doLdfidy e~t~i*T ( ‘ a+€ tY ,2G + 7 ?/y) 2 ^i" 


x { 1 + 0[ S, +r (a + e,y)3 G'" + 2,08 + Vl y ) 3 Gf"]} 


X (^) , [e_i( “ +try,2G ’ {1 + 0((a + G "')}] (2106) 


The evaluation of this integral is not so straightforward as those of the 
preceding sections, as a transformation of variables must be made at once. 
We shall be content to carry through the calculations only for the case n even, 
equal to 2v say, when the O-terms can be neglected as before. Fluctuations 
of odd order vanish as before to this approximation, and the actual order of 
their largest surviving terms is lower than that corresponding to the 
fluctuations of even order by a factor of order J(a r ) . 

For fluctuations of even order, 2c, we have therefore to evaluate 

( a r~a ~) 2c 


lrl u 

j 




3 \**> . 

e -i(<r +€ r yr-G" 


(2107) 

The G" in the last factor is of course short for G"(logA + e r logO). To 
evaluate (2107) or any similar integral other than the specially simple ones 

of the preceding sections, where the order of f da. and d/dy can be inverted, 
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it is best to start by transforming a to a' so as to reduce the differentiated 
terms to the form / a \ 2 p 

I — I 

\3«7 

We can then integrate with respect to ft and y. All the operations are in- 
dependent of v and the form of the result must be 

C(a r — a r ) ir = ( - V Q J e ~ iG " “** da’ , 

where P and Q are independent of v . It follows at once that 


(a r — a r ) 2v = (2v — 1).. 


•3.l( 


PG" 

P+G 



( 2108 ) 


= (2r — 1) ... 3 . 1 [(o r — a r ) 2 ] P . 


( 2109 ) 

This familiar form therefore holds for all such fluctuations, but the explicit 
value can only be obtained by employing sufficient detail to evaluate P. 
We will now complete the argument for this particular fluctuation, which 


is most easily done by direct evaluation of (a r — a r ) 2 as follows. 

Put a' = a — e r y. Then 

+ co - j d \ 2 


(a 


r — a r ) 2 = -jjjj+'dK'dpdye-te.tr^M'.-'rWo-izrf+v.yW^JLye-iaW' 

= j JJJ + " do-’d^dy [G” - oc' 2 (G") 2 ] e~tet ia><« l -c,>y>‘<r-i2,<0+ifryW I '' . 


We recall that 


= dct-dfidy e * 


CO 

oo 


= JJJ doi'dpdy e -*2< <*'+<€, tf+v,yW t 


and can therefore see at once that 


(a r — a r ) 2 = G" -+■ 2(G") 2 


7T\ log J , 


( 2110 ) 


3(2, G") 

if J is expressed as a function of the coefficients of the quadratic in a', /?, y 
in the last form for J. It is easily verified that 

<2ir)» 


J = 


RZ, G") (Z, <?,") {Z, <«, - * r ) 2 G" + WGV'} - (Z, G") (Z 1 

L - (S, (?,") {Z, («,- « r ) OTJ 


r 


It follows at once that 


( a r -^) 2 =G"-(G") 2 


RZ, G") (2, an {2, (« f - e r ) 2 G” + z rfG,"} 1 ■ 

L - (Zf G") (Z ,„©/')* - <2, <?/') {2, (e, - < r ) 

( 2111 ) 



20-21] Fluctuations of a r of Even Order 753 

Equations (2086)— (2093) suffice to show that 

2, (e, - e r ) 2 G" + 2, r,?Gf - (2 <1?< G* 1 ")7(S < Of) - {2, (< t - e r ) <?"}*/( 2, G") 

We can therefore cast (2111) into the simpler form 

«n 2 /9119 , 

r r 2 ,G” (2 ( G'') 2 O[0E/0O] 4ftA : (2112) 

Since G"=Xda r /d A, further use of equations (2086)-(2089) enables us to put 
(2112) in the form 

r _A3£yan 2 /A£x. 

/„ _7TN2_i ?a r (A3a r /3A) 2 1_ r A0J//0 aJ ( 0A / 

(r r _A 0A “ ~XdMjd\ &[§ ! ■ #?»] • 

A , ’ (2113) 

It is easy to show that 

Jtt] XcE A /dX 

L^J.U 2A L fr A3J//5A 

so that (2113) can be cast into the final form 

(a r ^Ej * = A fr _ < , 9 , , , . 

0A A 3J//0A OtaE/cOJ^ A , ( - 114) 

Equations (2114) and (2109) together determine all the fluctuations of a 
of even order. r 

Under bath conditions when E is very large compared with any quantity 

connected with systems of the first type, the last term can be neglected 
and (2114) reduces to 

in 7i ~ )2 — \ d a r I” i A0a r /?A1 

r r) - A aA[_ Xa^/ay- ( 2I15 ) 

This is valid under bath conditions for all statistics. The result commonly 
given,* though not in this general form, is 

K ~ a,) 2 = A a j r (2116) 

which, as we now see, is valid under bath conditions if also <T is «mall 
compared with M. For the Fermi-Dirac statistics, 

— _ TD r 

. “ r ~ e^ kT /\ + i ’ 

and equation (2116) gives 

( a r~°r) 2 = «r~ ( a r) 2 / ra r- (2117) 

* See, for example, Einstein, Berl. Sitz. (1924), p. 261 : (1925) d * Pauli 7 mi* t d# 
p. 81 (1927). J , p * Physih, vol.41. 
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This result was first given by Pauli. The fluctuation vanishes when T-> 0, 
since the assembly is then tight packed. For the Einstein-Bose statistics, 


— TD r 

a r ~ e'^T/X - 1 ’ 

(a r -a r ) 2 = a r + (5;) 2 /tD r . (2118) 

Equation (2118) was first shown by Einstein to yield the correct fluctuation 
of radiation when applied to a collection of light quanta (§20-41). 

Returning for a moment to the general formula (2114) let us consider the 
form it takes for classical statistics, which will hold also effectively for many 
ordinary assemblies. Classically (? = exp, so that 


O' = G" = a T , 2 < G' = 1,, G" = M . 


Equations (2113) and (2114) then reduce to the forms 


(a r ) 2 (a r ) 2 («„ - E^/M ) 2 


(a r — a r ) 2 = a r — 


M 


O[3^/0O] 


(2119) 




( a r ~ a r) 2 = «r ~ 


K0 2 _ (O[0a r /0O1 V ) 2 
M O[0£/0O] 


(2120) 


M>N 


By obvious extensions we can construct integrals for, and so evaluate, all 
such expressions as 


(a r - a r ) m (a, - a 8 ) n , ( a r - a r ) m (b 8 - b 8 ) n 

for given values of m and n, the general reduction formula of the type (2109) 
being naturally no longer available. The analogues of (2103) in these cases 


are 


C( a r — a r) m ( a 8 ~ a s) n = (2ni) 3 j j j dudvdw 


x exp[ - (M - a r - a 8 ) u - Nv - Ew + 2,*^ G(u + e r w) + 2, G x (v + rj t w)] 

/ 0 \ m / d \ n — 

*\du) ex P \G(, U + € r w ) — a r u ] exp [Q(u + e 8 w) — a 8 u]\ (2121) 


C(a r -a r ) m (b 8 -b s ) n = -^Ky 3 jjj dudvdw 


x exp[ — (M — a r )u—(N — b 8 ) v — Ew + 2 /+r G(u + e r w) 4- 2,*, G^v + r^w)] 


du) 


X ^ I exp[f?(M + e 


r w) - a r u ] ^ 


exp[6 r 1 (v + rj 8 w) — (2122) 


We shall content ourselves with quoting the results required in calculating 
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* 

second order fluctuations in the external reactions of the assembly. These are 
in -7T\ {n _fTl- ( A? «^A)(Aa^/?A) &[Ba r ld&] u &[d£./d»] M 

[ r rM * XdMfiX WEmZt ’ *" ( 3) 

(a —a)(b - 6~) - - ^d°r/ d^Lf ft[d6,/d&] A - 

1 r rM * s) SfiEfib)^ • (2124 > 

These results are valid in any statistics. For classical statistics the former 
can be simplified by replacing XdcTjdX by a~ r , etc. 

§20-3. Fluctuations in the external reactions. The generalized reaction of 
the systems of type A on an external body is given by 

y = Sr (-|K (2125) 

where y is the corresponding coordinate defining the position of the external 
body. The average reaction is 

? = Sr ( ~ %) ar=2r ( - ^) G(log A + «r lo 8&> (2126) 

The second order fluctuation of Y is 

Applying formulae (2114) and (2123) we find that 

IVZW*-* 9 v /<M 2 - (A3F/aA)2 (»[?F/a»l w )2 

( 7) - a 8a (2I27) 

This expression can be cast into alternative forms. If we differentiate 
(2125) and (2126) with respect to y keeping A, » constant, we find first 

— =--- + S / ^ a r_i a dc r da- r 

?y \ dyjdy’ Sy ~ og& ~d^ X dX' 

It follows that 

Tv _ v\» _ 9 Y/dy - d Y/dy (XdY/dX) 2 (apF/a&l,,)* 

log 1/a- A dAI/d X ZlSE/d»]- (2128 ) 

If however we differentiate keeping M and not A constant, we find 

+ = loe{ >/?*, r,XdY/BX\zT; 

dy M \dy) M \ dy)\dy) M ’ \dy) M 8 ( cy + XdWfiX ) A 0A ' 

It then follows that 

(dY/dy) iJ — (3 Y/dy) u d_^/de.\ 2 ~ (XdY/dX) 2 
logl/& 3A r \dy) a ' XdAIfiX ’ 
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(Y- Y) 2 = 


(SY/dy) M -(dY/dy) M (Z[dY/d$] 


M 


) 2 


log 1/0 


ota^/ao] 


(2129) 


A fjt 


Gibbs* gives a formula for (Y — Y) 2 equivalent to (2129) without the last 
term, which is of course negligible under his condition that N is large com- 
pared with M. Equation (2129) holds for all statistics. 

With the help of (2124) it is easy to show that (2129) is formally unaltered 
if Y refers to the total reaction due to all groups of systems instead of to the 
partial reaction of a single group. 

In (2129) all the terms except dY Icy or 2 r a r ( — d 2 e r /dy 2 ) have an obvious 
interpretation. This term lies deeper and is compared by Gibbs to an 
elasticity. 

In illustration we shall apply these results to the limiting case in which 
the reaction is a pressure, and the mechanics and statistics are classical. We 
can then use the ordinary partition function /(0). It is sufficient to consider 
the reaction with a part of the wall only, which may be taken to be plane 
and represented by a movable piston in a cylinder of cross-section A, which 
completes the enclosure. We cannot progress without scnne definite assump- 
tion as to the field of force near the wall. We shall suppose its potential is 
I) c I s , where d is the distance of the molecule from the wall, and D and s are 
constants. If D is small and s > 4, this will adequately represent an intense 
local field. If y is the length of the cylinder and x lf ar 2 , x 3 rectangular car- 
tesian coordinates, x x along the cylinder, then 


1 


= ( P l 2 + P * 2 + Pz)r + [P>l(y - *1 )"]r . 


/(*» = 


zm 

(27 rra)^ A 

h 3 ( log 1 /&)% 



exp- 


-log 1/& 


D 


(y — x i) 


8 


dx x (2130) 


When the field is sufficiently local, or D nearly zero, we have the usual result, 

(27 rm)l Ay 




h 3 ( log I/O)* 


(2131) 


By direct differentiation of (2130) we show further that to the same ap- 
proximation = \ (2132) 

fdyy' 

It follows at once from the usual formula 

M d 


Y = 


logf(S) 


log 1 /& dy 

that Y = M/(y log l/»), Yy=PV = MkT (2133) 

We see then that we arrive at (2133) whatever the law of force. But when 

* Gibbs, loc. cit. p. 81. 
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we come to calculate dY/dy we find that it depends essentially on the form 
of the law. Thus 


SY 

dy 




M fv Ds(s + 1) 


(s+l)Jlf 


00 


y Jo (y-x i ) s+2 

Vs 

e~ q log dq. 


exp- 


- log 1 /d 


D 


(y-xiY 


• dx lt 



y j D/i/ 

Now D/y 8 is the potential of the wall field at the other end of the cylinder, 
and is indistinguishable from zero. Therefore 


dY (8+1) M T (1 + 1/s) 


dy yD'l* (log 1/dF+W (2134) 

This depends essentially on D and 8 and moreover must tend to infinity if 
D-*- 0 or s — >■ oo. The largeness of dY/dy and therewith the fluctuation 

(Y— Y) 2 is however then to be expected, for in the limit the reaction of the 
boundary with a single molecule must itself become infinite, although F 
retains i ts usu al value. In spite of this, however, if we calculate roughly the 

order of (F- F) 2 /(F ) 2 for reasonable values of D and s, we find that it is 
still negligibly small. Equation (2134) and the usual form for E for a mon- 
atomic gaseous assembly lead to 


( Y — T) 2 = — ]- 


M 


+ 


sM r(2+l /s) 


2 y 2 (log 1/d) 2 yD lls (log l/d) 2+1/a ’ 


(F-T) 2 (p-p) 2 


(Y) 


(V) 


1 

M 


| + sr( 2 +l/a) 


V 


A(D/kT) v ‘ 

A reasonable assumption as to the wall field is to take 3 = 4 and suppose that 
(D/kT)/(y-x i) 8 is small, 10- 2 say, for y-x x = 10- 7 cm. Thus D/kT = lO" 30 . 
With V = 1, A = 1 and M = 2-7 x 10 19 we have 

(F - T) 2 /(T) 2 = 4-7 x 10- 12 . 

Other second order fluctuations involving reactions, such as 

(F- Y)(Z—Z), (Y-Y)(E a -E a ), 

both mentioned by Gibbs, may be similarly calculated. We find for any 
statistics 


( 


r- F,(Z- *>-[£-£]>. (2,35, 


(F — Y)(E a — E a ) = & 



WE/mIm* 

HdE A /dz\ 


M 


Of course, since the forces have a potential, 


d[a#/ad], 


\1,N 



(2136) 


dY 

dz 


dZ 

*y' 


dY_dZ 

dz dy ' 
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§20-31. Fluctuations of dissociation in dissociating assemblies. We have 
so far considered only assemblies in which the numbers of component 
systems are fixed, but the calculations can easily be extended in their 
general form to dissociating assemblies. We shall not however give the most 
general form of these calculations, and, since actual dissociating assemblies 
can almost always be regarded as classical, we shall be content to restrict 


the discussion to classical dissociating assemblies, starting with the simple 
assembly of §5*2. If we transform equation (440) by writing X, Y for 





and remember that classically <7 = exp, we have at once 


C 


(2 «) 3 JJL 


dudvdw 


x exp [ — Xu — Yv— Ew + e ti F l (w) + e v F 2 (w) + e u+v F 12 (u')] y (2137) 


where F(w) = S r m r e"' €r is the ordinary partition function in the present 
notation . On examining equation (441) we see that the extra factor necessary 
to provide an integral for CM X is obtained by operating on the factor 
exp(e“/ r ’ 1 ) of the integrand with the operator d/du. It follows at once by 
obvious repetitions of the operation that 


CM " - (STni? S H / UdVdW 

x exp [ — Xu — Yv — Ew + e v F 2 + e u+v F l2 ] {^\ exp (e u F x ) (2138) 


Therefore by a familiar argument 


C(M 1 -M 1 ) n 


(2 «)»JJL 


dudvdw 


x exp[ — (X — M x ) u— Yv — Ew + e r F 2 + e u + v F 12 



du 


j exY>(e u F x — M x u 


) 


(2139) 


We can now evaluate (2139) by the methods already developed. We shall 
not consider further fluctuations of odd order. For fluctuations of even 
order, 2v, it is easy to reduce (2139) to the form 

(mT- m \y v f*^ dxd P d y(^) ex p[- + 2Ei0LY y2 )] 

X exp[ - i{ + 2E£y + S ~ 2 y* + N(* + >S)* + 2Ef 2 (* + P) Y + Y 2 \] • 

(2140) 
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The various syfribols have their usual meanings, and d/d 0- means differen- 
tiation with A and fj, constant. The integral for J is 


= jjj + ‘° d 'X d P d y 


x exp[-ij 


dE 


X « 2 + YP 2 + y 2 + 2 (E 2 + E 12 ) py + 2(E 1 + E X2 ) y a + 2N<xp 





(2141) 



* Y * W + 2N(E ' + E *) i E t + E l2 ) - X(E 2 + E X2 ) 2 - Y(E x + E X2 ) 2 - 

(2142) 


It follows at once from the form of (2140) that 


(M x — M x ) 2v — (2v — 1) ... 3 . l[(3/ t — (2143) 

It is there fore again only necessary to consider v=l. The extra factor in 
(M x — M x ) 2 beyond the integrand of J is 


It follows that 


M x - (M x ol + E x y) 2 . 


/ 


2 ("'« + M ' E '- S w, + E ‘ »►>) log 

from which it follows by a straightforward reduction that 

(M x - W x ) 2 = — 1 ^ 

XY-N 2 


E\ — M x 


Y(E X + E X2 )-N(E 2 + E„)) 


dE 


XY-N 2 

X(E 2 + E l2 ) 2 + Y(E l + E\ 2 ) 2 - 2 N(E~ + E^ 2 ) (E 2 + E, 2 ) 

XY-N 2 


...(2144) 


This is rather complicated and there is no very simple general form. The 
last denominator can be cast into the form 



M x A1 2 N 

XY-N 2 



where * is the equilibrium constant F x FJF lt ; and the numerator is 
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We can therefore write (2144) in the form 

WmJj 




M x M 2 N 
XY-N 2 


1 - 





0 


dE 


+ M Jl M 2 N 
,n XY 




...(2145) 


This shows the type of formula we should expect in more complex examples. 
We note as a check that, if there is no “ molecule ”, N = 0 and the fluctuation 
vanishes. We may note also that the argument is unaffected by the presence 
of other sets of systems in the assembly, so long as these do not combine with 
or are not formed out of systems of the types already under discussion. The 
only residual effect of such other systems is to increase &[3 E/dd-]^f f N y which 
will continue to refer to the whole assembly, though it may not retain this 
simple form. When the whole assembly is large (bath conditions), we may 
therefore simplify (2145) by the omission of the last term, and write 


(M 1 -M l ) 2 = 


M X M 2 N 

XY-N 2 


(2146) 


From the symmetry of (2145) or (2146) it follows that (M 2 — M 2 ) 2 has the 
same value, as also does (N — iV) 2 , since in this case N — N = — — 

§ 20*32. Fluctuations of energy in dissociating asseinblies. The fluctuations 
of the energy can be studied in a similar way. By following out the usual 
steps we find easily that 


(JiE, - E,r = ( 2^)3 fff y dudvdw 

x exp[ — Xu — Yv— (E — E x )w + e v F 2 + 


e u+v F 12 ] exj>[e u F x (w) — E x w], 


(2147) 

The further study of (2147) also follows the usual course. The form of (2143) 
is preserved. In the explicit calculations the extra factor in the integrand of 

( e x - e ;) 2 is _ 

d_E 1 

“ r as- 

After the usual reductions we find that 


»=‘ -(**-& r + 


mw* = ^ _ YE i 2 

* 1 ^ 09- XY-N 2 


dEi _ p- Y(E l + E M )-NJE 2 + E 12 y 2 
ao- 1 XY-N 2 

dE X(e;+ + Y(W, + E7,) 2 - 2 N(E, + E\ 2 ) (E 2 + E lt ~j 

3S> XY-N 2 
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To reduce this to a more intelligible form we use 


»rsi _*?£_!££ 


Then 


L*J* 




M x 


(e 1 ~e 1 ) 2 = 

L^JaT; XY — N 2 \M\ 


ITaFjsr 




a r^i 

Ls* J.v.iv 


M 1 XY-N* d& 


1 m,m 2 n_ t d 
XY-N 2 \ d» 


log/cj 


(2148) 


In this form the relationships of the new formula to preceding ones are 
obvious. If IV = 0 it reduces to (2094). If O[0£/SO]^ is i arge> so that the 

whole assembly is large compared with the systems under discussion, then 
using (2146), 

iE '~ r ' - “Ra].*; + (Jj ) ! 1 : < 2 ‘«) 

Equation (2149) states that, under bath conditions, the energy fluctuation 

is equal to the energy fluctuation for fixed dissociation plus the fluctuation 

of the energy resulting from the fluctuation in the dissociation. This additive 

result is not however^ true in general, since for less extensive assemblies 

the fluctuations in and in the energy content for fixed M x are not in- 
dependent. 


§20-33. Other fluctuations. It should now be sufficiently clear how to 
construct exact integral expressions for any fluctuation such as 


(M r -M r )"(N s -N s )n, (M r -M r y*{ Et - E \n t etc.. 


for the most general gaseous dissociating assembly. We shall not write 

down these integrals, still less attempt to evaluate them here, as thev are 

obviously complicated. It is sufficient to have established a direct method 
by which they can be calculated if required. 

It remains however to adapt §20-21 to dissociating assemblies When a 
molecule AB is included, classical statistics are used, and the notation is 
slightly altered to conform to Chapter v, equation (2103) becomes 


C(a r ! - aflY - jjj y dudvdw (A) exp{i D| .»e“+«^ - a» 
x ex P[ — (X — a r x ) u — Yv— Ew + e u {F 1 (w) — zD r x e € r l ^j + e v F 2 (w) + e u+v F 


(w)] 
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When we carry through the usual calculations we find that (2109) con- 
tinues to hold, and finally that an explicit form for (a* — a/) 2 is 


(a r i-a r »)* = a r i- 


M 2 Y 
X Y- iV 2 


(a r m^-Sk - (- 




AT, 17- .V 2 


log 




M.ALN / d , \ 

+ — — 0 log * 

_ 37. -V Xr-iV 2 \ fO / 


(2150) 


This reduces to (2119) when JV = 0. 


§ 20-4. Formal consequences of general fluctuation theorems. An interesting 
consequence of the general form, e.g. (2108), of our fluctuation theorems 
may be noted here. Retaining only terms of the highest order we may say 
that if 


then 


(■ P-P ) 2 = ^ 

(P- p)2"-i = cv"- 1 ) { i + 0(i/E)} 9 


(P-P) 2n (2n — 1) fJL n {l + 0(l//z) 4- 0(l/E)}. 


(2151) 


We may pass at once from these equations to a general distribution law in 
P for examples of the assembly with the accuracy of (2151) by means of a 
theorem due to Polya,* which we quote here. 

Theorem 20-4. The distribution function f(x) is continuous. The moments 
tm of f(x). 


t 


m 


+ oo 


CO 


x m df(x) (m = 0, 1, 2, ...), 


are assumed to satisfy the condition that 


Tt2fe=) 

m — 0 m 

is finite . If a sequence of distribution functions f x (x ), ...» f u (x ), 
infinite set of limiting conditions 


. satisfies the 


Lt f x m df n (x) = t m (ra = 0,1,2,...), 

n— ► co J — co 




Lt /„(*)=/(*) 


n->oo 


uniformly in any interval. 

In equations (2151) let us substitute 

P=T+yJp. 

* Polya, Math. Zeit. vol. 8, p. 171 (1920). The integrals must be taken as Stieltjes* integrals 
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Then we have proved that 

^ jr =1.3....(2»-l)Jl + 0^1J + oQJJ > 



Now let E, fx tend to infinity in fixed ratios, which means taking larger and 

larger assemblies. The y-moments tend to the moments of the distribution 
function 

/ (y) dy = dy . (2152) 

Polya’s theorem applies, and it follows that (2152) is the actual limit for 

infinite assemblies of the distribution function of examples of the assembly, 

uniformly in any fixed interval of y. In terms of P the distribution function 
therefore tends to the limit 


f(P)dP = ■ — j g-hs-w/i dP 

(2t v)* 


(2153) 


uniformly in any fixed interval P ±zjp. 

This theorem provides usjwith the simplest means of completing the 
proof that the possession of P is a normal property of a sufficiently large 
assembly. It will be a normal property provided only 

J r+p 

f(P)dP=l-e(p), 

p-p 


where e can be made very small while p/P is still itself very small. But this 
equation is obviously equivalent to 


ij, v 


of which the left-hand side is o(^~ . This can be made small com- 


pared with unity for small values of p/P provided only (P)*/ M is very large, 
which is the general result of this chapter. 

The elegant formula (2153), which we have just obtained from the purely 
analytical side, really gives no information not already contained in Ein- 
stein’s quasi-thermodynamical formulae (627) and (628). Taking these in 
the form (627) and comparing with (2153) we see that these two equations 
are attempting to assert the same relation and that they succeed if 


-(SA 8)/k = HP-P)*/p. 

In this chapter we are only working accurately for comparatively sma 


t 
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displacements from the true equilibrium. If we further confine our attention 
to a small part of a large assembly, then this equation is equivalent to 


i d 2 s _ i 

kdP 2 ~~^' 


(2154) 


or 


(P-P) 2 = 



(2155) 


It is easy to verify that (2154) is correct in the simple cases to which alone 
all the calculations apply. For example, if P = E A , then in bath conditions 
p, = kT 2 dE A /dT and dSjdE A = 1/T, which verifies (2154). Similarly if P = a r 
in a gaseous assembly, then S as a function of a r contains a r {log[f(T)/a r ] + 1), 
fji = a r , and (2154) is again verified. A similar verification holds for M x . 


§20-41. Special cases. The special formulae that are of primary import- 
ance among those of this chapter refer to bath conditions and are 


(G) 

(E — E) 2 * d £-kT*™, 

(2156) 

(G) 

(A9a r /3A) 2 
( r r) A 0A XdM/d A ’ 

(2157) 

(C) 

(®r - a r) 2 = a r (l -~a r /M), 

(2158) 

(C) 

(M l — M 1 ) 2 = M i M 2^ 

XY-N 2 

(2159) 


and in particular (2156). Those of the formulae true for all statistics are 
denoted by (G), those limited to classical statistics by (C). The form taken 
by (2156) for special systems should be noted. 

(i) A gas of N structureless classical atoms 


{E-E) 2 = §Nk 2 T 2 = ( E) 2 /$N . 

(ii) A set of N Planck’s oscillators of frequency v 


(2160) 


( E-E) 2 = 


Nh 2 v 2 e hv,kT ( E ) 


+ hvE . 


{e hv ' kT - 1 ) 2 N 

(iii) Temperature ^-radiation in unit volume. Regarding 
energy of the correct number of Planck oscillators, so that 


(2161) 


this as the 


p(v) dv = N (v) dv 


e hv/kT 


we find 


(*< 


{p ( v) d v — p ( v) dv} 2 = 


v) dv = 


87rh 2 v 4 e hv/kT dv 
(g hv/kT |)2 9 


8irv 2 dv 



= hvp(v) dv -f- 


c z {p(v)} 2 dv 
8ttv 2 


(2162) 
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Formula (2162) has played an important part in the history of the theory 

of radiation. It will be observed that hvp(v)dv = h 2 v 2 nifi)dv, where nty>dv 

is the average number of v-quanta per unit volume. On referring to (2158) 

we see that this term gives just the fluctuation we should get if the extreme 

light-quantum view of radiation as “classical” particles could be adopted. 

On the other hand this term cannot be interpreted on the classical wave 

theory, for all fluctuations by interference must depend on the square of the 

energy density. For the second term the reverse is true; classical light 

quanta cannot account for it, while the classical wave theory accounts for it 

naturally by interference. These critical remarks of course apply not to the 

result itself as a property of the equilibrium state, but only to the mechan- 
isms proposed for its maintenance. 

A satisfactory alternative derivation of (2162) can be given by regarding 

''-radiation as light quanta each of energy h v obeying Einstein-Bose statistics . 
It follows then from (2118) that 

{p(v)dv- p(v)dv} 2 = h 2 v 2 {n(v)dv-n(v)dv} 2 = h 2 v 2 \ n(v)dv + 

L N(v) J’ 

= hvp(v) dv + c 2 {p(v)) 2 dv j 8 tti/ 2 , 

as before. 


§20-5. The scattering of light by liquids and gases. Opalescence near the 

critical point. When a beam of light is passed through a homogeneous gas 

or liquid, a certain small proportion is scattered out of the beam by the 

molecules of the gas or liquid in each element of the path. The amount 

scattered is very small for a gas or a liquid not near its critical point, but 

still of measurable intensity, e.g. the blue of a clear sky. As a liquid nears 

its critical point the intensity of the scattered light increases, and at the 

critical pomt itself the liquid glows strongly with a peculiar shine known 

as the phenomenon of critical opalescence. Owing to its more striking 

character attention is often concentrated on the phenomenon of critical 

opalescence, but all the phenomena of the scattering of light by liquids and 

gases when the wave length of the light is long compared with the average 

distance apart of the scattering agents (molecules) form a single whole and 
may be discussed together.* 


It can bq shown! that the scattering of such light must depend on the 
irregular spacing of the scattering centres, and that it is therefore a problem 
of the fluctuations in the distribution of molecules in given smaU volume 
elements. If the molecules were regularly spaced at their average spacing 
as m a crystal there would be no scattering at all. Any scattering actually 
observed m crystals can be traced to imperfections or foreign bodies. This 

* I ‘ err ' n ’ La dU ?“«»'« (1912); “Lea preuvea de la r6alit< moteculaire ” 

t For a simple account see Lorentz, The Problem, of Modem Physic, (1927), § 21. 
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absence of scattering persists until the wave length falls to molecular 
dimensions, and we have a true scattering but only in definite directions, 
more commonly known as X-ray reflection or diffraction. 

From the statistical point of view therefore the phenomena are best 
approached as an example of molecular fluctuations in the manner of von 
Smoluchowski,* using the general formula (628). We consider a fluid which 
in its normal equilibrium state contains n 0 molecules in a volume v 0 at a 
pressure p 0 . The actual volume at any given moment occupied by this body 
of molecules is v y only small values of (v — v 0 )/v 0 being important. The rest 
of the fluid is a large volume, the whole being isothermal. Then by general 
thermodynamical theorems 2 AA is the maximum work which the assembly 
can do in returning to its normal equilibrium state; since for any body in an 
isothermal expansion cLA = —pdv, 

J V 0 

(p — p 0 ) dv. 


The fraction of examples of the assembly in which we shall find these n 0 
molecules at a volume between v and v + dv is therefore 


JV ( v ) dv = pe 


1 ( v \ 

-kT v 

— nO J 


Po) dv 


dv , 


where p is a constant, fixed by the condition j Wdv= 1. Without specific 
assumptions as to the equation of state, we may expand p—p 0 and write 

- r + aa a + aa 4 a ».«. 


V 


0 


3! 


dv 0 2 


4! 


dv 0 3 


We write also 


y = (v-v o)/v 0 , 


so that y is the accidental condensation (strictly expansion). Then omitting 
fifth order terms 


w (y) dy = exp[^ J ^ 


+ 


v 0 3 y 3 d 2 p 0 , t»oV^o 


+ 


?}]-• 


(2163) 


3! dv 0 2 ' 4! dv ( 

The further development now depends on whether the normal equilibrium 
state does or does not refer to the.critical point. Away from the critical point 

i 

dp 0 /3v 0 4= 0, and it is sufficiently accurate to take 


WMdy = pdyex 


(2164) 


If the fluid is a perfect gas 


dPo 

dv n 


n 0 JcT 

v n 2 


W(y)dy = pdye l n oY* . 


(2165) 


* von Smoluchowaki, Ann. d. Phyaik , vol. 25, p. 205 (1908); Einstein, Ann. d. Phyaik , vol. 38, 
. 1275 (1910). 
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8 l mple CaSe We find a r6SUlt Which we can also obtain at once from 
( 153). Putting there P = n, the number of molecules in a given small 
volume, we have P = p = n 0 , 

f(n)dn = (2Trn 0 ) ^ e~^ n ~ n 'Pi n odn. (2166) 

But y=( v -v 0 )/v 0 for constant n and therefore equally y = - /„ _ n )in for 
constant v, so that (2165) and (2166) are identical. ° ° 

The value of y 2 is easily calculated from (2164). We find 

kT 


.2 — 


V. 


dp 0 /dv 


At the critical point dpjdv 0 = d'pjdvj = 0, so that 


b ( ~ V ’ PCrfeCt 9aS ) (21G7 ^ 


l 


6 h f H TT' eSt l mate We may USe Dleteric i’s equation of 
state (823), which yields after reduction 

W(y) dy = ^dy e~ 2^2 


from this we find 


y 2 = l-6/ra 0 * 


rpi . . ' ' v (2168) 

The next step is to make use of a formula which dates back to Lord 

length A ■ and ? ateS ? at * light ° f lntensit y 1 Per unit area and wave 
ength \ in a medium of refractive index p 0 is incident on a small volume v 

in which the refractive index is p, the dimensions ofv 0 being small comnarJ 
Ingt^i’s the mtenSity ° f thC hght ^ Unit S ° lid an g ,e scattered ^ right 

“ X 2 / 

r (~~ • 


V 


Sort; 1,“™^ si b :r red by 7““ «"-• 

— *»<* 

we may use Lorentz’s law of refraction 7 llquids also > 


l/x 2 -l 


= const., 


p p 2 + 2 

from which it follows that for small values of (p-p 0 )/p 0 

P-P* = W ~ 1 ) W + 2 ) 

P '0 ®Po 2 ^ 

The intensity of the light scattered by a fluctuation tn on • > 
densation y in a volume v 0 is therefore accidental con 


7T 2 V 0 2 y 2 

i^W-l) 2 W + 2f. 


(2169) 


Rayleigh, Phil. Mag. vol. 12, p. 81 (1881); Scientific Paper,, vol. 1, No. 74. 
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In unit volume of the liquid the number of such scattering vplumes is I /'v 0 
and the average value of y 2 is y 2 given by (2167). It follows that the average° 
intensity i of the light scattered by unit volume of fluid per unit solid angle 
at right angles to the incident beam of intensity I per unit area is given by 

* A 

W-l) 2 (Po 2 +2) 2 !- kT 


l 

1 


1 fyX () 4 ^0 


l V oCPo/dv Q \ 


(2170) 


§20-51. Comparison with observation . We begin with some qualitative 
remarks. The great difference in intensity between critical opalescence and 
ordinary fluid scattering follows from the different orders o fy*v 0 in the two 
cases (2167) and (2168). Roughly we may say that this factor is greater at 
the critical point than in the perfect gas state (or any not nearly critical 
state) by a factor of the order of yjn 0 . For a volume v 0 small compared with 
the A 0 of visible light, say a cube of edge 10~ 5 cm., n 0 = 10 4 for a gas at normal 
pressure and temperature and 1() 6 -10 7 for a liquid. Again formula (2170) 
shows that there is a strong selection in favour of the scattering of light of 
the shorter wave lengths. The scattered light from incident white light should 
look blue. Phis is of course in accord with all the facts (blue of sky. etc.). 

1 he fact that at the critical point the scattered light becomes white shows 
that the theory is there breaking down because the scattering elements, that 
is volumes in which the fluctuations are sensible, are no longer small com- 
pared with the wave length. We see in fact from (2167) and (2168) that for 


a cube of edge 10 4 cm. comparable with the wave length the root mean 
square fluctuation ^/(y 2 ) in a perfect gas at normal pressure and temperature 
is only 2 x 10 4 , whereas at the critical point it is 10~ 2 . A 1 per cent, density 
change leads to a sensible change of refractive index. 

Equation (2170) for a perfect gas in which p 0 is very nearly unity leads to 

kT 


-WV (M ° 2 1)2 p 


(2171) 


This formula, generalized for intensities at any angle to the original beam 
and integrated through the atmosphere, can be applied to calculate the 
nature of the scattered sunlight incident on the eye at an angle a with the 
vertical and with the sun. It is completely successful. It can of course be 
used inversely, treating k as unknown, to determine k from measurements 
of i, and has been so used with success.* 

A complete quantitative test of (2170) is afforded by the experiments of 
Keesom.t He studied ethylene (T c = 1 1-18°C.). He verified first that for p=p c 
and T = 13*6° C. the ratio of the intensities of scattered light of two wave 
lengths was still proportional to (A iy /A 2 ) 4 , finding i 2 /i 1 = 2-00 for (A 1 /A 2 ) 4 =2-13, 
so that the theory should be applicable. For the same wave lengths 

* Perrin, loc. cit. f Kcesom, Ann. d. Physilc, vol. 35 , p. 5 91 ( 1911 ). 
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* 2 /h falls to 118 at 11-43° C., showing that by that stage the scattering 
elements are, as statistical theory requires, no longer small. 

Again near the critical point, since (Sp/dv) c =(d 2 p/dv 2 ) c = 0, 

~ V °^ 0 = ~ v °{i£r) C (T ~ ^ < 2172 ) 

Hence near, but not too near, the critical point the intensity of the scattered 
light should vary like l/(T — T c ). This prediction is well verified. 


Table 70. 


Scattering of light by ethylene near its critical point (T c = 11*18° C.) 



Finally, having thus verified all the details of the theory , Keesom obtained 
ij I = 0-0007-0-0008 for the D lines of sodium at 11-93° C. The known com- 
pressibility of ethylene gives - u 0 dpjdv 0 . All the data are therefore ready 
or the use of (2170) for an absolute determination of k, which comes out 

within 15 per cent, (the accuracy of the measurement of i/I) of its accepted 
value. r 


§ 20-6. Brownian movement. The effects of fluctuations are made directly 
evident to our senses by Brownian movement as well as by opalescence 
As is now well known the phenomena of Brownian movement are merely 
the phenomena of molecular agitation, exhibited on a reduced scale by a 
particle which is very large on the molecular scale— so large that the fight 
it diffracts at least can be seen in an ultramicroscope-and yet so small 
that its velocity of thermal agitation in the equilibrium state is sufficient 
to give it visible displacements in reasonable periods of time. This velocity 
of agitation may be regarded, as we shall see, as maintained by fluctuation's 
in the collisions with the surrounding molecules. This identification of 
Brownian movement was finally established by the experimental work of 

' enfymg the theones of Einstein. t Subsequent investigators have 

added more accurate measurements in even closer accord with the theory 
By the study of suitable particles suspended in a fluid, liquid or gas 


t Perrin, La theorie du rayonnement el Its quanta ( 1912), “Les preuves de la reality mrJ - . • 

J iinstein, Ann. d. Phytik, vol. 17, p. 549 (1905), vol. 19, p 371 (lOOg) ^ 6 


» * 
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(1) we can see the molecular motions going on before our eyes, (2) we can 
check the assumptions of statistical mechanics in a rather detailed way by 
proving that the characteristics of the Brownian movement agree with the 
demands of the theory, and (3) we obtain a direct, though not very accurate, 
method of measuring molecular magnitudes. 


§20*61. The particle “ atmosphere ”. In a liquid under gravity containing 
particles, but so few that their mutual interactions may be neglected, we 
should find the atmospheric density law 


v=v 0 erM'QzikT 


(2173) 


obeyed by the particles. The potential energy of any other field of force can 
of course replace the gravitational energy M'gz. M' is the apparent mass of 
a single grain, that is its mass less the mass of the fluid it displaces. Equation 
(2173) is almost intuitive, but its formal proof as a theorem of statistical 
mechanics offers no difficulty. One has merely to contemplate an assembly 
consisting of the grains and the intergranular liquid and assume that forces 
between the grains can be neglected and that the energy of the intergranular 
liquid is independent of its shape, i.e. of the position of the grains. The total 
energy of the assembly then depends on the position of a grain only through 
the term M'gz. The details are left to the reader. 

Returning to (2173) we observe that, if A is the density of the grains and 
8 that of the liquid, we find for spherical grains 


kT\og(v 0 /v) = |7ra 3 (A — S) gz. 


(2174) 


In this equation v 0 and v can be determined by actually counting the grains 
visible in the field of a microscope. The other quantities are all easily 
measurable except a the radius of the grain, but' even this can be fixed in 
various indirect and independent ways, so that (2174) becomes an equation 
for k, after verification that T lo g(v 0 /v)/z is constant. The value of k obtained 
by Perrin in this manner was 1*22 x 10“ 16 in sufficiently good agreement 
with the correct value. 


§20*62. The diffusion movements of a single grain. If one attempts to 
follow as closely as possible the actual movements of a single grain and works 
out therefrom an observed “mean velocity of agitation ”, the value so found 
is always of the order 10~ 5 times the value given by equilibrium theory for 
the average velocity of a particle of the known mass of the grain. Such 
calculations however are necessarily grossly wrong. We can never follow 
the details of the movement of the grain, which has a kink at every molecular 
collision — about 10 21 times a second in an ordinary liquid, which is so 
frequently that it is really wrong to think of separate collisions. What we 
observe as displacements are of the nature of residual fluctuations about a 
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mean value zero, and have little direct connection with the actual detailed 
path of the grain. To our senses (pushed to their farthest limit in the form of 
a cinematograph taking 10 5 pictures a second) the details of the path are 
impossibly fine. The path may fairly be compared in a crude way to the 
graph of a continuous function with no differential coefficient. Such a 
curve has not got a length and no idea of length can be obtained from 
any inscribed polygon. 

A more subtle analysis is necessary. Confining attention to displacements 
in one direction, let the concentration of the grains at any place and time 
be v(x,t). Of those in any interval x, x + dx let the fraction f T (x'-x)dx' be 
found after a time r in the interval x', x' + dx' . This fraction has been given 
its proper functional form, for clearly it can only depend on x' -x and not 
on x, x' separately. By integrating the contributions found in dx' at time 
t + r derived from all other elements at time t, we find 


v(x' ,< + t ) 


+ CO 

— 00 
+ CO 

— 00 


V ( X d) f T (x’ — x)dx, 


v(x'-X,t)f T (X)dX. 


(2175) 


This equation must hold for all x', t and t.* It is satisfied in the equilibrium 
state in which v is constant in space and time, since by its definition 


+ ao 


f T (X)dX= 1. 


— ao 


Let us first suppose that r is small and expand both functions v. Then 


+ Tgj+0( T i 2 ) 

+ oo ( 


i 

(2176) 


1 he odd powers of A may be assumed to vanish on integration bv symmetry, 
and we shall assume that the terms 0(r 2 ), 0(X*) are negligible for sufficiently 
small r, postponing further discussion of this assumption. We then find 


i£2 92 v 


dt 


dx ' 2> 


(2177) 


where 


f 


J + 00 
— 00 


(X)dX. 


(2178) 


This is Einstein s diffusion equation for the displacements of single grains 
It is easily verified that £ 2 ,r must be a constant independent of r and 
characteristic of the grain, a condition necessary to make (2177) significant. 

* Compare the similar treatment of velocities in § 19-5. 
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For if r is not too small (t > 10~ 5 sec. will suffice*) the velocity of the grain 
at the end of the interval r will be completely independent of the velocity 
at the beginning. Displacements in consecutive r- intervals will therefore 
be independent. This being so if t' =pr, and x 1 , x p are p consecutive 
^-displacements, then 

x' 2 = 2x r 2 + 22 x i x j . 

If then we average x 2 over a large number n of grains or displacements, the 
product term will vanish,! and we shall find 


ng' 2 = np(; 2 

or £' 2 /t' = £ 2 /t. (2179) 

Unlike the true velocity of agitation the diffusion constant 

D = f 2 /2 T 

of a grain is directly measurable. It has been shown by Einstein that such 
measurements may be made to lead at once to a determination of k. We 
apply the foregoing arguments to an atmosphere of grains in equilibrium 
in a field of force. The rate of diffusion under the concentration gradient 
must then just balance the directed effect of the field of force. If a force F 
acts on the grains, assumed spheres of radius a, they acquire, by Stokes’ 
law, a steady velocity v , given by 


v = F/677/xa, 

where p is the viscosity of the fluid. The number crossing unit interface in 
unit time is therefore w or vF/Gnpa 

The number crossing by diffusion in the opposite direction is Ddv/dx. If 
further the grains obey the atmospheric distribution law, we have 

v = v 0 e~x ,kT 


or 


Combining these results 


\dv 
v dx 


F 

kT' 


2 r 6777x0 


(2180) 


This equation has been verified to lead to consistent satisfactory values of k, 
by observation of £ 2 /V over wide ranges of T , p and a. 

* This estimate is made by calculating how long the viscosity of the liquid will take to reduce 
the velocity of a sphere the size of a grain to an insignificant fraction of its initial value See 
Perrin, loc. cil. The generalization necessary when this condition is omitted is given in $ 20-9. 
f Strictly, from the independence and the definition of / T 

f + °o r + co 

*i*J= / / 

J — CO J — GO 


which vanishes from symmetry. 
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§ 20 * 63 . Generalizations. Further deductions from the equation (2175). If 
we may continue to make the assumption that the terms 0(X l ), etc. are all 
0(r 2 ), equation (2175) will yield much more information than we have yet 
extracted, and in fact also fixes the form of f T (X). On differentiating (2175) 
with respect to r, we find 

But as a result of the assumptions just specified we have proved, equation 
(2177), that dv(x',t + r) n 0M*',< + r) 

dt U 0x' 2 

It follows that d - V{X ^ + T) = D ~ J* ” v(x' - X,t)f T (X) dX, 

f + °° 0 2 

- ■ D J . . dX* v(x ' - x Mt( x ) dX > 
f + °° ' 02 

= J _ oo v(x ' “ Xyt) D ax * MX) dX > 

assuming the legitimacy of the various inversions of order of limit operations. 
We therefore find 

This equation is to hold for all x' , t and r, so that it must hold for any initial 
law of density distribution v(x' - Xfl). It therefore implies that* 

02 0 

D dX* ~ 0^-J = (2181) 

The displacement distribution function is therefore that solution of (2181) 
which places all the grains near X = 0 at r = 0 (the point-source solution). 
Hence 1 

L{X) = 2j^) e ~ X,,iDT ’ (2182) 

OT (2183) 

The displacement distribution law is therefore the error law, which has been 
exhaustively tested by observation. Perrin gives the following set of counts 
of the displacements of a grain of radius 2-1 x lO" 5 cm. at 30 sec. intervals. 

» U e may assert that J H*' -*) <t>(x) dx =0 for any given v and all x'. Let r(r) = 1 from - » 
to 0 and v(x)=0 from 0 to ®. Then J ™ </>(x)dx = 0 for all r' and therefore *(. r )=0. 
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Out of a number N of such observations the number of observed values of 
^-displacements between x 1 and x 2 should be 


N 


<J(2n)J Xi { 



*' \ e-ix' t' dX. 


Table 71. 


Observations and calculations of the distribution of the displacements 

of a Brownian grain . 


Range of 
x x 10 4 cm. 

1st 

set 

2nd set Total 

Obs. 

Calc. 

Obs. 

Calc. Obs. 

Calc. 

0 - 3-4 

3*4- 6-8 
6*8-10*2 
10*2-17*0 

82 

66 

46 

27 

91 

70 

39 

23 

86 

65 

31 

23 

84 168 

63 131 

36 77 

21 50 

175 

133 

75 

44 | 


The agreement is satisfactory. 

We observe at this point thatjhe derived form of f T (X) is consistent with 

our preliminary neglect of OfX*) and 0(r 2 ) in (2176). The assumption 

however that the terms 0(X*) are all 0 (t«) is essential to these results, 

which are not necessarily true without it. The terms in X* ... might contain 

terms of order r, in which case (2177) would contain d*v/Bx*, .... If the usual 

i usion equation (2177) is exact, then the distribution function is Gaussian, 

and conversely, as we have shown above. But this is not true on the scale 

of the eddy diffusion in the atmosphere. It is therefore hardly possible to 

dispense with appeal to experiment; Perrin’s experiments show that for 

rownian movement the diffusion equation and the distribution function 
have their simplest form.* 


§22-64. Einstein's extension of (2180). The argument establishing (2180) 
can be extended to the displacements with respect to anv coordinate a 
(e.g. an angular one) in which the normal equilibrium distribution is uniform. 
If A 2 is the mean square displacement in this coordinate in time r due to the 
molecular agitation, then by the old argument A 2 /r is constant. The dis- 
tribution in a satisfies the same diffusion equation 


V 

— =Z> — 

dt " 0a 2 


and the number of particles passing by diffusion across a given value a of 
the coordinate in unit time is again 

Ddv/dct. 

in the direction of v decreasing. 


* Critical comment by J. A. Gaunt. 
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Now suppose that an external field of potential energy <f>( a) acts on the 
grains. In the equilibrium state we should have a distribution law 

v = v 0 e~^ a),kT . 

Suppose further that for an individual grain under a force <l> we have a 
steady velocity controlled by viscous resistances so that 

k dct./dt = O. 

Then in the equilibrium state when 0= — <£'(a) 

v<f>'( a) 

0a * ‘ 


But 


1 <£'(a) 

= kT~' 


Therefore 


D = JcTIk = IA 2 /t. 


This is the required generalization of (2180). 
viscous liquid about a fixed axis 


(2184) 


For a sphere rotating in a 


k = Stt a 3 fj,. 


Therefore for rotational displacements 

A 2 _ lcT 

T 4:7Ta 3 ^JL 9 


an equation confirmed 


experimentally by Perrin. 


(2185) 


§20-7. Effective pressure (reaction) fluctuations . The formulae of §20-3 
give the fluctuations (of the second order) in the instantaneous value of any 
external reaction, in particular of a pressure. They depend essentially on the 
law of force between for example the gas molecule and the wall. In many 
applications however it is not this instantaneous value of the pressure which 
is important, but rather the integral of the pressure (the momentum trans- 
ferred) taken over a time interval which is long compared with the time of 
collision between a gas molecule and the wall, and short compared with the 
time constants of any response that the wall can make. In particular it is 
this sort of quantity and its fluctuation which is required in the study of the 
natural limitations of ultrasensitive measuring apparatus.* A typical 
problem in which the fluctuations of momentum transfer in “physically 
short” time intervals are required— to the exclusion of fluctuations in the 
instantaneous pressure— is the study of the rotational Brownian movement 
of a small galvanometer mirror suspended on a fine wire, which has been 
completed in detail by Uhlenbeck and Goudsmit.f We shall therefore 


♦ For a general survey see Barnes and Silverman, Rev. Mod. 
where numerous references will be found. 

t Uhlenbeck and Goudsmit, Phya. Rev. vol. 34, p. 145 (1929). 


Physics , vol. 6, p. 162 (1934), 
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obtain in this section the underlying formula for the fluctuation of the 
momentum transfer in given small elements of time to a given element of 
surface. The work is based of course on the formulae of § 20*21 for the fluctua- 
tions of the numbers of systems in given states or volume elements. These 
formulae will here be needed only in their simplest classical forms in which 

a r alwavssatisfies a r <^M, when we have 

(a r — a r ) 2 = a r > ( a r -a r ) (a s -a 8 ) = 0. (2186) 

We may start with the usual formula derived from Maxwell’s law (1/4) 

% 

for the average number of molecules, in a perfect gas of N molecules of 
mass m in a volume V obeying classical statistics, which strike an element of 
wall of area Ao in a time interval A t with a momentum normal to the wall 
lying between g and g -f dg. This number a r is the number of molecules lying 
at the beginning of the interval in the correct volume element of extension 
AoA /<7 m, and is given by the usual formula 

— = N # - aV2 mkT d g\o±t. (2187) 

' V (2 nmkT)i 

When these molecules have been brought to rest at the wall they have 
communicated to it a momentum gn r . They are then thrown off again by 
the wall with a further transfer of momentum, but this can only be calculated 
when the exact nature of the reflection process has been specified.* If we 
assume for the present that the wall acts like a specular reflector, each 
molecule is reflected with momentum —g and the transfer of momentum b} r 
these //-molecules is 2 ga~ r . This is of course the average transfer by such 

molecules. The actual transfer in \t is 2 ga r and the fluctuation 4g 2 (a r — a r ) 2 
which is 4 g 2 a r . We can now sum these effects over all values of g to obtain 
the total transfer of momentum G, its average value G and its fluctuation 

(G — G) 2 . So long as equations (2186) are valid 

(G — G) 2 = E r 4g 2 cT r . (2188) 

We obtain at once by simple integration 

G=pAoAt = ykTAoAt (2189) 

which is'always valid for a perfect gas, and 

(G — G) 2 = 2mcpAo&t, (2190) 

which is valid so long as equations (2186) hold. The corresponding fluctua- 
tion in the total force F acting on Ao is 

(F — F) 2 = 2mcpAo/At. (2191) 

* This point was ignored by Uhlenbeck and Goudsrait. 
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This condition of validity must be carefully attended to. Equations (2186) 
always hold for averages over a long time for any specified types of molecule 
whose average number is small compared with the total number of molecules. 
They are however here required to hold for a physically short time interval 
At. They can then break down if applied to too large a volume element, for 
the deficiency of one type of molecule may be correlated with the excess of 
another. An assembly for which they certainly hold is a highly rarefied gas 
in which the free paths of the molecules are long compared with the linear 
scale of any volume element concerned. Different sets of ^-molecules and 
sets of molecules striking different adjacent elements of area are then strictly 
uncorrelated. It is to such gases that we shall apply the resulting formulae. 

If the bombarded element is a small mirror suspended in the gas, both 
sides are accessible to the gas and the fluctuations are obviously additive. 
We then find for the momentum transfer G = 0 and 


(G—G) 2 =G 2 = 4mcpAo At , (2192) 

and for the total force 

(F -F) 2 = F 2 = 4mcpAo/At. (2193) 


A more useful result is the torque and its fluctuations about the axis of 
suspension of a plane mirror. For the impulse about the axis generated by 
a momentum transfer G in time At to an element of area A o distant x from 
the axis of suspension we have the average value 

pxAoAt 

and for the fluctuation in this impulse 

2mcpx 2 AoAt. 

On summing this over both sides of the whole mirror we find 

(P — P) 2 = P 2 = 4mcpOK 2 At, (2194) 

where O is the area of the mirror and k its radius of gyration about the axis 
of suspension. The fluctuation in the average couple T exerted by the gas is 
therefore A 

(r-D 2 =r*=^poK 2 . (2195) 

If we now attempt to free these results from the assumption of perfect 
specular reflection we meet with considerable difficulty in formulating any 
simple but more general alternative assumption, which can be consistently 
employed. The following assumption is free from contradiction and reason- 
ably simple, but not very natural physically. We assume that the incident 
g-molecules can be divided into two fractions / and (1—/) of which the 
fraction (1 — /) are immediately reflected specularly and the fraction /con- 
dense on the surface and are re -emitted without correlation to their incident 
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value of g. It is necessary also for the sake of complete consistency to assume 
that this fraction / is re-emitted on the average at the normal rate in 
equilibrium with the gas pressure (with normal fluctuations about this rate) 
but that this rate is unaffected by the fluctuations in the rate of incidence. 
There must be sufficient storage of condensed molecules on the surface to 
prevent in this fraction any correlation between the numbers arriving and 
the numbers re-emitted. Under these assumptions we can discuss the 
momentum transfer by the fraction / by breaking up both the incident and 
re-emitted molecules into groups of gr-molecules with uncorrelated fluctua- 
tions. For this fraction we shall therefore have 

G = 2/ |</K , (G-G) 2 = S r ' g 2 a r , 

where E r is a summation over both positive and negative values of g. We 

obtain at once _ 

G=pAoAt , (G — G) 2 = mcpAoAt, 

the fluctuation having half its former value. The final correction is therefore 
to replace (2192) by 

(G — G) 2 = G 2 = 2mcpAo At(2 —f) 
and to make similar changes in (2193), (2194) and (2195). 

§20*71. Campbell s theorem. Before proceeding to apply these theorems 
to the study of a suspended mirror system it will be convenient to introduce 
a theorem first enunciated by Campbell,* which may often be usefully 
employed in this field. The theorem may be enunciated as follows: 

Campbell s Theorem. If in any measuring instrument the quantity 9 to be 
observed is due to the linear superpositions of the effects of a number of in- 
dependent events occurring at random times , so that 

0(O = 2 a S r /J*-V>), 

where f a (t — 1 0 ) is the effect of an event of type ol occurring at time t = t 0 , and if the 
events of type a occur at random instants at an average rate N a per unit time , then 


0 = ^ a N a j^J a (t)dt, (2196) 

|0-0| 2 = £ a IV a C-IAWI.*. (2197) 

J — CO 


A somewhat superficial analysis of this theorem may be given as follows, 
in the first instance for events of a single type. A single event P at t = t 0 
causes the quantity 0=f(t — t o ) to be observed. A set of such events, a r in 


* Campbell, Proc. Camb. Phil. Soc. vol. 15, pp. 117, 310, 513 (1909). 
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number, in an interval A t r at t = t r short compared with the time constants 
of the system, will produce the effect 

6 = l, r a r f(t-t r ). 

It follows at once that 6='L r a r f(t — t r ), 

= XX r At r f(t-t r ), 



If the events are molecular in nature so that (a r -a r ) 2 = a r , ( a T -a r )(a i -a s ) = 0, 
then also — — =77 — = 

|0-0| 2 =|2 r (a r — a r )f(t — t r )\ 2 . 


= E r (a r -a r )*|/(<-« r )|2, 

= 2 r a r \f(t-t r )\ 2 , 

The extension to different sets of events as in the enunciation is immediate . * 
A particularly important case occurs when 

/«-*/, S a aA a = 0, 2 a <x*N a = N^. 


Then 



6 2 = N a 2 




(2198) 


§20*72. Torsional ( Brownian ) oscillations of a suspended mirror in a 
rarefied gas. The suspended mirror is for our purposes a system of a single 
degree of freedom defined by its angular displacement <f>. If it is subject to a 
linear damping force its equation of motion may be put in the form 

Ij> + r<f> + D<f> = r(t), (2199) 

with an obvious notation. When left to itself in the gas it follows from the 
equipartition theorem that at all gas pressures 

\i&=\D4> 2 =\lcT. . 


It is however of considerable interest to analyse this relationship in greater 

detail for a rarefied gas for which all the calculations can be completed. 

With this object in view we shall require an explicit expression for r which 
we now proceed to obtain. 

Under the condition postulated of a highly rarefied gas the number of 
impacts in time At on any element of wall Ao moving through the gas with 
velocity u normal to its surface can be calculated from the equilibrium dis- 
tribution laws of the gas since these are then not upset by the wall move- 


* A 

llere. 


much more profound study of this interesting theorem is desirable, but 
See Rowland, Proc. Camb. Phil. Soc. vol. 32, p. 580 (1936). 


cannot be 


included 
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ment. If the wall is moving to the right with velocity u, the number of impacts 
from the left with momentum normal to the wall between g and g + dg will 
be, by Maxwell s law, 


N g/m — u 
V (27 rmlcT)* 


e-°*l 2rnk TdgA 0 At, 


impacts being only possible when glm > u. For perfectly specular reflection 
these each transfer the linear momentum 2 (g — mu). The total average 
transfer of momentum to A o is therefore 


g= n 


2/m 


V (277 m/t'T)ij 


r 


OO 


(g — mu) 2 e~ ff2/2mkT dg A o A t 


mu 


Correct to terms linear in u this easily reduces to 

p - AoAJ, 

or taking account of both sides of the element of surface 


G= - 


2 mcp 

~kT~ 


uAo A t 


(2200) 


For a rotating mirror the impulse generated in A t about the axis of suspen- 
sion by the momentum transferred to Ao is xG and u = x<f>. The average 
damping couple acting on the mirror is therefore 

- - 04. (220!) 


The coefficient r in (2199) is therefore 2mcpOK 2 /kT. 

If we relax the condition of specular reflection by the same generalizations 
as in §20-7, the fraction (1 — /) of the incident molecules continues to give 
the same contribution to T per molecule as before. The remaining fractions 
/ on either side are first condensed on the mirror during which process they 
contribute half as much momentum transfer as before. They are then 
re-emitted but at a rate in equilibrium with the average gas pressure, and 
therefore symmetrically from both faces of the mirror giving no contribution 
to the momentum transfer. The average damping forces are therefore now 
smaller by the factor 1 — / + i/, and 



(2 — /) mcp 
IcT 


Ok 2 <{). 


(2202) 
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§20-73. Torsional oscillations. Application of Campbells theorem. It will 
now be of interest to verify the equipartition theorem by applying Camp- 
bell’s theorem. We may think of the motion of the mirror as made up by 
the superposition of a number of free damped excursions each generated 
impulsively at random times. The f(t) of Campbell’s theorem is therefore 
that solution of (2199) with r(0 = 0 which satisfies </>(0) = 0, <f>( 0) = 8. This 
solution is g 

<f>—f(t) = -^ e~^ sin pt (<>0), (2203) 

where A = \rjl, p 2 = D) I — \r 2 / 1 2 . 

It follows at once that 



S 2 

4A(A 2 + p 2 ) 


h 2 I 2 

2 rD' 


We can now apply Campbell’s theorem and find that 



NI 2 h 2 
2 rD ' 


(2204) 


Now in (2204) we may take N = 1/A t and I 2 h 2 the mean square angular 
momentum generated by the molecular impulses in time At. Thus by § 20*7 

I 2 S 2 = (P-P) 2 = 4mcpOK 2 At. (2205) 

Combining (2204), (2205) and (2201) for r, we find 


w{m 2 = 


i (P-P ) 2 
4A t r 



(2206) 


in agreement with the equipartition theorem. The form of (2206) shows that 
this agreement persists when the factors 2—/ are inserted. 

The equality of \D(f> 2 and \l<j> 2 can be verified at once by multiplying 
equation (2199) by <f> and averaging each term over a long time r. 


§20-74. Further study of torsional oscillations by Fourier analysis. In the 
investigation already referred to Uhlenbeck and Goudsmit have shown that 
there is much of interest to be found in a still deeper study using Fourier 
analysis. Consider a long time interval 0, r and develop T(t) in this interval 
in the Fourier series 


co 

T(0 = 2 .4* cos a> k t + B k sin a ) k t, 

k= 0 


(2207) 


cxj k = 2ttA;/t, 




cos t o k tdt y 



sin t u k tdt. 


where 
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A particular integral of (2199) valid in this time interval is then given by 


where 


<f>W = E **(«), 


/[(/>// - Wk 2 } 2 + r 2 co k 2 /I 2 ]<f> k (t) 

= [A k (D/I — w k 2 ) — B k roj k l /] cos c o k t 4 - 4- B k (D/I — a**. 2 )] sin let. 

(2208) 

It is sufficient to consider any particular integral. The complementary 

functions required to give any other initial values to <f>( 0) and ^(0) is damped 

out and will not affect the results. It follows at once by averaging over 0 , r 
that „ 


where 


{**«)}*= 


{<£(<)} 2 = s{^(o} 2 , 

k=0 

1 AJ+BJ 


2 / 2 (D/I - oj k 2 ) 2 + r 2 aj k 2 /I 2 * 
Now ^4^.2 4- i ?*. 2 can be expressed as the double integral 


(2209) 


- 4* 2 + - B* 2 


= -4 r f T r(0 T(r ) cos a> k (t - 1') dtdt' (2210) 

r J 0 J 0 


Since r(t) is the fluctuating couple, there is no correlation between T (0 and 
r(J') except when t~t' and the only sensible terms in the double integral 
come from a region which we may denote by — £8 + V ^ t ^ t + £ 8 , where 
8<t 1 /a) k . It follows that 


AJ+BJ 


4 8 f T 

t 2 J o 


r 2 (t) dt. 


We may now put 8 = A t and use for T 2 (t) the value T 2 already calculated so 

A k 2 +B k 2 = - PA( = 1 6mc P°« 2 ( 2211 ) 


Using the formula ( 2201 ) for r, we can now put {</> k (t)} 2 in the form 

(7Tm)t(8lcT)*pOK 2 1 


7 t!cT(D — Iu> k 2 ) 2 -f 32p 2 m(OK 2 ) 2 a > k 2 * 


( 2212 ) 


The expression (2212) shows clearly that although {<f>(t)} 2 is independent 
of p the nature of its time variation is strongly dependent on p. For smaller 
values of p the Fourier components for which cu k 2 ~ D/I become more and 
more strongly marked in the motion. Such a pressure dependence has been 
observed and is well shown in Fig. 79 from the work of Kappler.* 


♦ Kappler, Ann. d. Physik , vol. 11, p. 233 (1931). 
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In conclusion we may note that such observations may be used to make a 
direct measurement of k. Kappler for example determined k in this way with 
an error of less than 1 per cent. 





c 

Fig. 79. Registration of an osciUating mirror system under identical conditions except for the 
pressure, which has the values (a) 1 Atmosphere; (6) 10“ 3 mm. Hg; (c) 10^* mm. Hg. 


§ 20-8. The shot effect. The fluctuations in the current from a hot cathode 
due to the fact that the current is caused by discrete electrons emitted at 
random intervals of time and is not a continuous flow of electricity is known 
as the shot effect. It is a well-known source of background noise in telephone 
circuits of high amplification, and has been studied by a number of 
authors.* It is obviously an effect of the same nature as those under dis- 
cussion here, and may be conveniently treated by means of Campbell’s 
theorem. 

When an electron reaches the anode in the valve whose effects are to be 

amplified it will naturally alter the voltage of the anode and thereby affect 

the anode circuit. It is then necessary as was first pointed out by Fryf to 

make explicit assumptions about the nature of its effect on the anode circuit 

which are somewhat difficult to justify. It is assumed that if C is the 

capacity of the anode system and R the resistance of the circuit and the 

circuit has negligible self induction, the arrival of an electron of charge - € 

produces instantaneously a potential - e/C which dies away according to 
the law 

v (t) = - ^ e-» CR (t> 0), (2213) 

well known to be correct for charges in bulk. We shall accept this assumption 
here ; its justification will appear during the discussion. 


* For instance first by Schottky, Ann. d. Phynk, vol. 57, p. 541 (1918); also by Ornstein and 

Burger, Ann. d. Phynk. vol. 70, p. 622 (1923); Forth, Physikal. Zeit. vol. 23, p. 354 (1922)- Frv 
J. Franklin Inatit. vol. 199, p. 203 (1925). ' ' y * 

t Fiy, loc. ext. 
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The effects to be observed are observed after amplification in a system of 
circuits which need not be specified more closely than by requiring that an 
oscillating anode voltage of frequency f shall be linearly amplified in the 
output circuit by a factor (7(f), and that voltages of zero frequency (that is 
direct currents) are not amplified at all so that (7(0) = 0. [More exactly it 
will be convenient to assume that (7(f)/f remains finite as f->0.] We start 
therefore with a Fourier analysis of (2213). If 


^(£) = — C f + X V(t)e^ l dt = ~ — . 

(2tt)U-co (2tt)* 


- 1 


C 1 ICR -if 


then 


(277-)* J - go 


1 he voltage in the output circuit due to one electron arriving at t = 0 is then 

m = f + " W(Z) G(f) e-*d{. 


(2214) 


— OO 


It will be observed that f(t) and W (f) (7(f) are Fourier transforms of each 

other so that ^ + r + oo 

\f(t)\ 2 dt = \W(t)G{e)\*d£ (2215) 

J — OO J — OO 

We now apply Campbell’s theorem. We suppose that on the average N 
electrons per second reach the anode in the primary valve, reaching it at 
times distributed at random. Then the average voltage in the output circuit 
6 is given by N r + °° r + °° 

0 = Ten J _ oo dt I W(Z) G(£) e~«‘d$. 


(2n)i 

N* 


OO J — OO 

+ CO 


{2n)iC 


dt 


Gtf) 


OO 


ICR -i£ 


-e-d>d€. 


It may be assumed that it is legitimate to express this in the form 

2Ne f + » G(i) sinfr 

I i //"i n 

— >oo J — oc 


e = - 


(277-)* C 


1/CR — ig i 


so that if (?(£)/£ is finite 6=0. The average squared voltage using (2215) is 

th “ .■-^T (»!•) 


2nC 2 


1 /C 2 B 2 + £ 2 


In practice the (7(f) used is only sensible for audio-frequencies, for which 
l/(7 2 i? 2 >f 2 . Further, this cut off of the high frequency components 
justifies neglecting as above the self-induction in the anode circuit and 
the transit time of the electrons between cathode and anode. Equation 
(2216) may therefore be simplified to 




(2217) 
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where J is the anode current in the primary circuit, and ¥ the average 
squared (fluctuating) voltage in the output circuit. This equation can be 
used to determine e since all the other quantities are directly measurable. 
It has most recently been used in this way by Moullin* whose values of e 
so determined agree with the accepted value within about 5 per cent. Much 
more accurate determinations of e have been claimed by Hull and Williams, t 
but though there is no doubt that their measurements as analysed determine 
c with high accuracy it does not appear that the theory of the effect is 
sufficiently rigorous to support such accurate determinations. % 

§20-81. Similar phenomena. Numerous other examples of fluctuations 

in mechanical and electrical systems have been recognized and studied in 

recent years. A full account of many of these will be found in the paper by 

Barnes and Silverman already referred to. A particularly interesting 

example, akin rather to the shot effect, is the fluctuating voltage across any 

conductor of resistance B, due to the thermal fluctuations of its conduction 

electrons, known as the Johnson § effect. A discussion of the Johnson effect, 

sufficient to be intelligible without auxiliary references, would require too 

long a discussion of oscillating electric circuits to be included here. The 

examples discussed in the preceding sections should suffice to show how the 

statistical calculation of fluctuations may be brought into the analysis of 
all effects of this type. 


§20-9. General distribution functions in problems of Broumian motion. 
In §§19-5 sqq. we have already given a complete analysis by a special 
method of the way in which a group of atoms moving originally with velocity 
u 0 gradually loses its original mean velocity and acquires a Maxwellian 
distribution depending only on T . The mechanism discussed in those 
sections is Einsteins mechanism of emission and absorption of radiation of 
a definite frequency v, but the discussion of the growth of randomness is quite 
general in form. The particular mechanism only enters in the assignment of 
particular values to the coefficients. In § 20-63 we have discussed the similar 
problem of the distribution in space of a group of free particles initially in 
a given volume element, but there the discussion was limited to long times. 

The restriction to long times can be removed. A general method has 
been given by Ornstein and van Wijk || by which distribution functions such 
as f(u,u 0 ,t) du or f(x,x 0 ,u 0 ,t)dx can be obtained, where f(u,u 0 ,t) du denotes 


* Moullin, Proc. Roy. Soc. A, vol. 147, p. 100 (1934). 
t Hull and Williams, Phys. Rev. vol. 25, p. 147 (1925). 
t The assumption (2213) affects the numerical valuta and it* 

§ Johnson, Phys. Rev. vol. 32, p. 97 (1928); Barnes and SilvermaT^ dubious - 

PKyi ^rf: n o. an 36, V p an 82T( J l k 9 3 0^ <Ca ' ^ ? 235 (,934): ^ Ornstein, 
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the average fraction of a set of free molecules, all having the velocity 
u = u 0 at 2 = 0, which have a velocity in the range u> u + du at time t, and 
f(z,x 0 ,u 0i t)dx denotes the average fraction of a set of free molecules, all 
having the velocity u = u 0 and the position x = x 0 at t = 0, which have a 
position in the range x, x-j-dx at time t. It is possible also to use the same 
methods when permanent elastic or gravitational forces are acting on the 
particles or when the particles in addition are subject to a permanent periodic 
disturbing force. The problem of Brownian movement and of the oscillating 
mirror can thus be reduced to a common form. It will be sufficient to 
illustrate the method by the detailed discussion of f(u,u Qy t) and f(z,x 0 ,u 0i t). 

For a free particle subject to a viscous retardation and rapid fluctuating 
accelerations of average value zero we can cast the equation of motion in 


the form 

du/dt = - pu + A(t) (A(t) = 0). (2218) 

This equation may be integrated in the form 

u-u 0 e-P l = e~P' eMA(£)dt;. (2219) 


Now in any interval A£ A(£) A£ will be determined by an expression of the 
form X(a r — a r ). It follows at once that ^4(£)A£ will have the moments 
characteristic of a r and given by (2109), so that with sufficient accuracy 


{A(£) A£} 2 ' 1+1 = 0, 

{A (() A£} 2n = (2/i - 1 ) . . . 3 . 1{A(£) A£} 2 . 

These are of course the moments of a Gaussian distribution and are by 
Polya’s theorem (§ 20*4) equivalent to a Gaussian distribution. Moreover if 
we may further assume that we can take A£ small compared with the time 
scale defined by 1//?, but yet still so large that the fluctuations of all orders 
in consecutive A£’s are independent of each other, then the moments of all 
orders for all A£’s will be additive and the moments of the right-hand side 
of (2219) will be Gaussian and therefore also those of u — u 0 e~P l . It follows 
at once from Polya’s theorem that 


A 


and it remains only to determine /x from the value of the second order 
fluctuation. This gives 

J + ” r 2 J (s) e dr= ^ = e ~ 2pt SI ,+f ** a ^ )a (* »> ■ 

We have al ready seen that the whole contribution comes from — £ 2 80 f^at 


2/x 


/. 
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where C is some constant. Finally if we let *->-oo we must have u 2 = fcT/m 
so that , 

kT f 2 f, u 1C 

— = I ^ u 2 f(u,u 0 ,co) du = 


2/Xoo 2/3’ 


1 


H- = 


2/cT 


m 


(1 — e- 2 pt) 


( 2220 ) 


The complete velocity distribution function in this case is therefore 


1 




m 


( i _ e -2 fit) 


exp 


(u — UQe-P 1 ) 2 


'2tt/cT ... )* A L(2kT/m) (1 — e~ 2 #) 



( 2221 ) 


agreeing with the result of § 19 51. This can at once be adapted to the 
equation of motion ^ 

di = -fiu + g + A(t) ( g const.) 

by using u' = u-g/p. 

The distribution law f(x,x Qy u Qi t) is only slightly more complicated. The 
equations of motion are now two, 


and the proper solution 


du dx 

dt~ ~ P u + A(t), Tt =u, 


z-Xo-jG- = £ e-Pv d v A (£)d(. 


...( 2222 ) 


It follows by the same arguments that 


r = x-x 0 — -^(l— e~P f ) 

has Gaussian moments and therefore a Gaussian distribution. Therefore 


and as before 


f(x,x 0 ,u 0 ,t) = 


e -HlX-X 0 -(u 0 ' 0) (!-*-#)]* 


(2223) 


i = SoSo dr,dr, ' e ~ P<V+V ' ) S V ofo A (?) d£df. 

Since again the whole contribution comes from f ~ 

i =C SoSo dvdr, ' e ~ PlV+V ' ) So emdL 

where C is a constant and rj* is the lesser of r, and r,' . The integrations 
easily completed giving 


are 




3 - 4e~P‘ + e _2 0 r "| 

2^ J‘ 


(2224) 
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It remains only to determine C", which can be derived by Einstein’s argu- 
ments as given in §§20-62, 20-63 which here lead to (x-x 0 ) 2 = 2kTt/mp. 
This gives C' and the complete law is 


f(x,x 0 ,u 09 t) 


1 



L l 




f {x-x 0 -(u 0 ip)(l-e-P‘)} 

2“ 


4kT 

\ t 3-4e-P‘ + e- 2 P l \ 

ft 

► 

Jj 

L m\ 3 

{* 2/5 j 



(2225) 


Similar methods can be applied to systems for which the equation of 
motion is 


du 

dt 


= — fiu — cu 2 x+ P(t) 4- A(t). 


§20*91. Concluding remarks. In the foregoing discussion, in particular 
of the shot effect, the fundamental nature of the assumptions underlying 
(2213) and (2214) has as yet scarcely been sufficiently emphasized. Similar 
assumptions are really made in the problem of the galvanometer mirror 
in setting up (2199). and they appear to be unavoidable, or at least never 
yet avoided, in such problems. In adopting these and similar equations 
we really assume that we can divide the whole apparatus into two parts, 
in one of which the discontinuity of the events happening is essential, 
while in the other it is trivial and may be neglected. This part of the 
apparatus, therefore, is assumed to obey the ordinary Jaws of large scale 
continuous physics. In view of the discontinuities in all matter and all 
events this division is a drastic assumption, which is made relying only 
on physical intuition, apart from a posteriori justification by success. The 
correct procedure would be of course to treat the apparatus as a whole, 
making no use of the laws of continuous physics, except in so far as their 
use can be explicitly justified. A particular virtue in the use of Campbell’s 
theorem in such problems is that its use emphasizes the dichotomy and 
does not allow one to overlook the fundamental assumption used in any 

such treatment. 


CHAPTER XXI 


RECENT APPLICATIONS TO COOPERATIVE 

AND OTHER PHENOMENA 


§21-1. Cooperative phenomena. Generalities. The most striking recent 
advances in the application of statistical mechanics have been made in the 
study of "cooperative )>henomena" . These are phenomena which cannot be 
interpreted in terms of the properties of an assembly of distinct systems only 
slightly linked to each other, but can only be interpreted in terms of the states 
of the assembly as a whole, because the states of any distinct system are 
fundamentally influenced by which states of the other systems are occupied. 
The classical example of a cooperative phenomenon is ferromagnetism, 
already discussed in detail in Chapter xir. We have there seen that the states 
of a would-be ferromagnetic metal can be correctly described in terms of the 

total magnetization — the resultant spin of all the contributing electrons 

but cannot be analysed into states built up out of the states of individual 
electrons because the energies of the spin states of any one electron depend 
fundamentally on the directions of the spins of its neighbours. The recently 
recognized cooperative phenomena which we shall discuss here are (i) the 
order-disorder transition in metallic alloys, (i) the liberation-rotation tran- 
sition in certain solids, and (iii) the existence of critical condensation tem- 
peratures for the deposition of a metallic vapour on a glass or other metal. 
We shall discuss the first of these in greatest detail since for it the theory has 
been most completely worked out. The third is perhaps the simplest of all 
and the best adapted to form in future an introduction to the subject. The 
chapter closes with short discussions of the peculiarities of crystals of the 
paramagnetic salts, and other miscellaneous topics. 


§21-2. Order-disorder phenomena in metallic alloys .* It has been known for 
a long time that many metallic alloys, which form for a small range of atomic 
ratios a definite solid phase with a characteristic lattice structure, exhibit 
anomalous specific heats and associated properties at a certain critical tem- 
perature. It has been shown more recently by X-ray analysis that the under- 
lying structural change is a change, as the temperature rises, from ordered to 
disordered arrangements of the two sorts of atoms in the alloy. The lattice 
structure of the phase undergoes no significant change, but the degree of order 
in the allocation of the different atoms to the lattice points is affected. 


• Bragg and Williams, Proc. Roy. Soc. A, vol. 145. p. 699 (1934); vol. 151, p. 540 (1935)- Bethe 

Proc. Roy. Soc. A, vol. 150, p. 552 (1935); Williams, Proc. Roy. Soc. A, vol I 5 ‘> p 031 / 19351 ' 

Ideas substantially adequate for a correct statistical treatment seem to have first been put forward 
by Oorakv, Znt.f. Physik , vol. 50, p. 64 (1928). P ard 
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The types of change that occur are shown below in Fig. 80. The alloy need 
not contain equal numbers of the two types of atoms nor need all the atoms 
in the lattice take part in the disordering. It is also not essential that the 
atoms should be present in the alloy in the exact proportions most typical of 



Disorder 





Disorder 


Order 



Disorder Order 

Fig. SO. Showing the arrangements of atoms in the states of complete order and complete disorder 
for the alloys (a) brass, CuZn, O C'u, • Zn, © £Cu, JZn; (6) Fe 3 AI, O Fe, • Al, © j Fe, £A 1; 
(r) CujAu, • An, O Cu, © JAu, JCu. 

the phase, but we shall not discuss the effect of small changes in the atomic 
ratios. In j3-brass for example, whose typical atomic formula is CuZn, the 
lattice is body-centred cubic, all the atoms take part in the ordering and the 
completely ordered and completely disordered states are shown in Fig. 80 (a). 
In the completely ordered state all the Cu-atoms occupy one simple cubic- 
lattice, say the cube corners, and the Zn-atoms the other lattice, the cube 
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centres. In the completely disordered state every lattice point of either kind 
is occupied indifferently by either atom. In the alloy Fe 3 Al on the other hand, 
Fig. 80 (6), only half the atoms take part in the disordering. The lattice is 
again body-centred cubic, and two-thirds of the Fe-atoms permanently occupy 
one simple cubic lattice at all temperatures. The remaining atoms, equal 
numbers of Fe and Al, occupy the remaining lattice points at the cube centres 
—in the ordered state forming a rock salt lattice, and in the disordered occupy- 
ing all this set of lattice points indifferently. It will be seen that in this 
example a larger unit cell is required to describe the ordered state (a cube of 
twice the edge) than to describe the disordered state. The ordered state is 
therefore sometimes referred to as a superlattice and the new X-ray reflec- 
tions which reveal its existence as superlattice lines. In yet another example 
Cu 3 Au, Fig. 80 (c), all the atoms take part in the ordering. The lattice is 
face-centred cubic; in the ordered state the Au-atoms occupy the cube 

corners and the Cu-atoms the face centres, while in the disordered state every 
lattice point is occupied indifferently by any atom. 

Our problem therefore is to determine statistically the degree of order in 
the lattice, or degree of perfection of the superlattice, as a function of the 
temperature. Fundamentally this should be simple. It is clear that we are 
concerned only with geometrical configurations of the atoms, and that, to a 
first approximation at least, we may treat the configurations and configura- 
tional energy as independent of the lattice vibrations and other contributions 
such as electronic energy to the total energy of the crystal. The complete 
partition function for the mixed crystal can to this approximation be com- 
pounded of two factors, one, the normal one, independent of the atomic 
arrangements, and the other depending solely on these arrangements. In 
more refined treatments, into which we shall not enter here, it may prove 
necessary to admit that this independence is not complete. Our problem 
therefore reduces to the construction and evaluation of the partition function 

for the configurational states of the alloy. 

* 


§21-21. The construction of the configurational partition function for the 
approximation of Bragg and Williams. Let us suppose that in a given speci- 
men of an alloy there are X atoms in all which take part in the ordering rN 
of one kind and ( 1 - r) X of the other. There are then 






(rN)\{(\- r )N}\ 

distinct configurational states of varying energies, and the configurational 
partition function which we have to construct is 
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1 o make progress it is necessary to classify the states in terms of some suitable 

parameter specifying the degree of order, which at the same time determines 

the energy of such states with reasonable precision. If s is such a parameter, 
then 

T( T) = Y, s g(s) e~ w ^ kT . (2226) 

Provided a suitable s can be defined and W(s) and g(s) determined with 
sufficient accuracy as functions of s , r(7 7 ) can be evaluated by searching for 
the maximum terms in (2226) and the configurational energy content and 
all other equilibrium properties immediately deduced. 

The parameter s proposed by Bragg and Williams is the degree of order or 
degree of perfection of the superlattice defined as follows. In the state of 
perfect order there are rN lattice points occupied by A -atoms and (1 — r) N 
occupied by B-atoms. These may be referred to as a-lattice points and 
/9-lattice points respectively. In any state of partial ordering there are, let 
us say, a fraction p of the a-lattice points occupied by A -atoms and the rest, 
a fraction 1 — p by B-atoms. The fraction p goes from 1 to r as the ordering 
falls from perfect order to perfectly random arrangements (complete dis- 
order). We therefore define s by 

s = (p-r)/(l-r), (2227) 

so that s ranges from 1 to 0 over the range from perfect order to complete 
disorder, and correctly specifies the degree of perfection of the superlattice. 
The fraction p can of course always range from 1 to 0, and when p < r the 
corresponding values of s are negative. When r= £ both signs of s may be 
included, the negative signs corresponding equally to ordered states with 
A- and B-atoms interchanged. When we take r< £ and the states 

of negative s as here defined do not correspond properly to a new set of 
ordered states. No error is made by arbitrarily excluding the states s < 0 in 
the simple cases here discussed, which merely means that we confine attention 
to configurations leading to order with atoms A on the preselected a-lattice 
points. 

One can now see approximately how W (s) must depend on s. Starting 
from the state of perfect order each new configuration can be formed by the 
process of interchanging a pair of atoms A and B , and the disorder increases 
proportionally to the number of such exchanges. Each such exchange will 
at first require the expenditure of a constant amount of energy. If the state 
of perfect order is taken as the zero of energy, then the slightly disordered 
states s= 1 — As will have an energy which can be written W 0 As 2 ? %W 0 ( 1 — s 2 ). 
When s^. 0 the form W 0 As can no longer be correct. The interchange of a pair 
of atoms when disorder is practically complete will on the average involve no 
expenditure of energy and it is natural to assume that in the final stages the 
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ener gy required for the replacements causing a change As varies like sAs. 
If therefore we assume that 

W(s) = 1 - s 2 ), (2228) 

the s-dependence will be correct for both s ~ 0 and a ~ 1 , and it is reasonable 

to suppose that we shall not be far wrong for all values of a. This is the essence 

of Bragg and Williams’ approximation. They assume that, for given a, W will 

be a function of s only, effectively independent of local pairings and fluctua- 
tions, and given nearly enough by (2228). 

To complete the formulation of r(T) we need only determine g(s ), which is 
the number of configurations in which prN A -atoms are distributed over rN 
a-lattice points and (l-p)rN A -atoms over the (l-r)iV ^-lattice points, 
the B-atoms filling the vacancies remaining. It follows at once that* 

g(a) = JPzl) = W ({l-r-}jy)! 

\l- r / (prN)l ({1 —p}rN)\ ({I —p}rN )\ ({1 —2r + pr}N)\ ’ 

(2229) 

r(T)-' rN £ rN ({1 — r}jV')! 

prN=r‘N ( prN ) ! ({ 1 - p) rN ) ! ({ 1 -p} rN ) ! ({ 1 - 2r + pr} N ) ! 6 ^ ^ 

(2230) 

In the complete r(T) which we need not consider the true lower limit of the 
summation is of course prN = 0. 

It is evident without calculation that we must assume that W 0 > 0. This 
makes the state of perfect order (s = 1 ) the state of lowest energy and there- 
fore the stable equilibrium state at very low temperatures. At higher tem- 
peratures the vastly greater number of disordered states will, as we shall see, 
allow them to take charge of the equilibrium. For the opposite assumption 
W o < 0 the state of perfect order will never be attained and our analysis of 
the states in terms of a is insufficient for the discussion. It is easy to see that 
this case would really correspond to a complete separation of the different 
atoms at low temperatures into as far as possible distinct phases, a problem 
in solubility with which we shall not concern ourselves. 

§21-22. The evaluation of Bragg and Williama’ partition function. The 
resemblance of (2230) to the Weiss-Heisenberg partition function (1383) for 
ferromagnetics is at once obvious. Similar methods of evaluation may be 
used and similar results will be obtained. We write the logarithm of a term 
y(p) in the series (2230), using Stirling’s theorem, in the form 

log y(p) = A[r log r-rp\ogrp-r(l-p)logr(l~p) + (l-r) log( 1 - r) 

— r ( 1 ~P) log r( 1 - p) - ( 1 - 2r +pr) log( 1 - 2r Apr)] — % W 0 ( 1 - a 2 ) /kT. 

* Williams, loc. cit. 
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Since s = (p — r)/( 1 — r), stationary values are determined by the equation 

( 1 ~ P) 2 r 




--^ = Wr(l-r)log 


p(l-2r + pr) 


(2231) 


If we write 


x — 


SWr 


0 


this equation can be reduced to 


r(l-r)iVA*T’ 


(2232) 


whose relevant root is 


r(l-r) (e x - l)(l-s) 2 = s, 

{4r( 1 — r) (e x —1)4- 1}^ — 1 
2r( 1 — r) (e x — 1) 


(2233) 


The roots of equations (2233) and (2232) in s determine the position of the 
maximum term s = s 0 or p=p 0 in (2230). It is then as usual sufficiently 
accurate to take 


and 


log T(7 T ) = log (Max. term), 

E c = kT> ? = \ K( 1 - s 0 >), 


(2234) 

(2235) 


where E c is the configurational energy. The contribution to the free energy 
of Helmholtz is -*7’log(Max.term). (2236) 

For r = \ equations (2232) and (2233) simplify to 

5 = tanhjx (x = ±sW Q lNkT). (2237) 

These are identical in form with the equations of the \Veiss-Heisenb£rg 
theory and the same results can be derived. There is a critical tempeiature 
T c given by 


T = WJNk, 


(2238) 


such that, when T >T C , s 0 = 0, while when T<T c s 0 is given by the non-zero 

root of (2237) shown in Fig. 81. We thus see that s 0 , and therefore E c , is 
continuous, but ds 0 2 /dT and therefore the contribution C v c to the specific 
heat is not. For values of T near T e . 


T 2 / T\ 


ds o 2 


C r * 




(2239) 


(2240) 


dT ' T c : 2T C 

A comparison of observed and theoretical values of C r c for ^-brass is made 
in §21*25. 

When J the behaviour of the roots of (2233) is more subtle and s itsel 
is discontinuous at T = T C . The most illuminating method of procedure is to 

write equation (2231) in the form 

= log{l + 


sW 0 


r(l —r)NkT 


r(l-r)(l-s) 2 J 


(2241) 
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and study the intersections of these two functions of s. We shall find that, as 
T decreases from large values, the first non-zero root of (2241) does not enter 
at s = 0 and move continuously away from the existing zero root as it does 
for (2237). For that equation it was easy to show in § 12-9 that the maximum 
term in the partition function always corresponds to the non-zero root of s 
as soon as such a root exists. Here the maximum value of y(s) lies at s = 0 so 
long as that is the only root and the new stationary values when they enter 
must be smaller than y(0) and can therefore not at once correspond to the 



Fig. 81. Showing s 0 and as functions of T/T c for r = J according to equation (2237). 

maximum terms. The maximum of logy(s) corresponds of course owing to 
the nature of partition functions to minimum free energy. To find when a 
non-zero value of s first gives the maximum value of logy(s) one must deter- 
mine at what point in the three-root range of equation (2241) the two extreme 
roots (one of them s = 0) give equal values of y(s) or logy(s). This can be done 
conveniently by applying the rule of equal areas. Since the difference of the 
two functions in (2241) is proportional to 31og y (a)/3s the change from the 
maximum term at 5 = 0 to a maximum at s = Sq occurs when 

f *• 3 log y(s) . 

Jo ~~dT- ds = °’ 

that is when the curves in the (y,s) plane 



•W 0 

r(l-r)NkT’ 


V = log 


1 + 


r(l-r)(l-s)2j 
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enclose equal areas between 5 = 0, s = 8 0 and the 5 -axis. If equation (2241) is 

transformed, for example by taking exponentials, this simple rule no longer 
can be applied. 

I he case r=£ is illustrated in Figs. 82, 83. Intersections of the curves for 
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f'ig. 82. Showing the intersections of the curves defined in (2242) 

and the application of the rule of equal areas. 



Fig. 83. Showing 8 0 and s 0 * as functions of T/T e for r = $ according 

to equation (2233) or (2241). 
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large values of s cause no difficulty and Fig. 82 is confined to the range s < 0*6. 
It is convenient to compare the curves 

16^0 ) ( 16s i 

y = S \WkT-'°\ = ™' y = l0g \ l + 3(1^1 ~ 5s - -( 2242 ) 

The second of these is shown on a large scale in Fig. 82. The adjustment of 
subtracting a multiple of s from both functions does not invalidate the rule 
of equal areas. The functions in (2242) have three intersections in the range 
“ O' 1 75 < a < + °* 33. The areas A and A ' are equal so that the critical value of 
a is -01 2. The critical value T c of T is therefore given by W 0 /NkT c = 0-915 
and the critical value of s to which it jumps discontinuously from s = 0 is 
0-467. Equation (2235) shows that this corresponds to a latent heat at 
T = T c equal to £H 0 s 0 2 or O-lOOiVArT^. Corresponding values of TIT C and s for 
values of T <T C and s > s 0 are easily derived by following the greatest root 

of the two equations (2242). The resulting values of s 0 and s 0 2 are plotted in 
Fig. 83. 

Apart altogether from any success which this theory may have in ex- 
plaining the order-disorder phenomena in alloys, it is of considerable im- 
portance in statistical mechanics as the first genuinely molecular model which 
has been shown to give an energy which is a discontinuous function of the 
temperature for a single homogeneous phase, thus leading to a latent heat 
of transition. Such latent heats are of course common-place enough in thermo- 
dynamics where they occur only in systems assumed a priori to be in two 
distinct phases; the latent heat is then of course the energy change when the 
relative extension of the two phases alters. Here the existence of a latent 
heat is derived from the properties of the single homogeneous phase. One 
must also ask here what happens for the molecular model when the energy is 
fixed at some intermediate value between the extremes of the discontinuity ? 
The answer is that the assembly then breaks up into two distinct phases, one 
ordered and the other disordered. 

§21*23. Refinements of the order -disorder theory due to Bethe* In the fore- 
going approximations we have assumed that the configurational energy of 

the crystal is a function only of the superlattice order s as there defined 

all the numerous arrangements leading to the same s are given the same 
energy. This assumption is however more than doubtful. It is more natural 
to expect that the atoms in the lattice act on each other with short range 
forces or even that only the interactions between nearest neighbours are of 
any real importance. The energy of the crystal will then be determined by 
the number of pairs of unlike neighbours in the lattice, that is by the degree 
of load order rather than directly by the degree of long range order s. It by 

* Bethe, loc. cit. 
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no means follows that because we must assume only short range forces or 
interactions between nearest neighbours we shall therefore not have long 
range order set up. We have already seen in the theory of ferromagnetism 
that interaction between nearest neighbours can orientate, i.e. order, the 
spins of the whole crystal. A theory of order-disorder ought therefore to be 
possible, based on interactions between nearest neighbours only, and might 
be expected to give a better physical picture of an alloy than the model of 
Bragg and Williams. Such a theory has been successfully developed by Bethe 
for the case r = i and for the simplest types of lattice arrangement in which 
the nearest neighbours of any one atom are never nearest neighbours of each 
other. Simple cubic and body-centred cubic lattices are of this type so that 
the theory applies directly to /?-brass. Extensions of the theory are now in 
progress, but we shall only discuss the simplest case dealt with in Bethe’s 
original paper. 

§ 21-231 . Long range order and short range forces in one , two or three dimen- 
sions. In the discussion of ferromagnetism in § 12-9, for low temperatures in 
the manner of Bloch, we found that ferromagnetism can only exist in a crystal 
lattice in three dimensions. The short range exchange forces from which it is 
derived cannot orientate the whole body of spins in a linear chain of atoms 
or even in a plane array. This importance of the number of dimensions in such 
problems is brought out even more clearly in the order-disorder example, and 
it is well to discuss it carefully for its own sake as it promises to be of still 
greater importance in any advance of statistical mechanics in the direction 
of a proper theory of liquids. 

We shall now show that short-range forces, which we shall take in the 
extreme form of interactions between nearest neighbours only, cannot order 
a linear lattice, but can order a lattice in two and a fortiori in more dimen- 
sions. Consider first a linear lattice of composition AB. Perfect order is 
represented by the state 

... A BA BA BA BA BA B .... 

At any non zero temperature there is a finite chance that a state of next 
greater energy occurs in which one pair of neighbours are alike. This is the 

state ... ABA B A X A 2 B A BABA .... 

Since A x is irrelevant to the right of A 2 the normal state will be as shown 
perfectly ordered on A 2 ; similarly the normal state to the left of A x will ignore 
A 2 and be perfectly ordered on A x . The chain falls then into two parts each 
perfectly ordered in itself, but the long range order of the whole is com- 
pletely destroyed by one break. 

In two or more dimensions there must still be a finite chance at any non-zero 
temperature that the state of next higher energy will occur, in which one 
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atom in the array is wrong. But such a wrong atom no longer can have this 
catastrophic effect on the long range order. Arrays with perfect order and 
with one wrong atom are shown below: 


A BA BA B 
BA BA BA 
A BA BA B 
B A B A B A 
A B A B A B 
BA BA BA 


A B A B ... 
BA B x X ... 
A B A j A 2 . . . 
BAB ... 

A B A B ... 

BA BA BA. 


We now consider what ought to happen at X when the wrong atom A 2 is in 
place. A 2 requires X to be B, but B x requires X to be still A , and there are 
other neighbours as well. Thus the nature of A depends on all the neighbours 
and no longer merely on A 2 , and one mistake like A 2 does not necessarily 
destroy the long range order. The possible alternatives are 

(i) The atoms surrounding A X A 2 fit A l and ignore A 2 , so that A 2 is merely 
one wrong atom and long range order is unaffected. 

(ii) The atoms surrounding A X A 2 fit A 2 and ignore A lt so that A x is merely 
one wrong atom and long range order is again unaffected. 

(iii) There is a real break in the order as for a linear lattice and the lattice 
falls into two parts perfectly ordered in themselves but perfectly out of phase 
with each other across an interface, thus 


A BA B\B A 


B A\A B A B 
A B A\A B A 
B A B A BlB 
ABABA 
BABA BA. 


Arrangements (i) and (ii) have each four pairs of wrong neighbours, or 
eight if we include somewhere the displaced B , and require obviously far less 
energy than (iii), which has a number of wrong pairs of neighbours of the 
order NK At low temperatures therefore there will exist long range order 
with (until T = 0) a few wrong atoms, and a negligible chance of long range 
disorder. This conclusion holds a fortiori in three dimensions where an inter- 
face requires a number of wrong pairs of neighbours of the order 

At high temperatures when energy differences no longer matter the large 
number of ways of realizing an interface will of course take charge, and we 
must ultimately pass to a state of long range disorder — in fact a state of 
complete disorder, short and long. We shall be able to show that long range 
order disappears suddenly and completely at a critical temperature, while 
local order changes much more gradually and is only perfect when T-+0 
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and zero when T -> oo. For local order there is no overwhelming combinatory 
factor coming in to wipe out the effect of any energy differences that may 
survive. VVe shall therefore distinguish both types of order in the crystal, 
introduce precise functions for them, and try to evaluate the configurational 
partition functions on this basis. 

§21*232. Local order , or order of neighbours in a crystal lattice. Consider 
any simple lattice of equal numbers of two types of atoms, in which in the 
state of perfect order all the nearest neighbours of any atom are atoms of the 
other sort. In any configuration let the fraction of unlike (correct) pairs of 
neighbours be £(l-f-a) and the fraction of like (wrong) pairs of neighbours 
-J( 1 — a). The difference of these fractions is a and is called the local order of the 
configuration. The parameter a ranges from 1, perfect local order, to 0, com- 
plete local disorder. In these extreme cases there will of course also be perfect 
long range order and complete long range disorder respectively. 

In such a configuration any atom A will have on the average a fraction 
*(1 + o) B neighbours and J(l— a) A neighbours. The same is true for B , 
with A and B exchanged throughout. If there are N atoms in all in the 
lattice and each has z neighbours, the A -atoms will have a total of \Nz neigh- 
bours of which \Nz(\ -fa) are B's and $Nz( 1 — a) are A ’s, with similar num- 
bers for ZLatoms. We easily deduce that there are in all £ Nz pairs of neigh- 
bours in the lattice of which \Nz(\+cr) are AB's> ^Nz(I-cj) AA’s and 
JiVz(l — a) BB's. We can now give an expression for the energy of the con- 
figuration. Let pairs of neighbours AB , A A and BB provide interaction 
energies V (lh , V aa and V hb respectively. We find therefore that E c> so far as it 
depends on a, is given by 

E c = JAf 2(1 -fa) V ab -f \Nz( 1 — a) (V aa + l fo6 ), 


= const, -f \NzV(\ — a), (2243) 

where V = \{V aa + V bb ) - V ab . (2244) 


We may assume that V > 0 or else the atoms A and B will tend to segregate 
at low temperatures. 

The energy V introduced here can be related to the energy W 0 of equation 
(2228). Since when a= 1, s= 1 and when a = 0, s = 0, the energy difference 
between perfect local order and complete local disorder is by (2243) \NzV . 
Or referring to (2228) we see therefore that 

iW 0 =±NzV. ( 2245 ) 

This relation may also be verified by a study of the effect of replacements 
when the order is nearly perfect. When s changes from 1 to 1 — A s, the energy 
of the lattice in Bragg and Williams' model increases by W 0 As. Since for 
r=^ > s = 2p—l, this corresponds to a change of p from 1 to 1 — |A<s. Now p 
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is the fraction of ^4-atoms on a-lattice points, and therefore |(1 -p) N is the 
number of 5-atoms on a-lattice points. Each such replacement of an A by a 
B creates a 5-atom with z wrong neighbours (since cr~l) and requires an 
interaction energy zV bb . There are an equal number of wrong ^4-atoms each 
requiring an interaction energy zV a(t . The total interaction energy required 
is therefore \N z( 1 — p) ( V aa + V bb ) in place of the interaction energy Nz( l —p)V nb 
necessary when ail these pairs are correct. The total gain of energy is therefore 
Nz(l-p) V f or \NzVks. On comparing this with W 0 As we verify (2245). 

§ 21-233. Long range , or superlattice order redefined. It is convenient slightly 
to modify our former definition of long range order in terms of s for the sake 
of achieving greater symmetry. We divide the lattice points as before into 
a-lattice points and ^-lattice points, and let p be the fraction of a-lattice 
points occupied by A's, so that 1 — p is the fraction occupied by 5’s. We now 
define s' by the difference 

s' =p-(l-p) = 2p- 1. (2246) 

This retains the symmetry because both the state p = 1 and the state p = 0 
are really states of perfect order. In Bragg and Williams* definition 
s = (p-r)/{ l-x), but since for r = £, s = s' we shall not further distinguish 
them, and have merely to remember that the range of values of s is now' 

— 1, 1, a range which, as we saw, we could have included before in this 
special case. 

§21-234. The form of the partition function in terms of long and short 
range order . We have now to form the partition function. If g(s } a) is the 
number of configurations with given s and cr, and y 8 ( T) is the partition function 
for states of given long range order, then 

yA T) = X a 9 (s,o) e-i**™- v«, (2247) 

and y 8 = y_ 8 by symmetry. The complete partition function would then be 

r (^)= S y t (T). (2248) 

This could be summed at once if w'e knew g(s,(j) or in fact £ s < 7 (s,ct). This 
last expression is the number of arrangements of atoms A and 5 on the 
lattice points with a given number of pairs of nearest neighbours of type AB 
(actually £iVz[l + a]). This number is known for a linear array* but not for 
any array in two or more dimensions. We are therefore compelled to adopt 
indirect methods. The type of method adopted is worthy of detailed study 
since it is most probable that such indirect methods will become of increasing 
importance in statistical mechanics. 

We may start by observing that at very low temperatures the terms in 

♦ Ising, Zeit.f. Physik , vol. 31, p. 233 (1925). 
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r(T) have a maximum for <7 = 1 and a minimum by symmetry when <7 = 0. 
This implies that then the maximum terms are y ±1 (T) and the minimum 
term y 0 (T) f since <7=1, 5 = ±1 and <7 = 0, 5 = 0 correspond uniquely. As T 
increases the long range order s must decrease, so that the maximum terms 
must shift to lower and lower values of s until by symmetry they coalesce at 
5 = 0. Provided this coalescence occurs before T->co there must be a critical 
temperature, above which the long range order is permanently zero. These 
arguments do not of course constitute a rigorous proof of the existence of T ci 
or that the maximum terms move continuously in towards 5 = 0, but they 
suggest that we may start by trying to find conditions for the onset of a 
critical behaviour in this region of 5 . 

If by any method we can determine <7 0 and the corresponding value or 
values of 5 0 , which give (perhaps only approximately) stationary values to the 
terms of r(7 1 ), we can derive all the equilibrium properties that we require 
without constructing and evaluating T(7 7 ) directly. For given C7 0 we know 
that the configurational energy E c is \NzV( 1 — cr 0 ). We know moreover that 
for the corresponding s 0 \ogy s (T) must be stationary for variations of 5 . 
But by the thermodynamic properties of a partition function this implies that 

9S g _ldZc 

ds 0 T 05 o * 

Since we know S c for perfect order s 0 = 1 , we know both S c and E c as functions 
of 5 0 , and we can therefore follow the changes in the free energy as s 0 varies, 
thus picking out that value of 5 0 (when there are more than one) which gives 
the free energy its absolute minimum, and fixing the critical temperature. 
The reliability of such indirect methods which do not actually construct and 
evaluate r(T) cannot be directly checked. One can only demand that the 
condition they set up for determining cr 0 and s 0 shall be a plausible approxima- 
tion to the direct method. 

§ 21-24 . Indirect evaluation of a 0 and s 0 . The indirect method proposed by 
Bethe is to construct partition functions for the configurations in limited 
regions of the crystal in such a way that the <j 0 and 5 0 they determine should 
be adequate approximations to the true cr 0 and s 0 for the complete con- 
figurations. 

Let us start by considering one lattice point and its 2 nearest neighbours. 
For a square lattice 2 = 4 and the configurations of perfect local order are : 

B A 

BAB ABA 

B A 

We know that on the assumption of short range forces the configurational 
energy depends only on V = UKa + K„) ~ V ab • For simplicity we shall assume 
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here that = 0, V aa = V bb = V. As a first approximation we shall construct 
the partition function for configurations on one lattice point and its neigh- 
bours ignoring all effects of more distant atoms. The atoms in the first shell 
are not nearest neighbours of each other, and have therefore no interaction 
energy. Let x = e -vikr 

for shortness. Then the configurational partition function for all the 2 Z 
configurations with a given central atom A , say, is 

f a = (l+xy. (2249) 

Similarly f b = (x + 1 ) z . 

Moreover the number of wrong (^4) neighbours of a central A or wrong ( B ) 
neighbours of a central B is obviously 

3 zx 

f a = 


dx 


1 +x 


But on the average this number is known to be \z{ 1 —cr). It follows that to 
this approximation \—x 

(2250) 


^o = 


\+x 


This gives the degree of local order as a function of T to this approximation. 
It is a smoothly varying function of T and shows no critical behaviour. This 
however is to be expected owing to the crudity of our approximation, which 
ignores the ordering effect in the first shell of the second shell and still more 
distant atoms. 

The obvious next improvement is to take into account the second shell 
explicitly and ignore the third and more distant shells. This approximation 
has been worked out in detail by Bethe for a plane square lattice. It yields a 
value of <7 0 of the same general character as (2250) but with a sharper varia- 
tion. It is clear that repeated steps of this type will eventually solve the 
desired problem accurately but already the third approximation is very 
laborious and one must turn to the indirect attack. 

We take account of the ordering effects of distant shells on the last shell 
explicitly included by inserting a factor e in each term in the partition function 
for every wrong atom in the last shell. This e will take care of the ordering 
effect of the neglected distant atoms to a very good approximation. Taking 
merely explicit account of a central atom and its first shell of 2 neighbours (the 
first approximation above) we shall now have, for a lattice point whose 
central atom should be A , partition functions f a and f b corresponding to 
central atoms A and B given by 

/«=( ! + €*)*, /* = (* + €)*. (2251) 

Of these configurations the average fraction with central atoms B is 

fb/(fa+fb)> 
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We can now determine e by a reflexive argument. For there is nothing to 
distinguish the central atom from the atoms of the first shell in the lattice 
as a whole and therefore the fraction of wrong atoms at each point must be 
the same, or 


fb 


1 a 


leading 


fa+h 2 € a € l0g(/a+/6) ’ 

(e + x) z = €x( 1 -|- ex)*- 1 + e(e + a;)* -1 . 


(2252) 


or 


€ + X 

1 -hex 




(2253) 


A similar calculation can be carried through at this stage of the second 
approximation. 

The parameter e 0 determined as the proper root of (2253) will obviously 
serve in place of s 0 . For we have defined s as the fraction of a-lattice points 
occupied by A -atoms less those occupied by B-atoms. Therefore 

«=(fa-fb)/(fa+fb), (2254) 

from which it follows by using (2253) that 

€ ~hzi(z-l) _ € hzKz-D 

- e o fo = tanh 


Sq — 


[*><]• 


(2255) 


Again a 0 can be expressed simply in terms of e 0 . For the average number of 
wrong neighbours of the central atom is obviously xd/dx[lo g(f a +ft>)], and 
also by definition \z{ l — a). Therefore after a simple reduction 


1 — a* = 


4xe 


o 


(2256) 


1 + X€ 0 1 + eo**-”- • 

Since for any configuration E c = ±NzV( 1 — a), equation (2256) is equivalent 
to an equation for the average configurational energy. 

The next step is to determine the nature of the roots of equation (2253). 
By inspection we see that 

(i) To any value of x there correspond pairs of values of e, namely e and 
1/e' ( s= ± s 0 ), denoting merely that the A- and B-atoms have been inter- 
changed throughout. 

(ii) For all x, e= 1 is a solution for which there is no long distance order. 
The state for which s = 0 may therefore be assumed always to correspond to 
a stationary value of the terms of the complete partition function, but whether 
maximum or minimum remains to be settled. 


(iii) If € ^ 1, we can assume e < 1 and write 


x = sinh 
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It is easily deduced from this equation that x is monotonic increasing as e 
increases and therefore never greater than its limit as e -> 1 ; that is that 

x<x 0 = (z-2)/z (eyU). (2257) 

If therefore x > x 0 so that e~ v,kT > (z — 2)/z, or 

T>T C = V/k lo g{z/(z - 2)}, (2258) 

then € = € 0 = 1 is the only root, s 0 = 0, and there is no long range order. 

(iv) When e 0 = 1 equation (2256) shows that a 0 reduces to its value for the 
first approximation given in (2250), namely 

°o = ( l - x )l( l +x) (*> x o)> 

while as e 0 1 

a 0 ->(I-ar 0 )/(l+a: 0 )=l/( 2 -l). (2259) 

(v) The roots of equation (2253) not equal to unity enter continuously 
with the root unity at the critical temperature, the non-zero value of s 0 
starting continuously from the zero value. We may assume therefore without 
further discussion that the non-unit root of (2253), when it exists, corresponds 
always to the true maximum term in the partition function.* 


§21-241. The configurational specific heat. The calculation of C v c presents 
no particular difficulties though it is somewhat lengthy. Since cr 0 does not 
vanish for finite T C v c is never zero, but there is a strong discontinuity at 


T = T c . We find 

Cy' ~ ±Nk(z - 2) )* (log ( §z - 1 ) 

C v '~\Nk { z-2)(J^f[ log^* (T- 


(T-*T c — 0), 


T c + 0). 


Thus the ratio of the limiting values is 3z — 2, which is already 16 for a simple 
cubic lattice. 

The limiting values of C v c according to these equations can easily be 
calculated for various values of z\ results are given in Table 72. 


Table 72. 

Limiting values of configurational specific heat near the critical temperature 
according to Bethes theory. Values given are for one mole of atoms partaking 
in the ordering . 


No. of 
neighbours 

Lattice structure 

Cy'(T'-0)IR 

C r c (T' + 0)/It 

2 

Linear chain 

0 

0 

4 

Plane quadratic 

214 

0-214 

6 

Simple cubic 

1*90 

0-119 

8 

Body-centred cubic 

1-78 

0-081 

12 

— 

1-68 

0-049 

oo 

— 

1-50 

0 


* This point has been examined more closely by Williams, loc. cit. by calculating the entropy 
and free energy. • • 
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§21*242. Comparison of the two theories. It is interesting to observe that 
the results of Bethe’s theory (first approximation) reduce to the results of 



k x/v 

Fig. 84. Local order a 0 for r = £ and simple cubic lattices z=6 according to (a) and ( d ), Bethe’s 
first approximation without and with long range order; (6) and (e) the same, second approxi- 
mation; (c) 8 0 2 according to Bragg and Williams. 

Bragg and Williams when z->oo. This is what one should expect, for when 
any atom has infinitely many “neighbours ” the conceptions of local and long 



kT/V 

Fig. 85. Long range order * 0 for r = £ and simple cubic lattices z = 6 according to ( d ) and (e) Bethe s 

first and second approximations and (c) Bragg and Williams. 


range order must merge into each other. A proof of this equivalence will be 
found in Bethe’s paper; it can easily be reconstructed by (i) using the 
substitution __ 2 S/(z-d 


and observing that, when z-+co, z8 remains finite in the important ranges; 
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(ii) recalling the relation between W 0 and V, namely W 0 =\NzV\ zV must 
therefore be assumed to remain fixed. 

The results of the two theories for r = \ and simple cubic lattices z = 6 are 
shown in the three accompanying diagrams, which include also the results of 
Bethe’s second approximation in which the €-factor is brought in in the 
second instead of in the first shell of atoms. 



IcT/V 


Fig. 86. The configurational specific heat for r = £ and simple cubic lattices z = 6 according to 
(a) and ( d ) Bethe’s first approximation without and with long range order; (6) and (e) the 
same, second approximation; (c) Bragg and Williams. 


Fig. 84 shows the local order or configurational energy content. Curve (a) 
shows (Jq according to equation (2250) ignoring any €-factor and curve ( d ) 
shows o 0 according to (2256) including the €-factor. These curves give 
Bethe’s first approximation. Curves (b) and ( e ) give similarly Bethe’s second 
approximation. Curve (c) gives s 0 2 according to Bragg and Williams as shown 
in Fig. 81. It represents local order in this theory for comparative purposes 
in the sense that the energy content is proportional to 1 — s 0 2 . 

Fig. 85 shows the long range order «s 0 according to the same theories. 
It will be observed that the onset is most sudden for what is presumably 
the best of the theories, Bethe’s second approximation. 


Finally Fig. 86 shows the configurational specific heat. The same 


tendency 
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will be observed for the presumably best theory to give the sharpest and 
most concentrated variation of the specific heat near the critical tem- 
perature. 

An important point of comparison of these theories, which is also an 
important point for comparison with observation, is the relation between 
the complete change of configurational energy and the critical temperature, 
since this relation contains no adjustable parameter. On Bragg and Williams' 
theory the complete change is \NkT c \ according to Bethe’s first approxima- 

t1011 \NkT c [U\og{zl{z-2)}]. 


This however includes the change in the energy due to local disordering re- 
maining to be achieved above the critical temperature. Strictly one should 
subtract this term particularly for comparison with observation. To the 
first approximation at the critical temperature cr 0 =l/( 2 — 1). Hence the 
energy change below the critical temperature is just 1 — cr 0 or (z — 2)/(z— 1) 
of the complete change. For r = }, and a simple cubic lattice z = 6 the complete 
change is Q’5NkT c in Bragg and Williams’ theory, 0-480 NkT r and 0-48 
NkT c in Bethe’s first and second approximations respectively. These numbers 
hardly differ significantly. 


§21-25. Comparison with observation. The configurational energy content 
during the order-disorder transition can be determined experimentally by 
suitable calorimetric experiments. The great difficulty in such experiments is 
to be sure that the time scale of the experiment is long enough for the equili- 
brium state of order to be reached at each stage. This danger is particularly 
great in this field; it is of course well known that bv sufficiently rapid cooling 
(quenching) most alloys which possess an ordered equilibrium form at low 
temperatures can be brought to low temperatures in a more or less com- 
pletely disordered state and retained in that state indefinitely in a sort of 
metastable equilibrium. It is moreover probably correct to hold that many 
other alloys, not known to occur in an ordered state at low temperatures, are 
really frozen in a metastable disordered state, because the temperature at 
which changes of position in the lattice cease to be possible at reasonable 
speed is higher than the critical temperature for the order-disorder transition. 
These questions of the rate of attainment of order have been discussed by 
Bragg and Williams in the papers quoted ; we cannot discuss them further 
here as they lie outside the scope of this monograph. 

Careful experiments on the specific heat or energy content of /3-brass (r = J) 
and Cu 3 Au ( r= J) have recently been carried out by Sykes* and discussed by 
Bragg and Williams. /3-brass is particularly suitable experimental material 

♦ Sykes, Rroc. Roy. Soc. A, vol. 148, p. 422 (193.3) and unpublished experiments described by 
Bragg and Williams, loc. cit. 
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as its relaxation time for atomic rearrangements in the lattice is un- 
usually short. Fig. 87 compares the observed and calculated values of 
{E C (T C ) - E c (T)}jRT c as functions of TIT C for (i) /?- brass (CuZn) and (ii) Cu 3 Au. 

The agreement on the whole is very fair. The theoretically more abrupt 
changes near the critical temperature for r = J are well seen in the observed 
values. There is however a distinct tendency for the energy changes to be 
more closely concentrated towards TjT c = 1 than is allowed for by the theory. 



Fig. 87. Observed and calculated values of {E e (T c ) - E e (T)}/RT e for (i) /9-brass, CuZn (r = $), 
(ii) Cu 3 Au (r = $). The values marked (c) are calculated according to the theory of Bragg and 
Williams; those marked (6) according to the theory of Bethe (second approximation). The 
values marked (a) are from Sykes’ observations; those marked I for rising, II for falling 
temperatures. 


For /2-brass Bethe’s theory gives a more abrupt change than Bragg and 
Williams’ but the observations are more abrupt still, and it is unlikely that 
the observations here are greatly in error, as in /2-brass the atoms still move 
freely in the lattice near the critical temperature. In Cu 3 Au the observations, 
which were made with a rising temperature, must give somewhat too great a 

value of E C (T C ) - E C (T), owing to the lag in attaining the equilibrium order. It 
is also likely that Bragg and Williams’ approximation is not very close to 

the true partition function in this unsymmetrical case, and that the true ~E 
will change more abruptly* near T = T C . Making all allowances however, it 
is not fair to claim more than that existing theory is a decent first approxi- 
mation; it seems likely that some omitted effect, such as interaction between 
the ordering and the lattice vibrations, is of importance in sharpening up the 
variation of E c . 

* This appears to be borne out by the calculations of Peierls, Proc. Roy. Soc. A, vol. 154, p . 207 
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§21-3. Rotations of molecules in solids. Other solids besides metallic alloys 
notably halogen hydrides and ammonium salts — present the phenomenon 
of a critical temperature and a discontinuous specific heat, which can now be 
associated with some confidence with the rather sudden onset of free rotations 
of the ions or molecules forming the crystal lattice. The general interpretation 
of these phenomena was first given by Pauling.* In conformity with his 
views the anomalous specific heat of these substances must be associated with 
a transition from libration motions to almost free rotations for the ions or 
molecules in question. The transition may even be described as rotational 
melting.')' Qualitatively this explanation seems completely satisfactory. 
A tentative quantitative theory has been proposed, which is not yet particu- 
larly successful, but is perhaps worth discussion as a suggestion for the 
direction in which a better description should be sought. 

The description we shall give here treats all librations and rotations as 
classical. This limitation is perhaps not serious for any of the actual sub- 
stances with which the theory is here compared, but it probably prevents any 
application of the theory to the interesting case of solid methane (CH 4 ) for 
which a quantum version should be used. We must suppose that at low 
temperatures, before the anomalous specific heat develops, the axis of the 
molecule can librate about a direction or directions of equilibrium. Such 
preferred directions for the molecular axis must be imposed therefore by a 
directional field of force. We shall only attempt to discuss the simplest pos- 
sible model for the molecule and the field in which its angular motion takes 
place. We shall therefore assume that the energy associated with this motion 
is that of a symmetrical rigid rotator without axial spin in a field of force 
— W cos 6 , where 6 is the displacement of the axis of figure from a single 
preferred direction of equilibrium. The total energy in Hamiltonian form 
is then 


H 


2 A\ 


Pe 2 + 


P* 


sin 2 # 


W cos 6. 


(2260) 


At sufficiently small amplitudes, and therefore at low temperatures, 
librations of the molecular axes will not be distinguishable from any other 
small oscillations and will form part of the body of normal modes of the 
lattice. As the higher states come into play the oscillators will cease to be 
simple harmonic, and become gradually (for constant values of W) more and 
more like free rotations with a smaller contribution to the specific heat. 
These effects may be followed at once by calculating the partition function 

f(T) = p JJJJ e- H i kT dp 0 d P<j> d8d4>, 


* Pauling, Phys. Rev. vol. 36, p. 430 (1930). 

j- Frenkel, Todes and Ismailow, Acta Physico-Chem. U.S.S.R. vol. 1, p. 97 (1934). 
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where H is given by (2260). This leads at once to 


f(T) = 


4tt 2 aicT r * 


h 2 


e WcoB8lkT sin Odd, 


8n 2 AkTkT . , W 

sinh 


h 2 W 


IcT' 


(2261) 


If E TOt includes the energy of orientation in the field — W cos 6 and there are 
N such rotating systems in the crystal, whose rotations do not affect each other , 
then 


E rot = NkT 



C 


rot 


-WV, 

L si 


w w 

kT C ° th - 


kT 


W 2 /k 2 T 2 
sinh 2 W/kT 



(2262) 



(2263) 


If the curve for the rotational energy or the specific heat is plotted, it will 
be found of course that it is perfectly smooth and gives no sign of any violent 
variation when kT and W are of the same order of magnitude. We have, 
however, following Pauling, no reason to expect that the rotations of one 
molecule are independent of those of the other molecules or in short that W 
is constant, but rather every reason to expect the contrary. The directional 
terms in the field to which any one molecule is subject, specified by — W cos 6, 
are of course mainly due to the lack of spherical symmetry in the combined 
fields of the surrounding molecules. This lack of symmetry will be greatly 
weakened and might in fact be almost destroyed by a sufficient degree of 
rotation among the surrounding molecules. Thus W itself cannot be a constant 
but must depend on the degree of rotation already present among the mole- 
cules. An approximate partition function for the whole body of libration- 
rotations for the N systems can therefore in theory be constructed in the form 


log L(T) = N\ og 


8t T 2 AkT 
h 2 


+ 


f g(s)iog 

J 0 


[kT . u sW' 
smh 


sW n 


kT 


ds y (2264) 


where g(s) ds is the number of systems which are effectively subject to the 

field — sJJ^cos#, and J g(s)ds = N. If g(s) could be formulated, logL(T) 

could at once be evaluated by searching for the maximum of the integrand 
in (2264). 

No satisfactory method of evaluating g(s) has yet been proposed and 
roundabout methods must again be adopted. 

§21*31. A formula for determining the equilibrium value of s. It has been 
proposed to determine 8 by an approximate equation based on the following 
arguments.* We specify a degree of non-rotation among the molecules by 


* R. H. Fowler, Proc. Roy. Soc. A, vol. 149, p. 1 (1935). 
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regarding as not rotating all those molecules for which 


£4( J, » s+ sSb) < ^ w ' (1 + coa9) ' 


(2265) 


The inequality (2265) asserts that such molecules have at any 6 less than fi 
times the kinetic energy required to allow the axis of the molecule to reach the 
pole 6 = tt. We can easily calculate the fraction of all molecules “not rotating ” 
according to this definition. It is f 0 (T)!f(T), where f(T) is given by (2261) and 


fo(T) = 


'll T 

h 2 


0 



e W’cos 0,kT d Q e- { ^P<f> 2 /sin^},2AkT dpe( l p ^^ 


V^ + P^lair^O <2 A fi\V (l + cos d) 

By obvious substitutions this can be reduced to 


fo(T) = - 


4n 2 AkT C” 


h 2 


e ircoB 9 /kT s i n QdO 


o 



'fill'd + cos 9) /kT 

e~ x dx. 


from which it follows that 


fo(T) = 


Htt 2 A k T FkT 


W 


h 2 


oj n h p-PlVIkT _ 

\V Sin kT 6 W( 1 


kT 


P) 


sinh 


W( 1 — > 3 ) 

kT 


We therefore find that 


fo(T) 


= 1 


(2266) 


er $ w ' kT sinh W(l -fi)/kT 
f(T) ~ (1 — ^9) sinh W/kT * 

It is now suggested that f 0 (T)lf(T) may be used as a measure of the strength 
of the orientating field. The simplest assumption is to take s =f 0 (T)/f(T), 
W = UqS, so that (2266) becomes an implicit equation for s of the form 

e -£.sH' 0 7cr s i n h sWq(1 — fi)/kT 

(l-£)sinh sWjkT * 

The special case fi = £ is particularly simple, since then 

s = tanh \sWJkT. (2268) 

For all values of fi equation (2267) gives a critical temperature above 
which s = 0. Assuming that (2267) gives an adequate representation of the 
behaviour of the maximum term in (2264), it follows that 


s= 1 - 


(2267) 


E rot = NkT 


r 2 _ 

L kT 


c° th - k - f 


oKl 

kT ]’ 


(2269) 


C 


rot 


r 

2 x2 1 

N W 2 ds 0 2 

cosh x sinh x — #”] 

L 

sinh 2 #J 

2 kT dT 

a: sinh 2 # J 


in which s 0 is the correct root of (2267) and x = 8 Q \V 0 lkT . If fi > i both s 0 and 
ds 0 2 /dT are continuous through the critical temperature. If fi= <*o * s con " 
tinuous but ds 0 2 ldT is discontinuous, so that C TOt is discontinuous. In this 
familiar case the discontinuity is easily calculated, since 

T c = ilV 0 /k. 
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It follows that 

<? rot = Nk (T> T e \ C T ot -> 5Xk ( T -> T c - 0), 

and the discontinuity is 4Xk. If /3 < I, w e pass over to the case in which the 
new roots of (2207) enter discontinuously at values of s 0 greater than zero, 
and cannot immediately represent the equilibrium state. The exact critical 
value of 6* 0 must then be determined by t he method indicated at the close of 
§21*23. There is now a finite latent heat at the transition point. 

§21-32. A generalized model. A slight generalization of the model which is 
not physically impossible leads to a libration-rotation transition with even 
more violent properties. If we may assume that the field of potential energy 
in which the molecule rotates is not simply — W cos 6 but — a IT — W cos 6, 
there is an extra term -A r a$ 0 Jr o in E TOi , and NcxW 0 (—ds 0 /dT) in C TO t . It is 
easy to show that w hen ^ h, T c = /Bl 0 and that w hen ft > J 

, *Ti T\ p_ _ds 0 _3j8_ 1 

T c \ T c J2p-l' dT ^ 2 \ Tf 

It follows that, if /3 > -J, C TOi has a finite discontinuity w hich tends to infinity as 
/3-> We shall not however give any further details for any of these models, 
since we shall see on comparing the theory with observation that it is still 
too far from giving an adequate explanation of the facts. 

§21-33. Comparison of theory and observations. Typical observed values of 
specific heats and energy contents are shown in Figs. 88, 89 for the halogen 
hydrides and for some ammonium salts. We see in Fig. 88 that the curves for 
the halogen hydrides are of the general form that one would expect to be 
accounted for by such a theory as we have proposed, but that there are for 
HI two similar breaks, for HBr one single and one double one and for HC1 
such violent variations that the specific heat was not recorded, but only a 
latent heat. It appears therefore that t he rotational degrees of freedom do not 
set in together, but that perhaps rotations about the different crystal axes set 
in separately. This of course makes strict comparisons impossible. It seems 
reasonable however to assume that these breaks refer to one rotational 
freedom, and therefore to abstract from the observed curve the abnormal 
part of the specific heat, call this C obs and compare C oX)s \B as a function of 
T\T c with the theoretical values of C TOi (T iT c ); R. Points derived in this wav 
from the two breaks for HI are shown in Fig. 90 and compared with possible 
theoretical curves. One sees that no very good agreement is obtainable. The 
distinctive feature of the disagreement is that the abnormal specific heat due 
to the term dsJdT is much more sharply confined to the neighbourhood of 
the critical temperature than the theory suggests. Since the breaks in the 
specific heat curves for HBr and HC1 are still more sharply confined to the 




0 50 100 150 200 T°K. 

Fig. 88. Observed values of the specific heat for the halogen hydrides at low temperatures. 
[Giauque and Wiebe, J. Amer. Chem. Soc. vol. 50, pp. 101, 2193 (1928); vol. 51, p. 1441 (1929).] 



Fig. 89. Observed values of the specific heat and energy content for the ammonium salts. 


NH 4 NO, and NH 4 C1. 

[For NH 4 C1, Simon, Simson and Ruhemann, Zeit. f. physikal. Chem. vol. 129, p. 339 (1927); 
for NH 4 NOj, Crenshaw and Ritter, Zeit. f. physikal. Chem. B vol. 16, p. 143 (1932).] 
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neighbourhood of the critical temperature, the present comparison will fail 
still more badly for these substances. 

For the ammonium salts and even for HBr and HC1 specific heat compari- 
sons are really out of the question, and one must compare energy contents 



Fig. 90. Curves showing C r ot(T/T c ) for 0 = £ and various values of 
the additional binding a. The plotted points show corresponding 
observed values for HI. 



Fig. 91. Curves showing E ro t/RT c fo: 
values of T/T c near unity; curve I a = 0 
0 = 1; curve II a=0, 0 = $; curve IF 
a =0, 0 = 3; curve IVa=0, 0 = *. Th< 
curves for 0<£ are somewhat in 
accurate. The plotted points repre 
sent observations for NH 4 C1 0, anc 
NH 4 N0 3 ®. 


instead. The theoretical curves shown in Fig. 91 show E roi /RT c plotted against 
T/T c for various values of ft. The curves for p<\ are not accurate as the 
precise critical value of s 0 has not been properly determined. The theory 
however is hardly sufficiently successful to make this worth while. The 
observed values for NH 4 N0 3 and NH 4 C1 have been reduced to these variables 
and adjusted arbitrarily to agree with the theoretical curves when 
TjT c -^- 1 + 0. It is evident that, while there is general agreement in form, the 
abnormal variation of E TOi is again much more closely restricted to the 
neighbourhood of the critical temperature than the theory can be made to 
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indicate. Nevertheless the theory proposed goes some way towards inter- 
preting the facts and is perhaps not entirely valueless. 

§21*4. Dielectric constants of solids and liquids containing dipoles . It is 
well known that Rochelle salt NaKC 4 H 4 0 6 .4H 2 0, for a limited range of 
temperature, may for practical purposes be said to have an infinite dielectric 
constant analogous to the infinite susceptibility of iron in its ferromagnetic 
state, another clear example of a cooperative phenomenon. The cooperative 
(polarized) state in Rochelle salt is limited by an upper critical temperature 
T u (or Curie point) such that for T >T U the susceptibility though large is 
finite and decreases rapidly as T increases. Unlike the ferromagnetics 
however there is also a lower critical temperature 7] such that when T < 7} 
the susceptibility is again finite and decreases (at least initially) as T decreases. 
It is probable* that these phenomena are to be explained by the orientation 
of the water dipoles present as water of crystallization. The cooperative state 
and the upper critical temperature T u can be explained by an exact analogy 
of the Weiss-Langevin theory of ferromagnetism expounded in §§12-9*79., 
and no difficulties are raised here by the strength of the necessary molecular 
field. The interaction energy of electrical dipoles is so large that it supplies 
precisely the necessary energy term which it fails to do for magnetic dipoles. 
The explanation of this part of the phenomenon requires the polar water 
molecules to orientate freely under the influence of the effective applied 
electric field. The lower critical temperature 7] must then be explained, it is 
believed, by a failure of the free orientations at lower temperatures, due to 
the growth of local constraints which can so severely cut down the response 
to the effective field that the material is no longer self-polarizing. f We shall 
attempt in the following sections to present a quantitative theory of this type 
based on the theory of libration -rotation transitions developed in the preceding 
sections. We cannot hope to explain in this way in detail the properties of 
any actual substance such as Rochelle salt, which are really far more complex 
than we have described. J We can hope only to succeed in showing that such 
properties as we have described may be expected to find a natural explanation 
by the application of normal statistical methods to models of the proposed 

type. 

Again the dielectric constant of water or ice is finite at all temperatures, 
and falls to low values even for low frequencies as the temperature is decreased 
below 150° K. This can only be understood, assuming that the H 2 0 molecule 
in ice or water carries approximately the same dipole as in steam, if its 
orientations are not free but severely restricted by the fields of its immediate 

• See e.g. Kobeko and Kurtschatow, Zeit.f. Physik, vol. 66, p. 192 (1930). 

f B. and I. Kurtschatow, Physical. Ztit. d. Soicjelunion, vol. 3, p. 320 (1933). 

t Mueller, Phya. Rev . vol. 47, p. 175 (1935). 
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neighbours even at the highest temperatures for which the dielectric constant 
of water has been investigated. The water dipoles are so numerous and so 
strong that water would be in a cooperative state of self-polarization at all 
such temperatures if the dipole carried were even approximately free. 
Somewhat similar phenomena occur for other polar liquids such as some of 
the alcohols and nitrobenzene, which possibly are explicable in the same 
way. There is probably general agreement about these qualitative explana- 
tions, but we are still far from a satisfactory quantitative one. In the following 
sections a discussion will be given on the basis of libration-rotation transitions, 
which though still far from adequate, indicates that a satisfactory explana- 
tion can perhaps be found in this way. 

§21*41. Thz theory of the dielectric constant of material composed of or 
containing librating -rotating dipoles. We discuss an assembly of N systems in 
volume V (n = N/V), carrying dipoles of moment p, each subject to a restrain- 
ing field — W cos 6. We must not assume that the equilibrium directions of 
orientation are all the same, or the assembly at low temperatures would be 
permanently polarized in this direction in the absence of any applied field 
and would scarcely polarize in any other. For a starting point we must there- 
fore divide the systems at least into two equal groups whose natural equili- 
brium orientations are in opposite directions. We shall therefore start by 
assuming that the assembly consists of \N systems each in a field — W cos 6 , 
and \N systems each in a field W cos d. An effective field F' acts on the 
systems in the direction 0 = 0, so that their total potential energies are 
-(W + pF') cos 6 and ( W -pF') cos 6 respectively. This simple arrangement 
will be generalized later. The partition functions f x and / 2 are then 

8t *AkT kT . .W + pF' Stt 2 A lc T IcT . % W-uF' 

h 2 ^ + ^' Slnh kT ' h 2 W — pF ' SLnh kT~’ " ,(2271) 

respectively. By equation (1294) the polarization (induced dipole strength 
per unit volume) is given by 

p = \ nkT ^ F ' ( lo g/i + lo g/ 2 ), 
from which it follows that 

P _ „ ;./p f 1 sinh 2fj.F'/kT “| 

fX \_W 2 -fi 2 F' 2 kT cosh 2W/kT - cosh 2fj.F'/kTj (2272) 

Assuming that ^ F ' W this reduces easily to 

P _ n Vk 2 T 2 1 1 

F' ~ kT \lV 2 “sinh 2 WlkT ’ 


(2273) 
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which has the expected limiting form n^/SkT when W -+ 0. For further study 
it is convenient to write (2273) in the form 

P nu. 2 , „ / JF\ 

F'~ZkT g ^ x) \ X ~kT) , (2274) 

so that g(x) is a reducing factor which the binding imposes on the effective 
value of rifx 2 . As a; 0, g(x) -> 1 ; as x -> oo, g(x) ~ 3/a; 2 0. 

To deduce the dielectric constant rj we have to use the standard relation- 
ships of Chapter xn, namely, in the present notation, 

rj = 1 4- 4ttP/F, F' = F + |t tP. 

The second of these holds only (with the coefficient %tt) for those media for 
which Lorentz’s Lemma applies. This lemma does not apply to Rochelle 
salt and we shall use this equation therefore in the general form 

F' = F + y P, (2275) 

where y will depend on the direction of P in the crystal. We shall only con- 
sider principal directions for which F, F' and P are all parallel. It follows that 

i7m^g(x)l3kT 

r, - 1 + T-yn^g(x)l3kT t (2276) 

provided that F ' and therefore P can be regarded as small. We can therefore 

— (*-*£»>) — 

provided that T >T d . If T < T d then the approximation leading from (2272) 
to (2273) is illegitimate. We have then to solve (2272) and (2275) for P as a 
function of F. It is easy to see that in this case the equilibrium state, or 
greatest value of the partition function ^{log/j-f log/ 2 }, corresponds to a 
root P of (2272) which does not vanish with F and that we are then concerned 
with a cooperative state of self-polarization in zero field, which may be 
regarded as a state with an infinite dielectric constant. 

The binding W in g(x) must not however be thought of as a constant. To a 
first approximation it will be governed by the rotations of neighbouring 
molecules and have the effective value sW 0 , where s is given by (2267) or some 
more accurate equation of this type. The complete behaviour of the dielectric 
constant as a function of T is therefore governed by the set of equations 

HI) (2278) 

with <2279) 

It can be seen at once that when T -> 0 , 8 1 , x oo, T d = 0( T 2 ). Hence at low 

temperatures we certainly have T>T d and rj ->1. For large values of T f 
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s~* 0, g(x)^> 1, and T d assumes a constant value, so that 77 behaves according 
to the ordinary dipole theory of Chapter xii and ultimately 77 -> 1. At inter- 
mediate temperatures 77 will increase to a finite maximum and then decrease 
again provided that always T >T d . But if ever T <T d then we must have a 
range of temperatures within which 77 is infinite, bounded by upper and lower 
critical temperatures T u and T,. This is exactly what is observed for Rochelle 
salt along the a-axis, but the assembly discussed here is still rather too 
specialized for actual applications. 


§21-42. Random orientations of the natural directions of equilibrium. We 
have so far only considered a polarizing field P' parallel to the natural 
directions of equilibrium of the dipoles. Let us now consider the same 
assembly when F' is perpendicular to ± W. In either case the two potential 
energy terms combine vectorially so that all the dipoles are in fields of 
potential energy - ( W 2 + n 2 F' 2 )* cos 6', d' being measured from new positions 
of equilibrium. Therefore 


J(T) = 


Hn 2 AkT 

h 2 


kT 


sinh 


( W 2 + tx 2 F' 2 )i 


(W 2 + fAF' 2 )^ kT 

It follows that 

P = ^h(W 2 + t , 2 F' 2 )ilkT _ 

L kT(W 2 + u 2 F' 2 )i W 2 + n 2 F 


1 



(2280) 

(2281) 


Assuming that fiF' < W this reduces to 

P nn 2 rkT . W k 2 Tn 

F' kT\_W COth kT Av 2 J (2282) 

It is now possible to combine (2273) and (2282) to give the relation for 
the more general case in which the equilibrium directions of the dipoles are 
distributed at random in space. It is easily verified that, for any set of 
dipoles whose equilibrium directions are half and half in opposite directions, 
the effects of imposed fields parallel and perpendicular to the equilibrium 
directions are independent of each other to the order of accuracy of (2273) 
and (2282). Moreover instead of averaging the response for all equilibrium 
directions we can equally well average for all directions of F' . It is then clear 
that this average will be obtained by taking for P/F' two-thirds of (2282) 
plus one-third of (2273), since there are two independent components of F' 
normal to 9 = 0 and only one parallel. Thus in general 

P__rgA[2kT W k 2 T 2 1 "1 

F' 3kf [_ W C ° kf W 2 ~ sinh 2 W jk T] (2283) 

It is probably therefore correct to discuss the dielectric constant of liquids 
or of solids of high symmetry using equations (2278) but with 


g(x) = 2 


cothx 


1 



1 

sinh 2 x ’ 


x 


(2284) 


820 


Phenomena 


[21 *42 

in place of (2279). For Rochelle salt itself we shall see that (2279) is still 
probably the more appropriate. The functions g(x) are shown in Fig. 92. 

A greater variety of behaviour is now possible as T -> 0. Equations (2278) 
and (2284) do not require that 1 as T -> 0, and do not even require r/ to 
remain finite. When 1/x is small 


0 (*) 


x x 


2 lcT 
sW 0 



kT 

2sW 0 



We may write W 0 /k = T c /P', where £' = £ when but is somewhat 



I. g(x) = 2 


coth x 1 


1 


x x einh 2 x 


ii. ^)->(^- a i I ). 


greater than ft when /? < The parameter fi was defined in § 21*31. We may 
also in this region put s ^ 1 . Then 



4tt \-pT/2T c 

71 + y TJ(2fi'T d <>) - 1 + f}’T/2T c ‘ 


(2285) 

(2286) 


There are two critical temperatures in this formula, T c the critical tempera- 
ture for the vanishing of s and the onset of free rotations, and T d ° ( = ym^l^k) 
the critical temperature for the cooperative state of self-polarization among 
these freely rotating dipoles. We see from (2286) that rj steadily increases 
as T diminishes and remains finite if and only if 


T c > 2 pT d *. 


A variety of possible curves for rj is shown in Figs. 93. 
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Fig. 93c. Curves showing rj as a function of T/T d °, using the g{x) shown in II, Fig. 92, for 
P = F = h and I + III, T e = TJ > ; I + 11, T e = 0'9T d °; I + IV, T e =llT d °; I + V, T e = 2T d °. 


§ 21-43. Rochelle salt . The observed value of rj for Rochelle salt along the 
«-axis may be described by saying that rj-^co as T decreases to T u , remains 
infinite until T falls to 0-8 65T U = T lf and then decreases rapidly reaching 
ordinary values by about 0-83T u . The observed values at right angles to 
the a-axis are normal. We shall only attempt to give a general description 
of this behaviour in terms of the present theory.* In order to compare the 
observations with the theory we must assume that the water of crystalliza- 
tion provides the orientating dipoles and that T u = T d °. If their dipole 
moment is equal to the moment of the H 2 0-dipole in steam, then T d ° would 
have the value 550° K. for r=f 7r > and a proportionately greater value if y 
is greater. We shall see that y must be appreciably greater than §7 r so that 
7i/x 2 for the water of crystallization must be some 2\ to 3 times smaller than 
the value for steam would lead one to expect. The possibility of such a 
change in this direction can hardly be excluded a priori , but the need to 
postulate it unfortunately makes the application of the theory still less 
precise. 

The source of the anisotropy must next be considered. The two curves for 
g(x) in Fig. 92 show that it is always easier to polarize a medium by deflecting 

* Mueller, loc. cit .; he alrfo gives a much more detailed analysis of the observations. 
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the dipoles by a force at right angles to their natural directions of equilibrium 
than by a force parallel to these directions. This result must be generally 
valid. Thus any anisotropy in 77 combined with special natural directions of 
equilibrium must make it easier to polarize a medium in a plane, whereas 
it is actually easier to polarize it normal to a plane. The anisotropy can in 
short only be referred to y. and can be shown by y, if the dipoles are suitably 
arranged in the crystal. The actual arrangement of the water molecules is 
not yet known. It is easy to show that if the dipole carriers are arranged in 
strings parallel to the a-axis, being separated by a shorter spacing along 
these strings than the separations of the strings themselves, then y( || )>y( j_ ). 
The natural directions of equilibrium of the dipoles may then be assumed to 
lie along the strings. We must then use the g(x) of equation (2279) for 
polarization along the a-axis and a g(x) derived from (2282) for polarization 
at right angles. This g(x) does not differ greatly from that of (2284). The 
77 -curves of Fig. 93c therefore apply along the a-axis and those of Figs. 
93a, b at right angles. If for example /? = /?' = £ and T c 2 ^ 0-97 7 d °( || ) while 
T c = 1 ‘5T d °( ± ), the observed characteristics of 77 for Rochelle salt are remark- 
ably well reproduced by the theory. This requires a ratio y( || )/y( _L ) = 1-666. 
Such a value does not require anything extreme in the ratio of the spacings 
of the dipoles along and across the a-axis, though the ratio is difficult to 
compute exactly. It remains to be seen whether such spacings are confirmed 
by X-ray analysis. 

§21-44. Polar liquids. Curves showing 77 as a function of T for a number 
of substances are shown in Fig. 94. At first sight these curves look not unlike 
the curves of Fig. 93c. These calculated curves however are based on the 
g(x) of equation (2279) and cannot apply to liquids, which must be reasonably 
isotropic. Similar peaks near T = T fl ° are shown by the curves of Figs. 93 
a.b but these are followed at low temperatures by another rise of 77 to high 
values, and of this there is experimentally no sign. On the evidence it is 
clear therefore that the complete curve of 77 for a substance such as ice-water 
cannot be accounted for as a whole by any simple form of the present theory. 
There is another difficulty in such a comparison, namely that the calculated 
values of T d ° using (2278) with y = *77 are in all cases higher and in some cases 
much higher than the temperatures of the observed 77 -peaks as is shown in 
Table 73. Before therefore we attempt to interpret rj for these polar liquids 
in terms of the present theory, we must see whether some further important 

overlooked. One sees at once from Fig. 94 that 
these temperatures of maximum 77 though not identical with melting points 
are certainly closely associated. It seems therefore that the fall of 77 for low 
temperatures should be associated rather with an increased binding due to 
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Table 73. 


T emperatures of maximum dielectric constant rj and values of T d ° for various 
polar liquids. The values of T d ° are calculated from (2278) with y = %tt and 
the value of p found for the same molecule in vapour or dilute solution . 



T°C 

Fig. 94. Observed values of 77 as a function of T for the substances specified. The cross 
arrows mark the melting point temperature on each curve for that substance. 

ordinary freezing and not merely with “rotational freezing” when the 
binding is controlled by the rotations themselves. It would then be incorrect 
to expect the present theory to account for the whole rj- curve, but it might 
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remain legitimate to apply it in detail to the form of the 77 -curve on the high 
temperature side of the peak. 

No satisfactory analysis can be made by assuming that T is modified 
so as nearly to correspond to the temperature of the observed peak, because, 
if such an identification is made, the greater part of the observed curve must 
be correlated with part of Curve I, Fig. 93a, namely 

1 , ~ 1 d 

v T-Tf' 

and no such correlation fits the facts for constant T d °. Fairly satisfactory 
analyses can however be made by retaining T d ° more or less unmodified and 
correlating the observations with parts of the low temperature branches of 
the curves of Fig. 93a. The discussion is as yet too tentative to record in 
detail here.* As an example we may mention the analysis for water. The 
range of values of T is 0*23^ T/T d 0 ^ 0*31, so that (2286) can be used with 
y= %tt. This formula then contains the single parameter so that /Sand /S' 

are scarcely relevant. If T c /^'= 2336, the observed values of 77 are reproduced 
fairly well, the calculated values ranging from 77 ( 273 ) = 91, ^(373) = 53. 
This slightly too great variation of 77 , if significant, could be removed by 
somewhat reducing T d ° and using a suitable value of /S. For other substances 
similar slight modifications of T d ° appear to be essential to a satisfactory 
analysis. 

It will be appreciated that the whole theory is extremely tentative 
and little better than a suggestion of the type of theory required to ex- 
plain the effects of the libration-rotation freedoms of molecules in liquids 
and solids. 

§21*5. Surface 'phenomena. Properties of adsorbed films. We have as yet 
made no reference in this monograph to the equilibrium states of surfaces 
or surface phases or to the calculation of surface tension, except for a passing 
reference for crystals in Chapter x. It does not seem possible to hope for 
much progress in the statistical theory of surface tension for liquids, which 
is an important field, until the theory of liquids themselves is considerably 
further developed. We shall make no attempt to discuss this problem here. 
But there is an'allied problem, the equilibrium theory of an adsorbed film 
on liquids or solids with which some progress can be made by regarding the 
liquid or solid as providing a given field of force in which the two-dimensional 
adsorbed phase is established. The equilibrium properties of such adsorbed 
phases can be discussed by statistical mechanics, and we proceed to do so 
now. In fact it is not always realized that Langmuir’s adsorption isotherm 


* See R. H. Fowler, loc. cit. p. 811. 
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for example is strictly a theorem on the equilibrium state, for it is almost 
always derived by kinetic arguments.* 

In general the adsorbed phases to be discussed consist of a layer at most 
one molecule thick of adsorbed molecules attached to the surface of a solid, 
or to the surface of a liquid in which the adsorbed molecules are practically 
insoluble. Such a layer may be conveniently referred to as a monolayer for 
shortness. On a liquid the molecules of such a monolayer must be supposed 
to be freely mobile except in so far as they get in each other’s way or form a 
condensed or two-dimensional crystalline phase. On a solid they may or 
may not be freely mobile depending on the temperature. An adequate model 
for the liquid surface or the solid surface at high temperatures is to assume 
that some point in the adsorbed molecule (for example its centre of mass) is 
more or less rigidly bound to the geometrical surface of the liquid but with 
complete absence of any binding forces in the two directions in the surface. 
An adequate model for the solid surface at low temperatures when the 
molecules of the monolayer are immobile or nearly immobile on the surface 
is to assume that there are definite points of attachment on the surface 
capable of accommodating just one adsorbed molecule, and that, when so 
attached, the adsorbed molecule has the usual series of stationary states 
possessed by any quantum system in a prescribed field of force. It should 
not be impossible to find a satisfactory mathematical technique for tracing 
the gradual change over from the immobile to the mobile monolayer, but 
little work as yet has been done on this problem and we shall not attempt to 
discuss it here. 


§ 21*51. Equations of state of mobile monolayers. The perfect gas film. It is 
at once evident that the mobile monolayer can be discussed as a two- 
dimensional gas by methods identical with those used for ordinary gases. 
When the cross-sections of the adsorbed molecules and the forces between 
them can be neglected, the molecules are each confined to an area A , the 
area of accessible surface, and to the stated approximation they do not 
interfere with each other. They each possess therefore the classical partition 
function , „ * * * / , 


m 


in which W is a boundary field confining the particles to the area A. It 
follows at once that Q(T) = ZrnnkT A th* . (2287) 

If F is the surface pressure (negative surface tension) in dynes/cm. for 

* See for example Langmuir, J. Amer. Chem. Soc. vol. 54, p. 2798 (1932). This paper contains 
much valuable material on all types of adsorbed layers. 
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an assembly of M adsorbed molecules, then in the usual way it follows 
that ~ 

F = MkT ^ log Q( T) = Mk T,'A . (2288) 


There are also the obvious formulae for the kinetic energy content and 
velocity distribution given by Maxwell’s law for two dimensions. 


§21-52. The imperfect gas film. The equation of state of an imperfect gas 
film correct to terms in 1 A 2 can be obtained simply by the method of the 
virial, when we may assume that the interaction energy of two adsorbed 
particles is sufficiently nearly fixed by the distance apart of their points of 
attachment to the surface, or at least that we may use a mean value for 
their energy of interaction which is a function only of this distance.* 

The method of the virial given in § 9-7 may be adapted to the present case 
as follows; we shall not include any frictional resistance term here. The two 
surviving equations of motion for any particle are 


•• v •• Tr 

mx = X , my = Y, 

which, if r 2 = x 2 + y 2 , v 2 = x 2 + y 2 , may be combined to give 


1 d 2 

4 dt 2 


( mr 2 ) = \mv 2 + \(Xx+ Yy). 


(2289) 


On summing (2289) for all the particles on the surface and averaging over 

a long time r, we find . = r . = = 7 — 

JSmv 2 = - (Xx-\- 1 y). (2290) 


This equation applies to the whole surface phase or to any portion of it 
contained within any geometrical boundary line on the surface. The stress 
across any such boundary is by definition F per unit length of boundary, and 
the stress components —IFds, —mFds are part of the forces acting on the 
particles near the line element ds due to the retaining wall or the particles 

outside the boundary. They contribute to - (Xx+Yy) the term 




The remaining contribution comes from the interaction of every pair of 
molecules within the boundary. If E(r) is the potential energy of a pair of 
adsorbed molecules at a distance apart r, then the interaction of this pair 
contribute as in §9-7 

We find therefore that 


\rdEjdr. 


i 


0 

the double summation being a summation over all pairs. This reduces 
easily to ■ 


F A = MkT — ^hUrdE/dr. 

* Mitchell, Trans. Faraday Soc. vol. 31, p. 980 (1935). 


(2291) 
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Now the average number of pairs at a distance apart between r and r + dr, 
by an argument analogous to that giving (875), is 

p / 2 2nr ^ e -E(r)lkT 


Therefore FA = MkT-^? J°° d J^p e -EWikT r z dr ^ (2292) 

ttJc'T f 00 

= MkT- M 2 — -J ( e ~~ E(r)/kT — 1 )rdr (2293) 

This can be checked by a direct evaluation of the partition function for the 
complete two-dimensional configuration in the manner of §8-31. 

It is unfortunate that the range of validity of these formulae is too small 
to reach a region in which they may be adequately compared with experi- 
ments such as Langmuir s or Adam’s on the expanded phase of a monolayer 
on a liquid. 1 he problem of extending (2293) to higher powers of HA is a 
problem of difficulty comparable to the similar problem for an ordinary gas. 

It is also theoretically possible to discuss the equilibrium of a two-phase 
system consisting of the mobile monolayer and an ordinarv gas of the same 
molecules ; we can also discuss a system of two surface phases, one crystalline 
and one a gas as above. But such discussions are of little or no practical 
value at the moment. We pass on therefore to the immobile monolayer on a 
solid for which the theory can be successfully compared with experiment. 


§21*53. Langmuir's adsorption isotherm. Molecular adsorption. The 
feature of primary interest for the immobile or almost immobile monolayer 
on a solid is the fraction of surface covered in the monolayer in equilibrium 
with gas at a given density. We have therefore to study this two-phase 
equilibrium. It is commonly studied by kinetic methods. The present 
discussion will serve to show that the results have the usual independence 
of the mechanism by which equilibrium is attained. 

Let us suppose that the states accessible to the adsorbable systems are 
(i) the ordinary states for such free systems in the gas. phase, that is a set of 
states of weights w r and energies e r , and (ii) states of attachment to any one 
of the surface atoms (or other suitable location) of the adsorbing solid. We 
shall suppose for the present that the molecule is attached as a whole to a 
single point of attachment, and that in this adsorbed state it possesses a 
series of possible quantum states of weights p r and energies rj r with the 
partition function v 8 (T) = T, r p r e x ~ 7 ir lkT f or the whole set belonging to any 
particular location. We suppose further that there are N 8 such locations and 
that each one can only accommodate one adsorbed molecule. The adsorbed 
states belonging to any one location are assumed to be independent of whether 
surrounding locations are holding adsorbed molecules or not. It will not 
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matter what statistics the gas molecules are assumed to satisfy. We shall 
use the unspecified generating function g(q) for them. 

Suppose that the assembly contains M adsorbable systems in all, with a 

total energy E. Then the total number of complexions can be written down 

at once as the coefficient of x i ‘z E in the product of Y[ r [g{xz‘r)Y”r for the gas 
states, and ri v, 

[1 + xl, r p r z 1 >r]-'s 

for the adsorbed states. The factor for the gas states is that already given in 
§ 2-4. The factor for the adsorbed states contains N a factors so arranged that 
the occupation of any quantum state on one particular point of attachment 
puts out of action all states on that point of attachment for further adsorbed 
systems. This is what we require. We find therefore that 


C = 

(2m - )* 


Si Si 11 [1 + xl, r p r z^] x s . 

r = 0 


(2294) 


Having thus composed C the rest of the derivation is simple. We have at 
once by the usual arguments 


M a = A 2 td t log g(\e~ trlkT ), 

CA r= 0 


(2295) 


(2296) 


where M g and M a are the equilibrium numbers of systems in the gaseous 

and adsorbed phases respectively. Since the gas will be effectively classical 
we may simplify (2295) to 


M g = A X TD r e~* rlkT y 


r — 0 


(2297) 


, (2nmk-T)iV L m 
= A ^ 3 — M T) e-x *r 


(2298) 


In (2298) x is the energy step from the lowest adsorbed state, assumed to be 

of energy zero, to the lowest free state in the gas— the heat of adsorption 

per molecule at the absolute zero— and b 0 (T) is the partition function for 

the rotations and vibrations of the free molecule. Its term of lowest energy 

is a constant since the energy of this state has already been taken account 

of in x- The remaining factor is the usual one for free translations in a 
volume V. 

It is usual to write W s/ N s = 0 , so that 6 is the fraction of a complete mono- 

layer held by the surface. We have also MjV^p/kT. Combining these 
relations with (2296) and (2298) we find 


= (2nm)i (kT)H 0 {T) _ 


1-0 


h 3 


v,(T) 


e~x /kT 


(2299) 
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for the relationship between p and 6. This is often written in the form 

e= TTJp ( A=A ( T ))> (2300) 


and known as Langmuir’s adsorption isotherm. Current proofs of this 
important formula are usually based on explicit assumptions as to the 
mechanism of deposition and re-evaporation. We see here that no such 
assumptions are necessary. This isotherm (2300) must hold whatever the 
kinetics of the processes, provided only that the molecules are adsorbed as 
wholes, independently of each other, on a fixed number of definite locations 
on the solid surface. The use of (2300) is familiar from Langmuir’s writings 
and we shall not examine it here. 


§ 21-54. Langmuir s adsorption isotherm. Atomic adsorption. A somewhat 
different isotherm is obtained if for example the adsorbable systems are 
atoms X , while the gas phase consists overwhelmingly of molecules X 2 . 
\\ e can apply all the formulae of the preceding section if we assume they 
refer to the atom X and add to the gas phase an extra set of states accessible 

to the atoms in the form of molecules X 2 . These states require an extra 

factor °o 

II [g' (X 2 ztr)]°r 

r= 0 

in the integrand of C, if the molecules X 2 have a set of states of energies £ r 
and weights a r . Besides the equations (2295)-(2298) for the equilibrium 
state there is now the extra equation 

(M^= A 2 - d d x2 Zo r logg'(\*e^ k T )t (2301) 



( 27rm'kT)i V 
h 3 



\T) e-x' lkT . 


(2302) 


In (2302) m ' , x and b g '(T) refer to the free molecule X 2 in the gas phase in 
which the equilibrium number present is (M 2 ) g , and x is the energy step 
from the lowest adsorbed state for two atoms X to the lowest free state for 
the pair as a molecule X 2 in the gas. Since the number of free atoms in the 
gas may be assumed to be negligible we have now (M 2 ) g /V =p/kT. Com- 
bining this with (2296) and (2302) we find 


( 0 W2 nrn')i(kT)* b g '(T) 
\1-0J h 3 [v.(T)]* e 


(2303) 


or 


0 = 


(A'p)l 

l + (A'p)i 


(A’ = A'(T)). 


(2304) 


Whatever the mechanism of deposition and re -evaporation Langmuir’s 
isotherm must have the form (2304) whenever a molecule X 2 is to be adsorbed 
as two independent atoms X requiring two points of attachment. 
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These formulae are in common use, hut it should he remembered that they 
both have the weakness that they depend essentially on the assumption that 
the fields holding the adsorbed molecules, and therefore v s (T) and y, do not 
depend on the temperature (except in the usual explicit manner) or on the 
presence of other adsorbed molecules, and that all locations are equally 
efficient adsorbers. Any or all of these assumptions may be in error. 


§21*55. Adsorption of competing molecule. s. It is simple to discuss by the 
same methods the equilibrium of an adsorbed layer formed out of two or 
more competing adsorbable molecules in the gas phase.* The fundamental 
assumption here is that any location on the surface can be occupied by any 
one of the available molecules from the gas phase, but not by more than one 
of any kind. For definiteness we will first consider molecular adsorption as in 
§ 21-53, for two competing gases. The generalization to more gases is obvious. 
We have to use selector variables x l , x 2 for the two types of systems and find 


C 




■ 3S? J JJ 

x [1 +.r 1 (E r /^ , *V) + x 2 (Z r p r 2 z t i' i )] s s (2305) 

The factor [ ]- v < allows for no molecule or one molecule of either kind but no 
more to be attached to each location on the surface. From this equation it 
follows at once by the usual arguments that, if p 1 , p 2 are the partial pressures 
of the two constituents in the gas phase and 9 X , 0 2 the fractions of the surface 
covered by the two constituents in the adsorbed phase, then 




My 


^1 V 8 l (T) 


K l + W(T) + \ 2 v*(T)' 


d * = -K 


wm 


V i = 


i+v/m+v.w 

(2306) 

M'kT , (2tt mrfilcT)' , , m 

' = V L b a \T)exAT (2307) 


h 3 


Q 

Pi= 


M/kT (27rm 2 )i (kTf- 

= A > 


v 


h 3 


b g 2 {T)e~^ kT (2308) 


The superior affixes in these formulae of course distinguish the different 
molecules and do not denote powers. From these equations it follows that 


9 


x (SSrrm,)* (kTy b a '(T) 

h 3 V(T) e Xl1 > < 2309 ) 


or 


02 
A i Pi 


h 3 

(2nm 2 )i (kT)H 3 (T ) ^ 


h 3 

e„= 


v s 2 ( T ) 
A “iPi 


(2310) 


Q 

1 1 +A 1 p 1 + A 2 p 2 i 2 1 +A x p x -\-A 2 p 2 

(A 1 = A 1 (T), A 2 = A 2 (T)) (2311) 

* Equations equivalent to those of this section or their generalizations were first derived bv 
inetic arguments by D. C. Henry, Phil. Mag. vol. 44, p. 689 (1922). * 
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These formulae can be extended as in §21-54 to atomic adsorption of 
molecular gases. A case of particular interest is the competing adsorption of 
light and heavy hydrogen. Equations (2311) then continue to hold if p x 
and p 2 denote the partial pressures of H-atoms and D-atoms in the gas 
phase. These partial pressures must then be converted into molecular partial 
pressures by the usual equations of dissociative equilibrium (Chapter v). 
In such a case of course the molecular gases H 2 , D 2 and HD must all be 
present in concentrations in full equilibrium with each other. If the gas 
phase is not in full H 2 -D 2 -HD equilibrium it cannot be in true equilibrium 
with an atomic monolayer. 

Still more complicated cases can be handled in which the second system 
can also be attached to an already adsorbed first system and so on. This 
particular case can be dealt with by using in C the factor 

[1 + x 1 (L r p r 1 z*>) (1 + x 2 o 9 zf*} + * 2 (E r p r 2 zV)]-v, (2312) 

The assumptions underlying such formulae are however probably not a 
sufficiently good representation of the physical conditions to warrant further 
discussion at present. 


§21-56. Generalizations of the adsorption problem . Critical adsorption. 
At the close of § 21-54 we noted certain important restrictions on which the 
adsorption isotherm of those sections are based. One of these assumptions, 
that all adsorption locations are equally efficient, can of course be quite 
simply removed, by postulating a distribution law for adsorbing locations 
over a range of values of \ • It is now convenient to take as the energy zero 
for a molecule its energy in its lowest free state in the gas; its energy in its 
lowest adsorbed state is then — a variable depending on the particular 
location of adsorption. It is clear that the result of this generalization is 
merely to replace the factor [ ]*• in (2294) by 

n x [l+XZ-X(Z, rPr zVr)]Q<X)dX; (2313) 

we have here assumed that the energies rj r of the excited adsorbed states are 
substantially unaffected by and that q(x)d\ is the number of locations in 
which the maximum adsorptive binding energy lies between \ an< ^ X + ^X- 
We find at once by the use of (2313) in (2296) that 


*-4f. lo g[ 1 + XeXlkT v >( T )~\ ?(x) dx, 



A e* kT v.(T) . 

1 +\eX"‘ T v,(T) q{x)d *' 




(2314) 


(2315) 
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Remembering (2298), equation (2314) can be reduced to 

— f® pA(T)eX ,kT r°° 

M ° = J 0 l+pA(T)eX' kTq ^ dx ’ ^ = J 0 (2316) 

Equations (2316) give 9 ( = MJN 8 ) as a function of p and replace (2330); 
A(T) is independent of p and y • No systematic use of such equations 
appears to have been made at present, but their further study might be 
profitable. 

A quite distinct and much more important generalization of (2300) can 
be obtained by abandoning the assumption that the energy of binding to 
any location is independent of the presence of other adsorbed atoms. 
Adsorption immediately becomes a typical cooperative phenomenon. 
Instead of the regular (9,p) relation at constant T or (0,T) relation at con- 
stant p given by (2300) we find critical conditions, and are able to give a 
satisfactory account of the existence of the well-known critical conditions 
for the deposition of metallic vapours on a dielectric surface such as glass 
or mica, or on the surface of another metal. Alternatively, when the inter- 
action of adsorbed molecules loosens instead of strengthens the binding, we 
obtain formulae, showing no critical conditions, which are applicable to the 
formation of caesium layers on tungsten and similar phenomena.* We shall 
not discuss their further applications here. 

§21-57. Critical adsorption phenomena. The critical conditions just 
referred to are usually studied kinetically. In the experiments a stream of 
metal vapour falls on a plate at a given temperature, the metal vapour 
making a given number of impacts per cm. 2 per second. It is found that if 
T>T C the metal is not deposited, but that if T < T c the metal is deposited in 
bulk. What is observed has therefore nothing directly to do with the forma- 
tion of an equilibrium monolayer, but it is clear that there is an underlying 
equilibrium problem. Metal vapour at pressure p is in equilibrium with an 
adsorbed phase. If T >T C , the fraction 6 of the surface covered should be 
small, effectively zero, but if T <T C the fraction covered should rise effec- 
tively to unity. In such a case further layers of adsorbed atoms will actually 
be deposited on the first layer once it forms and the stable equilibrium state 
corresponds to the deposition of the metal in bulk. This further stage how- 
ever can perhaps be ignored in a first discussion, and attention concentrated 
on the critical behaviour of the first adsorbed layer, because the formation 

and reasonable completion of the first layer is obviously essential for the 
later layers to be formed at all. 

The existence of such critical conditions has been discussed previously by 

* Langmuir, loc. cit. 
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Langmuir* and Frenkel, t from a more kinetic standpoint than that 
adopted here. They have shown how such critical conditions can arise if the 
energy of binding of two atoms of the vapour on adjacent locations on the 
surface is more than twice the energy of adsorption of a single atom. It is 
only necessary to incorporate the idea of a dependence of the heat of adsorp- 
tion on the number of adsorbed neighbours in order to be able to construct 
a partition function for the adsorbed layer showing typical critical pheno- 
mena for the equilibrium state of the monolayer for given vapour pressure. 

In §21-53 we assumed effectively that the energy of adsorption of M 8 
atoms in their lowest states on similar locations was M s x> independent of 
their arrangement on the surface. This assumption we must now abandon. 
Instead it will be reasonable to suppose that the energy of adsorption of any 
atom in its lowest state will be determined by the number of neighbouring 
locations occupied by other adsorbed atoms. This energy may not vary 
exactly linearly with the number of adsorbed neighbours but we cannot 
commit any great error in making this assumption. On making it we can 
express the energy of adsorption of M s atoms in the form 


^Xo + ^Xi- 

where X is the number of pairs of nearest neighbours. The partition function 
of an adsorbed layer of M s atoms all in their lowest adsorbed states can 
therefore be put in the form 


Q(M S ,X S , T) = Z Y g(M s ,N s ,X) 


(2317) 


heats of adsorption are of course negative energies. The coefficient 
g(M s ,N s ,X) is the number of arrangements of M s atoms on a lattice of N 8 
points with X pairs of nearest neighbours occupied. If we complete 
Q(M S ,N S ,T) by allowing for a set of excited states for each adsorbed atom 
which is unaffected by the presence or absence of neighbours, we have 

(2318) 

The coefficient g(M s ,N s ,T) cannot be evaluated exactly except for a 
linear array. To proceed further from (2318) we can make an approximation 
similar to that made by Bragg and Williams, or to that made by Bethe, in 
the order-disorder problem. We shall develop here the consequences of the 
Bragg and Williams type of approximation. J We assume that a fair approxi- 
mation to the energy M s x 0 4- X\i for the values of X that matter is to take 

it equal to + ^ {0 = MjNth 


* Langmuir, Proc. Nat. Acad. Set. vol. 3. p. 141 ( 1 9 1 G). 
t Frenkel, Zeit. f. Physik , vol. 26, p. 117 (1924). 

% For Bethe’s methods applied to this problem see Peierls, Proc. Camb. Phil. boc. vol. *>-» 
p. 477 (1936). 
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This y, is not the same as the former Xl hut no confusion will arise. We can 
then evaluate Q(M S ,N S ,T), for 

z* 9W„N„X) = N s \/{M 8 \(N 9 - M,)\), 
and therefore, with sufficient accuracy, 

log Q = N s log N s - M s log M s - (N 8 - M s ) log (N g - M s ) 

+ M s log v 8 ( T) + M s ( Xo + \d Xl )jkT (2319) 


§21-58. Determination of the equilibrium state. The present assembly 
consists of the two phases, adsorbed and gaseous. According to the general 
rules of Chapter vi we can at once write down the free energy of Helmholtz 
F a , for the assembly,* namely 

F a = F 8 + F 0 = -kT\ogQ-kTM g \[og^^Xh g (T)^ + \ . 

(2320) 

The formula for F g follows at once from Theorem 6*31. Equilibrium is 
attained when F a has its least possible value, which is therefore given by 
one of the roots of the equation 


cF (l 

dM, 


— ~ kT [log {~v e (T) 


+ 


Xo+PXi 

kT 


-log 


(2nm)l(kT)' 

ph 3 



(2321) 


In forming this equation, we remember that d = M 8 /N 3 and that 

M a + M s = const. Provided that the root for d is correctly chosen, it follows 
at once from (2321) that 


e (2nm)l (kT)H 0 (T) 

P= , e -<Xo+0Xi VkT 

h 3 v s (T) 


(2322) 


an isotherm identical with (2299) except that y 0 is replaced by Xo + d Xl , the 

“effective” value for the next increase in d. Equation (2322) is valid for Xl 
of either sign. 

Equation (2321) can be put in the form 


\ogA P = log^ e - x °±lXl=P(0,T), (2323) 

where A [= A ( T)] is a slowly varying function of the temperature. If Xl > 0, 
this equation exhibits the critical phenomena we wish to establish. The 
behaviour of the function P(9,T) for Xo = 0 is shown in Fig. 95. We see at 
once that, if T > £0, the function P(6,T) is a monotonic function of ff and 
critical conditions cannot occur for any value of p. If T has my smaller 

* The argument is given here in terms of the free energy. It eould of course be given equallv 
well directly in terms of the complete partition for the assembly as in § 21-22. 
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value then, when p is sufficiently small, there is still only one root of equation 
(2323) and one possible (rather 
small) value of 0 for the given 
p. But as p increases we reach 
a value p=p(T) above which 
for a limited range of p there 
are three intersections. It is 
obvious that the central in- 
tersection represents an un- 
stable state and need not be 
further considered. For higher 
pressures there is again only 
one root, for which 0 ~ 1 . 

To determine the value of 
p at which the change over 
occurs from the smallest root 
giving the least value of F a 
to the root nearly unity giving 
the least value of F a we can 
again apply the rule of equal 
areas. For the condition is 
that if 0 O , 0 l are the critical 
extreme roots of (2323) then 


* 1 ■ 




1 






p(o) 




1 





y/- 




7 = 09 ^^ 

1 


-4 


0» dF 

30 d0 “°' 


-6 


or 


0, 


e , 


P(0,T)dd 


-8 


= [log Ap\ (0 X — 6 0 ). 

(2324) “ 10 



T-i 6 




Lj 


^ 5 ^ 





10 


T- 


This implies that the critical 
adsorption isotherm for a _ 12 
given pressure is that isotherm 
in Fig. 95 which cuts the hori- 
zontal line \og Ap in three — 14 
points in such a way that the F, 8* 95 - The function P{B,T) for *o-°» 

areas enclosed above and below the line are equal. If Fig. 95 itself is used, 
the omitted term can be incorporated in log A. 

§21-59. Numerical values . Let us now insert rough numerical values 
which might illustrate the condensation of Cd vapour, so far as orders o 
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magnitude are concerned. We combine e^» /fc7 ’ with A in (2323), and the 
explicit expression for AeX<> lkT is then 

v »( T) c y JkT 
(2t mi)* (kT)‘ b 0 (T) 

To illustrate the case of Cd-atoms we can take 


b u (T) = 1, 100 x 1-6 x 10~ 24 gm., and v 8 (T) ~ ( lcT/hv 0 ) 3 ~ (T/5 0) 3 , 

taking the excited adsorbed states to be those of an isotropic three-dimen- 
sional oscillator. Then if jp is in atmospheres (10 6 dyne/cm. 2 ) and T ~ 100° K., 

we have ApeXol* T ~ \Q-^>p^ kT > 

log A p + xol - ~ H-5 + logp-f- Xo/bT (2325) 

The exact value of T must be retained in the last term. The value chosen 


for v a (T) is not very important. We can then see at once from Fig. 95 that 
the horizontal for 1 atmosphere cuts off equal areas from the P(6,T) curve 
for T = JO, if Xo/kT = 7*5. The energy required to remove one atom from the 


monolayer is then 


£(094 + 0)0, 


and the critical temperature at one atmosphere pressure is £0. The dis- 
continuity is a jump in 0 from the value 0-03 to the value 0-98. 

More extreme conditions are provided by the curve for 7 T = I ^0. The 
horizontal for one atmosphere cuts off equal areas from this curve if 
Xo/kT = 4 5. The energy required to remove one atom from the monolayer 


must then be 


£(032 + 0)0, 


and the critical temperature at one atmosphere pressure -^0. The dis- 
continuity is a change from 0 = 0-001 to 0 = 0-999. The discontinuities as 
here presented are primarily discontinuities on the isobar for one atmosphere 
as T passes through a critical temperature. They can equally well be 
presented as discontinuities on the adsorption isotherm as logp ( p in atmo- 
spheres) passes through the value zero. 

The curves of Fig. 95 show that there is a true critical temperature 
T=\Q above which critical conditions never arise for any pressure. But 
the critical temperatures below J0 which we have discussed above are in no 
way absolute but are of course of the form T c = T c (p). By examination of 
Fig. 95 we see that an increase of p by a factor 2-7 raises the horizontal line 
exactly 1 unit. The corresponding decrease in l/T c (p) is almost exactly 2/0. 

In attempting to compare the theory with observation some care is neces- 
sary. The theory applies to equilibrium states and the observations to the 
impact of a vapour stream with velocities corresponding to an oven tem- 
perature T 0 on the condensing surface at temperature T. If we compare the 
actual vapour stream with gas in equilibrium at the temperature of the 
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condensing surface and at such a pressure that the number of atoms 
striking unit area in unit time is the same, then the theory would apply 
strictly if the reflection coefficient of the impinging atoms is not greatly 
altered by the change in their velocities of impact. Such changes do of 
course lead to errors in any comparison of theory and experiment but it does 
not seem likely that they will be large. 

Accurate experiments which can be compared with the theory on 
basis have been made by 
Cockcroft.* His results for 
the condensation of Cd on 
Cu are shown in Fig. 96 as 
a relation between log 10 n, 
where n is the number of 
impacts per cm. 2 per second 
made by the vapour stream 
on the plate where it is to 
condense, and 1/T c (n), where 
T c (n) is the critical tem- 
perature for condensation at 
that impact rate. We see at 
once that the linear relation 
predicted by the theory is 
well satisfied. Coming to 

details the observed linear Fig * 96 ‘ Showing the linear relation observed between 
details tne ooservea linear 1/7 y n)and i ogl0 » for critical condensation of Cd atoms on 

relation is a copper surface. 



log e n = const. — 2840/T c (n). 


(2326) 


If we transform this to equivalent pressures by the relation 

n = \vc = pl(2iTmkT)^ , (2327) 

we have \og e p = const. — 2840/T c (p). The equivalent pressure for the ob- 
served impact rate of 2-4 x 10 14 at 150° K. is 10 -9 atmosphere. We obtain 
the right theoretical slope for the logp, l/T c (p) relation from Fig. 95 if 
0 = 2100. We obtain the correct value of the equivalent pressure for 
T c (p)= 150 = ^0 if x 0 /150*=25-2. The observations are therefore well 
reproduced by the theory if the binding energy for a Cd atom on a copper 

surface is *(1-80 + 0)0, 0 = 2100. 

§21*6. The attainment of very low temperatures by adiabatic demagnetiza- 
tion. We have already mentioned that crystals of the paramagnetic salts, 
of which the classical example is gadolinium sulphate Gd 2 (S0 4 ) 3 . 8H 2 0, 

♦ Cockcroft, Proc. Roy. Soc. A, vol. 119, p. 293 (1928). 
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exhibit special properties of peculiar interest at extremely low temperatures, 
properties which enable these substances to be used in the effective attain- 
ment of temperatures of the order of 0-1° K. and probably considerably 
lower. The lowest temperature yet claimed is of the order 0 04° K. but the 
theory used in the analysis of the observations is as yet too inaccurate for 
the establishment of a reliable temperature scale. The establishment of 
such a scale however will no doubt shortly be achieved. The special pro- 
perties of these salts arise of course from the orientational states of the 
paramagnetic ions Gd+++ (etc.) which in general when unperturbed have 
a normal state which is an S state of high multiplicity (Gd+++, a S). Such 
ions contribute an extra orientational factor to the partition function of the 
crystal, since their orientations are to a high degree of accuracy independent 
of the lattice vibrations, and therefore make an additive contribution to 
the entropy and free energy and so to the specific heat and other properties. 

1 heir contribution to the entropy as a function of temperature and magnetic 
field is of particular importance, since a knowledge of this function enables 
the adiabatic cooling by demagnetization to be calculated. This effect was 
first explicitly formulated by Debye* * * § and Giauquef and has since been 
successfully realized, notably by Giauque, J de Haas,§ and Simon.|| It has 
not however as yet been rigorously discussed using partition functions, and 
therefore entropies, of a form which agrees in detail with other knowledge 
of the properties of these paramagnetic ions. The discussion given here is 
still incomplete, but it is based on work by Van Vleck^f in which all details 
known about the partition functions are taken into account. We shall 

discuss only gadolinium sulphate, but the methods to be used are the same 
for all the paramagnetic salts. 


§21-61. The states of Gd+++ ion in crystalline and magnetic fields The 6 S 
normal states which the Gd+++ ions would possess in the free state are affected 
in the crystalline salt in the following ways. The field of the neighbours in 
the lattice, if it is composed effectively of fourth order terms with cubic 
symmetry, splits the Estate into the three states of the partition function 


2 -f- 4e~^ lkr _j_ 2e~ 88 k r 


The splitting intervals 58 and 38 might be inverted and the 
function become 

2 + 4e- 38 ' kr + 2e~ 88/kT . 


.(2328) 

partition 

(2329) 


* Debye, Ann. <1. Physik , vol. 81, p. 1154 (192G). 

t Giauque, J . Amer. Chem. Soc. vol. 49, p. 1864 (1927). 

t Giauque and MacDougall, Phya. Rev. vol. 43, p. 768; vol. 44, p. 235 (1933). 

§ de Haas, Wiersma and Kramers, P/tysieu, vol. 13, p. 175; vol. 1, p. 1 (1933) 
•j Kurti and Simon, Proc. Roy. Soc. A, vol. 149, p. 152 (1935). 

* ' an ^ leek, Hebb and Purcell, in course of publication. 
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There is as yet insufficient evidence to prefer one or other form a priori and 
we shall use (2328). Crystalline fields of lower symmetry can split the middle 
state into e~ bS/kT (2e~^' /kT + 2e~* ' ,kT ), but no further splitting is possible due to 
this cause. 

Magnetic fields can cause a further splitting of the 9 S terms and in fact 
will completely resolve the multiplicity without help from the crystalline 
splitting. When there is an effective magnetic field H ' acting on each ion and 
8/kT 1, the orientational partition function is as usual 

e hn B H’ikT + e ton B H’ikT + ## + e -l<ni 3 H'ikT m (2330) 


In (2330) p B is Bohr’s magneton and g Lande’s splitting factor (here g = 2). 
The corresponding value of the small field susceptibility is 


= W Vb 2 7 ? 
X 3 kT 2 ‘2’ 


(2331) 


where n is the number of ions per unit volume. 

If this were the whole of the perturbation of the states of the ions, that is 
if we could identify H' with H , the applied external field, and neglect entirely 
all other possible magnetic energy terms (spin-spin interactions), matters 
would be comparatively simple. We shall give such an elementary discussion 
in the next section where we shall see that for practical purposes a knowledge 
of these limiting forms of the partition function is then almost sufficient, 
without a complete knowledge of the dependence of the partition function 
on both H and T for the region 8~kT. The formulae above can then be 
supplemented by a more accurate formula than (2331) for the small field 
susceptibility, valid for all values of 8/kT on these assumptions. This for- 
mula is* 


X = 


ng^B 2 

kT 


1 9 6 
\4 + 5 


6 kT 


+ 


130 188 kT 

+ 


8/ \36 


36 135 

1 4 - 2e~^ lkT + e~ B9lkT 


49 70 kT 

27 T 


e -8b/kT 


(2332) 

Unfortunately the magnetic energies omitted above are not trivial. At 
the actual concentration of Gd + ++ ions in Gd 2 (S0 4 ) 3 . 8H 2 0 the spin-spin 
interactions are so large that they should contribute about a third of the 
whole anomalous specific heat. Any analysis which is made neglecting these 
terms must therefore be regarded as merely provisional. As yet there are 
hardly enough observations for well- determined temperatures below 1°K. 
to enable a proper analysis to be satisfactorily completed. It is also 
necessary to remember that, before any analysis of the observations can 
be made the correct demagnetizing factor must be used to calculate H 
inside the specimen. From this H H' must then be derived by using the 


♦ Van Vleck, in course of publication. 
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3 77 factor. A ferromagnetic state with a very low critical temperature may 
be reached, but whether or not this occurs appears to depend on the shape 
of the specimen. From a classical point of view of the interaction of 
magnetic dipoles the eventual attainment of the ferromagnetic state for 
bodies more prolate than a sphere appears to be certain. However the true 
spin interaction states are spread out into something like the Gaussian 
spread assumed by Heisenberg in his theory of ferromagnetism, and this 
spread may be sufficient to prevent a ferromagnetic state from ever being 
attained for T > 0. At this stage of the development of the theory it is 
therefore not possible to do more than mention these difficulties. No attempt 
will be made here at any analysis of experiments beyond a preliminary one 
ignoring spin-spin interactions. We may however quote for future reference 
Van Vleck’s first approximation to the extra factor in the partition function, 
which arises from spin-spin interactions. It is in fact to this approximation 
an extra factor independent of the factor due to the crystalline splitting, and 
in the form here given should be valid when // = 0 and the temperature is 
high compared with the expected Curie point of the spin-spin interactions. 
For N atoms in zero field we have by (2328) the partition function 

[2 + 4e-^ r + 2e~ 8ilkT ] N . 

The first approximation for spin-spin interactions in the gadolinium sul- 
phate crystal replaces this by 

[2 + 4e~ s8 ' frr + 2e~ 88/ * r ]^ ( 1 + 9kNti 2 ^1//c 2 T 2 ) (2333) 

where k is a numerical coefficient of the order of 1-3-1-5, n (as before) the 
number of Gd +++ ions per unit volume ( = N/V), and 18 


Q = 


9Vb 


[l + 2e- 58 ^ + e- 85 ^ I '] 2 L\16 + 5 8/ 



81 36 kT\ 


,137 623 kT 

+ ' — + 30T ,e 


-ZS/kT 


,49 224 kT 

+ , ¥ + 75T 


/ \ 324 405 S / 


/ 12985 
+ ( 324 


623 ^j e -i38/* r+ /f 4 01 980 lcT 


30 8 


1296 81 8 


j e -i6S/*rJ (2334) 


§ 21-62. Preliminary study of the specific heat and the cooling by adiabatic 

demagnetization for Gd 2 (S0 4 ) 3 . 8H 2 0, neglecting spin-spin interactions. Using 

(2328) for the partition function, the preliminary value of the specific heat 
is given by 02 

C & = Nka 2 2 ~ 2 log[2 + 4e- 5ff + 2e~ 8a ] | a = — j (2335) 


* The limit of (2334) as 5 


_ Ar , <r 2 [50e- Sc7 + 64e- 8< '+ 18e- 13 "] 

[1 + 2e- 5a + e~ 8a ] 2 ' 

- 0 (free atoms) has also been derived by Waller (unpublished). 


(2336) 
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This value fits Clark and Keesom’s* observations fairly well with 8/A*=0*170, 
as shown in Fig. 97, but no serious test can be made until reliable 
observations are extended to lower temperatures. 

Equation (594) determines the entropy contribution. Using the value 
S/A: = 0- 170 just determined, the continuous curve in Fig. 98 shows the 
entropy for one gram-ion of gadolinium sulphate contributed by the 
crystalline splitting with the partition function (2328). This is therefore the 
entropy in zero magnetic field omitting spin-spin interactions. If spin-spin 



T° K 

Fig. 97. The specific heat C 0 /R according to (2336) for one half mole ( =one gram-ion) of gado- 
linium sulphate with S/A: = 0*170; the observed values of Clark and Keesora are shown thus ®, 
after the normal lattice specific heat has been subtracted. 

interactions are included, the entropy will be modified to a form something 
like that shown by the broken curve. The sharp break at the bottom will 
occur if the crystal becomes ferromagnetic. If it does not, the entropy curve 
will be higher and be rounded off like the curve for the crystalline splitting 


only. 

Perhaps above 2°K. and certainly above 3°K. 8/kT is sufficiently small 
for the crystalline splitting to be ignored in calculating the entropy in the 
effective magnetic field H' . On any vertical on the right-hand side of the 
diagram we can therefore calculate the entropy as a function of H' by using 
the partition function (2330). The entropy according to (594) takes the form 


S , l-e- 8 * r 1 8 ~| ( 

R~ og \-e~y +r L eV - 1 « 8y -U V kT / 


,(2337) 


* Clark and Keesora, Physica, vol. 3, p. 1075 (1935). 
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On inserting numerical values for 

9 ( = 2), fx B ( = 9-22x 10- 21 ), and k (= 1-372 x 10~ 16 ), 
we find H' — 7-43 x 10 3 Ty. (2338) 


The calculation of the H' scales is then easily completed. The scale for 
T = 3° K. is shown in Fig. 98. 



Fig. 98. The entropy S/R for one gram-ion of gadolinium sulphate as a function of T for zero 
field //' and as a function of H' for sufficiently large T, in particular for T = 3° K 

The method of using such a diagram to study cooling by adiabatic de- 
magnetization is now very simple. Equilibrium is set up for an initial state 
of say T = 3° K., //' = 20,000 gauss. The state of the specimen then corre- 
sponds to the point A in the entropy diagram, or if allowance is to be made 
for the residual entropy of the lattice vibrations of the gadolinium sulphate 
and any other systems in thermal contact with it, to the somewhat higher 
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point A'. The systems are then heat insulated and after insulation the field 
H ' is removed. The entropy remains constant and the state of the system 
therefore changes to the point B of equal entropy on the curve //' = 0. If 
the form of this entropy curve has been accurately calculated, the resulting 
temperature can be read off the diagram and checked by comparing the 
observed susceptibility in the final state with the calculated value for this 
temperature. Calculations by Teller suggest, however, that the temperatures 
of the spin state distributions so reached will not be reached (in reasonable 
times) by the lattice vibrations. This may affect experiments in which 
the exact state of the lattice vibrations is relevant. 

Accurate temperatures cannot of course be determined in this way with- 
out an accurate theory of the entropy curve in zero field.* It is possible 
to determine correctly the absolute temperature attained in such processes 
without a molecular model by combined calorimetric and susceptibility 
measurements, just as it is possible to set up the absolute temperature scale 
from the reading of the constant volume gas thermometer combined with 
measurements of the Joule-Thomson effect. We shall not enter further here 
into this purely thermodynamic problem. 

§ 21-7. An appendix to Chapter xm. A theory of “ the rectilinear diameter ” 
for liquid and vapour densities. An important advance in the theory of 
liquids appears to have been inaugurated by Eyring f in remarking that a 
theory of holes, similar to that which we have already applied to explain 
the electronic properties of metals and semi-conductors, should be applic- 
able also to liquids. By its application he has shown that one obtains at 
once an explanation (in first approximation) of the well-known empirical 
relationship between the densities of a liquid and its vapour in equilibrium 
with it, and the critical density of the same liquid, called the law of the 
rectilinear diameter or the law of Cailletet and Mathias. J Eyring has also 
shown that the idea is of great value in advancing the theory of the viscosity 
of liquids, but these applications lie outside our field. 

We observe first that if x is the work required to extract a molecule from 
the interior of the liquid, and leave behind a hole in the liquid into which that 
molecule fitted , then the work required to evaporate a molecule and leave no 
extra hole behind — that is the ordinary heat of evaporation — is just ^ or 

we may regard the work required in the first process as that required to 
break a number of bonds between the molecule removed and its neighbours, 
no compensating formation of new bonds being allowed. The work required 

♦ de Haas and Gorter, Phyaica, vol. 2, pp. 335, 438 (1935), have avoided some of the un- 
certainty by using ions with doublet states, such as Ti +++ . . 

t Eyring, J. Chem. Physics , vol. 4, p. 283 (1936), giving also a valuable study °C v * 9CO ® , ^ y * 

X For the most recent experimental study of this law see E. Mathias, Onnes an ro 
Proc. Sect. Sci. Amsterdam , vol. 15, p. 960 (1913). 
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is therefore given by * = 2, n { e { summed over all types of bonds or pairs of 
neighbours in number n i that contribute effectively an energy to the 
binding of the particular moleoule. If however the whole liquid of N mole- 
cules is evaporated then the work required is %N2, i n i e i , since each bond is 
then counted twice over. But by definition this work is N times the normal 
heat of evaporation per molecule, which is therefore \ x . The same result can 
be reached by considering the energy restored when the hole is allowed to 
heal itself by the formation of new bonds. The result is exact so long as the 
binding can be correctly analysed into interactions between pairs of mole- 
cules only. It implies that the energy required to form a molecule in the 
vapour in its lowest state (\ x ) is equal to the energy required to form a hole 
in the liquid in its lowest state ( x — % x ). 

Now consider the partition function for the motion of the hole in the 
liquid. So long as the temperature is not too low and the molecules move 
fairly freely the hole will “move” freely by neighbouring molecules occupy- 
ing it, so that the hole takes their places in succession. When there are only a 
few holes, therefore, they do not interfere with one another and a first 
approximation to their states of motion will be to take them as the same as 
those of a free molecule of the same mass. This should be a good approxima- 
tion for monatomic molecules — probably less good for more complex mole- 
cules and “holes”, but even for these the approximation of taking the 
partition function for the hole equal to the partition function for the free 
molecule should be reasonably reliable. Moreover any associated molecules 
in the vapour and associated or multiple holes in the liquid will possess 
similar partition functions and therefore be present to similar concentrations 
in the vapour and the liquid respectively. Since therefore both the lowest 
energy required to form a molecule in the vapour and a hole in the liquid are 
equal and also the partition functions for the states of higher energy and the 
degrees of association are the same, it follows that the equilibrium density 
of the vapour must be equal (to this approximation) to the equilibrium 
density of the holes in the liquid. Expressed in symbols this implies that 

p v + Pi = const. = 2 Pc , ( 2339 ) 

where Pv and p, are the mass densities of the vapour and the liquid and Pc is 
their common density at the critical point. 

At lower temperatures the partition function for the holes will inevitably 
be less than that given by the above first approximation, and for more 
complex molecules than monatomic ones may be expected to be somewhat 
less at all temperatures. The binding of the liquid molecules to each other 
makes them not entirely free to move in to occupy the hole and the hole if 
“diatomic” will not be entirely free to “rotate”. The next approximation 
which we shall not attempt to develop quantitatively will give a value of 
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‘ hole-density ’’ in the liquid less than that above and less by an amount 
which increases as the temperature falls. The liquid density p t will be that 
much the greater, and a more accurate version of (2339) will be 


Pv + Pi=2pc + p' (p> 0), 


(2340) 


where p’ <tp c \ p increases as T diminishes, and is greater the more complex 
the molecule. The empirical law of the rectilinear diameter is that 

Pv + Pi = 2 Pc + a + /3(l — T/T e ) 9 (2341) 


P/P, 


T IT 

Fic 99 Showing* the empirical law of the rectilinear diameter for a number of substances. The 
ratios of the liquid and vapour densities and of their mean to the critical density are plotted as 



functions of TjT c . 


where T c is the critical temperature and the correcting terms are both positive 
and small compared with 2 Pc at least until T/T c has fallen to 0-6. Equation 
(2340) is thus a long first step towards the successful explanation of (2341). 

Fig. 99* shows the experimental results for a number of substances, which 
are just of the form which the theory requires. It will be observed that 
(2339) is most nearly obeyed by helium and then by argon, and that the 
term is greater the more complex the molecule. Further study of liquids 
from this interesting starting point appears most likely to be profitable. 


8 21-8. An appendix to Chapter XV I II. An improved formulation of gaseous 
reaction rates, particularly bimolecular. It has recently been shown by Eyring 

* E. Mathias, Onnes and Crommelin, loc. cit. 
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and his collaborators in a series of papers* that a formulation of reaction 
rates for bimolecular reactions can now be made, which depends on equili- 
brium theory to just the same extent as the formulation in terms of collisions 
given in C hapter xvm, but is much more intimate and illuminating than the 
older formulation and has already almost superseded it. The importance of 
the new method appears to be great, and we shall devote the closing sections 
of this monograph to a short account of its foundations. 

The ideas underlying the new formulation are as follows. The forces 
between the atoms of the molecules in reaction are due to the motion and 
distribution of their electrons and the charges on their own nuclei. These 
forces can be calculated by quantum mechanics and even in the most 
violent collisions, at least for many reactions, the relative motions of the 
nuclei are slow and the forces are those corresponding to the same static 
configuration of the nuclei. This means of course that we may then assume 
that the action is reversiblef and that no electronic transitions occur with 
any appreciable probability. In the configuration space of the reacting 
complex we can therefore set up a potential energy function which defines 
the configurational energy of the complex at every stage of any collision 
and from which the forces acting may be derived by differentiation. In this 
potential energy field the relative motion of tho various nuclei must be 
treated by quantum mechanics when necessary; there may be vibrations 
of too high a frequency for a classical approximation, but in general all 
tunnelling effects may be neglected and the treatment of the nuclear states 
of motion may at least be taken to be quasi-classical. It is however a definite 
assumption that the potential energy function is unique and that no 
electronic transitions occur. If any such transitions occur reaction rates 
of a different order of magnitude may be found. We shall not consider 
such reactions here. Since at least three atoms, say q, are concerned 
in any reaction, configuration space is of 3 q dimensions. But since 
the position of the centre of gravity of the comp ! ex is irrelevant, and 
since the potential energy function is also independent of the rotation 
of the complex as a whole, the configuration space required for the 
representation of the potential energy function and the essential details 

* See for example Eyring, J. Chem. Physics, vol. 3, p. 107 (1935); Hirschfelder, Eyring and 
Topley, J. Chem. Physics, vol. 4, p. 170 (1936), where many further references will be found. 
London, Probleme der modernen Physik (Sommerfeld Festschrift), p. 104, Leipzig (1928), first 
suggested that many reactions must proceed reversibly in the manner here investigated. Eyrincr 
and Pol any i, Zeit. f. physikal. Chem. B, vol. 12, p. 279 (1931), constructed the potential energy 
surfaces in configuration space for such reacting systems. Pelzer and Wigner, Zeit. f. physikal 
Chem. B, vol. 15, p. 445 (1932), using the potential energy surface of Eyring and Polanyi cal- 
culated the rate of H + H,-> H 2 + H. Wigner, Zeit. f. physikal. Chem. B, vol. 19, p. 203 (1932) 
formulated the quantum corrections required by the earlier classical calculations. 

t That is “adiabatic” in Ehrenfest’ s sense. 
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of the relative motion reduces to 3 q — 6 dimensions, or 3 q — 5 if the complex 
is linear. 

Let us now consider the nature of the potential energy function more 
closely. For certain configurations the potential energy will be low. These 
regions correspond to the separation of the reactants or resultants to great 
distances. These regions will be separated by a potential energy mountain 
range and the lowest pass in this range, owing to the factor e~ EolkT 
affecting the probability of occurrence of any configuration, will be the route 
by which the reaction occurs. When the combined pair of reactants is in a 
configuration near the pass and in a state of motion in which its represen- 
tative point in configuration space can cross the pass, the combined pair may 
be called an activated complex . The calculation of reaction rates by applica- 
tion of equilibrium theory proceeds by calculating the equilibrium number 
of activated complexes present in the gas at any temperature and the rate 
at which any activated complex gives rise to an effective reaction — the 
method will be explained more precisely in a moment. The whole method is 
therefore still based on the assumption that the reaction rate is not fast 
enough to upset the equilibrium calculation of the number of activated 
complexes. This necessary assumption naturally survives from the cruder 
collision theory. 

The lowest pass separating the two regions in which the representative 
point must be, to represent the separated reactants or the separated resultants 
respectively, may be a simple pass, but more usually is not. It then leads first 
from the region of separated reactants to a limited high level basin in 
configuration space, points in which correspond to the formation of the 
associated complex. There must then be a second lowest pass in the rim of the 
high level basin leading from the basin to the region of separated resultants. 
When there is no high level basin, the rate of reaction is merely the rate at 
which activated complexes reach the pass in such a direction that (regarded 
as classical particles) they can pass over and through it. When there is a 
high level basin, then this rate is merely the rate of entry to the basin, and the 
rate of reaction is this rate of entry multiplied by the probability that the 
associated complex breaks down by exit over the second pass and not over 

the pass of entry. 

It is now possible to give the equilibrium calculation of the number ol 
activated complexes, and hence the rate at which the representative points 
of the complexes cross the pass of entry, for a volume V of the reacting gas in 
which there are N t and N 2 molecules of the two reactants respectively. 
Every pair of molecules (1,2) is a complex for which the complete partition 
function to a sufficient approximation is fi(T) f 2 (T), the separate a ^°^ s 
being the usual partition functions for the two reactants. There are i 2 
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such complexes in all. We now require the fraction of such complexes which 
are activated, that is to say the fraction in the neck of the pass whose 
position and momentum in a suitable coordinate corresponding to motion 
across the pass he in the range dp*dq *, all other coordinates and momenta 
having any values whatever consistent with these. This fraction will be 
calculable if we can construct the partial partition function for such activated 
configurations. Let us now consider the nature of the potential energy 
function for the complex in this region. By definition of the pass the poten- 
tial energy in this region will be a minimum for variations of any other 
configurational coordinate, except the special one corresponding to passage 
across the range for which it is a maximum. We shall assume this maximum 
to be so flat that motion across the pass is practically a free translation. We 
can therefore set up a partition function for the activated complex by 
integrating or summing over all types of motion of the complex in the other 
variables consistent with the specified values of p* and q *, thus constructing 
a quasi-partition function /*(T) in 3q— 1 configurational variables and their 
corresponding momenta and multiplying it by the partition function corre- 
sponding to the possession of the specified values of p* and q* themselves. 
This latter factor is of course 

e -E*ikx dp*dq*/h, 


where E* is the energy in this coordinate which must satisfy E*^E 0 , E 0 
being the height of the pass. The equilibrium number of these activated 
complexes is therefore 




f*(T) 


e -E 9 lkT 


dp*dq 


(2342) 


1 2 UT)f2(T) * ’ V ' 

The energy zero for the calculation of f*(T) is now reckoned as at the top 
of the pass. 

Representative points corresponding to these activated complexes cross 
the pass at a number per second obtained by replacing dq* in (2342) by 
p*/m*\ for if ra* is the effective mass of the complex for relative motion in 
this coordinate, p*/m* is then the velocity of approach of the representative 
point to the pass. The total number of crossings of the pass in unit time in 
volume V is therefore 


r ao 

f -E*lkT 

h. 


p*dp * 
m*h 


zx r c _ E . lkT P*dp* 

1 2 UT)UT)j E . e m*h ■ 

If, as will usually be accurate enough, we put E* = E 0 + p* 2 \2m*, then this 
rate of crossing reduces to 

f*(T) kT EJkT 




e -EJkT 


(2343) 


1 7i (T)UT) h 

If the fraction k of these crossings results in reaction, or in such a reaction as 
the system of measurement will detect, for example in the ortho para 
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hydrogen reaction, then the reaction rate or number of reactions occurring in 
unit volume in unit time at molecular concentrations n x and n 2 is 

r i kT 

1 *\ji(T)UT) I h 


e -EoJkT 


(2344) 


The partition function ratio in [ ] does not depend on V. In many simple 
reactions k can be adequately estimated and the success of the method then 
depends merely on ability to calculate /*(7). 

Without going into details for any particular reaction the general nature 
of the factors in f*(T) can be made evident at once. From the potential 
energy function in 3 q — 5 or 3 q — 6 variables, assumed known, the con- 
figuration of the atoms when the representative point is in the neck of the 
pass can be derived. This configuration being fixed, the complex as a whole 
is free to move in the volume V. Thus f*(T) contains the factor 

(2'Tr[m l + m 2 ]kT)l V 

A® ’ 


The complex is also free to rotate as a whole in this configuration; if the 
configuration is linear, f*(T) contains the factor 

8 t T 2 A*kTlcj*h 2 - 

if the configuration is non-linear, then by (195) f*(T) contains the factor 

%Tr\%Tr*A*B*C*k*T*)t 

&*h? * 


The coordinates q * have already been allowed for. The configuration is 
stable in the remaining 3^—6 or 3q—7 freedoms, and they may be taken each 
to supply a normal mode of definite frequency with a corresponding Planck 
factor in f*(T) which can be deduced from the potential energy surface. In 
this way f*(T) may be completely constructed and the reaction rate (2344) 
calculated a priori , so far as equilibrium considerations allow. 


§21*81. The ortho->para transformation in the reaction H 2 -f H->H + H 2 
and the rates of the reaction HD + H and other reactions involving 

heavy hydrogen. Hirschfelder, Eyring and Topley have shown that the 
various hydrogen reactions conform closely to the theory just developed and 
we shall describe their results shortly as the simplest illustration of the theory 
which has already been widely applied. All the reaction rates observed can 
be successfully interpreted in terms of a single semi-empirical potential 
energy surface. For the reactants H 2 + H (or the corresponding sets in 
which any number of H’s are replaced by D’s) the activated complex is 
linear. The potential energy can therefore be represented in a configuration 
space of 3x3 — 5 = 4 variables, but the representation is simplified by the 
symmetry of the surface. If the distance apart of the H 2 nuclei is fixed at 
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any value, then the equipotential surfaces are surfaces of revolution about 
the line of the H 2 nuclei. Fig. 100 shows a section of them when the H 2 nuclei 



Fig. 100. Showing a set of equipotential surfaces for the three atoms in the complex H, + H 

when the nuclear separation of the H 2 atoms is fixed at its normal value. 

are fixed at their ordinary equilibrium separation. These curves combined 
with the curves of Fig. 101 showing the equipotential surfaces for the 
straight configuration and variable nuclear distances are sufficient to enable 
all the features essential to the calculation of reaction rates to be deduced. 



Fig. 101. Showing equipotential surfaces for the linear configurations of H, + H as functions of 
the two intemuclear distances r ab and r 6c . The motion of the representative point for a linear 
vibrational disturbance of the complex is shown. [Energies in k cal., distances in 10’ 9 cm ] 
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The trajectory shown in Fig. 101 is of some importance. Its considerable 
complication, combined with the fact that the passes of entry and exit to 
the high level basin are in this case of identical level and form, shows that 
we may safely assume that exit from either is equally likely. Thus for any 
reaction of the form H 2 -f D-> HD + H,/c = J. This estimate must be modified 
when the passes are different, or the activated complex has a different zero- 
point energy in the two passes — refinements which we shall not pause to 
describe. For the ortho -> para transformation by H 2 -f H -> H + H 2 however 
we must take k = or for para -> ortho k — § ; the conversion can only occur 
if the representative point emerges from the other pass than that of entry, 
and even if it does so, at these temperatures ortho and para molecules will 
be formed in the ratio 3:1. 

Having sufficiently indicated the methods of calculation we shall not go 
further into details but shall close this account with Table 74 showing the 
agreement between theory and observation which has been thus obtained. 

Table 74. 


Reaction rates (in moles /litre/ sec. when the concentrations 

of the reactants are one molejlitre). 


Reaction 

T°K. 

283° 

300° 

600° 

900° 

1. h + h 2 -*h 2 + h* 

(Calc.) 
(Obs. 1) 
(Obs. 2) 

8-5 x 10 4 

7-3 x 10 4 

7-3 x 10 7 

9-2 x 10 8 
1-5 x 10 9 

2. D + D 2 ->D 2 + D* 

(Calc.) 
(Obs. 1) 

- 

3-0x 10 4 

3-5 x 10 7 

4-4 x 10 8 

3. H + DH->HD + H 

(Calc.) 
(Obs. 1) 

— 

2-2 x 10 4 

2-6 x 10 7 

3-2 x 10 8 

4. D + HD->DH + D 

(Calc.) 
(Obs. 1) 


2-4 x 10 4 

2-4 x 10 7 

2-6 x 10 8 

5. H -f HD -► H 2 + D 

(Calc.) 
(Obs. 1) 

— ■ 

M x 10 4 

1-8 x 10 7 

2-6 x 10 8 

6. D + H 2 ->DH + H 

(Calc.) 
(Obs. 1) 

■■■ ■ 

71 x 10 4 

6-2 x 10 7 

7-1 x ]0 8 

7. D + DH-*D 2 + H 

(Calc.) 
(Obs. 1) 

— 

3-0x 10 4 

2-5 x 10 7 

3-0x 10 9 

8. H + D 2 -*HD + D 



(Calc.) 
(Obs. 1) 

= 

1*5 x 10 4 

2-8 x 10 7 

— 

4-3 x 10 9 


1000 


7-6 x 
1-2 x 

5- 2 x 

6- 8 x 
4-4 x 

1- Ox 

4- 5 x 
9-5 x 
1*2 x 

2- 5 x 

5- Ox 

7- 9 x 
7-4 x 
1*2 x 


10 8 

10 9 

10 8 

10 8 

10 8 

10 9 

10 8 

10 8 

10 9 

10 9 

10 8 

10 8 

10 8 

10 9 


Observed values by (1) Farkas and Farkas, Proc. Roy. Soc. A, vol. 152, p. 124 (1935). (2) Geib 
and Harteck, Zeit.f. phyaikal. Chem. (Bodenstein volume), p. 849 (1931). 

With this sketch of some recent developments we end this monograph. 
Since the last sentence of the first edition was written statistical mechanics 
has changed greatly. Then it was the general theory which was emerging 
clarified from quantum mechanics. This process seems now to be complete, 
and further developments likely to consist mainly of more complicated 
and more widely ramifying applications, similar to those treated here. 

* Complete reaction rates derived from the measured rates of the para-> ortho change for H 
and the ortho -> para for D. 
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Distribution laws, general, for, 785-788 
Random displacements of any type, 774 -775 
Rotations of mirror in a gas, 779-783 

Campbell’s theorem on Fluctuations, 778-779 
Characteristic Function, for Assemblies of 
Electrons and positive ions, 574-583 
for Imperfect gases, 257-259, 283-284 
Method of excluded volumes, 574-579 
Method of Planck, 579-583 
Planck’s, defined, 192 
Chemical constant, defined, 209 
Chemiluminescence. 741-742 
Chromosphere, Calcium. 630-037 

Fully supported by radiation. 632-635 
Classical Rotations, 62-63 
Classical Statistics, 43 
Approximated to, 55 
Classical Systems, Assemblies of, 56-66 
Collisions, Classical, number of given type in 
gases, 66.3-665 

Classical, preserving equilibrium, 659 
First and second kind of, 677-682 
of Gas molecules with Surfaces, 697-699 
General 2- and 3- body Dissociating, 691-695 
Inelastic, applications of, 684-685 
Inelastic and superelastic, for Electrons and 
atoms, 677-682 

Inelastic and superelastic, for heavy particles, 
682-684 

Ionization by electron, 685-690 
Quantum reformulation of gas, 672-674 
Target areas for Ionization, 690-691 
Transferable Energy in, 707-710 
Complexions, Defined, 9 
Enumerated, 23 

Enumerated for Assemblies of complex 
systems, 153-157 

Total number of, for Classical systems, 47 
Total number of, evaluated, 37 
Compressibilities, of Crystalline salts calculated, 

328-332 

of Isotropic solids, 140 
Compton effect, 730-732 

Condensation of cadmium on copper, 837-838 
Configurational Partition function, Bethe 8 
approximation, 797-806 
of Bragg and Williams, 791-797 
Specific heat, 805-809 
Contact potential, of Metals, 362-364 
of Semi-conductors, 401-403 
Contact transformations, 15 
Contacts, Metal, 429—432 

Metal Semi-conductor, current-voltage re a- 

tion for, 432—433 
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Contacts, Metal Semi-conductor, of high trans- 
parency, 433—434 

Metal Semi-conductor, of low transparency, 
435 

Strongly rectifying, 429-436 
Continuity of path, hypothesis of, 8 
Continuum, Normal modes for, 112-115 
Cooling, by adiabatic Demagnetization, 470- 
471, 841-844 

Cooperative phenomena, 789-838 
Correspondence principle, 19 
Critical point, for Imperfect gase9, 278-280 
Crystalline salts, properties calculated, 328-332 
Crystals, Cubic, Potential energy constants for, 
319 

Easy directions of Magnetization for, 502 
Entropy of, 191-192 
External reactions of, 138 
Ferromagnetic, Magnetization curves for, 
511-516 

General, Equations of state for, 141-150 
Free energy of, 147 
Homogeneous displacements in, 143 
Mixed, 176-182 

Order of neighbours in, 800-801 

Overlap and van der Waals energies for. 

Atomic ions in ( q.v .), 320-328 
Partition functions for, 118-150 
Potential energy per cell for (q.v.), 312-319 
Specific heat of 

Strongly anisotropic, properties of, 149-150 
Surface forces outside, 335-337 
Vapour pressure of, 172-173 
Zero- point Energy of, 123 
Curie point. Defined, 478 
Phenomena of, 491—496 

Dalton’s Distribution law, 64 
Degeneracy, Relativistic, 651-652 
Degenerate Assemblies of Electrons, 71-73 
Degenerate matter. Equation of state of, 650- 
652 

Degenerate systems, 45 

Distribution laws for, 45^46 
Demagnetization, Cooling by adiabatic, 470- 
471, 838-844 

Density, great, of Stellar material, 647-648 
Detailed balancing, 659-660 
in General Collisions, 696-697 
Requirements of, in gas Reactions, 716-719 
Diamagnetism, Absence of, for classical free 
Electrons, 472 

of Electron gas (quantum theory), 473—475 
Dielectric constant. Classical theory of, for 
Gases, 447-451 

General theory of, for gas of complex 
molecules, 458-459 

Isotropic property of, 456-^457. 460-461 
for Librating-rotating dipoles, 817-822 
for Rigid rotators, 45S--456 
of Solids and liquids with polar molecules, 
816-825 


Dielectric constant, for Symmetrical top-like 
molecules, 457-458 
Thermodynamic theory of, 453—454 
Dieterici’s Equation of state, 276-277 
Diffusion, of Brownian particles, 770-771 
Dipole moments of molecules, 451 
Dipole and quadripole Energy of Magnetization, 
503-504 

Dissociation, by Collisions of heavy particles, 
691-695 

Fluctuations in, 758-760 
Dissociative equilibrium, in External fields, 
185-186 

in Imperfect gases, 255-260 
in Magnetic fields, 475—477 
in Perfect gases, 157-168 
Distribution laws, Boltzmann’s, 63 

Boltzmann’s, for free Electrons, 64-65 
Dalton’s, 64 

for Degenerate systems, 45-46 
for Electrons, free, in Metals, 340-343 
for Electrons in overlapping bands, 394-396 
for Electrons, free, in Semi-conductors, 397- 
401 

in External fields, 67-69 
Fluctuations in, 751-755 
for Harmonic oscillators, 33-35 
Maxwell’s 3, 58 

Maxwell’s, with mas9 motion, 58-60 
Molecular, for Imperfect gases, 253-255 
for Quantum statistics, 44-^45 
Dulong and Petit’s law for Solids, 124 

Einstein-Bose Statistics, 43 
Einstein's law of Photochemical equivalence, 
742 

Electrical conduction in Metals, Change of, on 
Melting, 526-527 
Formal theory of, 404-^418 
in Semi-conductors, 418-421 
Electrolytes, strong, see Strong electrolytes 
Electromagnetic theory of Susceptibilities (q.v.), 
437-447 

Electrons, Assemblies of, with Relativistic 
energies, 648-650 
Atmospheres of, 364—378 
Degenerate Assemblies of, 71-73 
Distribution laws for, in overlapping bands, 
394-396 

Distribution laws for, in Semi-conductors, 
397-401 

Emission of, by cold metals, 356-357 
Emission of, cooling effect of, 357-368 
Emission of, the Schottky effect, 355-366 
Free metallic, defined, 378-381 
Free metallic. Distribution laws for, 340-343 
Para- and Dia magnetism of, 471-476 
Partition function for, near nucleus, 572-574 
with Positive ions, Characteristic function for 
Assemblies of, 574-583 
Specific heat of, in Metals, 343-344 
Specific heat of, in Nickel, 391-397 
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Electrons, States of, in Periodic fields, 379-388 
States of, in Periodic fields; simple bands, 
383-388 

Theory of Metals, 338-436 
Thermionic emission of, by Metals, 347- 
358 

Thermionic emission of, by tungsten, 351 
Vapour pressure of, for Metals, 344-346 
Elements of even mass number, Abundance 
lines for, 657 

Emission and absorption of Radiation by fixed 
atoms, 720-724 

Emission of Positive ions by Metals, 370-373 
Energy, of Crystalline salts, calculated, 328- 
332 

of Crystalline salts, from Born’s cycle, 333- 
335 

Fluctuations of, 745-750 

Fluctuations of. in Dissociating assemblies, 
760-761 

Interatomic ( q.v .) 

of Magnetization, Dipole and quadripole, 
503-504 

Transferable, in Collisions, 707-710 
Zero-point, of Crystals, 123 
Ensemble, Gibbs’, 7, 10 
Entropy, Absolute, 204, 231 

Change of, in Reactions at zero temperature, 

233 

Comparisons of, observed and calculated, 
234-235 

Contributions, 191-192 
Defined, 188-189 
Increasing property of, 193-194 
Limit of, for zero temperature, 231-233 
of Magnetization, 469-470 
of Radiation, 1 16 
Statistical definition of, 203-205 
and Thermodynamic probability, 200-206 
Equation of Mass action, 160 
Equation of Mean values, 669-670 
Equation of state, of Degenerate matter, 650- 
652 

for General Crystals, 141-150 
for Imperfect gases, representation of iso- 
thermals, 297-298 
for Isotropic Solids, 139 
for Monolayers, 826-828 
Reduced, 278-280 

with Relativistic Degeneracy, 650-652 
for Simple gases, Berthelot’s, 276 
for Simple gases, Dieterici’s, 276-277 
for Simple gases, van der VVaals’, 274—275 
Equilibrium, Independence of mechanisms of, 3 
State, nature of, 658 
Equipartition theorem, 60-62 
Escape of molecules from Atmospheres, 620— 
630 

Ettinghausen effect, defined, 422 
Evaporation, Assemblies with, 168—172 
Exclusion principle, 28 

External fields. Distribution laws in, 67-71 


External reactions, 73-76 
of Crystals, 138 
Fluctuations in, 755-757 


Fermi-Dirac Statistics, 42 
Ferromagnetics, Block structure of, 501-503 
Specific heat of, 492-494 
Susceptibility of, above Curie point, 480 
Ferromagnetism, 477-521 

Bloch's approximation for, 496-501 
Heisenberg’s theory of, 484-494 
Fluctuations, 109, 741—789 
Defined, 10 

in Dissociation, 758-760 
in Distribution laws, 751-755 
in Energy, 745-750 

in Energy, in Dissociating assemblies, 760- 
761 

in External reactions, 755-757 
Formal consequences of, 762-764 
in Momentum transfer, 775-783 
Simple special cases, 764—765 
Forces of long range, in Imperfect gases, 260- 
266 

Forces of short range, in Imperfect gases, 240- 
245 

Forces, Surface, outside a Crystal, 335-337 
Free energy, of Crystal, 147 

of Intermolecular forces, 267-269 
Free path, mean. Defined, 622 

of Electrons in Metals, use of, 406-408 
in Uniform or non-uniform gas, 621-623 
in Upper Atmosphere, 625-626 


y-Phases, Hume-Rothery’s rule for, 382 
Gases, Dielectric constants, classical, for, 447- 
451 

Dipole moments of molecules in, 451 
Entropy of, 191 
Imperfect ( q.v .), 236-291 
Paramagnetism of, 463-464 
Perfect (q.v.), 77-94 
Reactions, chemical, in (q.v.), 700-719 
Scattering of light by, 765-769 
Generating function, defined, 43 
Gibbs’ Ensemble, 7, 10 
Phase integral, 65 


//-theorem, Boltzmann’s (q.v.), 666-669 
Hall effect. Defined, 422—423 

in Semi-conductors, composite, 428-429 
Statistical theory of, 423^124 
Harmonic oscillators, Assemblies of, 30-35 
Partition functions for, 40 


Schrodinger’s equation for, 18, 20 
jnry’s law, for ideal Solutions, 527 
>lomagnetization, Defined, 501-503 
Partition function for growth of, 504-507 
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143 

Homonuclear molecules, defined, 84 
Hume-Rothery’s rule for y-phases, 382 



861 


Index of Subjects 


Hydration of Ions, 539-540 
Hysteresis loop, for Ferromagnetics, 477 

Image fields, Effects of, 375-378 
of Metals for Electrons, 350 
Imperfect gases, Binary mixtures of, 281-283 
Boundary density in, 291 
Characteristic function for, 283-28G 
Critical point for, 278-280 
Dissociative equilibrium in, 255-260 
Distribution law, molecular, for, 253-255 
Equations of state, simple, for, 275-280 
Long range forces in, 260-266 
Partition function for Potential energy in, 
237-240 

First approximation to, 240-245 
General theory of, 245-253 
Potential energy constants for, 306 
Reduced Equation of state for, 278-280 
Short range forces in, 240-245 
Stress per unit area in, 288-291 
Thomson-Joule effect in, 280-281 
Virial, use of, for, 286-288 
van der Waals’ Equation of state for, 244 
Insulators, Semi-conductors and Metals, de- 
fined, 388-390 

Intensive parameters, defined, 52 
Interatomic energies in Crystals, classified, 292- 
293 

Overlap energy, 295 
van der Waals’ energy, 295-297 
Internal Stresses, 182-186 
Ionization, by electron Collisions, 685-690 
Equilibrium, Langmuir’s test of, 372-373 
Ions, Association of, in Strong electrolytes, 552- 
557 

Gd++ + , states of, in crystalline and magnetic 
fields, 839-841 
Hydration of, 539-540 

Isotopes, mixtures of, in Dissociative equili- 
brium, 164—168 

Isotropic Solids, Equation of state for, 139 
Johnson effect, 785 

Langevin’s formula for Susceptibility, 461 
Langmuir’s Adsorption isotherm ( q.v .), 828-831 
Last multiplier, 14 

Lattice constants, of Crystalline salts, calcu- 
lated, 328-332 
Limiting principle, 19 
Liouville’s theorem, 11-12 

Liquids, Densities of. Rectilinear diameter for, 
844-846 

Dielectric constant of polar, 816-825 

Pressure effects on, 529-531 

Pure, approximate Partition functions for, 

522-525 

Scattering of light by, 765-769 
Structure of strongly polar, 451-453 
Local order, 800-801 

Localized systems, Partition functions for, 39 


Long range order in a lattice, 792-801 
Lorentz’s Formula for Susceptibility, 441 
Lemma, 440-441 

Magnetic deviation effect, 507-511 
Magnetic fields, Dissociative equilibrium in, 
475-477 

Magnetic fields, Transverse effects of, in Metals, 
421-425 

Magnetic phenomena, Thermodynamics of, 481- 
483 

Magnetization, of Crystals, (/-//) curves for, 
511-516 

Dipole and quadripole Energy of, 503-504 
Easy directions of, in Crystals, 502 
Entropy of, 469-471 

of Ferromagnetics, ideal (I-H) curves for, 478 
Magnetostriction, 516-521 
Mass action, Equation of, 160 
with Solid phases, 174-175 
Maxwell’s Distribution law, 3, 58 
General form of, 671-672 
with Mass motion, 58-60 
Preserved by Emission and absorption of 
Radiation, 733-739 

Melting, Change of Electrical conductivity of 
Metals on, 526-527 
Elementary theory of, 525-526 
Metals, Contact potentials of, 362-364 
Contacts of, 429—132 

Electrical and Thermal conductivities of, 
404-418 

Electron Emission of, 347-358 
Electron Specific heat of, 343-344, 391-397 
Electron theory of, 338-436 
Electron theory of, elementary, 338-364 
Electron Vapour pressure of, 344-346 
Emission of Positive ions by, 370-373 
Free Electrons in, defined, 378-381 
“Impurity”, 390-391 

Insulators and Semi-conductors, defined, 
388-390 

Photoelectric effect for, 358-362 
Potential energy step at surface of, 354-355 
Thermoelectric effects in, 41 1—418 
Transverse effects in, 421-425 
Wiedermann- Franz law for, 410-411 
Molecules, classified by last Collision, 624 
Momentum of Radiation, 732 
Momentum transfer. Fluctuations in, 775-783 
Monolayers, Equation of state for, 826-828 
Virial, use of, for, 827 

Nernst effect, defined, 422 
Nernst’s heat theorem, Enunciated, 228-229 
Statistical basis of, 230 
Neumann and Regnault’s law for Solids, 124 
Normal modes, for Continuum, 112-115 
Einstein’s approximation for, 118 
for Linear lattice, 132-133 
for Square and cubic lattices, simple, 133-138 
Normal properties, defined, 11 
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Nuclear transformations. Assemblies with, 655- Phase integrals of Gibbs, 65 

657 Photochemical effects, 741-742 


Nuclei, Symmetry rules for, 156 

Abundance lines for, of even mass number, 
657 

Opalescence, critical, 765 
Order-disorder phenomena, 789-809 
Order, of Neighbours in a lattice, 800-801 
Superlattice, 792-801 

Ordering effect of Short range forces, 798-800 
Orthohydrogen, 85 

Orthohydrogen -Parahydrogen transformation 
rate, 850-852 

Overlap Interatomic energy, in Crystals, 295, 
320-328 

Parahydrogen, 85 

Paramagnetism, of Alkali metals, 475 
of Atomic ions, 464-469 
of Electrons, free degenerate, 471-472 
of Gadolinium sulphate, 839-841 
of Gases, 463-464 
of Nickel above Curie point, 480 
Saturation of, 467—469 
Parameters, Intensive, defined, 52 
Partial potentials, Thermodynamic, 194 
Partition functions, for Adsorbed Monolayers, 
834-835 

for Atomic ions, 561-562 
Bloch’s for Ferromagnetics, 496-501 
Configurational, of Bragg and Williams, 
791-797 

Configurational, Bethe’s approximation to, 
797-806 

for Crystals, Debye’s approximation to, 119- 
128 

for Crystals, Einstein’s approximation to, 118 
for Electrons near a nucleus, 572-574 
for Harmonic oscillators, 40 
Heisenberg’s, for Ferromagnetics, 485-491 
for Holomagnetization, process of, 504-507 
for Localized systems, 39 
Long and short range Order in terms of, 801- 

805 

for Mixed Crystals, 176-182 
for Potential energy of a gas, 237-240 
for Radiation, 115-116 
for Rotations, rigid, 41, 79-82 
for Rotations, rigid, asymptotic formulae for, 
81-82 

for Vibrations of diatomic gases, 89 
Pauli’s Exclusion principle, 28, 293 
Peltier effect. Defined, 412 
Statistical theory of, 413—418 
Perfect gases, Equation of state of, 77 
Specific heats of (q.v.) t diatomic, 79-94 
Specific heats of (q.v.), monatomic, 78 
Specific heats of (q.v.), polyatomic, 94-106 
Periodic field, Electron states in (q.v.), 379-388 
Permeability, 438; see Susceptibility 
Persistence of velocities, effect of, 704 


Photoelectric effect, for Fixed atoms, 724-726 
for Metals, 358-362 
for Solids, 740-741 
Photon theory of Radiation, 117-118 
Planck’s, Characteristic function, 192 
Law for temperature Radiation, 112, 116 
Oscillator, see Harmonic oscillator 
Poisson-Boltzmann equation, Established, 263 
Solved for Strong electrolytes, 549-552 
Polar Liquids, Dielectric properties of, 823-825 
Polarizing force in matter, 439 
Polya’s theorem on Fluctuations, 762 
Positive electrons, Assemblies with, 653-654 
Positive ions, Emission of, bv Metals, 370-373 
Potential energy, of Crystalline salts, 312-319 
Partition function for, of gases, 237-240 
Potential energy constants, for Crystals, cubic, 
319 

for Imperfect gases, 306 
for Imperfect gases, from viscosity, 308-312 
Pressure, 75 

of Radiation, 116 
Pyroelectric effect, 148-149 

Radiation, Entropy of, 116, 191 
Momentum of emitted, 732 
Partition function for temperature, 115-116 
as Photons, 117-118 
Planck’s law for temperature, 112, 116 
Pressure of, 116 
Stefan -Boltzmann law for, 116 
Radiative processes, Emission and absorption, 
by Fixed atoms, 720-724 
by Free atoms, 733-739 
by Solids, 739-740 
Free-free transitions, 726-727 
General nature of, 720, 727-730 
Photoelectric effect for fixed atoms, 724-726 
Raoult’s law for ideal Solutions, 527 
Reaction isobar. Isotopic effects on, 226-227 
Statistical theory of, 225-228 
Thermodynamic theory of, 225 
Reaction isochore, 160 

Reaction rates for hydrogen and deuterium, 
850-852 

Reactions, chemical, Arrhenius’ equation for, 

702 

Bimolecular, Eyring’s theory of, 847-852 
Bimolecular, simple theory of, 703-706 
General nature of, in gases, 700-702 
Order of, 701 

Reverse reactions, effect of, 706-707 
Uniraolecular, 710-716 
Reactions, Photochemical, 741—742 
Rectification, general discussion of, 435-436 
Rectilinear diameter for Liquid densities, 844- 
846 

Relativistic energies, Assemblies of Electrons 
with, 648-650 

Richardson-Einstein-de Haas effect, 484 
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Righi-Leduc effect, defined, 423 
Rochelle salt, properties of, 823 
Rosseland's theorem on Stellar interiors (</.*»,), 
638-639 

Rotational freezing, 824 
Rotational Specific heat, 81-82 
Rotations, rigid, Classical, 62-63 
of Molecules in Solids, 810-815 
Partition functions for, 41, 79-82 
Weights for, 21 
Rule of equal areas, 795 

Scattering of light by Liquids and gases, 765- 
769 

Schott ky effect, in Electron emission, 355-356 
Schrodinger s equation, for Harmonic oscilla- 
tors, 18, 20 

for Structureless particles, 53 
Seebeck effect. Defined, 412 
Statistical theory of, 413-418 
Sellmeyer’s formula, 441 

Semi-conductors, Composite, general theory of, 
425-429 

Contact potentials for, 401-403 
Electrical conductivity of, 418—421 
Impurity, 390-391 

Metals and Insulators, defined, 388-390 
Thermoelectric effects in, 418—421 
Work functions for, 401-403 
Short range forces. Ordering effect of, 798-800 
Shot effect, 783-785 

Solids, Dielectric constant of polar, 816-825 
Emission and absorption of Radiation by, 
739-740 

Photoelectric effect for, 740-741 
Rotations of molecules in, 810-815 
Solutions, ideal, 527-533 

Extreme dilution of, 532-533 
Freezing point lowering in, 529 
Henry's law for, 527 
Osmotic pressure of, 531 
Raoult’s law for, 527 
Zero heat of dilution for, 531-532 
Solutions, perfect, 532 
Solutions, 5-regular, 533-536 
Solutions, of Strong electrolytes (q.v.), 536-560 
Space charge effects, 364-378 

with Positive and negative ions, 373-378 
Specific heat, of Acetylene, 99 
of Air, high temperatures, 94 
of Ammonia, gaseous, 95-96 
of Carbon dioxide, 97-98 
Configurational, 805-809 
of Crystals, Blackman’s theory of, 130-138 
from Elastic constants, 127-128 
Forsterling's formulae for, 128-129 
Law of corresponding states for, 125-126 
T s -la\v for, 125 
Electronic, of Metals, 343-344 
of Nickel (metallic), 391-397 
of Ethylene, 99-101 
Excitational, of Gases, 101-106 


Specific heat (cont.) 

Excitational, of Nitric oxide, 102-103 
of Oxygen, 104—106 

of Ferromagnetics near the Curie point, 492- 
494 

of Gadolinium sulphate, 841-842 
at High temperatures, 92-106 
of Hydrogen at high temperatures, 91-92 
of Lithium (metallic), 131 
of Methane, 96-97 
of Nitrous oxide, 98-99 
of Oxygen at high temperatures, 94 
of Perfect gases, 77-107 
Rotational, of hydrogen, 82-89 
of Rotations, rigid, 81-82 
of Vibrations, for diatomic gases, 90 
of Water vapour, 97 
Spectra, Stellar Absorption, 593-619 
States, non-combining groups of, 26 
Statistics, Classical, 43 

Classical, approximated to, 55 
Einstein-Bose, 43 
Fermi- Dirac, 42 

Steepest descents, method of, 36 
Stefan-Boltzmann law, 116, 200 
Stefan’s constant, 116 

Stellar Absorption lines, Decay of, part maxima 
618-619 

Formation of, 610-617 
Marginal appearance of, 617-618 
Maxima of, 595-597 
Statistical theory of, 597-610 

Stellar interiors, Rosseland’s theorem on 638- 
639 

Stellar material, Great densities of, 647-648 
Mean molecular weight of, 643 
Stromgren’s calculation of, 644, 646 
Nature of, 639-646 

Stellar temperature scale, Russell’s, 615 
Stresses, in Imperfect gases, 288-291 
Internal, 182-184 

Strong electrolytes, Bjerrum’s t heory of, 552-557 
Debye and Huckel’s theory of, 269-274 541- 
549 

Dissociated in solutions, 536-539 
Heat of dilution of, 546-548 
Osmotic coefficient of, 541, 548-549 
Poisson- Boltzmann equation solved for, 549- 
552 

Specific ionic interactions in, 557-560 
Structureless particles, Schrodinger’s equation 
for, 53 

Superlattice Order, 792-801 
Surfaces, Adsorbed layers on, 825-838 
Gas Collisions with, 697-699 
Susceptibilities, Darwin’s theorem on, 447 
Electromagnetic theory of, 437—447 
of Ferromagnetics above Curie point, 480 
Langevin’s formula for, 461-463 
Lorentz’s formula for, 441 
Polarizing force for, 439 
Sellmeyer’s formula for, 441 
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Symmetrical states, 27, 43 
Symmetry number, 89 

Symmetry rules, derived, for Complex systems, 
153 

for Nuclei, 156 
Systems, Defined, 8 
Degenerate, 45 
Independence of, 16 

Temperature, Absolute, defined, 188-189 
Empirical, defined, 187 

Low, reached by Demagnetization, 838-844 
Radiation, Planck’s law for, 112, 116 
Thermal conduction in Metals, formal theory of, 
404-418 

Thermal expansion, coefficient of, for isotropic 
Solids, 140 

Thermionics, see Electrons, Emission of 
Thermodynamic, Partial potentials, 194 
Probability and Entropy, 200-206 
Thermodynamics, of Magnetism, 481—483 
and Statistical mechanics, 187-207 
Third law of, 228 

Thermoelectric effects in Metals, 411-418 
in Semi-conductors, 418-421 
Third law of Thermodynamics, 228; see Nernst's 
heat theorem 

Thomson-.Joule effect, 280-281 
Thomson's Specific heat of Electricity, Defined, 
412 

Statistical theory of, 413-418 
Torsional oscillations of suspended mirror, 779- 
783 

Fourier analysis of, 781-783 
Transferable Energy in gas Collisions, 707-710 
Transmission coefficients for Electrons, 349- 
351 

Transverse effects of Magnetic fields in -Metals, 
421-425 


Unimolecular gas Reactions, 710-716 
Unit mechanisms, 660-663 

Vapour pressure. Electronic, of Metals, 344- 
346 

Constants, Defined, 209 
Diatomic, 220-224 
Monatomic, 218-220 

Monatomic, from dissociation equilibria, 
217-218 

Polyatomic, 225 
of Crystals, simple, 172-173 
Equation, Statistical, 210-215 
Thermodynamic, 208 
Vibrational Specific heats (q.v.) 

Virial of Clausius, 286-288 
Virial coefficient (second), for Binary mixtures, 
306-308 

for Imperfect gases, 302-305 
for Monolayers, 827 
Theoretical, 298-302 

van dor vVaals’ Equation of state, 244, 274- 
275 

van der Waals’ Interatomic Energy, 295-297 

Weights, Analysis of, 16-17 
of Atomic states, 569 
of Classical systems, 18 
Defined, 10 

Derived from Specific heats, 197-200 
Invariance of, 195-197 
of Isotropic oscillators, 19 
of Rotations, rigid, 21 
White dwarf stars, 648 

Wiedermann-Franz’s law, for Metals, 410-411 
Work function. Thermionic, for Metals, 348 
for Semi-conductors, 401-403 

^ero-point Energy, 123 
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